SPECTRAL SUMMABILITY FOR THE QUARTIC OSCILLATOR
WITH APPLICATIONS TO THE ENGEL GROUP
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ABSTRACT. In this article, we investigate spectral properties of the sublaplacian —Ag on the
Engel group, which is the main example of a Carnot group of step 3. We develop a new approach
to the Fourier analysis on the Engel group in terms of a frequency set.

This enables us to give fine estimates on the convolution kernel satisfying F'(—Ag)u = uxkp,
for suitable scalar functions F', and in turn to obtain proofs of classical functional embeddings,
via Fourier techniques.

This analysis requires a summability property on the spectrum of the quartic oscillator, which
we obtain by means of semiclassical techniques and which is of independent interest.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

1.1. The Engel group. Analysis on Lie groups is nowadays a rich and independent research field,
with applications and intersections with many fields of mathematics, from PDEs to geometry [29,
39]. A particular class of such groups receiving increasing attention is given by the so-called
Carnot groups. These groups, playing the role of local models in sub-Riemannian geometry as the
Euclidean R? does for Riemannian geometry, are nilpotent Lie groups diffeomorphic to R? and
homogeneous with respect to a family of dilations, which are automorphisms of the Lie algebra.
The most renowned examples of such groups are Heisenberg groups, which are Carnot groups of
step 2.

The Lie algebra g of a Carnot group admits a stratification g = @J_,g; where the grading is
compatible with the dilations, and the first layer g; is Lie bracket generating, i.e., the smallest
Lie algebra containing gy is g itself, satisfying g;+1 = [g1, g:] with the convention gsy; = 0. The
(smallest) integer s satisfying this property is then called the step of the Carnot group.

While the analysis on Carnot groups of step 2 is now quite well understood (see for instance
the monographs [3, 5, 32, 34, 38, 77, 78, 79] and the references therein), much less can be said for
Carnot groups of higher steps. The main example of a Carnot group of step 3, which is the focus
of the present paper, is the so-called Engel group.

The Engel group G is a nilpotent 4-dimensional Lie group which is connected and simply con-
nected, and whose Lie algebra g satisfies the following decomposition

9=01Dg2Dga,
with
dimg; =2, g2 of [91,01] , 93 dof (91, 02] -
This group is described in detail in Section 3. Let us recall that it is homogeneous of degree Q = 7,

and one can define a sub-Riemannian distance on G, and the sub-Riemannian gradient Vg f. One
can then consider the sublaplacian operator

def ..
Agf = le(va),
where div denotes the divergence with respect to the Haar measure on G.

1.2. Spectral analysis of the sublaplacian. One of our goals in this paper is to provide an
effective analysis of the spectral properties of the sublaplacian Ag, having in mind the following
version of the classical spectral theorem for selfadjoint operators (see [67, Theorem VIII.4 p. 260)
or [57, Théoreme 4.5 p. 117]).

Theorem 1.1. Let (A, D(A)) be a selfadjoint operator on a separable Hilbert space H. Then,
there exists:

e a Borel set B C R?, d > 1, endowed with a locally finite Borel measure m on B,

o a locally bounded real valued function a € L{? (B;R,dm),

e an isometry U : H — L*(B,dm),

such that UAU* = M,, the operator of multiplication by the function a, with UD(A) = D(M,).

Any such Borel set B can be seen as a “frequency space” for the operator A, and the uni-
tary operator U : H — L?(B,dm) can be understood as a “Fourier transform” adapted to the
operator A.

Let us discuss the spirit of this theorem on two main examples: the Euclidean space R? (which

is a commutative Lie group) and the Heisenberg group Hd, which is a non commutative, nilpotent
Lie group, whose Lie algebra h satisfies h = by @ b with hy = [h1,b1] and [h1,h2] = 0.
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(1) The Euclidean space R?. In this case for the (opposite of the) classical Laplace opera-
tor A = —A the standard Fourier identity

(L.1) F(=Au)() = KPF(u)(), &R,

can be reinterpreted in terms of Theorem 1.1 by choosing H = L? (Rd) and B = R endowed
with the Lebesgue measure, where U = F is the Fourier transform and a(€) = [£|?.

(2) The Heisenberg group H?. In this case the (opposite of the) sublaplacian —Ays becomes
after non commutative Fourier transform a rescaled version of the harmonic oscillator
acting on L2(R%)

(1.2) HE A, 122, 2eRY AeR”,

whose spectrum is given by the set {|A[(2|m| 4+ d),A\ € R*,m € N?}. A formulation
of Theorem 1.1 for the operator A = —Apa can be given for H = LQ(Hd,dw) and U
a Heisenberg Fourier transform Fye. An explicit description has been provided in [4]
where B = N? x N? x R* (writing elements of B as triplets @ = (n,m,\)) is the space
of frequencies endowed with the measure §(n)d(m)|\|?d)\, where §(n)d(m) denotes the
counting measure on N?¢. The function a is given by a(n,m, \) = |A|(2|m| + d).

Notice that this translates into the analogue to the Fourier identity (1.1) for A = —Apya
as follows

(1.3) Fpa (—Agau)(n,m, X) = |X(2|m]| 4+ d) Fya(u)(n,m, A).

We highlight that the function @ in the case of the Heisenberg group does not depend
on n: this is related to the fact that the operator —Apa diagonalizes the Hermite basis of
eigenfunctions of H.

In this paper our first aim is to identify a family of objects (B, m, a,U) as presented in Theorem 1.1
for the sublaplacian Ag on the Engel group, acting on the Hilbert space L?(G, dx) (as we shall see
in Section 3, the Haar measure on G can be identified with the Lebesgue measure dz in suitable
coordinates), that is useful in applications. In the case of the Engel group it is known that the
non commutative Fourier transform exchanges (the opposite of) the sublaplacian —Ag with an
operator acting on L?(R), which turns out to be the (family of conveniently rescaled) quartic
oscillator

def  d? 62
(1.4) P T -+ (5
where u € R is a real parameter (see (4.9)-(4.10) below). To the best of our knowledge, this operator
appeared for the first time in relation with hypoelliptic operators in the paper by Pham The Lai
and Robert [66] (but had already been studied before that in relation to quantum mechanics).
Since then it has received enduring attention and has been extensively studied under different
perspectives: more references on the spectral theory for P, are provided in Section 2.

2
_.U’) ’ QER,

In order to state our first result, we need to recall that P, can be endowed with the domain

2 d? 62 2 2
(1.5) D(P,) = {ue I*(R), *W+<?*“) we LR},
and that its spectrum consists in countably many real eigenvalues {E,, ()} men of multiplicity 1
and satisfying
0 <Eo(n) <Ei(p) <+ <Em(p) <Emy1(p) = +o0.
We also define, for (v, \) € R x R*, the rescaled eigenvalues

def 2 v
1.6 Em(,\) S NFEm(— ) -
(1.6) 0:2) = N (757 )

Theorem 1.2. Set G /N x N x R x R*, write elements of G as 7 = (n,m,v, \), and define a
measure on G by d def §(n)d(m)dvd\, recalling that §(n)d(m) is the counting measure on N2
Then define on G the function

7 a@) B,
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There exists a unitary operator U : L*(G, dz) — L*(G, dZ) such that
(1.7) U(-Ag)U* = M,, UD(-Ag) = D(M,),
where M, denotes the operator given by multiplication by the function a.

The set G will be understood in the following as the frequency set of the Engel group. The
operator U will be a Fourier transform F (a function acting on elements Z = (n,m, v, A) of CAY')
which we construct explicitly, see (4.17)—(4.18). We recall that the Fourier transform on non
commutative Lie groups is classically defined as a family of bounded operators on some Hilbert
space. That notion of Fourier transform enjoys the same properties (in terms of operators) as
the Fourier transform on Rd, such as inversion and Fourier-Plancherel formulae. As we show in
Section 4, our new approach is equivalent to the classical Engel Fourier transform which as already
mentioned above converts —Ag into P,,, up to scaling. The Fourier transform given by Theorem 1.2
consists in considering the classical Engel Fourier transform (as a family of operators) by means
of its coefficients in the basis of the eigenfunctions of P, and as we shall see, the difficulty of the
classical Engel Fourier transform is shifted to the frequency set G which turns out to be discrete
with respect to a part of the variables and continuous with respect to the other part, and thus it
cannot be identified with G as in the Euclidean setting; in Section 6, we attempt to equip it with
a topology which takes into account the basic principles of the Fourier transform, namely that
regularity of functions on G is converted into decay of the Fourier transform on G. Contrary to the
Heisenberg setting investigated in [4], the study of topological properties of G such as determining
its completion, computing the measure on its unit sphere and providing the spectral decomposition
of —Ag prove to be a challenging task requiring refined spectral analysis of P,,.

As in the case of the Heisenberg group described above, notice that the function a involved in
Theorem 1.2 does not depend on n. Again this is related to the fact that the Engel sublaplacian
is diagonal on the basis of eigenfunctions of P,,.

The explicit representation of the Fourier transform in terms of a basis allows us to make effective
computations. Once the Fourier transform is well understood, it is natural to try to recover via
this tool well-known functional inequalities on G, such as Sobolev embeddings, and to analyze
evolution equations involving the sublaplacian. This requires estimating quantities involving the
operator F'(—Ag), for suitable functions F' defined on R;.. For such F' there holds (for all u in the
Schwartz space S(G) which is nothing else than the Schwartz space S(R*))

(1.8) F(F(=Ag)u)(2) = F(Em(v, A)F(u)(2),

hence we are led to computing integrals of the form

Z/ F(Ep (v, \) d\dv,

e Y RXR*

which can be rewritten as /AF(a(f))én,mdf, for T = (n,m,1,\) € G and a(Z) = En (v, \).

Contrary to the Euclidean case, or to the harmonic oscillator (1.2) appearing in the Heisenberg
group, the eigenvalues of P, are not explicitly known. However the spectral analysis we conduct in
this paper leads to the following theorem, which enables us to generalize (with some technicalities)
to the Engel group many results in real analysis, such as classical functional inequalities and
Bernstein inequalities. Our second main result is indeed the following.

Theorem 1.3. With the notation of Theorem 1.2, the following result holds. For all measur-
able functions F : Ry — R, the function F o a belongs to L'(G, 6, mdZ) if and only if F €
LY(Ry,r%2dr), and there holds

(1.9) /aF(a(a))(sn,mdaz <Z/RE(3M)3d“> /Ooor5/2F(r)dr.

meN
Moreover

1
(1.10) /7du<oo = v>2.
mZG;\I R Em(ﬂ')’y
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To better understand the content of the previous theorem, let us reconsider our two basic
examples:

(1) In the Euclidean space R? we have a(Z) = a(£) = |¢|? with dZ = d¢ so that the left-hand
side of (1.9) can be computed using spherical coordinates

(1.11) /BF(a(f))dﬁg:/WF(|5|2)dg:|Sd*1|/]R F(r)r ™= dr.

(2) On the Heisenberg group H?, we have a(Z) = a(n,m,\) = |A|(2|m| + d) and 6, ,,d% =
5(m)|A|%dX so that

a(Z))op mdz = m d
| F@@)bundz= 3 [ F(AEm]+ ) Ay

meN?
2
= (m%d (2|m| —|—d)d+1) /RJr rdF(T') d?"a

where the last equality follows from a change of variables. Note that the power of r
isd = (Q—2)/2 where Q = 2d+2 is the homogeneous dimension of H?, so the summability
conditions have the same homogeneity on R? and on Hd, and are exactly the same as that
given by (1.9) since Q = 7 for the Engel group.

(1.12)

Remark 1.4 (On the explicit constants). It is interesting to notice that the prefactor in the
right-hand side of (1.12)

def 2
O
B (2|m]| + d)+1
meNd

corresponds to the measure of the dual unit sphere of the Heisenberg group (see [37]), when one
endows the dual of the Heisenberg group by its natural metric structure and volume form. The
same property appears also in the Euclidean case, by Formula (1.11) and recalling that the dual
of the Fuclidean space coincides in fact with the space itself.

The next proposition shows that this is not a coincidence and is valid also in the Engel group,
suggesting perhaps a more general pattern.

Proposition 1.5. The constant C defined by
3
(1.13) DY / 2 _dp
meN /R Em(u)Z
coincides with the volume of the dual unit sphere of the Engel group, when endowed with its

natural metric structure and volume form.

We refer the reader to Section 4.3 for precise definitions and the proof of this result; we stress
here that the fact that the integral (1.13) is finite is part of the statement of Theorem 1.3.

1.3. Functions of the sublaplacian and their convolution kernel. Let us go further in the
analysis of operators of the type F(—A¢q) by considering their convolution kernel. To this end we

©J 0 (Ry), with
meN

FeOnRy) < () "F e L=Ry),

define the space of functions of polynomial growth O>(R,.)

and recall the following rather classical result (which holds for any left-invariant sublaplacian on a
Carnot group; the proof is recalled in Section 4.4 for the sake of completeness).

Proposition 1.6. For any F € O>®(R,), the operator F(—Ag) : S(G) — L*(G) is well-defined
(via spectral theory) and there is kr € S8'(G) such that

(1.14) F(-Ag)u=uxkp, foralueS(G),

where % is the natural convolution product on G (see (3.11) and (3.15) below).
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The Fourier transform defined in the present article allows to generalize the set of functions F

for which the functional calculus is well-defined and to characterize the regularity of the kernel in

terms of properties of F. We define the space O1*(R,) def U OL%(R,), where

meN
FecOLRy) < ()"™F € LY(Ry,rdr),

where OL:*(R, ) is endowed with the norm

def —-m s —-m
Pllog e 1™ Fllisgey ey = [, 750 P Gldr.

n
The space O1*(R, ) is endowed with the associated Fréchet topology.
Theorem 1.7. Assume F € O'%/2(R,). For any function u € S(G), one can define in L>(G)

the inverse Fourier transform of the function (n,m,v,\) — F(E,,(v,\))F(u)(n,m,v,\) and the
operator F(—Ag) : S(G) — L*™(G) is thus well-defined by

def

F(=Ag)u = FHE(Ep (v, X)F(u)(2)) -

Moreover, there is a distribution kg in S'(G) such that (1.14) is satisfied and the map
O (R,) — S'(G)
Fr— kJF
is continuous.

Remark 1.8. For a function 6 : G — C, sufficient conditions to have a well-defined inverse Fourier
transform are given in Proposition 4.8.

We next give a sufficient condition for continuity /boundedness of the kernel kr in terms of
properties of F.

Theorem 1.9. If F € L'(R,,r%2dr), the kernel kr given by Theorem 1.7 belongs to (C°NL>)(G)
(where the distribution kg is identified with a function using the Haar measure of G) and there
holds

kr| Lo (a) < (27’()73(:(;/ 1“5/2\F(r)|dr and
0

ke (0) = (27)~3Ce, /0 SRy dr

where Cq is the volume of the dual unit sphere defined by (1.13).

Remark 1.10. The proof shows that if F € L'(R,,r%/?*¢dr) for some ¢ € N, then Aékp belongs
to C°(G) N L>(G) and there holds

1ALk = (e < (27)Ce / P2 B ()| dr
0

where Cg s defined in (1.13).
It is known [60, Proposition 4.1] that the map
k: Fe(L'nL®)Ry,r*2dr) —s kr € (C°N L®)(G)
is continuous on general connected Lie groups of polynomial growth. Theorem 1.9 expresses in

particular that k is in fact continuous from L'(R.,7°/2dr) to (C° N L*®)(G), with an explicit
constant that we have interpreted geometrically.

We can also recover (through a different approach based on the Engel Fourier transform) in this
context the “Plancherel identity” of [21, Proposition 3] (see also [75, Lemma 1], [58, Theorem 3.10]
or [60, Equation (1.1)]). The latter is known on general nilpotent Lie groups but we provide
here with an explicit constant and slightly relaxed assumption on F' (F is supposed to belong to
L>*(R") in the above references).
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Proposition 1.11. Assume F € O%%/2(R,). Then, kr € L*(G) if and only if F € L*(R,%/%dr)
and there holds -

kel = (2m)°Ca [ 2R () Par
where Cg is defined in (1.13).

Interpolation between Theorem 1.9 and Proposition 1.11 implies that, for any p € [1,2], if F
belongs to LP (R, ,7%/2dr) then kp belongs to LP' (G) with

1
lkpll L (@) < ((2m)~°Cq) 7 1N Lo my ro72ary -

. 1
Note finally that the constant ((2%)*3&;) ? obtained from the Riesz-Thorin theorem is not ex-
pected to be optimal for p € (1,2), although it is in cases p = 1 and p = 2 (according to Theorem 1.9
and Proposition 1.11 respectively).

Remark that it was shown in [33, 52] that the kernel kp belongs to S(G) in the case when F
belongs to S(R;). Here, the assumption on F is much weaker, and the regularity we deduce is
accordingly weaker. However, the regularity of kr described in Theorem 1.9 is the appropriate one
for many applications in analysis. As will be discussed in Section 4.2, the Fourier transform of the
kernel kp satisfies U(kp)(£) = F(Em (v, A))0m.n (see (4.54) below). Taking for instance F(r) =
Fy(r) = exp(—tr), t > 0, one recovers the fact that the Engel heat kernel at the origin satisfies (for
further details see (5.13))

_ Cal(9)

kF(O) - (271')315% !

where I" denotes the Gamma function and C¢ the volume of the dual unit sphere defined by (1.13).

Finally, let us also recall that the investigation of necessary and sufficient conditions for operators
of the form F(—A) to be bounded on L? (or, more generally from LP to L9) for some p # 2 in
terms of properties of the spectral multiplier F is a traditional and very active area of research of
harmonic analysis. For related results when working with sublaplacians Ag we refer the reader to
[21, 62, 59, 60, 61] and references therein.

1.4. Layout. In Section 2 we establish the summability property (1.10), thanks to a semiclassical
analysis of the operator P,. This property is at the core of our work, but is independent from the
rest of this text, and its proof can be skipped altogether by a reader interested only in applications
to the Engel group.

In Section 3 we recall some basic facts about the Engel group. Section 4 is dedicated to the
study of the Fourier transform on the Engel group. In Paragraph 4.1, we give a brief description of
the standard Engel Fourier transform, using irreducible representations. Then in Paragraph 4.2,
we start the proof of Theorem 1.2 by revisiting this Fourier transform in the spirit of [4] providing
a new, equivalent, functional point of view which consists in looking at the Fourier transform as
a complex valued function that is defined on the frequency set G. This is based on the spectral
analysis of the quartic oscillator P,,. Granted with this new approach, we furnish in Paragraph 4.3
a convenient expression for the spectral decomposition of —A¢. In Paragraph 4.4 we achieve the
proof of Theorem 1.2 and prove Theorems 1.7 and 1.9 as well as Propositions 1.6 and 1.11.

Section 5 is dedicated to some applications of our Fourier decomposition. In Paragraph 5.1,
taking advantage of (1.9), we recover many functional inequalities due to Folland [33] using the
approach based on the Engel Fourier transform, while in Paragraph 5.2, we define the notion
of spectral localization and establish Bernstein inequalities as well as their inverse version. In
Paragraph 5.3 we highlight once again the efficiency of (1.9) by analyzing the heat kernel on the
Engel group.

Finally in Section 6, we endow the frequency set G with a distance linked to its Lie structure.
We deal in two appendices with several complements for the sake of completeness, as we strive for a
self-contained paper. In Appendix A, we recall the construction of the irreducible representations.
In Appendix B, we relate the spectral theory of a family of operators P, y with that of our reference
quartic oscillator P, and recall basic facts of spectral theory.

To avoid heaviness, all along this article C' will denote a positive constant which may vary from
line to line. We also use f < g to denote an estimate of the form f < Cg.
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2. SUMMABILITY OF EIGENVALUES OF THE OPERATOR PM

In this section, we study some spectral properties of the operator (P,,D(P,)) introduced
in (1.4)—(1.5).
This operator appears in different contexts:
e in quantum mechanics, see Simon [76] (see also [68]);
e in the study of irreducible representations of certain nilpotent Lie groups (see for example
[66, 42] with focus on analytic hypoellipticity of hypoelliptic operators, see also [19]),
which is the application we have in mind here (see also [25] for the analysis of a related
sublaplacian);
e in the study of Schrédinger operators with magnetic fields on compact manifolds and in
superconductivity (see e.g. Montgomery [64] or [45, 65, 48]).
Properties of the first eigenvalue of P, have also been investigated in [43].

Here, motivated by the study of functions of the Engel sublaplacian Ag, the ultimate goal of
the section is to prove (1.10). Before this, we recall basic spectral properties of this operator. The
following proposition serves as a definition for the eigenvalue E,, () and the associated eigenfunc-
tion ¢# for m € N, and a proof is given in Appendix B.1 for the convenience of the reader.

Proposition 2.1. For any p € R, the following statements hold true. The operator (P,, D(P,))
is selfadjoint on L*(R), with compact resolvent. Its spectrum consists in countably many real
eigenvalues with finite multiplicities, accumulating only at +o0o. Moreover,
(1) all eigenvalues are simple and positive, and we may thus write Sp(P,) = {E,,(u), m € N}
with
0 < Eo(p) <Ei(p) <+ <Em(p) <Emi1(p) = +oo,
dimker(P, — E,, (1)) =1,
(2) all eigenfunctions are real-analytic and decay exponentially fast at infinity (as well as all
their derivatives),
(3) for all m € N, functions in ker(P, — E,, (1)) have the parity of m,
(4) for all m € N, there is a unique function ¢¥, in ker(P, — E,, (1)) such that
d
@b is real-valued, ||oh |lL2@) =1, ¢4, (0) > 0 if m is even, @gpﬁl(O) > 0 if m is odd,
(5) the family (@um)meN forms a Hilbert basis of L?(R).

The aim of this section is now to prove (1.10), that is to say, discuss (in terms of the parameter )
convergence of

def 1
I, = d fi 0.
Y [ Eg >

We rewrite the integral in consideration as

1
T, = ——dudd(k),
g / Ex(a)r Ha0)

where dd(k) is the counting measure on N. As will appear in the proof of (1.10) in Theorem 1.3,
there are three main regimes to be considered in the analysis of the eigenvalues Ej(u) in terms
of (1, k) € RxN. In each of these regimes, we will use a semiclassical reformulation of the problem
with a single (small) parameter h related either to a power of k=1 or a power of ;~1. The three
main regimes in the study of convergence of 7., are as follows:

(1) |p| STor | < v/Ek(u) (classical and perturbative classical regime) that is, u bounded
or going to +0o not too fast,
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(2) p— —oc and Ex(p) < p? (Semiclassical Harmonic oscillator/single well regime),
(3) p— +oc and Ex(p) < p? (Semiclassical double well regime).

We shall then split Z, accordingly, for some € > 0 (small) and o > 0 (large) as

(2.1) I, =TI (e, po) + I3(e, po) + I3 (e, o),  with

(2.2) Z5(e, pio) d=ef/ dEMdé(k), with ¢ = —, 0,4+, and
£ (e0) ER(1)7

(2.3) E%(e, o) & { (1, k) € R x N, || < pig or [l < Ex(u)},

(2.4) €7 (e,10) = {(1, k) € R x N, < —pg and [u]* > ()},

def
(2.5) &+ (e, o) 2 {(1, k) € R x N, 1 > pig and [uf? > 22Ex(i)}.
In each region, we shall make use of scaling operators in R. We define for a@ > 0 the following
unitary (dilation) operator
T,: L*(R) — L*R),

(26) uw(@) — azu(az),

having adjoint /inverse 7% = T, 1 = T,1.
Note that the (necessary and sufficient) condition v > 2 for having Z, < oo, as stated in
Theorem 1.3, comes from the third (double well) region, see Corollary 2.11 below.

2.1. Classical and perturbative classical regime 1. In the regime 1 we consider P, as a
“small” perturbation of the quartic oscillator Pg = —%;2 + %4 and look at the asymptotics k — 4oc.

Lemma 2.2. There exist two continuous nondecreasing functionsT'y : Ry — Ry such that T'y(gg) >
0 for eg > 0 and ' (0) = 0 satisfying the following statements.
For all e > 0 and p € R such that |uA=/2| < ¢, we have

(2.7) A%/ (Voly —=T'_ () 4+ 0(1)) < 2m#{k € N, Ex(p) < A} < A¥* (Voly, +T, () + o(1)) ,

as A — +o00, where
def

Voly :/ dgde > 0.
{e2+22<1)

For all &, 1o > 0 and for all (u, k) € R x N such that |uEy, (1)~ */?| < ¢ or |u| < po, we have

- 4/3
Ex(i) > (Mk) (140(1)), ask— +oo.

For all € > 0 such that Vol; —T'_(g) > 0 (that is, € small enough), for all (u,k) € R x N such
that |uEy ()% <e,

- 4/3
Ex(u) < (Vollif_(a)k) (I14+0(1)), ask— 4oo.

In the end, the first term in the decomposition (2.2) can be estimated as follows.

Corollary 2.3. There is g > 0 such that for all € € (0,&¢) and for all py > 0, IS(E, to) < +oo if
and only if v > %.

Proof. Fix €9 > 0 such that Vol; —I'y(g9) > 0 (and take any uo > 0). For all € € (0,¢¢), there

is kg € N such that if \/% < eor |pl < po, then |u| < maX(Cak4/3,uo) and C’g—lk;4/3 < Er(p) <

C.k*/3 for all k > kg. As a consequence, using that E(u) > 0 on R together with Lemma 2.2 for
all fixed k € N, we have

. duds (k) dpds (k) dpds (k)
(e, o) = < + O
ul<e/EnGo) or ul<mo ER()Y T Jiui<pok<he ER()Y  Jiuj<ovEim ok, (O k4/3)7

- k2/3 - 1
< Cluo ko) +Ce > o0 C(po, ko) + Ce Y oG < o0,
keN® keN®
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if and only if v > %(1 + %) = % Finally, Lemma 2.2 also yields the associated lower bound

dudd(k) _ 1
> Ce [
/u<6 EnGo ER()T T > (k2/3)27-1

keN

Corollary 2.3 is proved. O

Proof of Lemma 2.2. We use the dilation operator T, defined in (2.6) to recast the problem as k —
400 in a semiclassical setup. We have

P/ﬂ/’ = Ek(ﬂ)d) <~ TaPuTcrl a'l/) = Ek(ﬂ)Ta¢a

where
d? 62 2
-2 2
TQPMTa—l = —Q ﬁ —+ (OZ ? — ,u)
We deduce that
6 d? 9? 2 ? 4
Pup=Ex(p)y <= —a 102 + (2 — pa ) Totp = o "Ex(p)Tat) .

def .
We now choose h = a3, ie. a=h"13 so that

Pu =Ex(w)p <= P(h)(Tp-1/09) = h*PEx () (Thy-1/57) ,
with

o d° 9? 2/3 ?
P(h)=—-h"— — — uh .
As a consequence of the simplicity of the spectrum, we obtain that Sp(P(h)) = {h*/3Ex(u), k € N},
and that these eigenvalues are sorted increasingly. We may now apply Proposition B.7 for L = 1,
yielding existence of the functions I'1 satisfying the following statement. For all ¢ > 0 and p € R
such that |uh?/3| < e, we have

Vol; —T'_(g) + o(1) < (2rh)#{k € N, h*3E, () < 1} < Voly 4T (e) + o(1)

as h — 01, Setting A = h™%3 — 400, i.e. h = A~3/% we have obtained that for all ¢ > 0
and u € R such that [uA~1/2| < e, (2.7) is satisfied.

Finally, we deduce an asymptotics of the Ex(u) from an asymptotics of the counting function.
We recall from Proposition B.1 that the eigenvalues are ordered increasingly, Ex (1) < Ex+1(p) and

we set

k(A) € sup{k € N,Ey () < A}

By definition (forgetting temporarily the dependence in 1) and simplicity of eigenvalues, we thus
have

Ek(A) <A< Ek(A)+la and ﬁ{k S N, Ek(,LL) < A} = ]C(A) +1.

As a consequence, (2.7) rewrites,
A3/ (Voly —T'_(e) 4+ 0(1)) < 2m(k(A) +1) < A¥* (Vol, 4T, (¢) + o(1)), as A — 400,
whence, assuming |ME;(1A/)2| < ¢ (which then implies |uA~1/2| < ¢),

Ey/a) (Voli =T (¢) + o(1)) < 27(k(A) + 1) < Ejfy),; (Voli +T1 () +0(1)), as A — +o0.

Since A +— k(A) is nondecreasing, tending to infinity and onto from Ry — N, we deduce that,
assuming |pE (1) V3| <,

EZM (Vol; —T'_(g) + 0(1)) < 27k < Ez/4 (Voly +T4 (e) +0(1)), ask — +oo,

which implies the last two statements. O
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2.2. Semiclassical Harmonic oscillator/single well regime 2. In this region, we only need
rather loose properties. First notice that, for all m € N,

(2.8) forall u <0, Eu(u) > |ul?.

Indeed starting from the eigenvalue equation

and taking the inner product with # yields

1802t 122y — HllOPh 122 + £ H92<Pm||L +4* =En(n),
which implies the bound (2.8). We further need a Weyl-type asymptotics.

Lemma 2.4. For all L > 0, one has

(2.9) #{k € N,Ex(p) < L|u*} = (27r)_1\,u|3/2(V01L +o(1)), aspu— —oo,
where Voly, is defined by
def ) 5 z? ?
(2.10) Vol = dzd¢, withp(z,§) =¢+V(z), V(@)=—=+1]) ,
{p(z,§)<L} 2

1’+(L) 2 )2 2
,/ x +1 da: 1th “(2)+1> — L, forL>1.

In the end, this is helpful to estimate the second term in the decomposition (2.2).

Corollary 2.5. For any € > 0, there is fig > 0 such that for all jig > fio, Z7 (¢, pto) < +00 if 7 > 3

Proof of Corollary 2.5 from Lemma 2.4. The set of integration is p < —e+/Ex(p) and p < —pp <
0. Then, the integral can be estimated as: given € > 0, there is pug = po(e) > 0 such that for
all p < —po, the number of eigenvalues in p < —e/Ex(p) is according to (2.9)

1
ik € N.Ex() < 5[} < 2m) |l (Volows +1), for o < —puo(e).

Since Ex (1) > |u|? for p < —po(e), there is C. such that
dpds (k) _ / duds(k)
<—e/EGolulzmo ER()Y T Juc o Bt nlzme  IBIP

/
g/ (2m) " u*?(Vol.—2 +1) — o d <C. < o0,
n<

~ 1o > =

7, (e, o) =

assoonas2'y—%>1thatisy>g- O

Proof of Lemma 2.4. We set n def —u and study for n — +o0,

Ve 62 2
P_nifwﬁ’ <2+7]> .

We choose a = /7 in the rescaling
d2 292 2 . d2 02 2
TaPonToms = =005 + (a 2 +77> ST et (2 +1> '
As a consequence

anw = Ek(—UW < TapfnToﬁl aw = Ek(_n)Taw

e @2 92 2 »
—Q @ + <2 + 1) Ta¢ = Ek(_n)Taw .
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We set h = a~3 = 1~3/2 and obtain

2 2 2
(2.11) P, =Er(-ny = l_thW + (92 + 1) Totp = hAPER(=n)Tat) .

2
The Weyl Law (B.9) applied to the operator —hQ% + (% + 1) then reads: for all L > 0 fixed,

t{k € N,h?/3E;(u) < L} = (2mh) ! (Volz +o(1)), ash — 0,
with Voly, defined by (2.10). Recalling that » = n~3/2 then yields
tH{k e N,np2E(—n) < L} = (271)_1773/2(V01L +o(1)), asn— +oo,
and then we write back ;1 = —n to obtain (2.9). O

2.3. Semiclassical double well regime 3. We want to estimate the last term in the decompo-

sition (2.2), namely I;r (€, o). To this aim, we study for p — +o0, the operator P, and as above

—3/2
)

rescale it with h = a3 = p as

2 2 2
(212) Pt = Ex(p)y) <= [—hgd + (9 - 1) Toth = WY 2B (1) Tath = pn2Ex () Tat) .

do? 2

We thus need to study the spectrum of the operator

(2.13) Pt e V(0), with V()= LAIPA

' N TE v —\2

for energies 0 < E < M for M = £=2 (fixed by Corollary 2.3). Remark that this is a symmetric
double well problem, which has been much studied [46, 70, 47, 40, 27].

In this section, we only work in a semiclassical regime; we thus reformulate completely the
problem with h = p=3/2, and Ey(h) = h*/3E () the k-th eigenvalue of Pj,. In the integral T (g, o)

in (2.2), we set u=h=2/3 dy = %h*S/Sdh, and obtain with hy = ,uag/Q
(2.14)
T+ (e o) = 2 / / WD s ()
g, o) = = —— = —_ .
7 3 JEr(hy<e—2,0ch<ny (WYBER(R)Y 3 Jp (hy<e—2.0<h<hy Er(R)7
To prove convergence of this integral, we split the energy region [0, M] where M = £=2 is large
into three different regions as

h=%/3dhds(k) 2

[OVM] = [Oaﬂh] U [6h,0¢] U [O"M]a

where 8 > 0, € (0,1), M > « are fixed (independent of k). Concerning the energy window [«, M],
a counting estimate will be enough for our needs: the following is a rewriting of (B.9) in the present
context.

Lemma 2.6. For V(0) = (% - 1)2 and p(0,&) = €2+ V(0), for any a < M, we have
4{j € N, E;(h) € [o, M]} = (27Th)_1(Volp_1([a,M]) + oa,M(1)), ash — 0" .

Concerning the energy window [S8h, ], we shall use the following much more precise result
from [47, p294-295].

Lemma 2.7. For FE € [0,1), we set

def 1 , , (62 ?
(2.15) o(E) L — dode, with p(0,&) =&+ (= —1) .
A Jp0.6)<E 2

There are § > 0 and Ng € N such that for all a < 1, there are K, hg > 0 such that for all h €
(0, hg), there exist N*(h) € N with [IN*(h) — N~ (h)| < 1 and N*(h) < Kh™', and two finite
sequences Eji(h) € [Bh,a] for j € {Ng,-- ,N*(h)} with

O(EE(h)) = (j+1/2h + Oa g(h?),  ash — 07,
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such that we have

S(P)nlphol= U Efmu  J  EO.
J€{Ng,+,N*t(h)} JE{Ng,-,N=(h)}
Note that here, E]i(h) is not the j-th eigenvalue of P,. However, the Eji(h)’s exhaust the
spectrum of P, in the energy window [Sh,a] as h — 0.
Concerning the bottom of the spectrum, that is the energy window [0, 3h], we shall need a
precise description of the eigenvalues [46]. We recall that V'(0) = 29(% —1) and V"(0) = 362 — 2.

In particular at the two minima V" (£v/2) = 4 and w := 4/ %\@) = /2. The following result
is a consequence of [46], see also [70] and [40, pp 55-60], and states that the low-lying eigenvalues
are close to those of the Harmonic oscillator h2 i o7 T w262,
Lemma 2.8 (Bottom of the spectrum for the double well problem). For all 3 > 0, there are Ng €
N, hg > 0 such that
Sp(Py) N (=00, Bh) = {Ey(h),n €{0,...,Ng}}, uniformly for h € (0, hy),

with 0 < E,,(h) < Eny1(h) < Bh for alln € {0,...,Ng—1} and h € (0, hy). Moreover, as h — 0%,
we have

(1) Eak(h) = (2k + 1)wh + Og(h?) is simple and associated to an even eigenfunction sy (h),

(2) Eaki1(h) = (2k+1)wh+O0g(h?) is simple and associated to an odd eigenfunction 1ox41(h).

The regimes of Lemmata 2.7 and 2.8 overlap (depending on the choice of the constant 5 in these
two statements) and we now check that the two asymptotics as h — 0T coincide.

Lemma 2.9. The function ® : [0,1) — R, defined in (2.15) is continuous, of class C* on (0,1),
and we have, for FE € (0,1),

1 x4 (E) 1

@’(E):—/ ————dz>0, with zi(E)=1\/2+2VE.
2 Jo (m) VE=V(x)

Moreover, the function ® is differentiable at E = 0 with ®'(0%) = (2v/2)~!

Remark 2.10. A consequence of Lemma 2.9 is that the asymptotics given by Lemmata 2.7 and 2.8

coincide in the regime in which they overlap. Indeed, for all eigenvalues belonging to both regimes,
we have, using Lemmata 2.7 and 2.9

(7 +1/2)h ~ ®(EF (h)) ~ ' (07)EF (h) = (2V2) "' Ef (h),
that is to say E]jE (h) ~/2(2j + 1)h as h — 0T, which is consistent with Lemma 2.8.

The proof of Lemma 2.9 is postponed to the end of the section. As a corollary of these four
lemmata, we prove that Z7F (e, uo) is finite.

Corollary 2.11. For all M = ¢72 > 0, there exists jig > 0 such that Ij(e,uo) < too if v > 2.
If v < 2, TF (¢, o) = +oo for all € > 0 and g > 0.

Proof of Corollary 2.11. We let 8 be fixed by Lemma 2.7, fix o = % in this lemma and split the

integral in (2.14) according to

3
§I~T(57M0) =T +1>+1s,

3/2 sufficiently small,

with, writing ho = g
IIZ/ ; I2=/ ; ISZ/ :
Ey(h)€[0,8h],0<h<ho Ey(h)€[Bh,1/2],0<h<ho By (h)€[3,M],0<h<ho
Concerning Z3, we use Lemma 2.6 (which applies for hy sufficiently small) to estimate
h4v=5)/3
7, = / h
Er(h)eld M) 0<h<ho Er(R)7

ho hO
< 27/ =93 4k € N, Ey(h) € [1/2, M]} dh < C/ RAY=9)/3 p=1 dh < oo,
0 0

dhdé(k) < 27 / RT3 dnds (k)
Er(h)€[3,M],0<h<hg
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as soon as (4y —5)/3 —1 > —1, that is y > 2.
Concerning Z,, we need an additional information on the function ® in (2.15). Lemma 2.9

implies that ®’ is continuous (and positive) on [0,1/2], and we may thus set Mg def maxpg,1 /2] P’
We therefore obtain

(2.16) MoE > ®(E), forall E€[0,1/2].

According to Lemma 2.7, we have

Sp(Pn) N [Bh,1/2] = U Ef(h)U U Ej (h)

Je{Np,-,N*t(h)} JE{Np, -\ N~(h)}

with, for all j € {Ng, -+, N*(h)}
1
MgE:(h) > ®(E; (h)) = (j + 1/2)h + Oap(h®) > (j + Dh for b <ho,

where the inequality comes from (2.16). As a consequence, we have

p(41-5)/3 CHP NER)
T, = / b ahds(k) = / s —
B (h)elBh,1/2],0<h<h, Er(h) 0 zi: j_zj\;ﬁ Eji(h)y

max{N~(h),NT(h)}

"o 4r5)/3 1 "o arsy3 1
gc/oh7 Wdhgc/oh7 hvz(idh

j=Ng ((4] + l)h’) j<Kh—1 4'7 + 1)V

h
< c/ ’ RAY=5)/3 p=7 dh < o,
0

as soon as v > 1 and (4y—15)/3 —~ > —1, that is to say v > 2. The term Zs is estimated similarly
but using Lemma 2.8:

B (47=5)/3 ho (53 Ng 1
T :/ o dhds(k) < c/ hr= S
’ Er(h)€[0,8h],0<h<h, Er(R)Y 0 ZO ((25 +1)h)"

h
< C/ ° R4v=5)/3p =~ dh,
0

which is finite as soon as 7 > 2 for the same reason.
To conclude the proof, we simply notice that Lemma 2.8 also implies

h4v=5)/3
T
By (h)e[0,8h],0<h<h, Ek(h)

if v <2. |

ho
dhdé(k) > ¢ / A =9/B3p=7 dh = 400
0

For the proof to be complete, we now prove Lemma 2.9.

Proof of Lemma 2.9. We have ®(0) = 0 and, for £ € (0, 1),
1

o(E) = / dd¢ = i/ dedg—l/
AT Jipo.6)< By 21 Jig2+v(0)< 2,050} ™ J{o<e<\/E-V(0).0>0}

1 [0+(8)
=— VvE-=V(0)do,

T Jo_(E)

dode

with V(0) = (% - 1)2 and

0+ (F) are such that V(0(E)) = E and 0 < 0_(E) < V2 < 0, (E),
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that is, 01 (F) = V2 £ 2V E. As a consequence, ® is a continuous and strictly increasing function
on [0, 1) Wlth ®(0) =0. The functions E — 64 (F) are smooth on (0,1) and
o' (E) "(EVWWE-V(0.(E) -6 (E)WE-V(0,.(F)) /0+(E) L do
77 = - -0 — + - -
’ ’ 0_(B) 2¢/E—=V(0)
1 [9+(B) 1
-1 / S —
2Jo_my JE-V(0)
Moreover, recalling w = V” = /2, we have

V() =w?(0— V22 +0((0 —V2)?), asf— V2.
Hence, setting y = - (0 — v/2), we have
VE

04 (E) (6+(B)—V2) E
70 (E) = \/E—V(Q)de—\r vE E-V \/§+£y dy,
o-(E) WS- (B)-V2) w

with the following asymptotic properties as £ — 0T

V(0s(E) _

1=
E E

(0+(F) —v2)?,  whence %(Gi(E) —V2) = +1,

E
\% <\/§ + {y) = Ey? + O(E®/?),  uniformly for y bounded.

As a consequence, as £ — 01 we have,

7®(E) \F/ \/E Ey2 + O(E3/2)dy + o(E /\/1f 2dy + o(E

with f V1I—y?dy=73. A conbequence recalling that ®(0) = 0, we deduce that ® is differen-
tiable at £ = 0"‘ with ®'(0F ) =i+ = m. Lemma 2.9 is proved. O

3. BASIC FACTS ON THE ENGEL GROUP

As recalled in the introduction, the Engel group G is a nilpotent 4-dimensional Lie group which
is connected and simply connected, and whose Lie algebra g satisfies the following decomposition

9=01Dg2Dgs3

with g;11 = [g1, g:] for ¢ = 1,2, 3 with the properties dimg; = 2 and [g1, 93] = 0.

Notice that the subspace g; is bracket-generating in the Lie algebra g and if g; is endowed with
an inner product, we can define on G a left-invariant sub-Riemannian structure. In this way G
belongs to the class of the so-called Carnot groups [1, 14]. There exists a unique Carnot group
satisfying the above properties, up to isomorphisms [2, 13], called the Engel group (cf. also the
discussion in [63, Section 6.11]).

It is well known that the exponential map exp : g — G is a global diffeomorphism and defining
for x,y € g
def 1
(3.1) z-y = exp  (exp(z) - exp(y))

the Lie group G can be identified with g ~ R* endowed with a polynomial group law [14]. Indeed
using the Baker-Campbell-Hausdorff formula and the fact that the Engel group G is nilpotent we
can write for x,y € g the identity

(32) exp(x) - expl(y) = exp («+y + 5] + 1o (1, [e,] — o e 0]]))
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Fixing a basis X1, X5, X3, X4 of g (which we can identify with left-invariant vector fields on G)
such that
(3:3) g1 = span{Xy, Xo}, g2 = span{ X3}, g3 = span{Xy},
def def
(3.4) X3 = (X1, Xo], X4 = [X1, X3]

one can define a set coordinates x = (z1, z2, x3,x4) on G by the identity

(3.5) g = exp (Z z; 1) exp(z1X1).

After some computations exploiting (3.2), one gets

T Y1 1+ Y
T2 y2 | T2 + Y2
(3.6) T3 y3 | T3 +ys + xlyz
T4 Ya T4+ ys+T1Y3 + % 5 yz

With this choice of coordinates, a basis of left-invariant vector fields is given by

(3.7) Xl dEf az17

def 2
(38) X2 — 61:2 + xlamg + 2 a$4 9
and thus
X3=(9w3+1‘18x4 and X4:6x4.

Notice that the inverse of an element @ = (x1, z2, 3, z4) in the coordinates (3.5) is given by

_ 1
(3.9) (21,20, 23, 24) " = ( — 1, —X9, —T3 + T1To, —X4 + T1T3 — 53:%3:2) .

One can define a sub-Riemannian structure on the Engel group G by introducing the bracket-
generating distribution D spanned by the vector fields in g; and defining an inner product (-, -) on D
such that X; and X5 define an orthonormal frame. Thanks to the bracket generating condition,
we have the following well-known connectivity property through the so-called horizontal curves for
the distribution, which is a consequence of the classical Rashevski-Chow theorem: for every pair
of points x,y € G there exists an absolutely continuous curve v : [0,T] — G such that §(t) € D,
and v(0) = z, y(T) = y. We denote by §, , the set of absolutely continuous horizontal curves
joining « and y. If v : [0,T] — G belongs to 2, , we set

to(y) & / GE), (1) 2t

This enables one to introduce the sub-Riemannian (also called Carnot-Carathéodory) distance dg
on G which is defined as follows

(3.10) de(z,y) :e inf {lc(7) [ v € Uy}

This is a well-defined distance inducing the Euclidean topology, moreover the metric space (G, dg)
is complete. In particular all closed balls Bg(z, ) are compact [1].
By construction, the sub-Riemannian distance on the Engel group is invariant with respect to

left-invariant multiplications 7, : G — G defined by 7, (x) def . x, namely
da(rz, 7y) = da(z,y) .

Moreover, being a Lie group, G can be endowed with a Haar measure which turns out to be a scalar
multiple of the Lebesgue measure in R* in the coordinate set we have chosen; we shall therefore
denote in what follows for simplicity by dx the Haar measure on GG. The corresponding Lebesgue
spaces LP(G) are thus the set of measurable functions u : G — C such that

llull r def (/ \u(x)|pdx); <o, if1<p<oo,
G

with the standard modification if p = co.
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The convolution product of any two integrable functions u and v is defined by

(3.11) wsv(z) & /G u(z -y yoly) dy = / w(y)oly™ -z) dy,

G
and even though it is not commutative, the following Young inequalities hold true:

1 1 1
1) < [l (@ ollo), whenever 1< pug,r < oo and L= 431,
Moreover if X is a left-invariant vector field on G, then we have for all C! functions v and v with
sufficient decay at infinity:

(3.12) |lux ]

(3.13) X(uxv) =ux*(Xv).
We also define the left translation by
def
(3.14) (Leu)(y) = u(rey) = ulz - y).

According to (3.11), we may also define the convolution between T € §'(G) and u € S(G) (where
we recall that the Schwartz space S(G) is nothing else than the Schwartz space S(R*)): as

def o . y def ,
(T xu)(x) E (T )8 ()s(c)  with U(y) = u(y™ - z) = (Ly-1u)(z),

def oy ) o def _ _
(uxT)(z) E (T, 9%)s )50y, with  4%(y) = u(z-y™") = (Lau)(y™),

which both satisfy T'x u € C*°(G) and u T € C*°(G). Note that this actually stands for the
definition of the convolution product in (1.14).

(3.15)

Recall also the following homogeneity property: the Haar measure |Bg (2, 7)| of the ball centered
at z € G and of radius r satisfies

(3.16) |Bg(z,7)| = er®
where ¢ & |Bg(0,1)], and @ is the homogeneous dimension of the Engel group which is given by
def >
(3.17) Q=) jdimg; =7.
j=1
Identity (3.16) is related to the following crucial fact: defining the dilations
(3.18) YAS0, 0y:G =G,  Onwn, o w3 = (Ary, Awe, \2zz, \oy)
we have the following homogeneity
(3.19) da(0az, dry) = Mda(z,y) .

Given v : G — R one can introduce its sub-Riemannian gradient Vgu defined as the unique
horizontal vector field satisfying

(3.20) (Veu, X) € qu(x)

for every horizontal vector field X € D. This translates in terms of the vector fields in the identity
(3.21) Veou = (Xju) X1 + (Xou)Xsz.

One can then introduce a sublaplacian operator A as follows:

(3.22) Acu % div(Veu)

where div denotes the divergence with respect to the Haar measure of G. In terms of the vector
fields we have

(3.23) Agu = (X?+ X3)u

but the definition given above guarantees that Ag is an operator which is canonically associ-
ated with the sub-Riemannian structure on G, i.e., independent of the choice of orthonormal
frame X1, Xs.
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Remark 3.1. In a similar way one can build a right-invariant sub-Riemannian structure on the
Engel group, and build the corresponding right-invariant sub-Riemannian Laplacian. With respect
to the product law given by (3.6), a basis of right-invariant vector fields is given as follows

(3.24) X1 %0, 4 220, + 230, ,

(3.25) X, %, .

This defines a right-invariant metric which in turns defines a right-invariant sublaplacian &G as
follows:

(3.26) Agu d:efdiv(ﬁgu) ,

where div denotes the divergence with respect to the Haar measure on G (which is indeed bi-
invariant since the group G is nilpotent) while the gradient is different since the metric has changed.
In terms of the vector fields we have

(3.27) Agu = (X? + X2)u.

Remark 3.2. The Engel group can also be described as the set J*(R,R) of 2-jets of a real function
of a single real variable as follows: an element (x,y,p,q) € R? represents a 2-jet of a real function
if it is of the form (x,u(x), v (x),u” (x)) which is equivalent to the relations p = g—g, q= g—i. These
relations define a vector distribution (playing the role of g1 ) defined by the kernel of the differential
forms in R*

wy = dy — pdx, wo = dp — qdzx.

For more details on sub-Riemannian structures on jet spaces one can see, for instance, [16, 81].

4. THE FOURIER TRANSFORM ON THE ENGEL GROUP: PROOF OF THEOREMS 1.2 AND 1.3

4.1. The standard Fourier theory on the Engel group.

4.1.1. Definition. As recalled in the introduction, the standard way to define an Engel Fourier
transform consists in using irreducible unitary representations. The one that we shall use here
relies on the representations (R;V’\)(V’ aerxr+ introduced in Appendix A, and that are given for
all z in G and ¢ in L?(R), by

) def (v 62
(4.1) RYAp(0) = exp {z (—)\;vg + A4 + O3 + 2.T2)>:| o0+ 7).
For any (v,A) € R x R, the map

RV G — U(L*(R))
o o— RYA

is a group homomorphism between the Engel group and the unitary group U(L?(R)) of L?(R).
Actually (R“)‘)(V,A)E]RX]R* plays the same role as the map z — &%) in the Euclidean case, as
regards the definition of the Fourier transform.

Definition 4.1. The Fourier transform of an integrable function u on G is defined by
(42) YA ER xR Fu)m ) Y [ u@RiA .
G

4.1.2. Main properties. According to Definition 4.1, the Fourier transform of an integrable function
on G is a family, parametrized by (v, A\) € RxR*, of bounded operators on L?(R): for all u in L!(G),
there holds

(4.3) Y, A) €RxXR*, (|2 (u) (v Nl ez < lullzio) -

Despite first appearances, this Fourier transform has many common features with the Fourier
transform on R?. First, since R* is a group homomorphism, . (u)(v, A) transforms convolution
into composition, that is to say, for all integrable functions u and v,

(4.4) VY, \) ERXR*, F(uxv)(w,\) = Fu)(v,\) o F()(v\).
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Moreover as in the Euclidean case, the Fourier-Plancherel and inversion formulae hold true in that
setting, with drvd\ as Plancherel measure, resorting respectively to Hilbert-Schmidt norms and
trace-class operators (see for instance Corwin-Greenleaf [23]).

In order to state the Fourier-Plancherel formula, let us recall the definition of the Hilbert-
Schmidt norm. Denoting by (€,,)nen an orthonormal basis of L?(R), we define the Hilbert-Schmidt
norm ||.Z (u)(v,\)||gs on L?(R) (which is independent of the choice of the basis) by

def
7 () (v, M s = (Z 1.7 (w) (v, A em”L?(R)>

meN

1

2

The following result is very classical, see e.g. [23, Theorems 4.3.10 and 4.3.17]. In order to justify
the constant appearing in the formula and for the convenience of the reader, we provide a sketch
of proof below.

Proposition 4.2. A function u belongs to L?(G) if and only if % (u)(v, \) is a Hilbert-Schmidt
operator for almost every (v, ) in R x R*, and there holds

(4.5) ey = @r)™* [ I (s Ml dwid.
RxR*
Proof. We prove that if u belongs to (L' N L?)(G), then for almost every (v,A) € R x R* the

operator .% (u)(v, A) defined by (4.2) is a Hilbert-Schmidt operator satisfying (4.5). The rest of the
argument is left to the reader. According to (4.1), for all (v, \) € R x R* and ¢ in L?*(R)
02
(F(u)(v,\)g)(0) = / u(x) expi( - %xz + A(z4 + O3 + 5372))(]5(9 + z1)dx
a

R v 62
= U(I/l,* *A*7*)\9,*)\)¢(9+$1)d9€17
. X2

where @ denotes the Euclidean Fourier transform with respect to (22, x3,z4). It follows that

92
17 () (v, \)| 5 = / (w1, = — A=, =20, —\)[*da1dd

R2 A 2

hence
| 1F@uNsdiar= [ i g6 dmdeadsadss
RxR*
where we have performed the change of variables (9, v, A) — (&1,€2,&3), of unit jacobian
v 62
= —— A= = —-)\0 = -\
&2 3 5 &3 , &

The result follows from the Fourier-Plancherel formula on R?. O

The inversion formula requires introducing the trace of the operator jo\lﬁ (u)(v, A). By defi-
nition, this operator is trace-class if

Z ‘ A (u) (v, Nemlem) ’ < 00,
meN

and, if so, its trace is defined as follows (and as the Hilbert-Schmidt norm it is independent of the
choice of the basis)

(RN F (@)1, \) S (RYA Z (w) (v Nemlen) -

meN
In particular if

(4.6) > /}R . 17 (w) (v, A)em || 2 gy dvd\ < oo,

meN

then the operator R, A Z (u)(v, \) is of trace-class, and one has

(4.7) u(z) = (27)3 /R B tr(RYA,Z (u) (v, A)) dvd)
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Let us emphasize that the hypothesis (4.6) is satisfied in the Schwartz space S(G) (see Proposi-
tion 4.11 below).

Remark 4.3. Observe that if u € L*(G), then for all (v,\) € R x R* and all z € G,

(4.8) F(Lou)(v,\) = RYA F (u)(v, \)

where L,, is the left-translation operator defined in (3.14). Indeed by definition of L,, we have

F(Lyu)(v,\) = /Gu(a: . y)RZ’Ady.

Using the left invariance of the Lebesgue measure, changing variable z = x -y and taking advantage
of the fact that RV is a group homomorphism, we get

ﬁ(LIu)(u,)\):/u(z)RV’)‘ dz

z—1.z
el
= R:f‘l u(2)RY Nz
G
=R F (u) (v, \)
which proves (4.8).

4.1.3. Action on the sublaplacian. A key point in the analysis of the Engel group consists in
studying the action of the Fourier transform on the sublaplacian Ag defined by (3.23). Actually,
we check that, for any C? function ¢ on R, for any (v,\) € R x R* and any x in G, there holds

(4.9) —AGRYMN¢) = RYAP, ¢ and  — AgRYAN(¢) = P,ARY ¢,
with?!

def  d? PUAS
(41()) Pl/,/\ = _W + (29 — )\> .

This shows, as explained in the introduction of this paper, that the Fourier transform on the Engel
group is strongly tied to the spectral analysis of the quartic oscillator. To obtain (4.9) we take
advantage of (4.1) to gather that

do 2 v VA

which implies that —AgR%*(¢) = RY P, y¢. Along the same lines, one gets

(4.11) X REM¢) = R and  XoRYM () = i(%(@ + 1)

(112) KRG = S (R@) ad HrEA6) = i(502 - L)REA0),
which completes the proof of (4.9). Note also that

(4.13) X3R; (9) = iARN(00) , XaRN (6) = iARY (9)

and

(4.14) XsRYMN¢) = iMRYN(9), XaREM ) = iAREN(9) -

Remark 4.4. Let us give some insight on the parameters (v, \) € R x R* involved in the definition
of the Fourier transform (4.2). By definition, A belongs to the dual of the center of G, which in
accordance with the structure of the Lie algebra of G is associated to an operator of homogeneous
order 3. On the other hand the parameter v is associated to the operator X, X — %Xg which is an
operator of homogeneous order 4. This can be illustrated through the relations (4.11) and (4.13)
which give

(4.15) (X4 X2 — %Xg?)RZ’A(cb) = VRIMN9).

4.2. The Fourier transform seen as a function: proof of Theorem 1.2. This section is
dedicated to introducing an alternative definition of the Fourier transform on G introduced in
Section 4.1. This will provide the construction of the set @, the operator U and the function a
satisfying (1.7) of Theorem 1.2.

|2/3

1As will be seen later, the operators P, y and P, are, up to the factor |\ , unitarily equivalent.
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4.2.1. The frequency set. This new approach, initiated by H. Bahouri, J.-Y. Chemin and R. Danchin
in the setting of the Heisenberg group [4], is based on the spectral analysis of P, » conducted in Ap-
pendix B.1, where it is in particular established that the operator P, y is self-adjoint on its domain,
in L2(R), with compact resolvent (for any choice of the parameters). Thus it can be associated
with an orthonormal basis of eigenfunctions ¢;;" associated to the eigenvalues E,,(\,v) € R (see
Proposition B.1 for further details)

(4.16) Pyt = Enm (v, N

Then by projecting . (u)(v, ) on the basis (1/%),,en, one can see the Fourier transform of u as the

mean value of u modulated by some oscillatory function in the following way: for all Z def (n,m,v,\)
. =~ def 2 *
in G = N* xR x R",

def

Fw)(n,m,v,\) = (Z(u)(v, )x)i//i’,;’\WZ”\)LQ(R).

Now computing the right-hand side of the above formula, we discover that
(4.17) F(u)(n,m,v,\) = / W((n,m,v,\),z)u(z)dz,

G
with

W((n,m, v, \), z) % (R A

1/’5’/\) L2(R)

(4.18) 4 v ; o
:el(>@4_X12)/ez/\(9w3+79:2)¢’1;;/\(9+m1)1)/1z7’\(9)d9.
R

It readily stems from (4.17) (and the Cauchy-Schwarz inequality in (4.18) and the fact that (%) men
is an orthonormal basis) that the following continuous mapping holds:

(4.19) F:LY(G) = L=(G).

In the following G will be called the frequency set of G.

4.2.2. Proof of Theorem 1.2. With this point of view, the Fourier-Plancherel and inversion formu-
lae (4.5)-(4.7) may be expressed in a similar way as in the Euclidean case, namely

(4.20) ey = @0 IFIZ 5

(421) (W) = @0 (F@).F0)

(4.22) u(z) = (27T)_3ﬁ\V\/((mm,I/,)\)796_1)]-"(u)(§)di7
a

where the measure dZ is defined by
(4.23) /A 0(7) dz < / S 0(n,m, v, A)dvd),
G RxR* (n,m)EN?

and where x7! is given by (3.9). Finally for any function u in the Schwartz class S(G) and
any T € GG, combining (4.9) together with (4.17)-(4.18) along with an integration by parts, we get
according to (4.16)

f(—AGu)(n,m, v, A) = Em(u,)\)]:(u)(n,m,v,)\) and
4.24 ~
(4.24) F(=Agu)(n,m,v,\) = E,(v, \) F(u)(n,m,v, \).

This construction proves Theorem 1.2. O
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4.2.3. Additional properties. First observe that the relations (4.24) lead in particular to the defi-
nition of the homogeneous Sobolev semi-norms as in the Euclidean case by means of the Fourier
transform:

def
=l

(425)  Jull ey = (=80 Hull ) = @m)~2( /aE:m N|F@)@)[*dz)”

and along the same lines in the non homogeneous framework

(426)  Jullge@ = N0 - Ag) Hullaa = (2m)2( /§<1+Em(u,A>>S|f<u><f>\2df)§

Second note that in this new setting, the convolution identity (4.3) rewrites as follows, for all
integrable functions u and v and all & = (n,m,v, A) € G,

(4.27) Fluxv)(@) = (Fu) - F©))(@) 3 Fuw)(n, p,v, NF () (pm, v, A).

peEN

Before going further, let us list some useful properties of the function W.

Proposition 4.5. For any ¥ = (n,m,v, A) in G and z in G, we have

(4.28) W((n,m,1,\),0) = 6, and [W((n,m,v,\),z)| <1,
(4.29) W( n,m, v, \), ) = W((n,m,u—)\),x),
(4.30) W((n,m,v,\),z7") = W((m,n,v,\),z),
(4.31) S W((n,m,v,\),2)]? = 1,
neN
(4.32) W((n,m, v, A),(ST(J:)) = W((n,m,r4u, r?’)\),w)7 Vr>0.

Proof. The first property follows from the fact that (¥%*),.en is an orthonormal basis and the
Cauchy-Schwarz inequality in (4.18). The second one is an immediate consequence of the fact that,
for all m € N, thanks to the symmetry invariance® of P, \ with respect to A,

A A
Ui =

Identity (4.30) follows from (3.9), while Formula (4.31) stems from the fact that R%Z* are unitary
operators and thus |RY*¢%* || 12(r) = 1, which implies that for all m € N

ST IR e = S W ((n,my v, 0), 2)|* =

neN neN

In order to prove (4.32), we first observe that in view of (4.18), there holds
. P v . 2
W((n,m,u,)\),csr(x)) — 6¢(>\¢“‘*$4*mi2) / 62)\(9r2m3+97r12) v (9 + Txl)wy )\(e)do
R
Then performing the change of variable § = rz, we deduce that

4 ; z
3Am2)/6”3>‘(zy3+72y2)Tr?/1;;;/\(2+y1)Tr’l/1Z’>‘(Z)dZ
R

W((n,m,u, A),ér(:c)) = i

where T, is the unitary operator in L?(R) defined by (2.6).

Recalling that by (B.2), we have T,4%*(0) = ¢:ijT3A(9), this completes the proof of (4.32),
hence of the proposition. O

Remark 4.6. Note that introducing, for all r > 0,

(4.33) Zs\r(n7 m, v, \) def (n,m, v, r3)\),
it readily follows from (4.32) that
(4.34) Fluod,)=r"2F(u)ob,1.

20ne has P,x=P,_.
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We deduce that the frequency set G has the same homogeneous dimension @ as G. Indeed according
to (4.23), we get for any integrable function 6 on G,

//\(9 0 6,)(7)dz = / Z 0(n, m, r*v, r3>X\)dvd\
G RxR* (n,m)€eN?
=pr @ / Z O(n,m,v, \)dvdX.
RxR* (n,m)€eN?
In contrast with the Euclidean situation, when adopting the function point of view for the Engel
Fourier transform one has to take into account that somehow, we deal with infinite matrices asso-

ciated to bounded operators in L#(R). To better exploit the relation between the definitions (4.2)
and (4.17), let us introduce the following definition.

Definition 4.7. For p € [1, 0], we define E’])}Q(é) as the set of functions 6 on G equipped with

the norm
def

O oz 0] o
H ”[,]_.’z(G) H ”L

v, A, m

(RXR* xXN;¢2 (N)) -

The following two statements are the analogues of the Hausdorff-Young inequality in R?, which
we here have both for F and F~1. Recall that F~1(0) is defined by (cf. also (4.22))

FHO)(z) = (277)_3/AW((n7m,1/, A),z71)0(z) dz .
G
Proposition 4.8. For all 1 < p < 2, the following inequality holds: for all u in S(G),
(435) 17y oy < Nillnce)

where p’ is the dual exponent of p, and thus F extends as a continuous linear map F : LP(G) —
L%(G).

For all 0 in E;lz(@), its inverse Fourier transform F~1() belongs to L*°(G) N C°(G) and the
map F~1: 6}2(@) — L*>®(G) N C%@) is continuous.

For all 1 < p < 2 there is a positive constant C' such that for any 6 in E?}Q(@), its inverse Fourier
transform F~1(#) belongs to L (G) and

-1
(4.36) [F Ol () < CW”L;?@'
Proof. Let us start by proving that if v € L!(G) then F(u) € 5?2(@) and
(4.37) IF )l g2 < lulle) -

Note that (4.37) is more accurate than (4.19). By definition (4.17) followed by the Cauchy-Schwarz
inequality, there holds

F@@ = | [ W(tnmv).a)u(e)ds

S/G|W((n,m,u,)\),x)| |u(x)|dx/G|u(x)|dx

‘ 2

so according to Identity (4.31),

ST 1F@ mm NP < Jullae -

neN

which proves (4.37). Combining the Fourier-Plancherel formula (4.20) together with complex
interpolation, we deduce (4.35).

In light of (4.6)-(4.7), all functions 0 € 5}2(@) admit an inverse Fourier transform given by

FO) () = (277)_3/61/\/((11,771,1/, ), 2Y)0(3) da
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Invoking the continuity of the function W with respect to x together with the smoothness of the
group operations of multiplication and inversion on G, we infer that for all (n,m,v,\) € G, the
function = — W((n, m, v, ), x_l)H(n, m, v, \) is continuous. Since in view of (4.31), there holds

) ZW((n,m,V, )\),x_l)G(n,m, v, )\)‘ < |16(-,m, v, )\)||g%(N),
neN

applying the Lebesgue dominated convergence theorem, we deduce that F~1(6) belongs to L>(G)N
C°(@G) and satisfies

17 Ol (e < @m) 160 1 5

which implies Formula (4.36) by combining Fourier-Plancherel formula (4.20) together with com-
plex interpolation. O

Remark 4.9. Let us emphasize that with the Fourier function point of view, the action on
left translations (4.8) translates into the following property: if u € L'(G), then for all z € G
and T = (n,m,v,\) € G, there holds

(4.38) F(Lau)(n,m,v,A) = > W((p,n,v,A), 2) F(u)(p,m, v, \)
peN

the latter sum being finite according to (4.31) and (4.35). Indeed since for all (v, \) € R x R* and
ally € G, RY™ is a unitary operator of L*(R), it follows from (4.18) that for any integer n

(4.39) R”A "A ZW (p,m, v, A), )w;f’k with Z|W((p,n,1/,)\),y)|2:1.

pEN peEN

Then invoking (4.8) together with (4.17)-(4.18), we infer that

F(Lyu)(n,m, v, 2) = (F(Law)r V) iy = (REN F () (0 D) e

= (F ) VIR L

which thanks to (4.39) leads to (4.38).

Remark 4.10. It will be useful later to note that for all F € O%5/2(R,), the operator F(—Ag)
acting on S(G) is invariant by left translation. This can be proved by means of functional calculus
(see for instance [73, Section 5.3]), but can also be obtained easily from the above remark which

ensures according to (1.8) that, for allu € S(G), F € OY/2(Ry), € G and ¥ = (n,m,v, \) € G,
there holds

F(F(=Ag)(Law)(n,m, v, ) = F(Ep(1,0) > W((p,n,v,A), ) F(u)(p,m, v, A)
peEN

and

F(La(F(=Ag)u)(n,m, v, A) = > W((p,n, v, A), ) F(F(=Ag)u)(p, m, v, A)

peEN

= F(En(v, X)) Z W((p,n, v, A),z) F(u)(p,m, v, A).
pEN

Let us end this section by establishing that if u belongs to the Schwartz space S(G), then F(u)
belongs to E;Q(G), which according to Proposition 4.8 is a natural class to define the inverse
Fourier transform, hence to write

u(z) = (2W)_3/6W((n,m, v, )\),:v_l)]:(u)(f) dz .

Proposition 4.11. For any p > %, there exists a positive constant C such that the following result
holds. For all uw in S(G), its Fourier transform F(u) belongs to L’}T’Q(G) and

IF )l 125 < Cllullzr @) + I(=Ac) ullL1(q)) -
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Proof. The proof is inspired from the proof of the corresponding result on the Heisenberg group
which can be found in [10]. In order to establish the result, let us consider u in S(G) and
split || F(u )||L1 2 into two parts I + I where

I dffz/ F @) X dvd
(v,\)<

meN
Since by (4.35) (with p = 1), one has

17 @) g < el

I < ullpe Y / dvd\ .

meN m (1,A) <1

we deduce that

Then performing the change of variables p = (for fixed A), and recalling (1.6), we infer that

|)\|4/3
5 <l S / / A3 drdp
meN 1)3/2
Shile X [ et
meN

which according to (1.10) ensures that
I S el -
On the other hand thanks to (4.24), and again (4.35) with p = 1, there holds
[F @) (m, v, Nz < B (v MI[(=A6) | 1o
for any integer k € Z, and thanks to complex interpolation, we find that for all p € R,
[F@)Cm v, Al < B (v, M[(=Ac) ullpy ) -
We deduce that

B <A ule 3 [ (v, A)dvaA.
meN (1/ /\)>1
Considering again the change of variables p = | /\‘ ™73 (for fixed A), this leads to the following
estimate
L < (=Ac) ullLie) Y / / I\[4/3=2/30 gy,
meN /\|>Em(;)3/2
Sl-torulie Y [ et

meN

as soon as p > 7/2, which achieves the proof of the proposition. O

4.3. The spectral measure of —Ag. Let us start by recalling that the spectral measure of a
self-adjoint operator A on LQ(Rd) is characterized for any continuous bounded function F' by

def
(s FY = (F(A)u,0) pagay . wv € LARY),
and thus in particular when A = —A, we get thanks to the Fourier-Plancherel formula
(4.40) (i F) = (2 [ PUePREIR)d¢

Using spherical coordinates in R , we readily gather that

oo
(—Au, ) o (gay = (2m) / R? / U(Rw)?(Rw)R* dwdR
0 Sa—1

= (2m) ¢ T g2 W()0(€)dSq—
— (2n) /0 R /SMR) (€)3(6)dSa_1 (R)R

(4.41)
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Then setting v = R?, we infer that

(—Au, v) 2 gy = /OOO YA ulv)dy,
with
(A(yyul) < (2m)~ /S B AT (A (V)
a_l_
2V Ssacavm)

The above formula can be interpreted as the spectral decomposition of —A

—Auz/ ydP,u
0

(4.42)
=(2m)”

and one has

(=B 0)ian = [ A(@Pulo) with (@Pyulo) (Al
We deduce that for any continuous bounded function F'
49 FCA e = [ PE@Pu) = @0 PRAGRECKS

Arguing similarly for the Engel group, we infer that the spectral measure of the self-adjoint
operator —Ag is given, thanks to (4.21), by
def

(tu, F) = (F(=Dc)u,v) 12 g

(4.44) 3
— (2m) / F (B (v, A)) F () (1m0, v, N E (@) (m, m1, 7, A)dwdA,
RXR* n,meN
for any continuous bounded function F and all u,v in L?(G). Then performing the change of

variable p = (for fixed \), we deduce that

|)\|4/3

(“Agu,0) 2@ = / S F (), m, wl ALY, NF@) (1 m, A2 N)
meN Y RXR* N

XA E () dpa| A|*/2d.

Recalling that E,, (v, ) = |\|*/3E,, (1) plays the same role as [£]? in the Euclidean framework, we
now consider the change of variables R? = |\|*/3E,, (1), which gives rise to

(—Agu,v)2(q) = (27)” / R Z Z/ - Q Zf (n " lf:)Q’ E:(]Z;)

meN £

pR*  +R3

Analogously to (4.41), the above formula can be reinterpreted in terms of the dual sphere S5(R),
namely

(4.45) (— A, v) (o) = (27) / R /A(R) JF)(2)dS5(R)dR,

X m(n,m, )RGdR.

where S5(R) def {(n,m,v,\) € G/ Epn(v,)\) = R*} and

(4.46) /MR)I CIREFIOEEDY Z/ ) ( Eon 4)2’ E:f;;)‘rzm'

meN =+

This definition is justified by the following proposition which is the analog of the classical integra-
tion formula in spherical coordinates.
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Proposition 4.12. For any function 6 € L? (CA;'), we have

/|9 2dx—/ </ |¢9(:%)|2dUSA(R)>dR,
S~(R) ¢
G
where / 0(2)|*dos gy is given by (4.46).
~(R) @

Proof. By definition of the measure on CAT', we have
/A 10(2)|2d5 = / S 100n, m, v, \)Pdvdr
G RxR* n,meN

Then performing successively the change of variables u = (for fixed \) and R = |A\|'/3\/E,. (1)

|)\|4/3
(for fixed p), we infer that

3 2
frweraa= [T3 323 | 2w e el e e

meN =+

which proves the proposition. O

Remark 4.13. As a byproduct of the above formula, we find that the measure of the dual unit
sphere Sg is given by

(4.47) o(Sg) =3 / dfu%.

This proves Proposition 1.5.

Finally setting v = R?, we deduce that

(—Acu,v) 126 = / T (Al dy

with

(4.48) (A()ulv) F(u)(n, ) F(v)(n, )dSz(v/7)-

Q\f S5(v) neN

This shows that the spectral decomposition of —A¢ takes the following form
o0
—Agu = / vdPyu  where d(Pulv) = def (A(y)ulv)dy,
0

and readily ensures that, for any continuous bounded function F and all functions v in L?(G),
there holds

(4.49) (F(_AG)U,U)LQ(G):/R F(y)(dP,vlv) dy = (27)" /F )| Fo(@)[2d3,

where a denotes the function on G introduced in Theorem 1.2.
4.4. End of the proof of Theorems 1.3, 1.7, 1.9 and proof of Propositions 1.6 and 1.11.

Proof of Theorem 1.3. Recall that (1.10) has been proved in Section 2. Let us start by proving the
following identity, for F' € C2(R}):

(4.50) Z /RXR* F(En(v,\))dvd\ =3 (/R /2 F (r ) Z / 7/2

meN
Recalling that P, = P, _x = P, |5|, we have E,,(v,\) = En,(v, =) = Enp(v,])]) so it suffices to

prove that
Z/ F(Em(v, /\))dz/d)\:§ / r®/2F(r
RXRY. 2 \Ur,

meN

i) 3 | e

meN
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Invoking Corollary B.4, and using changes of variables, the integral on A > 0 rewrites

Z/ﬂw* (1, A))dvdA = Z/ F(XPEy (1375+1) ) dvda

meN RXR*

so setting p = 55 (for fixed A) and then r = A*/3E,, (u) (for fixed ) we find

F(E,(v,\))dvd\ = / F (\?/3E,, AY3d\d
}jAW;(<u»u > [ O ) u

meN meN

:</*25/2F >Z/ En ()2

This concludes the proof of the identity (4.50). The latter remains true (with equality in [0, +00])
for all nonnegative measurable functions F'. Applied to |F| instead of F, this implies that F o a
belongs to Ll(é7 8n.mdz) if and only if F € L'(R,,7%/2dr), and, if so, then (1.9) (which is nothing
but (4.50)) holds. O

We now prove Theorem 1.7. Note that the Schwartz kernel theorem [51, Thm 5.2.1] or [80,
Equation (51.7) p 531] states that any continuous map S(G) — S§'(G) has a distribution kernel.
Here, left translation invariance of the operator F(—A¢g) further implies that the operator is a
right convolution operator. Our proof of Theorem 1.7 is inspired by [49, Proof of Theorem 1.2
p 98] and does not rely on the kernel theorem.

Proof of Theorem 1.7. To prove that, for any function u € S(G), one can define the inverse Fourier
transform of the function (n, m, v, \) — F(E,, (v, A))F(u)(n,m,v, \), it suffices according to Propo-
sition 4.8 to check that this function belongs to E}—_’Q, that is to say

def
7 (e wmvummuAhu—E;/ B0, M) [ ) (- 1,1, ) v < oo
meN
For this we reproduce the proof of Proposition 4.11, writing J = J; + Jo with
Y / o (1, )| [ F (1) (-, v, A) |2 v
meN 7 Em (v, )‘)<1

As in the estimate of I; in the proof of Proposition 4.11, and thanks to (4.50), we find

a<wm@z/ﬂ< [ (X8, (1)) | I ardy
‘ m, (/‘ )
swm@érwwmw

S HUHLI(G)HFHO B Ry

On the other hand and again as in the estimate of I5 in the proof of Proposition 4.11

Jo < [|(1d — AG)’fu||L1(G>/ (Y452 ()| dr

<104 =~ 26) ul o) |l g -

This implies that for F € O’ ‘)/2(R+) and u € S(G),
= [[F(Em (v, \)F (w)(n,m, v, )| 1.2

< F Id — Ag)* F .

S llullcell ||Ol Sm,) +[1(1d ) ullLyell HOZ f ey
We have thus obtained that (n, m, v, A) — F(Ep, (v, \))F(u)(n, m,v, A) belongs to 51}12. According
to Proposition 4.8, its inverse Fourier transform

F(=A¢)u ¥ F=1 (BB (v, ) F () (n,m, v, \))



ENGEL GROUP 29

thus satisfies F'(—Ag)u € C°(G) N L>®(G) together with

¢
(4.51) [ F(—Ag)ullL=@) ||U||L1(G)||F||Oé,g(R+) +[|(Id — Ag) U||L1(G)\|F||OZ,3(R+)~

In particular, the bilinear map
(4.52) Oy (Ry) x S(G) > C,  (Fyu) = (F(~Ag)u) (0)

is linear, continuous for the topology of Oz’%(RJr) x S(G). As a consequence, for a fixed F €

O;’%(RJF), the partial map S(G) — C given by u — (F(—Ag)u) (0) belongs to S'(G). That is to
say, there is T € §’(G) such that
(

F(—AG)U) (0) = <T7 ’u,>3/(G)75(G), for all u € S(G)
Now, there is T € S'(G) such that, with @(y) = u(y~'), we have
(T, u)s/c).s6) = (T W)s(c),s@), forallueS(G).

Recalling the definition of the convolution in (3.15), and noticing that % = g = u°, the above two
lines rewrite

(F(—=Ag)u) (0) = (T, i) s/c).s(c) = (uxT)(0), forall u € S(G).

Invoking Remark 4.10, we infer that, for all x € G and u € S(G),
(4.53) (F(=Ag)u) () = (Lo F(=Ag)u) (0) = (F(=Ag)Lyu) (0) = ((Lyu) « T)(0) = (ux T)(x)
where, in the last equality, we have used again the definition of the convolution in (3.15). This
concludes the proof of Theorem 1.7 with kg 7 The continuity statement of the map F — T =
kp follows from (4.52), (4.53) and the continuity of L, as a map S(G) — S(G). O

Notice that (4.53), joint with (4.22) and (4.24), imply the following useful identities:
(4.54) Fkr)(@) = F(En(v,A)0mn

and
(4.55) kp(z) = (27)~3 /A W ((r 1,1, Ny &) F (o (v, )Gy 3
G

For the sake of completeness, we also give here a proof of Proposition 1.6, which follows that of
Theorem 1.7 with a different starting point (the general functional calculus for selfadjoint operators
instead of the Fourier transform F), and would hold in any Carnot group.

Proof of Proposition 1.6. As it was emphasized in Section 4.3, spectral theory associates with —Ag
a spectral measure that we denoted by dP., and it is well-known (see for instance [67, Theorem
VIIL6] or [73, Section 5.3]) that if F' is a locally bounded Borel function on Ry, one can define on
the Hilbert space L?(G) the operator F(—Ag) by

DF(-26) “ {u € (@), [ [PO)PA(P ) < o}

def

F(-Ag)u = /RF('y)deu, for u € D(F(—=Ag)).

Now if F is a function in O (R4 ) for some nonnegative real number m, then we have, for u € S(G),
IF(=Ac)ullZs e = /R [P ()] d(Pyulu) < C/Rﬁymd(ﬂuw) = C)|(1d = Ag) " ullf2(c)-

Therefore, D((Id — Ag)™) is embedded continuously in D(F(—Ag)). Next, since Ag is a dif-
ferential operator with polynomial coefficients, we have (Id — Ag)*u € S(G) for any u € S(G)
and k € N, together with

1(Id = Ag)*F(=Ag)ull72 ) < Cll(Id — Ag) ™ ulF2 (),  for all u € S(G).
As a consequence, we obtain

(4.56) ueS(G) = F(-Ag)ue (] D((Id - Ag)¥) = (1] D(AE).
keN keN
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Now, local hypoellipticity of the operator Ag proved in [50] (see also [72] for the expression
of ¢) implies the existence of ¢ > 0 such that D(—Ag) C Hf (G) with continuous embed-

ding, where H{ (G) = def H;, (R*) denotes the usual local Sobolev space defined by: v € Hf (R*)
if (£)°F(xw)(€) € L*(R*) for all x € C°(R*), where F denotes the usual Euclidean Fourier trans-
form. A classical induction argument (see e.g. [56, Corollary B.2]) shows that D(—AF,) C H (G)
for all k¥ € N with continuous embedding. We thus deduce from (4.56) (and the usual rough Sobolev
embeddings in R*) that if u € S(G), then F(—Ag)u € MNyey HES(G) = C=(G) (and this map
is continuous). In particular, F(—Ag) maps continuously S(G) in C°(G) and, from this point
forward, we may follow the end of the proof of Theorem 1.7 line by line.

]

Let us turn to the proof of Theorem 1.9.

Proof of Theorem 1.9. First assume that F € L'(R,,r%2dr). Thanks to formulae (4.28), (4.50)
and (4.55), we deduce that

= /AW«n,m,uA),m*l)F(Em(u,A))am,ndf
G

< @)™ [ IF (B0 2) 005 = (27) (/ 2P (r) |dr>

The continuity of kp under the hypothesis of Theorem 1.9 readily follows from the continuity
of W with respect to z, (4.28) and Lebesgue dominated convergence theorem. Finally the formula
for kr(0) simply comes from (4.55) and (4.28). O

|kp(2)| = (27)

> [ e

meN

Proof of Proposition 1.11. Assume F belongs to O*%/2(R,). Then according to Theorem 1.7, kx
is well-defined, and (4.20) implies that kr belongs to L2(G) if and only if F(kr) belongs to L%(G),
and

kpliaa) = @m) 21 F ke, g, -

But using (4.54),

IFERE G = 3 / Flkp) (n,m, v, N)[2dvdA
RxR*

(n,m)eN?

_ Z/ F?(Eo (v, \))dvd).
meN RxR*

Reproducing the computations leading to the proof of Theorem 1.3 page 27, we find

[RaCTI Z/ F? /\2/3E (1 )) MN3d\dp
meN RXR*
_ 3 572 2 Z
o . 2" 7/2
The result follows. O

5. APPLICATIONS

5.1. Functional embeddings. Combining the Engel Fourier transform together with (1.9), we
recover in this section many functional inequalities, whose original proofs may be found in [33].

Let us start with the following result concerning Sobolev embeddings in Lebesgue spaces. Such
embeddings are known to hold in a variety of contexts (see for instance [7], [17], [18] [26], [31],[53]).
The proof conducted here is inspired from the paper of Chemin-Xu [20], and adapted previously
in other contexts (see for instance [6], [8] for the Heisenberg group).

Theorem 5.1. For any real number s in [0, Q)/2], there exists a constant C such that the following
inequality holds:

2Q
Q —2s .

Vue H*(G), lullire) < Cillull g with p=



ENGEL GROUP 31

Proof. Let us assume that [[u 5.y = 1, and compute the L norm according to the Cavalieri
principle:

iy = [ 7|kl > )5
In order to go further, we shall use the technique of decomposition into low and high frequencies,

namely we shall decompose, for all A > 0, the function u into two parts as follows

def

(5.1) u=1uga+upa with Fluga)(n,m,v,\) = F(u)(n,m,v,\) 15, (va)<A? -

From the inversion formula (4.22), the definition of the Sobolev norm (4.25) and the Cauchy-
Schwarz inequality, we get

lue.allz= (e < Clluealze ( [E oy PV ) 5 (B (0) )

[

In view of (4.31), we have

/ W((n,m, v, A), )2 (B (v, X))~ dZ = Z/ (B (v, \) " 2dvdX .
m (A1) < A2 meNY Bm(v,))<A2

Then applying Formula (1.9) with F(r) = 7719 42)(r), we deduce that
g
lue,allpoe(a) < CAZ2

Thus, choosing A = Ag = cf3 @ for some small enough positive real number ¢ ensures that

|(jul > B)| < |(lue.asl > B/2)] + |(lun,a, | > B/2)] = [(Jun,a5] > B/2)],
which thanks to Bienaymé-Tchebitchev inequality yields

o0
iy 5 [ 877 o I 48

Hence, by virtue of Fourier-Plancherel formula (4.20),

fully € [ A7 [ (W)@ dz s,
V)\)>A2

which completes the proof thanks to the Fubini theorem. O

Notice that refined versions of Sobolev embeddings (see [35, 36]) can be obtained by slightly
adapting the above proof. We shall not pursue this further here.

The following theorem is to be compared with the Poincaré inequality.

Theorem 5.2. Let s be a nonnegative real number and K a subset of G with finite measure.
There exists a positive constant C(s,K) such that for all functions v in the subspace Hj;(G) of
functions in H*(G) with support in K, we have

lull = (qy < ulls @) < Cs, K)||ull gy -

Proof. The first inequality is obvious, and in view of Fourier-Plancherel formula (4.20) the second
one amounts to prove that

IF @)l 28 < (CIKDE

To this end, let us again decompose u into low and high frequencies as in (5.1). We thus set € > 0
and write

||‘F( )||L2(G) ||‘F(uh E)“LQ(G) + ||‘/_'.(ul E)HL2(G)

(ON

=L BN B NP 0, NP [ F )

The first integral may be bounded by &=4%|ul|% . (- To handle the second one, we first take

advantage of (4.37) which since u is compactly supported gives rise to

D F@)nm v, NP < ullta g < 1K ullzs gy = (2m) 7K F ()2

LQ(G
neN
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Thanks to Identity (1.9) with F'(x) = 1)9 c2)(z), this implies that

1F )2 5, < o) F )2, 5,2
We deduce that 1
1P, 6 < il + CIKIEIF@)IE, 5
which achieves the proof of the result choosing £? = 1/(2C|K]|). O

Decomposing functions into low and high frequencies is a key tool to establish functional in-
equalities, but also to investigate nonlinear Partial Differential Equations. Let us showcase again
the efficiency of this method by establishing the Sobolev embedding corresponding to the critical
exponent s = /2. To this end, we introduce the space BMO(G) of locally integrable functions u
on G with Bounded Mean Oscillations:

def 1 . def 1
lullBrro@y = Sup*/ |(u —up)(x)|dr < oo with up = —
@775 1Bl Jp 1B

where the supremum is taken over all balls B of G, and where |B| denotes the Lebesgue measure
of the ball B.

Theorem 5.3. The space L
constant C' > 0 such that

u(z) dx,

(G)N H%(G) is included in BMO(G). Moreover, there exists a

loc

)

lull Brroca) < CHUHH%(G)

for all functions u in L{, (G) N H% (@).

Proof. As previously, we use the decomposition (5.1). Then applying the Cauchy-Schwarz inequal-
ity, we infer that for any ball B in G, we have

J = un) @I < = ea) sl e

2
) + —[Jun,all2 (@)
5]

Bz

In order to estimate the low frequency part, we shall use the metric structure of the Engel group:
recall that for any (x,z’) of G x G, there exists a horizontal curve of Q, ./ joining x to a’. Using
the Carnot-Carathéodory distance dg defined in (3.10), we infer that, for any ball B of G of
radius R, there holds

5.2 ug A — (u < RAJu
(5.2) [, 4 (z,A)BRHLQ(BR,‘gﬁ) el -
Indeed, by definition of (u¢,4)p,, we have

1

(ue,a — (we,a)Bg)(T) = Bl

(uea(z) — uga(z’))dz’.

p=J
Since for any curve v = U ¥p where 7, : [0,T,] — G belongs to €,
p=1
O (t) = £Xi (1), 1(0) =zp,  W(Tp) = zps1,
10) =2z, ~;(Ty)=2" for p=1,...,J—1 and i€ {1,2},

Tpi1 namely

there holds
TP

uga(zpi1) —uea(mp) = [ Ouea(yp(t))) dt,
0
we readily gather that

(5.3) [ue,a(x) —uea(2z")| < dg(w,2") sup [ Xsue,allL=(c) -
ie{1,2

We deduce that

lue,a = (ue,a)Brll (Br iz SR P [ Xsue,allLe=(c)
R (3 5

By the inversion formula (4.22), we have

[ Xiue,allLe (e 5/ (W((n,m, v, X), 2™ H|F(Xju) (Z)|d2.
E,,(\v)<A2



ENGEL GROUP 33

Then combining the Cauchy-Schwarz inequality together with (1.9) and (4.31), we get

[ XiueallL=(c) S A”“HH%(G)’

which ensures that

_ <

To bound uy, 4, we combine Identity (4.20) with Formula (1.9), which gives rise to
Q1,112

lunallizi) < CA™ Jul® o .

We know by (3.16) that |[Br| = CR?. Then, the latter estimate implies that

2
(5-4) Bals lun,allz2) S (AR)™% el )

Gathering the estimates (5.2) and (5.4) and choosing A = R~! completes the proof of the result. [J

One can also prove, by a similar high-low decomposition technique, embeddings between Holder
spaces and Sobolev spaces. To ease the notations, we denote in what follows X = (X3, X3) the
family of horizontal left-invariant vector fields on G, and we set for any multi-index « in {1,2}*:

k
= 1] Xo, -
j=1

Then we denote by C*?(G), (for (k, p) in Nx]0, 1]) the Holder space on the Engel group, consisting
in functions v on G such that
def o Xu(z) — X%
fullonsiey * sup (1] +sup D =) o
la|<k zF#Y d(l‘, y>p

We have the following result.

Proposition 5.4. If s > % and s — % is not an integer, then the space H*(G) is included in the

Hélder space of index
o= (b2

and we have for all u € H*(G),
lullcroey < Csllulla(a)-
Proof. We prove the result only in the case when the integer part of s — /2 is 0, namely the case

when s = % + p, with 0 < p < 1. Using again Decomposition (5.1), we infer, according to (5.3),
that the low frequency part of u satisfies

e, a(z) —uga(d)] < da(z,y) sup [ Xiue,allLo<(c) -

1e{1,

In view of Formula (1.9), one gets

[ Xsue,allze) < lullgs(q) Z/

meN

1
(v, ) dvdn)* 5 A0 Dl . g,
E,(\v)<A2?

which implies that
(s Q
ug,a (@) = upa(2’)] S da(,y) A2 ul| go -

Along the same lines, we obtain

il < ol (3 /

meN

Q
2

Ep(,\)™ Sdud)\)2 A= o)

E,, (v,\)>A2
Consequently
u(z) —u)|l S (do(z,y)A ™" + A7) |lull g () -

Choosing A = dg(x,y)~!, we conclude the proof of the result. |
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5.2. Bernstein inequalities. Similarly to the Euclidean case, Formula (4.24) allows to give a
definition of a function whose Fourier transform is compactly supported, in the following way.

Definition 5.5. We say that a function u in L?(Q) is frequency localized in a ball By centered
at 0 of radius A > 0 if

Supp F(u) C {5(:\: (n,m,,A) € G| Em(v,\) < AQ}.

Similarly we say that a function u on G is frequency localized in a ring C, centered at 0 of small
radius A/2 and large radius A if

A2
Supp F(u) C {’:E: (n,m,v,\) € G/Z < EnvA) < AQ}.

Remark 5.6. Equivalently, u in L?(G) is frequency localized in By if there exists a function 1
in D(R) supported in By, valued in the interval [0,1] and equal to 1 near 0 such that for any & =
(n,m,\,v) in G,

(5.5) F(u)(n,m,v, A) = F(u)(n,m,v, \) (A2 Ep (v, X)) -

Similarly w is frequency localized in Cy if there exists a function ¢ in D(R) \ {0} valued in the
interval [0, 1] and supported in Cy such that for any ¥ = (n,m,v, A) in G,

(5.6) F(u)(n,m, v, A) = F(u)(n,m, v, A) $(A~>En (v, X)) .

This definition allows classically to recover equivalent definitions of Sobolev and Hélder spaces
via the well-known Littlewood-Paley decomposition, and to define generalizations of those spaces
known as Besov spaces; these turn out to be very important tools, namely to refine Sobolev
inequalities, and to study nonlinear PDEs. For an introduction to this topic, we refer the reader
for instance to [9]. We shall not pursue further this line of investigation here, but only prove the
following proposition, known as the Bernstein inequalities. The proof of this result is inspired by
the corresponding result on the Heisenberg group in the monograph of Bahouri-Chemin-Danchin [3]
— we refer also to [8] for the easier case (5.7).

Proposition 5.7. With the above notation,
e ifu is frequency localized in By, then forall1 < p < q < 0o, k € Nand 8 € N? with || = k,
there exists a constant C}, depending only on k such that
1_1
(5.7) X8| La() < CrA* TG~ u o) -
e if u is frequency localized in Cy, then for allp > 1, k € N and 3 € N? with |3| = k, there
exists a constant Cy depending only on k such that
(5.8) [l Lo () < CRAT" |,(S;\lpk X% ull Lo () -

Remark 5.8. Spectral truncations are convenient means of approximating functions. Indeed
Proposition 5.7 shows that for any u € L?(G) for instance, 1)(—A~"2A¢g)u belongs to H*(G) for
any s > 0, and, as a consequence of the Plancherel formula, 1)(—A"2A¢) u converges tou in L*(G).

Proof of Proposition 5.7. By density and to make sense of the next computations, we assume that u
belongs to S(G). First, we notice that (5.5) and (5.6) can be restated respectively as

u=1p(—A"2Ag)u and u=d(—A2Ag)u.

In view of Hulanicki’s result [52], there exist functions hy and hy in S(G) such that, for all u
in §(G), there holds

(5.9) V(—=A2Ag)u =uxA9(hy0d0y) and ¢(—A"2Ag)u=uxA%hgo0dy).
Let us prove that the functions hg and hy are even, that is to say, for all z € G,
hy(x) = hy(z™!) and  hy(z) = he(z™).

Since the analysis of hg is similar to that of hy, we limit here ourselves to the case of hy. By
definition

(5.10) F(hy)(n,m, v, N) = Y(En (v, A))om.n
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which in view of the inversion Fourier formula (4.22) implies that

hw(x):(27r)_32/ W((mym, v, ),z ) (B (v, \)) dvdA.
meN RxR*

Also,
hlz,(x*l) =(2m)73 Z /R . W((m,m,y, )\),x)w(Em(l/, A)) dvdA.

meN
But, in view of(4.29)-(4.30), we have
W((ma m,v, )‘)7 xil) = W((ma m,v, 7>\)7 I) ’

which gives the result since E,, (v, —\) = E,, (v, ).

Let us return to the proof of the proposition. We observe that by scale invariance, it is enough
to prove the proposition for A = 1. In order to establish (5.7), we first combine Definition 5.5 with
Identity (5.9) which implies that

u=ux*hy,
with hy € S(G). Invoking (3.13), we infer that
XPu=uxx? Py
which leads to the result, thanks to Young’s inequalities (3.12).

Let us turn to the case when u is frequency localized in a unit ring: we use (5.9) again, and
notice that

Aghy = Aghy.
Moreover, since hy is frequency localized away from the origin, for any integer k, one has
(5.11) u=ux*hg :u*(ng)khg =ux(—Ag)*hk,

where h’; is the even Schwartz class function defined by

FE)(n,m, v, 2) (B (1, ) ™ 6 (B (1, 2)) S -

We claim that for any u,v € S(G) and all ¢ € {1,2}, one has
(5.12) Xuxv=uxX.
Indeed by definition, one has

(Xy) % v(z) = /G (O ) ()oly™ - ) dy = — /G u()d,, (v(y™" - ) dy

by integration by parts, and since
1
2

yhw = (—y+a, Y2+ a2, —ys+as —yi(—y2 +72), —ya+ x4 — Y1 (—ys +3) +

and by Remark 3.1

y%(_y2 +$2)) )

Xl = 8961 + 172(9953 + 1‘38954
then we obtain

(Xyu) * o(z) = / u(y)(Fao)(y - ) dy

G
whence (5.12) for i = 1. Along the same lines, since

(Xou) % v(x) = / <(ay2 T 10y + yj%) u> ()o(y™ - 2)dy,

G
performing an integration by parts, we get

(¥au) xv(a) = [ u(o)(Zao)y™" o)y
from which (5.12) also follows for ¢ = 2. Then invoking (5.11), we deduce that

2
U=1UuUx (—gg)khk = ZXiu*j(ii(—gg)kilhg .

i=1
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By induction, we obtain
U= Z XPux gy,
|B]=k
for some functions ®3 1 in S(G). This completes the proof of the proposition thanks to Young’s
inequalities (3.12). O

5.3. Application to the heat equation. The heat kernel of the sub-Riemannian Laplacian has
been object of several investigations in the last decades, both from the analytic and geometric
viewpoints. We refer the reader to [11, 12, 15, 74] and references therein for a complete discussion.
In this paragraph we show the efficiency of Formula (1.9) by analyzing the heat kernel on the Engel
group.

It is well-known that this kernel is a Schwartz class function; see for instance [24] and the
references therein. Here we show in an elementary way, thanks to (1.9), that it belongs to H*(G)
for any s > 0. As already mentioned in the introduction, the Fourier transform U given by
Theorem 1.2 allows to compute explicitly the solutions of evolution equations associated with —Ag.
For instance, if we consider the heat equation on G

(He) {atu—AGu = 0

u\t:O = Uo,
applying the Engel Fourier transform and taking advantage of the identities (4.24), then integrating
in time the resulting ODE, we deduce that, for all Z = (n, m,v, A) in G,
Fu(t))(n,m, v, X) = e~ En 0N F(ug)(n,m, v, A).
Invoking the Fourier inversion formula (4.22) along with the convolution identity (4.27), we infer
that
(5.13) u(t,") =ugxhy with F(h)(n,m,v,\) = e tEm@Ng
Then according to the scaling property (4.34), the heat kernel h; is given, for all ¢ > 0, by
(5.14) hy = (h 0d1) with h(z)= (277)73/ efE’”(”’A)W((n,m, VA), 27 ) dE
% G

Thanks to Formula (1.9), we deduce that the heat kernel on G belongs to NsH*(G). Indeed
combining (4.26) together with (5.14), we infer that for all s € R,

ey = @) Y [ FulBl v,
RxR*

meN

where Fy(r) Lt (14 7)%e~%" which ensures the result.

6. METRIC STRUCTURE ON THE FREQUENCY SET G

The aim of this paragraph is to endow the frequency set G = N2 x R x R* with a distance. To
do so, we have to keep in mind that, as in the Euclidean setting, we expect the Fourier transform
to transform the regularity of functions on G into decay of the Fourier transform on G. So first
let us start by observing that in view of the relations (4.13), (4.15) and (4.24), one has

F(=Agu)(n,m,v,\) = En,W,N)F(u)(n,m,v,\)
F(— Agu)(m m,v,\) = E,(v, \)F(u)(n,m,v,\)
F(Xqu)(n,m,v,A) = —idF(u)(n,m,v, A)
F((X4X2 — §X3)u) (n,m,v,\) = vF(u)(n,m,v,\).

Our aim now is to endow G with a distance d in accordance with the above relations and which is
moreover homogeneous of degree one with respect to the dilation d, defined by (4.33). This moti-
vates our definition of the distance d between two elements 7 = (n,m,v,\) and @ = (n’,m’, v/, \)
of the set G as follows:

A(7,7) € B0, A) = B (v, V)]
+ly—V|i +|A_X|%.

Nl

(61) + |(Em —En)(l/’ /\) - (Em’ _En/)(V/,A/)’§
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To check that d is a distance on (A;', the main point consists in proving that
dz7)=0=7=7".

In view of (6.1), this amounts to showing that if for some integers k, k', we have Ej (v, \) = Ei (v, A),

then k = k’. This follows from the ﬁI‘bt item of Proposition B.1 which asserts that the energy levelb

do not intersect. Now the fact that d is homogeneous of degree one with respect to the dilation 5a,
namely for all a > 0

follows from the scaling property Ey,

~

Since A belongs to R*, the set (é, d) is not complete. Its completion is described by the following
proposition.

Proposition 6.1. The completion of the set G for the distance d is the set
GUG, with Go &' (Ry xRx{0g2}) U{((2m+1)v20, 2(m—n)vV20,,0), (n,m,v) € N2xR" }.
Proof. We denote by S the completion of the set G for the distance c?, that is to say the set of all
limits of Cauchy sequences (np, My, Vp, A\p)pen in (G, d), and our goal is to prove that

S = é U G\Q, with éo = éo’o [ 60,1,

éo,o =Ry xR x {02}, @0’1 ={((2m+1)V2v,2(m — n)v2v,v,0), (n,m,v) € N> x R} }.

We first prove that S € G U Go. Let (np,my,vp, Ap)pen be a Cauchy sequence in (G, d).
Then (vp)pen and (Ap)pen are Cauchy sequences of real numbers, and thus they converge respec-

tively to some v and X in R. Moreover, E,, (vp, Ap), En, (vp, Ap) are Cauchy sequences in Ry and
thus converge in R : there exist £ € Ry and y € R, such that

(6.2) By Up, M) =5 &, By (U, Ap) =3 .
Recalling the scaling relation (B.6), this reads |A,|*/?Ey,, (1) P23 i and [Ap |2/3Enp (tp) 2%y,

) p*}OO

@, A/ En, (1

) p*}OO

with p, = I/\:ﬁ If X # 0, we have p1, "= ‘4/3 € Rand |\,|*/3Epn, (1

oo
B
§. As a consequence Ey, (11,) — |A|7¥3, En, (1p) — 9|A|7>/® and, according to Item 1 in Propo-
sition 2.1, we infer that the sequences (m;)peny and (n,)pen are constant after a certain index.
Therefore, there exist m and n in N such that
c/l\((np, My, Vps Ap), (1, m, 1, 1)) =3 0.
Consequently (in that case) the limit of the sequence (n,, My, Vp, Ap)pen i (G, d) belongs to G.

We now consider the case A = 0, that is to say A, — 0, and recall that v, — v € R. If v <0,
recalling that by (2.8), for any k and any p < 0, one has Ex (1) > |u|?, we deduce that

) 2
v . v, v — 00

A I2/3E )y > P23 Ao ?/PE T >ty

[Ap] mp(‘)\p‘4/3) SWE — 400, |Ap np(|)\p|4/3) = 2 — +o00,

which contradicts (6.2). In the case A = 0, we thus necessarily have v > 0 and we distinguish the
two cases v = 0 and v > 0. (i) Firstly if v = 0, then according to (6.2),

(B, (Vs Ap)s iy (Vs Ap) — Eny (Vs Ap),s Vpy Ap) P22 (&4 —15,0,0) € Goy.

(ii) Secondly if ¥ > 0, then v, > 0, for p large, and according to the scaling relation (B.6)
and (6.2),

p—o0

Emp(Vpa Ap) = V;/QM;1/2Emp (p) — &,

—3/2

with g, = ‘/\"ﬁ — 400. As a consequence, ugl/zEmP (1p) — v=1/24. Setting h, = pp /" — 0
P

and performing the change of scales (2.12), it follows that E,, (hp) = i, *Enm, (1) is an eigenvalue
of the semiclassical Schrodinger operator in (2.13). Since

(6.3) h B, (hyp) = 11y ?Enm, (1p) =3 v 1%,
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there exists 8 > 0 such that h, 1Emp (hp) < B for all p € N. Lemma 2.8 implies first the existence
of Ng > 0 such that m, < Ng for all p € N, and second that there exists m € N with m < Ng
such that

(6.4) hp_lEmp(hp) —V2(@2m+1), as h — 0F.

Combining (6.4) and (6.3) yields & = v2v(2m + 1).
The same method applies to the sequence E,, (1, \p) yielding existence of n € N such that y =
V2v(2n + 1), and we finally obtain

(B, (U9, Ap)s By, (Vs Ap) = B (U, Ap)s v s Ap) = (V2v(2m +1),2(m — n)V2v,,0) € Go,1 .
This concludes the proof of S C GuU (A;o,o U @071.

We now prove the converse statement, that is S D GU CA?O,O u 6071. If (n,m,v,\) € @, that is
to say with A\ # 0, then the constant sequence (n, m, v, \) converges to (n,m,v,\) in G.
If (£,9,0,0) € Go,0, we claim that there exists a Cauchy sequence (ny, my, vp, Ap) € G such that

(6.5) Ap =0, vy =0, By (Vp,Ap) =2, En,(Vp,Ap) = 7.

P
Indeed, if © = 0 and y = 0, then, choose v, =0, m, = n, = 1 and any sequence A, — 0. We then
have
E,

Otherwise, either & # 0 or iy # 0. Assume for instance & # 0, and recall that by virtue of Lemma 2.2

o (Vps Ap) = N [2PEL(0) = 0, Ep (Up, Ap) = [\p*2E1(0) — 0.

4/3
one has E(0) ~ (vQOTL k) as k — +o00. Then applying Lemma 6.2 below to the sequence uy =
E.,(0)
En, (0)

Ex(0), we infer that there exist sequences (my)pen, (n,)pen € NY such that -4 Setting
@

, 3/2
then v, = 0 and A, = (#(0)) , we have
Enm, (Up, Ap) = [\p|*PEp, (0) = i,

) . E. (0 o . 4 .
By (M) = I 277, 0) = [0 20, (02220 205 30
En, (0) x
which proves the existence of a Cauchy sequence satisfying (6.5), and thus @0,0 CS.
Finally, let (v2v(2m + 1),2(m — n)v/2v,1,0) € CAv'o’l, that is to say v > 0 and m,n € N. First,
choosing 8 > 2v/2(2max{m,n} + 1), Lemma 2.8 implies that

h B (h) — V2(2m +1), h™'Ey(h) = V2(2n+1), ash —0.

. def .
Second, we fix any sequence A, — 0 and notice that p, = W — +400. As already noticed
P

in (6.3), we have with h,, def ,u;S/z

En (v, Ap) = Vopy B (1) = Vvhy B (hy) =3 V2v(2m + 1),

and similarly E, (v, A\p,) = v2v(2n+1). This proves the existence of a Cauchy sequence satisfying

— 0

A =0, vy —=v, B (Up,Ap) = V2u(@2m+1), E, (vp,Ap) = V20 (2n +1),

P

and thus @0)1 C S. This concludes the proof of the proposition. O

Lemma 6.2. Assume that (un)nen in (0,00)" is such that u, — +oo and “* — 1, as n — co.
Then, the set {%, (n,m) € Nz} is dense in R..

Proof. Our purpose is to prove that for all £ > 0 and all € > 0, there exists (n,m) € N? such
that |u—m — €| < e. We shall argue according to the value of /.
Un

(i) The result is true when ¢ = 0 (respectively ¢ = 1) since by hypothesis “0 tends to 0
Un
Upn+1

(respectively tends to 1), as n goes to infinity.

n
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Un 41
Un,

(ii) Assume now that ¢ > 1. Since the sequence (uy,)nen is such that — 1, there exists ng €

Up+1
u

N such that for all n > ng, one has | — 1’ < % Then using that u,, — 400, one can define

n

mo = min {uy, > fun, }
m>ng

mo—1

which clearly satisfies Ymo—1 < ¢. We deduce that

no

Umyg €y Ump—1 €Ny
(< . <(1+€) - <(1+£)£_£+e

Umg

that is to say ‘ —/ ’ < ¢, which completes the proof of the claim in that case.

m
Un

(iii) The case when £ < 1 can be dealt by inverting m and n in the proof of the case £ > 1. O

Invoking (4.24) together with (6.1), we readily gather that, as in the Euclidean case, the regu-
larity of a function implies the decay of its Fourier transform in (G, d). In the next statement we
have used the notation

def
lull s = sup(1 + da (2, 0))™](1d — Ag)u(z)|
EAS

for the semi-norms on S(G).

Proposition 6.3. Denoting by 0 the point in CAT'O corresponding to (¢ = 0,5 = 0,v = 0,\ = 0),
for any k in N, an integer Nj and a constant C}, exist such that

(14 d(@,0)*|F()(@)] < Crllullnesc) -
Proof. Taking advantage of (4.24), we get that
By, (v, )F(u)(7) = F((—A¢)"u) (@) .
Hence, invoking (4.19), we infer that

EN (i VIF@)@)] < [[(-A6) 11 g
< Cillullny s(6)-
Similarly, one has
ENv, NF(u)(@) = F((~Ac) u) (@),
which implies that
Ef (v, VIF()(@)] < Cxllully,.s(0) -

Finally, using that
VFu)(@) = F((XaXo — 5X3)u)(3) and iAF(u)(F) = ~F(Xeu)(@),

we end up with the result. O

APPENDIX A. IRREDUCIBLE REPRESENTATIONS

In this section we briefly summarize the Kirillov theory which permits to compute explicitly
the irreducible unitary representations for nilpotent groups and in particular to recover those of
the Engel group described in Section 4.1. For a comprehensive description we refer the reader to
[23, 54]. See also [41, Section 2] for another derivation.
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A.1. Induced representations. Let G be a nilpotent Lie group and H be a subgroup. Given a
representation X : H — U(V') of H onto the space U(V') of unitary operators on a vector space V'
one can define an induced representation R : G — U(W) on a Hilbert space W which we now
define. Consider functions f : G — V such that X(h)f = f o L, where L, denotes the left
translation, or

(A1) f(hg) = X(h)f(g), heH,geG.

Notice that for such a function, since X'(h) is unitary, we have that || f(hg)| is independent of h
and hence the norm of ||f(Hg)|| is well-defined, where Hg denotes the left coset of g in H\G. We
also require that

(A.2) /H g P < .

where dy is an invariant measure on H\G. This means that the function f is in L2(H\G,dpu).

Then we set
W f. G V| f satisfies (A.1)-(A.2)}.
Finally one defines R : G — U(W) as follows

def

R(9)f = foRy, e, (R(9)f)g) = f(g'9),
where the R, is the right translation. One can check that R is unitary and strongly continuous.
Remark A.1. In order to compute explicitly the induced representation one can use the following
observation. Consider the natural projection w : G — H\G of the group onto its quotient. Given

any section® s : H\G — G we can consider its image K def s(H\G) and write elements of G as
products H - K. If ¢'g = hk, where h € H and k € K (both depending on ¢'g), we can write

(A.3) (R(9))(g") = fg'g) = f(hk) = X(h)f(K).
In what follows we apply this construction when X is a character of the group. Thus, in the

induced representation, X represents the exponential part while the component f(k) is a “shift”.
The crucial step in the computations will be to solve the equation

(A.4) 9'9="ng'9)k(g'9) .
Since f satisfies (A.1), it is enough to solve (A.4) for ¢ € K. (In a compact form, one has to
solve K -G=H-K.)

A.2. Coadjoint orbits and Poisson structure. Given a Lie group G and its Lie algebra g one
can consider the so-called coadjoint action for g € G

* * * * def
Adg ‘g =g, <Adg777 ’U> = <777 (Adgfl)*v> )
where Ad, is the usual adjoint map. Notice that Ad" can be seen as an action of G on g*.

Given 1 € g* the coadjoint orbit of 1 is by definition the set

def *
0, = {Adjn | g€ G}.

The dual of the Lie algebra g* has the natural structure of Poisson manifold with the bracket

{a,b}(n) & (n, [da, b)),

where a,b : g — R are smooth functions and da, db are their differentials thought as elements
of (g*)* =~ g (hence the Lie bracket [da,db] is a well-defined element of g). Given a smooth
function a : g* — R we can define its Poisson vector field by setting for every smooth b: g* — R

N def

a) = {a,b}.
The computation of the coadjoint orbits can be done in a coordinate independent way using the
Poisson structure. The set of all Poisson vector at a point defines a distribution
def
Dy = {d(n) |a € C™(g")},

3recall that a section is a map s : H\G — G such that 7o s =idp\¢q-
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which does not have in general constant rank (notice indeed that we always have Dy = {0}). We
can define also the Poisson orbit of n € g*, in the sense of dynamical systems, as follows

(’)5 def {eh@ o, o€ (n) | L €N, t; € Ra; € C®(g")}.
Notice that both (9,173 and O, are subsets of g* containing 7.

Proposition A.2 ([54]). For every n € g* we have the equality OP O,,. Each orbit is an even
dimensional symplectic manifold.

A.3. Computation of coadjoint orbits. To compute explicitly coadjoint orbits on a nilpotent
Lie group G one can use the following method (cf. for instance [1, Ch. 18]). Consider a basis of
the Lie algebra X7, ..., X,, such that

(X, X,] Z ki X,
Thanks to the fact that the vector fields are left-invariant, the functions cfj are constant. Define
the corresponding coordinates on the fibers of T*G given by h;(p,z) = p - X;(x). Notice that h;
are functions which are linear on fibers. These functions, due to left-invariance, can be thought as
smooth functions on g* and satisfy the relations

n

{hi,h} =" b

k=1
We recall that a Casimir is a smooth function f € C°°(g*) such that
{a,f} =0, Vae C™(g").
If we consider an arbitrary function f € C°°(g*) as a function of the coordinates just introduced f =
f(hi,...,hy), then f is a Casimir if and only if {f,h;} =0 for all j = 1,...,n, which means

of o
8h

=1

5 =0, L k=1....n

With similar computations, the Poisson vector field associated to a function f is given by

(A.5) = > af ’“hk a

1,5,k=1

We stress that the Poisson vector field associated to a Casimir is the zero vector field. Moreover,
for coordinate functions hq,...,h, we have

- i )
A. ;=
( 6) h; j;lc hk 8h

Clearly, to compute Poisson orbits (’)5 , it is sufficient to consider the flow of the vector fields from
the family l_il, ey En

A 4. Kirillov theory. The Kirillov theory gives a way to describe all irreducible unitary repre-
sentations of G in terms of coadjoint orbits of the group. The Kirillov theorem can be described
as the following three-steps algorithm:
(1) Fix an element ) € g* and any maximal (with respect to inclusion) Lie subalgebra b of g
in such a way that n([h,5]) =0
(2) Consider the one-dimensional representation X, , : H — S' = U(C) defined by

Xyp(eX) =X X ep.
where as usual (1, X) denotes the duality product g* and g.
(3) Compute the induced representation R,y : G — U(W).
Notice that, due to the previous discussion, the space W of functions f : G — V satisfying (A.1)
and are in L>(H\G) can be identified with L?(R?) with d = dim g — dim b.
The Kirillov theorem states that the map which assigns to n € g*/G to R, in Gisa bijection.
This is formalized in the following statement.
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Theorem A.3 ([54]). We have the following properties:

(a) every irreductible unitary representation of a nilpotent Lie group G is of the form R,y for
some n € g*/G and bh maximal subalgebra of g such that n([h,p]) =0,

(b) two representations R,y and R, y are equivalent if and only if n and i’ belong to the
same coadjoint orbit.

Here two irreductible unitary representations Ry : G — U(W1) and Re : G — U(W3) are
equivalent if there exists an isometry T : W7 — W5 between the corresponding Hilbert spaces such
that T o R1(g) o T~ = Ry(g) for every g € G.

Notation. In what follows we write R, def Ry.p by removing the Lie algebra from the param-
eters to simplify the notation.

A.5. The irreducible representations on the Engel group. Recall that the Engel group is a
nilpotent Lie group of dimension 4 with a basis of the Lie algebra satisfying

(X1, Xo] = X3, (X1, X3] = X4

Following the discussion in Section A.3, to find a basis of the Poisson vector fields it is enough to
compute h; for every i = 1,2,...,5. Using formula (A.5) we have that

(A.7) }_L’1 = h38h2 =+ h48h3, EQ = —h38h1, }_23 = —h46h1, }24 =0.
Notice that hy is a Casimir since the corresponding vector field X, is in the center of the Lie
algebra. The Lie algebra admits a second independent Casimir.

Lemma A.4. The function f = %h% — hohy is a Casimir. In particular all coadjoint orbits are
contained in the level sets L, » defined by

(A.8) {h4:k’

1hZ — Ahy =v.

Proof. This is a consequence of an explicit calculation. Indeed we have {f, h;} =0 for j = 2,3, 4,
since {h;, h; }(p, ) = p- [X;, X;](z) which vanishes identically if ¢ and j are both different from 1.
Moreover

{f, hl} = {hg, hl}hg — {h27 hl}h4 = —hghs + hshy = 0.

This proves the lemma. O

Coadjoint orbits are given by the flow of the Poisson vector fields restricted to the level sets of
the Casimirs. One gets the following description.

Proposition A.5. In coordinates (hi,ha,hs, hy) on g*, the coadjoint orbits are described as
follows:
(i) if \=v =0, then every point (hy, hs,0,0) is an orbit,
(ii) if A= 0 and v # 0, then orbits are planes {hs = c} for c € R,
(iii) if A # 0, then the orbit coincides with the set defined by the equations (A.8).

Proof. Case (i) is easy. By assumption A = v = 0, then hg = hy = 0 by (A.8). Hence coadjoint
orbits are contained in the set Lo o = {(h1, h2,0,0) | hq, he € R} but since all Poisson vector fields
vanish on this 2-dimensional set thanks to (A.7), all points in Lg ¢ are orbits.

Case (ii) is similar. By assumption A = 0, v # 0, then hy = 0 and h3z # 0 by (A.8). Hence
coadjoint orbits are contained in the set L,o = {(h1,he,h3,0) | hi,he € R hs # 0}. When
restricted to L, ¢ the only non zero Poisson vector fields are

(A.9) hy = h3Oh,,  hy = —hs0h,
so that if hg # 0 orbits are planes {hs = ¢} for c € R.
Case (iii). Here A # 0 hence each orbit is contained in the level set L, » defined by equations hy =

A and $h3 — Ahy = v as in (A.8). On the other hand the non zero vector fields (A.7) restricted to
the level set have the form

—

(A.10) hy = vOh, + \oh, hy = —vdy, hs = —AOh, ,

Since A # 0, it is not difficult to check that the orbit in this case coincides with the level set
itself. O
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Let us now compute all irreducible representations corresponding to the case (iii), i.e., A # 0.
In this case the orbit is the set L, » described by (A.8) and on this set we fix the element n =
(0,—v/X,0,). Then we choose the subalgebra

h :Span{X25X37X4}7 [bvb] =0.
which clearly satisfies n([h, h]) = 0 and is maximal with respect to inclusion since 1 is not zero.
The corresponding 1-dim representation acts on H = exp(h) as follows

Xy )\(esz2+ZE3X3+£U4X4) — ei(—l/mg/k-}—kﬂq) .

Let us write points on G as follows
(A.11) g= er2XotasXataa Xy 21Xy

Following the discussion in Remark A.1, we consider the complement K = exp(RX;) and we have
to solve the equation K - G = H - K. Thanks to Lemma A.7 below (applied in the form e“ef =
eCAB)eA) we have the identity

X1 g2 Xotws Xotwa X pz1 X1 €$2X2+(£3+9$2)X3+($4+92?3+%ﬂcz)X4e(9+$1)X1 )
We deduce that
2
Ru,)\f(eexl) _ XV’A(6302X2+(303+9€1?2)X3+(£L’4+9I3+%12)X4)f(e(9+11)X1) )

iy def

Introducing the notation f(6) = f(e?X1) we can summarize the above result as follows

Proposition A.6. All unitary irreducible representations on the Engel group corresponding to
coadjoint orbits of case (iii) are parametrized by A # 0 and v € R, acting on L?(R) as follows:

(A.12) Ruaf(0) = exp {z <—§z2 + Mg + 023 + e;xz)ﬂ FO+1).

where (x1,xo, T3, x4) are coordinates on G defined by (A.11).
We state here without proof the following algebraic lemma.

Lemma A.7. Assume that the Lie algebra generated by A, B is nilpotent. Then we have
that etePe=4 = eC(AB) with

s—1 k
_ ada)p N ad(4)
C(A,B) =e¢ B_k§ B,
=0

where s is the nilpotency step of the structure. In particular in the case of the Engel group we
have

C(A,B) = B+ A B| + %[A, (4, B

Remark A.8. Formula (A.12) gives the representations of the element of the group G parametrized
by coordinates (x1, x2, x3,x4), where (0,0,0,0) is the origin of the group (which corresponds indeed
to the identical representation).
Hence, differentiating (A.12) with respect to the variables x; at x = 0, we get also the repre-
sentations of the element of the Lie algebra, as follows
2

lezd%f, XJzz'(—iH‘;)f, Xsf=iMf,  Xuf =i)f,

which indeed satisty [X1, X2] = X5 and [X1, X3] = X4 as differential operators. Notice that the
Laplacian in this form is written as

N S YA

x2xg= 0 (29 A)
Remark A.9. Notice that in the explicit computations of Section 4 only the representations
corresponding to the case (iii) of Proposition A.5 are involved, since in the Fourier trasform the
representations are integrated with respect to the the Plancherel measure, which in this coordinates
is written as dP = d\dv. Computing the representations corresponding to the case (i) and (ii)
reduces to the representations of the Fuclidean plane and the Heisenberg group, respectively.
See [28, 54] for more details on the Plancherel measure and [55] for an explicit formula on nilpotent
Lie groups.
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APPENDIX B. SPECTRAL THEORY

B.1. Spectral analysis of the quartic oscillator P, ). We first collect general properties of
the operator P,  defined in (4.10) for (v,A) € R x R*, and endowed with the domain

2
D(P,») = {u € L*(R), —gEt Tt (;92 - i) uc LQ(R)} :

Proposition B.1. For any (v,)\) € R x R*, the following statements hold true. The opera-
tor (P, x,D(P,)) is selfadjoint on L?(R), with compact resolvents. Its spectrum consists in
countably many real eigenvalues, accumulating only at +o0c. Moreover,

(1) all eigenvalues are simple and positive, and we may thus write Sp(P, ) = {E; (v, \),m €
N} with

0< Ey(v,\) < BE1(v,A) < -+ < Ep(1, A) < Eppg1 (v, A) = 400,
dimker(P, » — En,(v,A) =1,

(2) all eigenfunctions are real-analytic and belong to S(R),
(3) for all m € N, functions in ker(P, x — E,,(v,\)) have the parity of m,
(4) for all m € N, there is a unique function %> in ker(P, x — E,, (v, \)) such that

d
Yut s real-valued, ||V 2wy =1, ¥2M0) > 0 if m is even, @’(/)ZZLA(O) > 0 if m is odd,

(5) the family (%) forms a Hilbert basis of L?(R).

meN

This proposition serves as a definition for the eigenvalue F,, (v, \) and the associated eigenfunc-
tion ¢4 for m € N. Note that for ¢/%;*, we made a particular choice.

Proof. 1If ¢ € D(P,.), the inner product of P, ) with ¢ implies in particular that ¢ € H'(R)
and (362 — %) ¢ € L*(R), whence the compactness of the embedding D(P,,») < L*(R) and that
of the resolvent of P, 5. The structure of the spectrum is a direct consequence of the first stated
facts. Then we notice that the coefficients of P,  are real and one may thus choose real-valued
eigenfunctions. The fact that the eigenvalues are simple follows from the classical Sturm-Liouville
argument, see e.g. [68]. The latter also yields that any real-valued eigenfunction 1 associated
to F,, has exactly m zeroes.

The property (—oo, 0]NSp(P,,») = 0 follows from the fact that P, 1) = Ev for ¢ € D(P, »))\{0}
implies
2

0 Wia + (52 - %) 0] = EWl.
L*(R)
Hence, E > 0. If E = 0, then the left hand-side yields ¢’ = 0 in D/'(R), thus ¢y = 0 (since
¥ € L*(R)), which is a contradiction.
In Item 2, real-analyticity of the eigenfunctions follows from the analytic Cauchy-Lipschitz
theorem. That eigenfunctions belong to S(R) follows from Agmon estimates, see [46, 40, 27].

2
Item 3 is a consequence of the fact that (%92 — %) is even. Hence, if v, is an eigenfunction

associated to E,,, then x — 1,,(—z) is also an eigenfunction. Simplicity of the spectrum implies
that @ + 1,,,(—x) is proportional to 1,,. Since we choose 1),,, real-valued and L2-normalized, we
necessarily have 1, (—z) = +1,,, (z). That v, has the parity of m follows from the fact that iy,
has m zeroes.

Concerning Item 4, since dim ker(P, x—FEy, (v, A)) = 1, there are only two normalized eigenvalues,
say 1 and —. In case m is even (resp. odd), these eigenvalues are even (resp. odd) from Item 3
and hence one has ¥(0) # 0 (resp. ©'(0) # 0), and we choose among 4 the one having positive
value (resp. positive derivative) at zero.

Finally, the last item is a consequence of the spectral theorem for compact selfadjoint operators.

|

We now explain how the study of the two parameter family of operators Py, reduces to that
of P,. We start with the following scaling argument, referring to the scaling operator 7, defined
in (2.6).
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Lemma B.2 (Scaling). For all « > 0 and (v, \) € R x R*, the operators a?P, \ and Pya, 43 are
unitarily equivalent: we have

Pa4yva3)\ = azTaPy7)\Ta71 .
In particular, we have for all « > 0 and (v,\) € R x R*, and all m € N,

(B.1) En(a*v,a®)) = o®E,, (v, \),
(B.2) PN (0) = Towi(6) .

This scaling property will later allow us to get rid of one of the two parameters. Note that the
last property can also be written, if needed: for all a > 0, we have

(B3) 011/41%:72”’&73/2)\(0,1/29) — w[z,)\(e)
Proof of Lemma B.2. The first statement simply follows from the following computation:

1 d? 02 v\ 1| & 02 v\’
ToPyTys = —— 2 20 vy 1 3 _ Y
atvata a2d92+<)\a 2 )\) a2[ d92+()\a 2 O‘A)

1 d? 5.02  (vat) ? 1
_ 1 oW N Lp
a2 [ de? + (()\a ) 2 (Aoﬁ)) o2 AmedA

Concerning the second statement, we deduce from the first one that
PaiyanTaty = @’ TaPysTo-1 Tty = a®To Pyt = o By (v, ) Toty

Hence, T,1% is an eigenfunction associated to the eigenvalue a?E,, (v, \). From Item 1 of Propo-
sition B.1, we deduce that a?E,, (v, \) is the m-th eigenvalue of P,4, 43, whence (B.1). From the
uniqueness of the eigenvalue in Item 1 of Proposition B.1 and the fact that ¢ — T, preserves the
sign of ¢(0) and ¢'(0), we deduce (B.2). O

We also notice that P, x = P, —x = P, |5 Now, we choose a particular value of v with so that
to reduce to a one-parameter problem, namely a = [A\|~'/3 > 0.

Definition B.3 (Reference operator). For p € R, and m € N, we set

def d? 9? ? def . def

(B4) P,U« = w,l = T +|= - 1% ) Em(/l) = Em(ILL71)7 Pm =
dé 2

Note that Proposition B.1 applies to P, E,,. (1), %, and we use it implicitly. In particular, E,, (1)

is the m-th eigenvalue of P,, and ¢#, is the (with the appropriate choice) associated eigenfunction.

According to Lemma B.2 taken for a = |A|7*/3 > 0, we have the following statement.

1
(s

Corollary B.4 (Scaling and reference operator). For all (v,\) € R x R*, and all m € N, we have

v
(B.5) P,= ‘)‘|2/3T\)\|1/3PNT\>\|’1/3’ H= I\[4/3 eR,
v
(B.6) En(v,A) = ‘)‘|2/3Em(ﬂ)v H= |>\‘4/3 €R,
, v
(B.7) U = Tipss@s 1= g € R-

As a consequence, we are left with the study of the family of operators P,, depending on a
single parameter u € R.

B.2. Spectral theory for semiclassical Schriodinger operators. In this section, we collect
several results of spectral theory, that are used in the main part of the paper to study the opera-
tor P, (or equivalently P, ).

We refer e.g. to [82, Section 6.4] for the following very classical Weyl law.

Theorem B.5 (Weyl’s law in dimension 1). Assume that V € C*°(R;R) is real valued and
satisfies 0%V ()| < (0)* for all a and all € R, and V(0) > c(0)* for |§] > R > 0. Then, for
all h > 0, the operator

d2 2

(B.8) P(h) = —hQW +V(0), D(P(h)) = {u € L*(R), —h2%u +Vue L2(R)} ,
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acting on L*(R) is selfadjoint, has compact resolvent, has discrete real spectrum, and an orthonor-
mal basis of eigenfunctions. Moreover, for any a < b,

(B9 (Sp(P() 1 fa,]) = (e (VOK(6,) € B2, < €+ V(0) < b} +o(1).
as h — 0t.

Note that the phase space volume (taken according to the symplectic volume form df df) is
given by
Vol{(#,£) e R?,a < €2 +V(6) gb}:/ de de .
{a<€24V(0)<b}
In the 1-dimensional context, it can often be computed more simply, see e.g. Remark B.8 below.
We shall also make use of the following lemma, which is a simple consequence of the minimax
and maximin formulae (see [44, Chapter 11 and discussion top of p148]).

Lemma B.6. Let H be a Hilbert space. Assume that (A, D(A)) and (B, D(B)) are two selfadjoint
operators, with compact resolvents, that are bounded from below and such that D(B) C D(A).
Denote for j € N by E;(A) (resp. E;(B)) the j—th eigenvalue of the operator A (resp. B), defined
by the minimax formula, so that in particular Eq(A) < E1(A) <--- < Ej(A) < Ej1(4) < —
+o0.

Assume further that (Au,u)y < (Bu,u)g for all u in a dense set of D(B). Then we have

l?j(z4) f; 153‘(l3)7 for all j e N.

We now consider the operator

, d2 92 2 ) , d2 02 2 )

P(h) = —n2-% _ 2 (- .

(h) = —h d92+< 5(h)> . D(P(h)) {u € L*(R), —h*— u+( . 5(h)) wel (R)}
Note that

2 o
(B.10) P(h) = —hZW +7 —e(h)0* +(h)?.
Since —(h)0? + e(h)? is a relatively compact perturbatlon of —h?4 92 + 2=, we notice that
d? 04
_ 2 0 @~ O 2
D(P(h)) = {u € LX(R),~h*—u+ Tue L (R)}

does not depend on e(h).

Proposition B.7. For any L > 0, there are two continuous nondecreasing functions I'y : Ry —
Ry such that T'y(eg) > 0 for ¢g > 0 and I'y1(0) = 0 satisfying the following statement. For
all g9 > 0 and all |e(h)| < &g, we have

Vol —T'_(g9) + o(1) < (2wh)4 (Sp(P(h)) N[0, L]) < Vol +T'4(g0) + o(1)
as h — 0%, where

94
Vol d:ero1{(9,5)eRxR,52+—gL}:/ a6 d¢.
4 {e+5 <L)

In particular, if e(h) — 0 as h — 07, we have
(27h)E (Sp(P(h)) N[0, L]) = Vol +0(1) ash — 0" .

Remark B.8. Notice that we can take advantage of the homogeneity of the symbol &2 + % to
prove that Vol = L3/* Voly. Indeed, we have explicitly

x4 (L) )4
Voly, —/ \/L—— where z+(L) =L, zzi(L)>0

e (L) 4 4

(4L)1/4

\/L—— and thus, setting y d:ef:c/Ll/‘l,
4L 1/4 4
41/4 q1/4
N Ly LMAdy = L3/4/ V1 = I3/4Vol, .

41/4 41/4
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The proof of the proposition relies on a comparison argument using Theorem B.5 and Lemma B.6.

Proof of Proposition B.7. For |e(h)| < &g, we define

az ot
— _ 2 z 2
P~ (h)=—h d92+ 1 €ob”,

a2 ot d? 62 2
+ _ 2 e 2 2:_ 27 v
Pt(h) = 2t +e0b” + €5 h d92+(2 +50> ;

with respective domains defined as in (B.8). According to the same remarks as above, we have D(P*(h)) =
D(P(h)). According to (B.10), we further notice that

(P () ) o gy < (PR ) oy < (P () )
where S(R) is dense in D(P(h)).

For j € N, we now denote by E]jE (resp. E;) the j—th eigenvalue of the operator P* (k) (resp. P(h)),
defined by the minimax formula. Lemma B.6 yields for all j € N and A > 0

- +
E; < E; < E;.

L2(®) for all u € S(R),

As a consequence, for any L,h > 0,
t{j eN,E; <L} <t#(Sp(P(h))N[0,L]) =#{j eN,E; <L} <t{jeN,E; <L}.

Theorem B.5 then implies that for any g, L > 0 we have in the limit A — 07;

/ 2 d9d§+o(1)g(27rh)ti(Sp(P(h))ﬂ[0,L])§/ d0de + o(1).
(€24 (%5 +e0) <L} (€245 —eo02<L}

The sought result follows by taking I'(eg) = max{I'y(e¢),I'_(eo)} with

def

It (e0) = do dg,

/ 2 04 2 dedf B 2 04
{€24 9 —002<L} {e2+4 <L}

r,(go)d:ef/  dodg - o, dode.
{&+% <L} {€+(%+e0) <L}

and noticing that I" has the desired properties. O
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