SOLUTIONS OF NAVIER-STOKES-MAXWELL SYSTEMS
IN LARGE ENERGY SPACES

DIOGO ARSENIO AND ISABELLE GALLAGHER

ABSTRACT. Large weak solutions to Navier—Stokes—Maxwell systems are not
known to exist in their corresponding energy space in full generality. Here,
we mainly focus on the three-dimensional setting of a classical incompress-
ible Navier—Stokes—Maxwell system and—in an effort to build solutions in
the largest possible functional spaces—prove that global solutions exist un-
der the assumption that the initial velocity and electromagnetic fields have
finite energy, and that the initial electromagnetic field is small in H*® (R3)

with s € [%, %) ‘We also apply our method to improve known results in
two dimensions by providing uniform estimates as the speed of light tends to
infinity.

The method of proof relies on refined energy estimates and a Gronwall-like
argument, along with a new maximal estimate on the heat flow in Besov spaces.
The latter parabolic estimate allows us to bypass the use of the so-called
Chemin—Lerner spaces altogether, which is crucial and could be of independent
interest.

1. INTRODUCTION AND MAIN RESULTS

We study the incompressible Navier—Stokes—Maxwell system with Ohm’s law in
two and three space-dimensions:

Ou+u-Vu—pAu=—-Vp+jx B, divu =0,
1 . .

(1.1) “OE-VxB=-j, j=o(cE+uxB),
1
OB+ YV x E=0, divB =0,

where ¢ > 0 denotes the speed of light, u > 0 is the viscosity of the fluid and ¢ > 0
is the electrical conductivity. In the above system, t € R* and x € R? (where d =
2 or 3) are the time and space variables, u = (u1,uz2,u3) = u(t,z) stands for
the velocity field of the (incompressible) fluid while E = (Fy, Fs, E5) = E(t,x)
and B = (B, Be, B3) = B(t,x) are the electric and magnetic fields respectively.
All are three-component vector fields. However, when d = 2, it is assumed that
uz = E3 = By = By = 0. Finally, the scalar function p = p(t, x) is the pressure and
is also an unknown. Observe, though, that the electric current j = j(¢, ) is not an
unkown, for it is fully determined by (u, E/, B) through Ohm’s law.

The Navier—Stokes—Maxwell system describes the evolution of a plasma
(i.e. a charged fluid) subject to a self-induced electromagnetic Lorentz force j X B.
It is by no means the only available description of such a viscous incompressible
plasma. Indeed, other similar models coupling the Navier-Stokes equations with
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Maxwell’s equations through different Ohm’s laws include

Ou~+u-Vu—pAu=-Vp+jx B, divu=0,

1
~-OE—-—V xB=-—j, divB=0,
c
1
E@B—I—Vszo, divE =0,
j=0(-Vp+cE+uxB), divj =0,

where the electromagnetic pressure p = (¢, z) is also unkown, and

Jiu+u-Vu—pAu=—-Vp+cenE+jx B, divu=0,
1
-0F -V xB=—j, divB=0,
c

1

-0B+V xE=0, divE=n,
c

j—nu=oc(—cVn+cE+ux B),

where the electric charge density n = n(¢,x) is not unknown, for it is determined
by Gauss’s law div £ = n.

The appropriateness of each system depends on the specific physical regime
under consideration. However, we believe that the Navier—Stokes—Maxwell sys-
tem captures most of the essential mathematical difficulties pertaining to the
non-linear coupling of the incompressible Navier—Stokes equations with Maxwell’s
system, which is hyperbolic. From now on, we are therefore going to focus exclu-
sively on . Nevertheless, we expect that most results concerning can be
extended, in some form, to the other Navier—-Stokes—Maxwell systems.

We refer to [2] for systematic derivations of the above systems from kinetic
Vlasov—Maxwell-Boltzmann systems, and to [6 @] for more details on the physics
underlying the behavior of plasmas.

Before discussing the contents of this paper let us recall some well-established
facts regarding the Cauchy problem for the Navier—Stokes equations (corresponding
to the case when (F, B) =0 in ), in relation with this work. Formally it is easy
to see, by multiplying the Navier—Stokes equations by u and integrating in space,

that
S ()2 + Va2 =0,
Using this property, J. Leray was able to prove in [I7] the global existence of

bounded energy solutions to the Navier-Stokes equations in
(1.2) L¥RY; L) N LA(RT; HYY,

as soon as the initial data ug lies in L2, such that the following energy inequality
is satisfied, for every ¢ > 0:

1 2 ¢ 2 1 2
3 IO+ 0 [ 19u(Is dr < 5 ol

The method of proof relies on solving an approximate system (obtained for instance
by a frequency cutoff), in proving global in time a priori estimates on the sequence
of approximate solutions thanks to the energy bound, and in taking limits in the
approximation parameter. Thanks to the smoothing effect provided by the viscosity,
the sequence of approximate solutions converges then to a weak solution of the
Navier—Stokes equations. There is, however, a possible defect of compactness in
the limiting process which leads to the energy being in the end decreasing while it
is conserved for the approximate system.
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The uniqueness of bounded-energy solutions is, to this day, only known to hold
in two space-dimensions, and is also due to J. Leray [16].

Uniqueness of solutions in general space-dimensions is known for solutions be-
longing to some scale-invariant spaces, namely spaces invariant under the transfor-
mation

u(t, ) = (Nt x), A>0,
such as L°(R*; L?) (see [10], [19], [21]).

In two space dimensions, this implies that the energy spaces appearing in
are scale-invariant. But this property unfortunately fails in higher dimensions, thus
rendering the Navier—Stokes equations supercritical whenever d > 3.

We shall not recall here the extensive literature on the subject, and we only
further refer the interested reader to [4], [I4] or [15], for instance.

Let us return now to the full Navier—-Stokes—Maxwell equations (|1.1). The asso-
ciate formal energy conservation law is
1d
2
It is therefore natural to expect the existence of weak solutions to such that
(1.3) uwe L®RY; L) N LA RT;HY), (E,B)e L®(R*;L?), jeL*RT;L?)),

2 2 2 2 1. .9
ullze + 1 Ell72 + I1Bllz2 ) + 1l Vull e + —lillz= = 0.

satisfying the energy inequality, for almost all ¢ > 0,
1 2 2 2 ! 2 1. 2
5 (e@llze + 1Bz + 1BOI72) +/0 (e IVu() e + = 152 ) dr

1 2 2 2
< 5( luollz + 1 Eollz2 + |1 Boll2 )

where (ug, Eg, Bg) € L? is the initial data. For convenience of notation, we hence-
forth denote the initial energy by

1 2 2 2
o= Lol + 1Bl + 1Bl ).

Compared to the Navier-Stokes equations mentioned above, solving in the
energy space seems very difficult as there is not enough compactness in the magnetic
field B to take limits, after an approximation procedure, in the non-linear term j x
B. Furthermore, as discussed in [I Section 2], the classical theory of compensated
compactness also fails to provide the weak stability of the product E x B, thus
leaving little hope to establish the weak stability of in its corresponding energy
space with classical methods.

A number of studies have recently addressed this lack of compactness in .
In [20], the equations are successfully solved globally in two space-dimensions, for
any (possibly large) initial data

(uo, Eo, By) € L*> x H® x H®, with s >0.

This result is quite satisfying since it covers a very large class of initial data. It re-
mains unknown, though, whether initial electric and magnetic fields in L2\ Ug~oH*
give rise to a global solution in general.

The existence of solutions in two dimensions is extended in [T1] to any sufficiently
small initial data in

L* x L, x Li,,

where the space L120g resembles an H?®-space with a logarithmic weight on high
frequencies instead of an algebraic weight, so that Us~oH?® C leog C L?. We refer
to [1I] for a precise definition of such spaces. It is to be emphasized that these
solutions fail to be global unless the initial data is sufficiently small.
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Note that a slightly weaker two-dimensional result had been previously obtained

in [I3] for small initial data in
By, X Ly X Li,, .
The definition of Besov spaces is recalled in our appendix.

In three space-dimensions, a global unique solution for sufficiently small initial

data in
.1 -1 s 1
B3y x H> x H?

is constructed in [13]. This result is also extended in [II] to small initial data in
H? x H? x H? .

In this work, we aim at showing the existence of global solutions in three space-
dimensions for some initial data in large functional settings. Ultimately, one would
like to establish the existence of global weak solutions for any initial data in L? x
L? x L?. But this seems out of reach, for the moment. Instead, we move away from
scale-invariant spaces, trying to reach subsets of L2 x L2 x L? which are as large
as possible and eliminate some restrictions on the size of the initial data. Thus,
our first result (see Theorem below) asserts the existence of weak solutions
to in three dimensions provided the initial data has finite energy & < oo
and the initial electromagnetic field (Ey, By) alone is small in H2 x H=z. Note
that there is no hope of attaining uniqueness of solutions in this setting since, by
choosing (Ep, By) = 0, it would imply the general uniqueness of solutions to the
three-dimensional Navier—Stokes equations.

As a byproduct of our three-dimensional methods, we are also able to revisit
(see Theorem below) the two-dimensional existence result from [20] by refining
its estimates so that they remain uniform in the asymptotic regime ¢ — oo. This
further allows us to derive the two-dimensional magneto-hydrodynamic system with
full rigor in Corollary Note that the asymptotics as ¢ — oo of global finite
energy solutions, provided they exist, has been previously studied in [I] in two and
three space-dimensions.

1.1. The three-dimensional result. We first establish that global existence of
solutions to the three-dimensional system holds whenever the initial da-
tum (ug, Eo, Bo) is chosen in the natural energy space L?, while the electromagnetic
field (Eo, Bo) alone lies in H*, for some given s € [}, 2), and is sufficiently small
when compared to some non-linear function of the initial energy &,. The precise
formulation of this result is contained in the following theorem.

Theorem 1.1. Let s be any real number in [%, %) There is a constant Cy, >

0 such that, if the initial data (ug, Eo, Bo), with divug = divBy = 0, belongs
to (L2 x (H*)?) (R®) with

s 1
(1.5) [(Eo, Bo)|| 7. Cs&g 2eC+%0 < 1,

then there is a global weak solution (u,E,B) to the three-dimensional Navier—
Stokes—Maxwell system (1.1) satisfying the energy inequality (1.4) and enjoying
the additional regularity

E,B e L™¥(R"; H®)
(1.6) E € L*(RT; H?)
we DNRY BE) + IA(RT; B ).

A preliminary strategy of proof of Theorem [I.1]is presented in Section The
actual proof of the theorem is then contained in Sections [4] [f| and [0}
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Remark. A careful reading of the proof of Theorem|[I.I]shows that the constant C, >
0 can be chosen independently of the speed of light ¢ provided (1.5)) is replaced by

(o Bo)llr- €5 exp (C. (¢ (&5 +&0) +&0)) <1.

1.2. The two-dimensional result. Our main result in two dimensions comes as a
byproduct of the methods developed for the proof of Theorem[I.1] It establishes the
existence of weak solutions to without any restriction on the size of the initial
data and is a refinement of the global well-posedness result established in [20].

Theorem 1.2. Let s be any real number in (0,1) and consider any initial data
(17) (Uo,Eo,Bo) € (L2 X (Hs)z) (R2)7
such that divug = divBy = 0. Then there is a global weak solution (u,E,B)
to the two-dimensional Navier—Stokes—Mazwell system (1.1) satisfying the energy
inequality (1.4]) and enjoying the regularity

E,B e L.(RT; H?)

loc

ue LE (RT;L™®).

loc

(1.8)

In particular, there exists a constant Cy > 0 (which is independent of the speed of
light ¢), such that
& (I1E@1%. +1B®I1%.)

C, 20+ (E0+E8)

t
: (”50 (180 + 1 Boll.) + 1+so+52> ’
0

(1.9)

for every t > 0.

The justification of Theorem [I.2] follows a strategy which is similar to the one
for Theorem The proof of Theorem is contained in Section

Remark. When compared with the main result from [20], the above theorem has
the advantage of providing a control of the velocity u in LIQOC(RJF;LOO) rather
than LlloC (R*; L), as performed in [20]. This temporal improvement is the crucial
technical refinement allowing us to establish the global bound uniformly as

the speed of light tends to infinity.

Remark. It will be clear from the proof of Theorem[I.2]in Section[7]that the velocity
field satisfies the uniform bound

I1B]I3 ;
=((0.4511°)
(1.10) ez 0,50 < C (€0 + &) log (6 ttt— e |

where C' > 0 is a constant independent of the speed of light ¢. In particular, by
combining (1.9) and (1.10), it is readily seen that the bound u € L _(R*; L>) is

loc
uniform in c.

The fact that the estimate is independent of the speed of light ¢ allows
us to study the regime ¢ — oo and obtain a rigorous derivation of the magneto-
hydrodynamic system under rather extensive generality. This is the content of the
corollary below and constitutes a rather drastic improvement of the two-dimensional
result from [I] for the same system (see Proposition 4.1 therein).

Corollary 1.3. Let s € (0,1) be fized. For each ¢ > 0, consider (u¢, E€, B)
the global and finite energy weak solution of (1.1) given by Theorem for some
uniformly bounded initial data

(ug, E5, B) € (L* x (H")?) (R?),
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such that divug = div B§ = 0. We suppose that the initial data converges weakly
in L? x (H®)?, as ¢ — oo, towards some

(uo, Eo, Bo) € (L* x (H*)?) (R?),
such that divug = div By = 0. Then, as ¢ — 0o, up to extraction of a subsequence,
(u®, B¢) converges weakly to a global and finite energy weak solution (u, B) of the
magneto-hydrodynamic system
ou+u-Vu—pAu=—-Vp+ (VxB)x B, divu=0,

(1.11) 1
B — —AB =V x (ux B), divB =0,
g

with initial data uj;—g = ug € L? and Bj—o = By € H*.

Proof. Using Ohm’s law to substitute ¢E¢ in the Faraday equation in (1.1)), we see
that we need to pass to the limit in the equivalent system

Ou +u° - Vu® — pAu’ = —Vp° + j° x B°, divu® =10,
1 c -c e c c
(1.12) { JOE =V x B =—j, j¢ =0 (cE° 4+ u® x B°) ,
1
0¢B°+ =V x j°=V x (u° x BY), divB¢=0.
o

To this end, note that, according to the energy inequality (1.4]), we have uniform
global bounds on the weak solutions in

W e LPIPNLEY, (BB e [PI?, j°e AL,
where we denote for simplicity LY X for the space LP(R™; X'). Thus, up to extraction

of subsequences, we have the weak convergences, as ¢ — oo,

*

(u, B¢, B¢) = (u, E,B), in L{°L?,
¢ =7, in L2172,
Next, since u€ is uniformly bounded in
LEL*NL7H' C LEL*,

and J;u® is bounded in L%OCH ~2, we deduce, invoking a classical compactness result

by Aubin and Lions [3], 18] (see [22] for a sharp compactness criterion; here, we
advise the use of Corollary 1 from Section 6 in [22] for a simple application of such
compactness results), that

u® —u, in L3 L%,
This strong convergence is sufficient to justify the convergence of the non-linear

terms . .
u®-Vu® —u-Vu

u®x B =~ ux B,

in the sense of distributions.
Furthermore, by estimate ([1.9]), we also have a uniform bound

(E¢,B°) € LS. H®,

and it is readily seen that 9, B¢ is bounded in L2 H~!. Therefore, a similar com-

pactness argument yields the strong convergence
B¢ — B, inlL} L?,
which allows us to deduce the convergence of the remaining non-linear term
u® x B¢ ~ux B,

in the sense of distributions.
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All in all, letting ¢ — oo in (|1.12]), we arrive at the limiting system

ou+u-Vu—pAu=-Vp+jx B, divu=0,
VxB=j,

1
B+ -V xj=Vx(uxB), divB =0.
o

Finally, eliminating the electric current j above and recalling the vector identity V x
(V x B) = V(div B) — AB yields the magneto-hydrodynamic system (1.11). O

Remark. The preceding result provides a general derivation of the two-dimensional
magneto-hydrodynamic system for some initial data (ug, Bg) € L?x H®, with
some fixed 0 < s < 1. Further exploiting the results from [I], it is also possible to
derive for any (ug, By) € L? x L?.

Indeed, as noted in Proposition 4.1 from [I] and in the remark thereafter, the
system will converge towards (1.11)), in the regime ¢ — oo, as soon as the
initial data (u§, ES, B§) remains uniformly bounded in (L?)? and

I
(1.13) N P

Therefore, in order to verify the convergence of towards (1.11)), there is no need
to impose a uniform bound on the initial electromagnetic field (ES, BS) in (H*®)2.
Rather, by combining and , it is sufficient to consider an initial field
uniformly bounded in (L?)? such that ||(E§, BS)| ;. may diverge in such a way

that remains valid.

Of course, at this point, by carefully manipulating and (1.10)), it would
be possible to extract an explicit rate (as a function of ¢ and &) of divergence
for ||(E§, BS)| ;7. that would ensure the convergence of (L.I). However, that rate
would likely not be optimal and so, we will not bother with an explicit computation
of such a rate.

1.3. Strategy of proof. The proofs of Theorems [I.1] and [I.2] proceed with a gen-
eral strategy which is similar to the proof of the Leray theorem concerning the
Navier—Stokes equations. Namely, we consider first a solution (u,, E,, B,), for
each n € N, of the approximate system

6tun + (Snun) : vun - ,UJAun = 7vpn +]n X (San) 9
1 .
(114) EatEn -V X B, = —Jn
1
0By +V x B, =0,
with
divu, =0, j,=o0(cE,+u, x (SpBy)), divB, =0,

where S,, is defined in Appendix [A] and is a frequency truncation operator to fre-
quencies smaller than 2™. Solving this system globally in time, for any fixed n, in
the energy space defined by (1.4]), for the initial data

(una En, Bn)|t:0 = Sn(u07 Ep, BO) s

is routine matter (see [15, Section 12.2], for instance).
Furthermore, since the initial data is smooth, it is possible to show that u,, F,
and B,, are also smooth for all times. In particular, the energy estimate is fully
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justified and there holds

1

(IOl + IOl + 1B 013) + [ (aIVanDle + - i) ) dr

< = 118 (o, Eo, Bo)|32 < &,

1
2
which constitutes the only available uniform (in n) estimate, so far.

As explained previously, this estimate is not sufficient to take the limit n — oo in
the term j, X (S, By) in order to produce a weak solution of . However, in the
present work, we prove that, under assumption in three dimensions, or in
two dimensions, the approximate electromagnetic field (E,,, By, )(t) actually remains
in H s, for some positive s, and satisfies the bounds or uniformly.

These new uniform estimates provide then enough strong compactness on the
sequence of magnetic fields B,, to justify taking the weak limit n — oo of all terms
in . This gives then rise, in the limit, to a global weak solution of ,
satisfying the energy inequality and the bounds or . All in all,
we see that the justifications of Theorems and are complete provided
and are respectively established uniformly for the approximate sequence of
solutions (ty,, Fyn, By).

In the sequel, our goal is therefore to prove that (u,, E,, B,) belongs to the
spaces in or uniformly. As usual, for the sake of simplicity, keeping
in mind that all computations can be fully justified through an approximation
procedure, we shall perform all estimates formally on the original system
instead of the approximate system (1.14)).

The plan of proof is as follows.
We begin in Section[2] by establishing some simple estimates on the damped wave
system obtained from the combination of Maxwell’s equations with Ohm’s law

1
-0E—-VxB=-j, j=o(cE+uxB),
c

1
SOB+VXE=0, divB =0.

A careful analysis of the damping allows us to improve the dependence of our
estimates on the speed of light. We also explain therein what kind of regularity
should be expected on the velocity field u in order to propagate some regularity on
the electromagnetic field (E, B).

Then, in Section [3| we provide new tools for the study of the Stokes system

(1.15) O — pAu=—-Vp—u-Vu+jx B, divu=0.

More precisely, we derive new maximal parabolic estimates showing that solutions
to the heat equation can gain up to two derivatives with respect to the source
terms in Besov spaces, without resorting to the usual Chemin-Lerner spaces (see
Appendix |A| for a definition of such spaces). In fact, we believe that this is an
important principle that could be useful beyond its application to the present work.

The proof of Theorem per se is then the subject of Sections [4 [5] and [6]
Section [4] deals with the simpler case s = 1 and serves as a primer to the general
proof. Then, Section [ builds upon the estimates from Section [ to establish Theo-
rem for the more difficult endpoint case s = % Finally, Section |§| uses a simple
argument to extend the validity of Theorem to the whole range s € [%, %)

As for the two-dimensional Theorem [I.2] its proof is presented in Section [7] and
exploits the machinery originally developed for the three-dimensional Theorem [1.1

Finally, the definitions of Besov and Chemin—Lerner spaces along with some
useful properties are recalled in the appendix.
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Regarding the notation, in the following we denote by C' any generic positive
constant depending only on fixed parameters, whose precise value is irrelevant and
may change from line to line. When necessary, we will distinguish constants by using
appropriate indices. Sometimes, we will also employ the common notation A < B
to mean A < C'B, for some generic independent constant C' > 0.

2. ESTIMATES ON THE DAMPED WAVE FLOW

In this section, we control the electromagnetic field (£, B) by studying the linear
properties of Maxwell’s system coupled with Ohm’s law:

WE —cV X B+0c?E = —ccu x B
(2.1) 0:B+cVxE=0
divB=0,

which is contained in .

As previously mentioned, the Navier—Stokes—Maxwell system suffers from
a dire lack of compactness, which is rooted in the hyperbolic nature of Maxwell’s
system . Indeed, hyperbolic systems do not offer any regularization properties
and, therefore, our only hope at establishing some compactness of the magnetic
field resides in propagating some H*-regularity, for some s > 0, through the wave
flow.

However, source terms in hyperbolic systems can also be at the origin of the
build-up of high frequencies. In consequence, the term —ocu X B in cannot
be handled as an independent source. Rather, it should be viewed as a linear
contribution in B multiplied by some coefficient depending on u. To this end,
the velocity u should belong to a suitable algebra acting on Hs. Recalling the
paradifferential product law (see Appendix

(2.2) 19l < I\fIILwﬁBngllgl\Hs < IIf\\BQ%lIIgIIHs ,

which is valid for all s € (—%, %), where we used the continuity of the embed-

. d - 4
ding By, C L*> N Bj,, suggests then that the velocity u should be controlled
d

2,007
in Bg 1, in .

This is quite hopeful, for solutions u € L>°L2? N L2H"' of the three-dimensional
incompressible Navier—Stokes equations (without any electromagnetic components)

.3

are known to belong to L' B3, (locally in time). This control can easily be obtained

from the estimates on the Stokes flow from Section 4] (see Lemmas [4.1] and [4.2)). In
3

fact, our general strategy is based upon replicating such estimates in Bf 1 for the

full system ({1.1).

Remark. Observe that the strategy from [20] in two dimensions is somewhat similar
to ours. Indeed, in that work, the crux of the matter lies in obtaining a control on
the fluid velocity u in L'(L> N H'). Recall that, in two dimensions, the space H*
is continuously embedded into Bé,oo and, therefore, the product rule implies
that

1fallize S NAllermny N9lizs S NF e llgllpe »

for all s € (—1,1). In Section |7} we also obtain refined estimates on the two-
dimensional case by revisiting the well-posedness results from [20].

The following proposition is a simple linear estimate on (2.1)). It will allow us to
propagate the H*-norm of the electromagnetic field (E, B) by controlling the fluid

. d -4
velocity u in L (L™ N By ) or in L (L™ N B3 ).
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Proposition 2.1. Let s € (—%, g) One has the following estimate on the solutions

of :

t
F(t) < Fye (C 4 2 d )
< Foesp (Co [ (elml, g+l g )i
for every t > 0, where we consider any decomposition v = uy + uz, with uy €
. d . d
Li(L*N B3 ) and uz € LF(L® N B3 ), C > 0 is an independent constant and

F(t) = 5 (1B + 1B +o [ 1B dr)
Fo = 3 (1Bl + 1Boll3.)

Remark. Tt is to be emphasized that the constant C' > 0 above is independent of
time. This is quite important since we are aiming at a global existence result. In
particular, the fact that the time-integrability of w can be measured globally in
an L'- or an L?-norm is of especial significance, for an L2-integrability requires less
decay at infinity. As shown in the proof below, the use of a temporal L?-norm is
permitted by the presence of the term oc?E in which acts as a damping.

Proof. Considering a Littlewood—Paley decomposition of (2.1) (in the notation of
the appendix) and then performing a standard energy estimate results in

t
(IARE() |22 + [ AB(0)]2:) + o / leALE ()22 dr

N =

t
([[AkEol|72 + [[AkBoll32) — crc/ Ag(ux B) - ApE(T,z) dedT .
0J/r3

N —

Further multiplying the preceding identity by 22%°, using the Cauchy-Schwarz in-
equality and summing over k € Z yields

t t
F(t)+%/ ||CE(T)||2~SdT§F0+CTC/ llu x B(T)|| gs | E(T)]| = d7 .
0 0

Then, we employ the paradifferential product rule (2.2)) to deduce

o t t
FO) +5 [ NI dr < Fot Coc [ Juml Ly 1BO]g 1B dr.
0 0 *NBy

Next, considering the decomposition u = u; + us, we find

F(O)+§ [ 1eBr) ar

t
< Fy+C F(r)d
<R+ Coc [ il 4 P

,00

2
||L°°ﬁB

e 2 1 2
+U/ 5 lua(7) g 1B + SIeE)I. | dr,
0 2,00
whence

F(t)§F0+CU/O (Cllul(T)HLw A S L CICo T )F(T)dT-

d d
NB3 L>~nBZ

Finally, a classical application of Gronwall’s lemma concludes the proof of the
proposition. U
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3. PARABOLIC REGULARITY
In this section we study the forced heat equation
(3.1) Ow—Aw=f, wy—=wo,

as well as the Stokes system ([L.15]), and prove various estimates which will be useful
in the sequel. Recall that, using standard semi-group notation, the solution of the
above heat equation can be represented as

t
(3.2) w(t) = e wy + / eIA () dr .
0
Based on the preceding Duhamel representation formula, it is possible to show
(see [4, Section 3.4.1], for instance), employing a Littlewood—Paley decomposition,
the following standard parabolic regularity estimate holds in Chemin—Lerner spaces
(see the appendix for a definition of these spaces):

(3-3) [[w]l

< .
reoapar ) S ol + 171

. ot 2 s
L ((0,T1:By ")
for any o € R and p, q,r,m € [1,00], with r < m.

If furthermore r < ¢ < m, note that

r . o—+2 T . o’+2
L"([0,T); Bp,g ") C L"([0,T]; Bp,g ")
~m Lo+24 2 m So+2+2
L™([0,T7]; Bpg ) C L™([0,T]; Bp,g )
so that (3.3]) implies

(34) o2+ 2 g HwOHB;’ffg2 + Hf”

T — e
™([0,T];Bp,q ) L™([0,T};Bp,q ")

This estimate is weaker but has the advantage of involving solely Besov-space valued
Lebesgue spaces in time.

Our result below provides a crucial estimate similar to and in Besov
spaces, which allows us to completely bypass the use of Chemin-Lerner spaces.
These latter spaces are notoriously badly behaved in Gronwall-type arguments,
which has us believe that the method developed below can potentially be of use
in other problems and, as such, is of independent interest. Note that the results
discussed in this section are valid in any dimension.

Proposition 3.1. Letc e R, 1 <r<m < oo, p € [l,00] and 1 < g<m. If f

O 2 . .
belongs to L ([0, T; B,,ZT) and wy = 0, then the solution of the heat equation (3.1)
satisfies

] v S,

. g+% .
Lm™([0,T];Bp,q ™ 7([0,T);Bp,q ")

Remark. In the preceding estimates, the constants do not depend on 7' > 0 so that
one can set T' = oo, if necessary.

Remark. The significance of Proposition resides in that it extends (3.4) to
values 1 < g < r. Moreover, in that parameter range, estimate (3.3)) is not stronger
nor weaker, it is just different.

Remark. Observe that, by linearity, combining the preceding proposition with (3.3|)
yields the estimate

ol ez S ol sgie + 1]

L™([0,T];Bp,q )

3

ot 2
L™([0,T];Bp,q ")

forallc e R, 1<r<m<oo,p€[l,oo] and 1 < g < m.
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Proof. We consider first the case ¢ =1 and m = r:

(3-5) [[]] o2y S .

L7 ([0.T}; B, L"‘([O»T]:B:j%) '

The idea is to use a duality argument. it is enough to prove that, if g is a function
in L™ ([0,T]) with 2 + L =1, then

T
| el ez dt <11
0 p,1

To this end, we first write, in the notation of Appendix [A]

T
[ Ol s =3 [ aO18m00l 2B ar
0 .1

kEZ

LT([O,T];B;-;—%)”g“LT’([O,T]) :

But, employing the representation formula (3.2]), there is an independent con-
stant C' > 0 such that

t
[Arw(®)| e 5/ O A (7)o dr
0

so we have

T
2k
[ oz a5 3 [ [ 0000 a2 e
0

kEeZ
Next, we introduce a maximal operator defined by

T
My(r)i=sup [ ptyrsore P lg(e)]de.
p>0.J0

Classical results from harmonic analysis (see [I2, Theorems 2.1.6 and 2.1.10]) es-
tablish that M is bounded over L% (][0,T]), for any 1 < a < oco. This is crucial.
Indeed, we have now

T
/0 g(t)Hw(t)HBﬁHg dt < Z/ M| Ak f (P 1r 25+ dr |

Pl keZ

Sor2
whence, by definition of BUJ”7

T
[ o000y a5 [ Mo 5
0

We then conclude, by Holder’s inequality, that

/Mg I 2 S UMl oy 1)

S HQHLT ([0, T])||f||

Lot 2
L([0,T;B, 1 ")

Lr([0,T);5,, T)

which completes the justification of Proposition [3.1]in the case ¢ = 1, m = r.

The remaining estimates are obtained by interpolation. More precisely, standard
results on the complex method of interpolation (see [5, Theorems 5.1.2 and 6.4.5])
yield that

Pos90

(£000.7) B2 o), 7 (0,71 B ) ) = £ (0T B,

forall0 <0 < 1,1 <rp,r <oo,1<pg,p1,q0,q1 < oo and oy # o1, where % =
1-0 , 6 1 _1-6 , 6 1 _1-6 , 0 _
TJ’_E? ;—FT—FE, E—q—o+q—1anda—(1—9)ao+001.

Therefore, interpolating first estimate (3.5)) with the estimate

”wH -a+2+ S ||fHL1([0’T];B;:*1'2) )

Lm™([0,T7; B, ™)
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directly deduced from (3.4) by setting r = ¢ = 1 therein, yields that

[[w]] ey SIFIL .

+2 5
([0, T;B] r((0.T):B "

1)
forany c e R, 1 <r <m < oo and p € [1,].
Finally, further interpolating the latter estimate with the estimate

[[w]] o2z S

o+2
L"L([OvT];Bp,m ) "

"'([O,T];prm )

obtained by setting ¢ = m in (3.4)), readily concludes the proof of the lemma. [

The next lemma is an ad hoc variant of the preceding estimates. It will be
useful in the proof of Theorem in Section [5, and requires the introduction of
the following non-linear quantity:

xi= il (el Flsom + 1132
Ifllx=Ff+f

where X denotes any given Banach space. This definition is inspired by the right-
hand side of the estimate from Proposition Observe, however, that (f)x does
not define a norm.

By possibly replacing f and fby 71{?20]20} + ||f||X]l{f<0} and ||fHX]l{y<0} +

f]l (F>0.7>0p respectively, one can always assume that f and f are both non-

negative. Indeed, given any decomposition || f||x = f + f, we find that

< inf (c g +1191% )
(fx g 19122 jo,1) + 11911720,
920,920

< el fLzso,p0p T IFx L Feoy | orr
~ 2
+ H||fHX]1g<0} + f]l{fzo,fzo}HL'Z([o,T])
< ellfllzr o,y + 11720y »

whence, taking the infimum over all such decompositions,

= inf (c 7 + ||911? ) )
o= it Aoy +191z2 o,
§>0,9>0

Finally, further note that if (f)x < oo, then f belongs to L' X + L?X. Indeed,
it suffices to consider any decomposition ||f||x = g+ ¢ such that g >0, g > 0 and

cllgllzr o, + ||§||2L2([0,T]) <2(f)x -
Then, setting f1 := fl{g>g and f2 := fl 5.5 defines a decomposition f = fi + fa
such that
(3:6) cll fill oo, mx) + 2l F2 0,15 < €ll2gllzroryy + 11291172077y < 8(F)x -

Reciprocally, if f = fi + fo with fi € L'X and fo € L2X, then one has the

decomposition || fllx = [lflxLysx s + IfIxLgnic<inixy € L'+ L7, so
that (f)x < oco.

Lemma 3.2. Leto € R and p € [1,00]. If f lies in L*([0,T]; BS,)+L*([0,T]; BS,)
and wg = 0, then the solution of the heat equation (3.1) satisfies

<w>3;;j2 SA(f) e

p,1
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Proof. Consider any decomposition Hf”B’gl =F+ f, with f, f > 0, and set

t
wy (t) == / TR () sy (1) dr

0
wa(t) = /0 e(t_T)Af(T)IL{?Q;}(T) dr.

In accordance with the Duhamel representation (3.2)) of w, it clearly holds that w =
w1y + wa.
Next, we define
9= [0l s2 Lo g 22 wall 423

9= g5z Lo g 2 <liwall 423 »
so that ||w|| Bgtz =9+ g. Therefore, employlng a combmatlon of estimate
with Proposition 3.1} we obtain that
() go+2 < ellgllrom) + 1911%20,77)
S cllwillpro,myisgie) + ”w2”i2([o,T];B;j2)
S ellf s pllqorsg ) + 1 G e qoras )
S el fller o + ||]7||%2([0,T]) :

Hence, considering the infimum of the last sum above over all such decompositions
concludes the justification of the lemma. O

As a direct consequence of the preceding parabolic regularity estimates, we pro-
vide the following application to the two-dimensional incompressible Navier—Stokes
equations establishing that Leray solutions satisfy an L?L>°-bound (recall that H?
fails to embed into L°°). Such a bound was originally featured in [§], but the proof
given below is substantially simpler.

Corollary 3.3. Consider any Leray solution u € L®(Rt;L?) N L*(Rt; H') to
the two-dimensional incompressible Navier—Stokes system, for some divergence-free
initial data ug € L. Then u belongs to L?(R*; L>).

Proof. The weak solution is first decomposed uniquely into u = u; + ug, where u;
and uy satisfy the respective Stokes systems

Oyuy — pAug =0 Oyus — pAus = =Vp —u-Vu
divu; =0 divug =0
Urjt=0 = U0 U2|t=0 = 0.

We estimate u; as in [§]. To be precise, according to the Duhamel representation

formula (3.2)), we see that
lurll 2 gz < lle™Suollz@esnoy S lluollp=r, < lluollze,

where we have used that [le"®ugl|p2(g+;r=) defines an equivalent norm on Bi1

(see [, Theorem 2.34] for details) and that L? ¢ BZ! 2 i a continuous embeddmg
As for ug, we handle it through an application of parabohc regularity estimates,

as well. Indeed, denoting the Leray projector onto divergence-free vector ﬁelds
by P: L? — L2, we deduce from Proposition [3.1] m that

||u2HL2(R+;B D~ SP(u- vu)”mow Byl ~ S lu®ul. (R+:B9 )"

We emphasize that the classical estimate (3.3)) would have failed here.
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Then, recalling the two-dimensional paradifferential product law (see Appen-

dix
(3.7) 1fall gy S W g Mgl gre

which is valid for all s,t € (—1,1) with s +¢ > 0, we infer

2

LR+ HTH) S ||uHL°°(R+;L2)||UHL2(R+;H1)'

A ———

Finally, noticing that B%l C L* is a continuous embedding concludes the proof.
O

4. PROOF OF THEOREM [L.1] IN THE CASE s = 1

We provide here a justification of Theorem in the simpler case s = 1, which
will serve as a primer to the proof of the full case s € [2, 2). The estimates derived

202
here will be useful in the proof of the full case s € [, 3), as well.

Recall that we are considering here a weak soljtign of the three-dimensional
incompressible Navier—Stokes—Maxwell system , in the functional spaces ,
satisfying the energy inequality , and that all formal computations can be fully
justified by considering smooth solutions of the approximate systems instead.
The goal of the proof consists in showing the validity of the H'-bound (where

we set s = 1) provided (L.5)) holds initially.

Now, we study the Stokes equation ([1.15)) and introduce the following decompo-
sition (note that a similar decomposition was already used in [I1]):

(4.1) u=1u’ 4+ uf + u,,

where ui is the solution to the Stokes equation with initial data compactly sup-
ported in Fourier space (recall that Sy is the frequency truncation operator defined
in the appendix)

ud, — pAu) =0
div u'; =0
Wy j—o = Soto
and uf, is the “velocity-part” of u, with high frequency initial data, solving
Ot — pAuf, = —Vp! —u-Vu
divu? =0
ub,_o = (1d—So)ug,
whereas u. takes into account the “electromagnetic-part” of u, i.e. it solves
Osbe — pAue = —Vpe +j x B
divu, =0

Ue|t=0 = 0.

Let us start by estimating uf)
Lemma 4.1. There holds that

b
AR
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Proof. Let m > %. By (3.4), we find that

b tA
= S < S .
Hu”lle(R+;B§1) le °u°||Lm<R+;B§1) Sl 0“0”32?;%
Then, since % — % > 0, we further notice that
3_2
[Souoll 52 = > 2kG || AkSouol| L2 S lluollz2
2,1 k<0

which concludes the proof choosing m = 2. ([

Next, we turn to uf.
Lemma 4.2. There holds that

# < 3
||uv|| 1(R+;B§1) Ngo +50

Proof. Let us write the Duhamel representation (3.2)) of uf:

t
Wt (1) = A (1d —Sp o — / (DA (4. V) (r) dr |
0

where P : L? — L? is the Leray projector onto divergence-free vector fields.

By (3.4), we have

[[ud | (Id —Sp)uo|| . -

o 3 S 3+ [P(u-Vu)
Ll(R-F?Bz%l) 32,12

Ll(R+;B;1%)
Then, on the one hand, we find
|1 —Souoll -y = D 27 [ Aw(d —So)uo| 2 < lluollz
2,1 k>—1

On the other hand, recalling the three-dimensional paradifferential product law (see
Appendix |A)

(4.2) 179l g S S Mg lgllgre

&)
N

which is valid for all s,¢ € (-3,
[1P(u- Vu)|

I\D\OJ

) with s +¢ > 0, we infer

[u- V|

1 1
LY (RT;B, ) LY(R¥;B, )

IN

H ”uHHl HV’U'”L2 HLl (R+) ~ HUHLz R+;H')’
which concludes the proof. O
We move on now to estimating ..

Lemma 4.3. There holds that

1
HueHLQ([O,T];BZ%l) 5 HHJHL?HBHHlHL2([07T]) 5 502 ||B||L°°([O,T];H1) .

Proof. Let us write the Duhamel representation (3.2)) of w.:

t
ue(t) = / eMAP (j x B) (1) dr.
0
By Proposition 3.1} we have

4. e < ||P(j x B _1 B
(48) Wl gt SPGB ST B,

Therefore, employing the paradifferential product rule . 4.2) yields

el st S M2 0Bl ooy S Do 1B s oy

which concludes the proof. O
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Remark. 1t is to be emphasized that the parabolic regularity estimate (3.4) would
have failed to establish Lemmal[d.3] It is precisely in (4.3 above that Proposition[3.1]
plays a fundamental role in allowing us to reach a global existence result.

We are now in a position to conclude the proof of Theorem Indeed, com-
bining Proposition (for s = 1) with Lemmas and and recalling that
3

.3 . 3
the embedding B3, C L> N B3, is continuous, we arrive at

(4.4) F(t) < Fyexp (c (c (50 +8) +E+ /Ot 15 ()17 F(r) dr)) :

for some constant C' > 0 depending only on fixed parameters, where we have used
the notation of Proposition [2.1
We are going to apply the following Gronwall lemma to the preceding inequality.

Lemma 4.4. Let y(t) € C([0,T];RT), a(t) € L'([0,T];R") and yo € R be such
that

t
yo/ a(t)dr <1,
0

and

t

) < e [ atrutr)dr)

0

for every t € [0, T|. Then, it holds that

Yo
®) 1—y0fga(7')d7'

for every t € [0,T].
Proof. Set ,

sy =exp (- [ atrnirrar)
for every ¢ € [0,T], so that y(¢) f(t) < yo. Then, we compute

f1(t) = —a)y(t) f(t) = —a(t)yo,
whence, integrating,

s021-w [ atryar.

Using again that y(t) f(t) < yo, we deduce ’

w2 y0) (1= [ a(ryar)

which concludes the proof. O
Thus, applying Lemma to inequality (4.4]), we deduce that

@3) i) < Fyexp (C’ (lc (50% + 50) + Eo)) |
1—CFyexp (C (c <502 + 50) + &))) fot ()32 dr

as long as .
CFO/O 15 (7)|[2 dr < exp (—c (c (50% +50) +50)) .

Therefore, by considering any large constant C, > C' max{1,2c}, we finally con-
clude that if

C.Foo < exp (—C* (c (50’ + So) + Eo)) :
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then
t , 1 N
(4.6) CFO/ l7(D|IF dr < 5 exp (—C (c (502 + 80) + 50)) ,
whence, combining (4.5)) and (4.6] .,
2

F(t)E < 2 exp (C (c (5§ +&)+&)) < o

for every t+ € RT. The proof of Theorem for s =1 is now complete. U

5. PROOF OF THEOREM IN THE CASE s = 1

We focus now on the proof of the case s = % To this end, we consider the exact
same decomposition of u as in the previous section. Lemmas and will
serve to estimate the components u’ and uf here as well. As for u., it will be
handled through another estimate, whose starting point consists in using Ohm’s
law to control the electric current j, rather than using the sole fact that j € L2L?
according to the energy inequality .

More precisely, we have the following result.

Lemma 5.1. There exists an independent constant Cy > 0 such that

2 5 2 2
s <((5 + &) + [le ||L2 OT]HQ))H ||Lm([OT]H2)
BT Co- B , (1 1BI2 )
o ([0,T):H %) Lo ((0.T];EH %)
4
&ollB ||L°° ([0,T;; %)
—||B1? 1+ B2 ’
Co |l H OT],H%)( i ” oo ([0,T);H 3 ))
provided || B||? ( +|BJ? )<C’o.
Lo ([0,T];E %) Lo ([0,T]; [T %)

Proof. An application of Lemma [3.2] first produces the estimate

(5.1) <u8>3§1 S (4 % B>3;§ :

For later use, let us consider some decomposition HUEHBZ% =7+ f, with f,f >0,
such that

(5:2) el fllerqo,m) + ||f||%2([O,T]) < 2<Ue>3§1

Next, using the paradifferential product rule (4.2)) yields that
i x B3 S 1l 1B, -

1
2

Recall now that j is characterized by Ohm’s law j = o(cE +u x B). Hence, by
virtue of the paradifferential product law , there holds

131l 3 S Bl ;4 +IIUII 3 1Bl

which, when combined with the previous estlmate, produces the control

15 Bl ;-3 S IeBll g 1Bl g + Nl ;5 I1B112

b ~
S Bl g3 1Bl gy + (luoll .3 + DIBIE 4
2,1

+ (il

3
2
Bj

T 2
+ DB,
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In particular, it follows that ||j x BHB,% can be decomposed as g + g with

2,1

# 3 2 .7
0<79 < ([Jugll. §1+f)IIBIIH% =h
0<gS el 43 11Bll 3 + Ul . g + DIBIZy = h.

1
2
B21

Indeed, it suffices to set g = || x B|| ._

5; Loy and g = [l % B||B2 1Ly for

2
1

ol

instance. It now holds that

(3% B).

_1
2
B, 1

< dllgllzqo.ry + 191720,y S ellbllLrory + 1B1720.17)
2
L1(0,T; 132 )” ||L°°([O T

2 2
BN ozt B e 0%

+ uv 2 4
I e, PP oy

which implies, recalling (5.2) and invoking Lemmas and that

1
S (& +EBIE . oty T EOIBIE L

1B

Lo ([0,T];E %)

[

< cflub|
Lo ([0,T}; %)

+ I fll Lo, B

[

P
+ 1122 o, 1 B Loo(0,T);H %)’

GxB),

2,

(5.3) + e

=l

2
HL2 ([0,T);E %)

2 2
g 1By (1B )

Therefore, combining (5.1]) with (5.3]), we finally find that there exists an inde-
pendent constant Cy > 0 such that

_ 2 2
(CO 1B ||L°°(0T]H2)( +1B ||L°° [0T]H2)>><ue>£‘e§1
2 2 2 4
< (& + 80+ 1B, o IBIE o BB
as long as || B||? 1 (1 | B||? ) < Cp. The proof of the lemma is
Leo([0,T;H?) Lo ((0,T];E %)
now complete. O

Remark. As before, we emphasize here that the new parabolic estimates from Sec-
tion [3 are critical for the proof of the preceding lemma. In particular, note that the
bound cannot be justified solely with the classical estimate and requires
the use of Proposition (through an application of Lemma .

We proceed now to the conclusion of the proof of Theorem [I.I} To this end, we
first decompose the velocity field u as

— (b 4+l b o2 1 B3 2 ey
U= (uv + ue) + (uv + ue) €L ([O7T]7B2,1) + L ([07T]7B2,1)7
where we use a decomposition u, = ul + u? with the property (3.6]), that is

cflue| +Ju 2||22 S <ue>.§ -

Li([0,T}; Bfn L2([0,T]; Bfn ~ By

Then, combining Proposition (for s = 7) with Lemmas ., . and [5 ., we

deduce the existence of a small constant Cy > 0 and a large constant C7 > 0 such
that, as long as G(t) + G(t)? < Cy,

(c(£¢ + &) + G(E)G(H) + EG(t)? )>

G(t) < Gpexp (Cl(c (50% +50> o+ Co — G(t) — G(t)?
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where we have introduced the notation
1 T
G(t) == sup - (E(T)Q-s + 1 B(r)[I%. +0/0 leB(T)|1%. dT)

r€0,t] 2
1
Go = £ (1Bl + 1 Boll%.)

Recall that all unkowns are assumed to be smooth, for all estimates are to be
performed on the regularized system . In particular, G(t) is assumed here to
be continuous. Note, also, that it is non-decreasing.

Now, let us suppose there exists a finite time ¢, > 0 such that

G(t,) + G(t)? = % ie. G(t) = 7“”200’1

It follows that
(5.4)

(0(505 + 50) + 80)00 — 50G(t*) + (1 — C(SOE + 80))G(t*)2)
CO - G(t*) - G(t*)2

0001)

2

Thus, we reach a contradiction whenever the initial datum is assumed to satisfy
that

G(t*) S GO exp (Cl

< Ggexp (201 (C(SO% +&) + 50) +

1 CyC Vv142C, -1
(5.5) Goexp (201 (c(802 + &) —|—50> + 02 1) < T 5 ! .
In other words, we conclude that, whenever (5.5) holds, one has
V1I4+2Cy—1
Q) < %

for every t > 0.
Therefore, we finally conclude that there exists some possibly large constant C, >
0 such that if

C.Go < exp (—=C. (¢ (&5 +&) +&)) |
then, repeating estimate for all t > 0,
G(t) < C.Goexp (C. (o (55 +8)+&)) <1,

for every t € RT. The proof of Theorem for s = % is now complete. O

6. PROOF OF THEOREM [L.1] IN THE cASE s € [1,3)

Here, we extend our existence result for s = %, established in the preceding
section, to the whole range of parameters s € [1 3). This is simple. Indeed, fixing

272
the value of the parameter s € (%, %), by virtue of the interpolation inequality

1
1 1 2s
5 (1Bo]%,, +11Bol% ) < (2 (1ol + |1 Bo 2 s))

1 -2
< (5 (1Bl + 1Bal-)

b

1 1—L
< (3 0Bl +180l3.) ) e

we see that, for any given constant C, > 0, it holds

Cug (10l + 18013 ) < oo (<. (e (88 +0) +0))
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as soon as
(6.1) € (; (I1Eol%. + 1 Boll? s>) g8 <exp (—25C. (e (&5 + &) + &) -

Therefore, assuming that the initial data satisfies for some sufficiently large
constant C, > 0, we deduce from Theorem for s = 1 that there exists a
global weak solution of the Navier—Stokes—Maxwell system such that F, B €
L®(R*; HY), B € L*(R*; HY) and u € L (RY; BZ,) + L2(R*; B).

Finally, a direct application of Proposition shows that the electromagnetic
field actually enjoys the regularity E, B € L®(RT; H*) and E € L*(Rt; H®), which
concludes the proof of the whole theorem. O

7. PROOF OF THEOREM

We provide here the proof of Theorem based on the proof of Theorem 1.1
from [20].

We are now considering a weak solution of the two-dimensional incompressible
Navier—Stokes—Maxwell system , in the functional spaces , satisfying the
energy inequality . As usual, all formal computations can be fully justified by
considering smooth solutions of the approximate systems @ instead. The goal
of the proof consists in showing the validity of the H*-bound @, uniformly in c,
provided holds initially.

When compared to [20], the main improvement of the present proof comes from
the new technology developed in Section [3] which allows us to control the flow u
in L2([0,T]; L>) rather than L([0,T]; L>°), as was initially done in [20]. This
temporal refinement will then enable an improved use of Proposition which
will result in bounds which are uniform as ¢ becomes large.

We introduce here the following decomposition, which is a very slight variant of
the three-dimensional decomposition (4.1f):

u:ui+u%+ue,
where v/, is the solution of
Ayl — pAul, =0
divu’ =0
b —
uv\t:O = Uo

and uf solves

Ot — pAuf, = —Vpf —u-Vu
divu? =0
f _
uv\t:O =0,

whereas u, solves
Osbe — pAue = —Vpe +j x B

divue, =0
Uelt=0 = 0.

b

v

The first estimate concerns u

Lemma 7.1. There holds that
1
||u1b;HL°°(]R+;L2) S&E
and

b 1
||UUHL2(]R+;LOOQH1) SE -
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Proof. The control of uz in L2L*> proceeds exactly as the estimate on u; in the
proof of Corollary Therefore, there only remains to bound the size of u
in L®L2 N L2H". In fact, this easily follows from an application of the parabolic
regularity estimate (3.4)), which yields

b
||UuHLoc(R+;L2)nL2(R+;H1) S lluollze
thereby completing the justification of the lemma. O
As for uf,, we have the following result.

Lemma 7.2. There holds that

”ug”L‘”(R‘*‘;L?) S &,
and

T Py 7.1 Y-

Proof. The estimate in L2B%)1 is obtained by reproducing the control of us from
the proof of Corollary

There only remains to control uf in L>L2. To this end, we deduce from esti-
mate and by the Sobolev embedding H 3 C L* that

bl o 22y S 1P VUl page ;1) < llu ® ull 22

ST, e s, S Nl ranllul o iy S o,

which concludes the proof. O

Recall that H! barely fails to embed itself continuously into L, which is a ma-
jor snag when handling the two-dimensional setting of the Navier—Stokes—Maxwell
equations. When dealing with the incompressible Navier—Stokes equations alone,
this obstacle is circumvented by exploiting suitable parabolic regularity estimates
as shown in Corollary 3.3] In fact, the ideas of Corollary [3.3] have already been
duly exploited in Lemmas and in the context of the Navier-Stokes—Maxwell
system.

However, in order to control the remaining electromagnetic contribution of the
flow u, in L*°, we need now a refined interpolation estimate, which shows that
the L>®-norm can be controlled by the H'-norm with some logarithmic help of a
higher regularity space. This tame dependence of the L>°-norm on higher regularity
was crucial in the proof of the main result from [20], whose strategy is closely
followed here. We are therefore going to exploit this crucial principle, too. The
relevant estimate from [20] is recalled in the following lemma. Carefully note that
the coming result holds in any dimension and handles high frequencies only. The
low frequencies are controlled later on, for convenience.

Lemma 7.3. In any dimension d and for any s > % and 0 < tg < t, it holds that
||hL2([t07t]]§B§1)>

1
||(Id _So)h”llz([toyt];lﬁx’) S HhHLz([to,t];H%) 10g2 (6 + Hh” B
LQ([tovtkHi)

.d
Proof. In view of the continuous embedding By, C L*, we only have to bound the

norm of (Id —Sp)h in LzBél. Thus, we first obtain, for any N > 1, that

[N]-1 0o
(14 —S)hl ;4 = Z 252 || Ay (Id —So)hl| 12 + k;ﬂ 2% || Ak (Id —So)hl| 2

SNE[h| g + 2V h|

N
B3 1
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Hence, integrating in time,

<

1d —So)h N ||h ;
II( 0) ||L2([t0’t];32%1)~ I ||L2([to,t];H

N(4—s
%) +2V06 )||h||L2([t0,t];B; )
Then, following [20], in order to optimize the choice of N, we set

Mo b (ot Mg )
(s — 5)log2

||h||L2([tg,t];H%)
which yields

1l
1 to,t];B5 1)
||(Id —So) ||h||L2([t01t];H%)10g2 <e+ _ W Pea) ,

Hh||L2([t0,t];H%)
thus completing the justification of the lemma.

O
The low frequencies of the flow will be controlled through an application of the
following similar lemma.

Lemma 7.4. In any dimension d and for any 0 < tg < t, it holds that

1 1Al 22 (20,5 22)
Sohllz(ieo.iz) S Al oy, g, 087 (” Tl ooty
L2([to,thH?2)

Proof. This proof resembles the previous one. In view of the continuous embed-

. d . d
ding B3, C L™, we only have to bound the norm of Sph in LQBQQJ. Thus, we first
obtain, for any N > 1, that

0 ) —(M+)
ISohll g = > 2°%[AxSohllze + Y] 2% AxSohl| e
21 k=—[N] k=—o00

SNER g +27 2N e,
whence, integrating in time,

1 _dN
150R e g i,y = N W g iy T2 Wl 2o ity

As before, in order to optimize the choice of N, we set

1 h .
N= ot i (2t ¢ Wl )
§log2

I o )
which yields

Soh
o,

1 Al L2 (120,61 L2)
<K 4 log? MTINEZ (fto, 85 L2)
m,t];Bﬁl)NH e e,y r%) 108 <e+

||hHL2([t0,t];H%)
The proof of the lemma is thus completed.

O
At last, exploiting the preceding interpolation estimates, we control u. as follows.
Lemma 7.5. There holds that

(7.1)

1
||ue‘lLOC(R+;L2)mL2(R+;H]) S 502 + &,
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and, for any s € (0,1) and 0 <ty < t,

el (19,012

E0l| BIT < (1 41: 11+
(50+50)10g(e+t—t0)+||ue||L2 (ot Hl)log e+ Lo ([to,t];H?)
||ue||L2(t t] Hl)

1B e (10 41:21
) 5)
5(50+5g)10g(6+t—t0+1_~_[2,0 .

Proof. First, it is clear from Lemmas [7.1] and [7.2] that

b 1
||Ue||L§>cL2mL’;‘H1 < ||UHLt°oL2r1L§H1 + ||UUHL;>°L2mL§H1 + HUE;”LgoL%L’;‘Hl S & té-

Therefore, there only remains to control u. in L>L*. To that end, we deduce from
Proposition that for any s € (0,1) and 0 < ¢y < ¢,

”ue”Lz([to,t];B;ﬁS) S HP(] X B)HL?([to, t];B; 1+S ”.7 X B”Lz (Tto,t]; B_H'S)’

whence, further employing the paradifferential product rule (3.7),

||“e||L2([t0,t];B;f;S) S “‘|j||L2||B||Hs L2([to,t]) S Hj||L2([to,ﬂ;L2)HB”LOO([tO,t];HS)‘

Then, combining the preceding estimate with Lemma [7.3] we find

HueHiz 314
([to,t];B31%)
1(1d —So)uell 221ty < ||“6“2L2<[to,t];H1) log { ¢ | -

|ue||L2 [tO t] Hl)

50||B||L°°([tot H )>

|| ||L2 tO t] Hl

< ||u@||2LQ([t0,t];H1) log <€ +

Regarding the low frequencies of u., employing Lemma [7.4] we find

||UEH%2 ([to,t];L2) >

S0ttt 20y S tel2 gy, 108 <e+ ol
Uell7, to,t];HY)

(t —to) (50+50)>

luell?

2
S ”ueHLQ([to,t];Hl)log <e+ L2([to,t];HY)
0

S (Eo+ &) log e+t —tg) ,

where we have used (7.1)) and the fact that the function z — zlog(e+%) on z € R*,
for any a > 0, is increasing.
All in all, combining the estimates on high and low frequencies of u. gives that

2
Hue||L2([to,t];Loo)

2
EOHB” > ([to,t]; Hs )>

/S (50 + 53) log (6 + t— to) + ||ue||i2([t0,t];H1) log <6 ||u ||

L2([to,t];HY)

2 2 ||B||200([t0$t];[_'[s)
5(80+50)10g(e+t_t0)+(€0+50)10g €+T 5

which concludes the proof of the lemma. O

We may now move on to conclude the proof of Theorem[I.2] To this end, observe
that Proposition (for any s € (0,1)) combined with Lemmas and
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yields that, for any 0 < tg < t,

t
IE@)1%. +IB@®II%. +0/ [eE(T)|%. dr
to

< (1B (). + 1B(to) ) exp (C/ ()2 < i dT)
< (1B, + [Bt)[%.) (e +t — tg)C2(EotE)

2
( 50||B||Loo(t ) H s ))CQluelL%to,t];Hl)
X e 9

||u€||L2 [to t] Hl)

for some constants C7,Cy > 0 depending only on fixed parameters.
Using that the function z — (e 4+ 2)* on z € R*, for any a > 0, is increasing,
and defining, for all 0 < ¢y < ¢,

G(to,t) :

sup (B3, + 1B()II.)

r€[to,t]
G(to, to) := |E(to)|1%. + ||B(to)HHs )

we deduce that
(7.2)

2
gUG(to,t) >02|u8|L2([to,t];H1>
)

Glto,t) < Glto,to) (e +t — to)2(E0+E0) (e +
‘|u€||L2([t0,t];H1
Recall that all unkowns are assumed to be smooth, for all estimates are to be
performed on the regularized system . In particular, G(to,t) is assumed here
to be continuous.
The proof of the theorem will be complete upon showing that entails the

global bound

©, 20 (E0+E7)

t
. <
(7.3) E0G(0,1) < <e+EOG(0,O)+ 17 &, 53) ,

for some possibly large constant C, > 0 only depending on fixed parameters.
In order to establish the validity of (7.3), using that [[uel|p2(g+, 71 is finite by
virtue of (|7.1]), we first consider a partition

0=ty <t <t < ... <ty <tpy1 =00

for some n € N, such that, for each i =1,...,n,
1

and - CollucllZa g, ooy < 5

Colluell L,y iy = 3

In particular, it holds that

—_

1
- C(2||U’€||L2 [Ot Hl) — C12||’u’(’3||L2 Ot] Hl) S

for every t € [ti,ti.ﬂrl), withi=0,...,n
It then follows from (7.2)) that, for each i = 0,...,n and all ¢t € [t;, t;+1),

G(ti,t) < Glti,ty) (e +t — ;)72 (EFE) (¢ £ 28,G (1, 1))?
which implies the weaker inequality
e+ 280G (ti, 1) < (e + 260G (ts, 1)) (e + t — )72 (¢ 1 283Gt )7
and therefore

(7.4) e+ 285G (ti,t) < (e + 285Gt ) (e +t — >202(50+g 5)

=
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Next, observe that G(t;,t;) < G(t;—1,t;), for every ¢ = 1,...,n. Thus, given
any t € [t, tk+1), for some k € {0,1,...,n}, applying recurslvely the bound (7.4)),
we obtain that

e+ 2€0G(tka )
(eti— tk)202(80+502)
< (e+ 260G ty_1,11))?

(6 + 250G(tk,2, tkfl))él (e + tk _ tk71)402(50+80)

IAIA

IN

k
J 2
(6 + 2(€OG to,tl H e+ tk+2 = tk+1 g)2 02(50+50)
j=2

s
j 2
< (e+2&G(to, to)) H e+ tppo_j — tk+1_j)2J02(50+80) '

Now, employing that the arithmetic mean is always larger than the geometric mean,
we see that

k+1 k+1
(6+t*tk)j1;[2(€+tk+2 ]7tk+1 j) <6+I{3+1> .

Therefore, we deduce that

)

. (k+1)2+ 10y (£0+£7)
e+ 26 G(tr, 1) < (e + 260G (to, 1)) et —
k+1
for every k € {0,1,...,n} and ¢ € [tg, tkt1).
Further employing estlmate (7-1) combined with the fact that n < [Jucl|?

and using that z +— (e + ) is increasing, for any a > 0, we obtain

L2(R+;H1)’

. ©, 20 (E0+E7)
t to, t —_—
() < (e + &Gt t0) + {5 ) ,

forevery k € {0,1,...,n} and t € [tk, tx+1), for some possibly large constant C, > 0
only depending on fixed parameters. At last, since

G(O,t) = max {G(to,tl), G(thtg), ey G(tk_l,tk), G(tk,t)} s

it is readily seen that ([7.3]) holds for every ¢ > 0, which concludes the proof of the
theorem. O

APPENDIX A. LITTLEWOOD—PALEY DECOMPOSITIONS AND BESOV SPACES

We denote the Fourier transform
f@) = Fr©)= [ e s

and its inverse




SOLUTIONS OF NAVIER-STOKES-MAXWELL SYSTEMS IN LARGE ENERGY SPACES 27

We introduce now a standard Littlewood-Paley decomposition of the frequency
space into dyadic blocks. To this end, let 1(€), ¢(§) € C2° (R?) be such that

1
¥, > 0 are radial, suppy C {|{| <1}, suppy C {2 << 2}
and 1=1) +Z¢ “ke), forall € € R%

Defining the scaled functions ¢y (§) := ¢ (2"“5) and @i (&) = ¢ (2"“5), one has
then
supp ¢ C {[¢] <2°},  suppgyr C {2871 < [¢ < 2M1}

and 1=9¢+ Z Ok -
k=0
Notice that outside 0 one also has

1= Z Pk -
k=—o00
Furthermore, we shall use the Fourier multiplier operators
Sk, Ak : Sl (Rd) — S’ (Rd)
(here 8’ denotes the space of tempered distributions) defined by
Sifi=F " Ff=(F ")« f and Apf:=F 'opFf=(F 'or) = f,
so that -
Sof +Y Awf=F,

k=0
where the series is convergent in §’. Similarly one has

Z Akf:fa

k=—o00
in &, provided
k——o00

Observe that (A.1]) holds as soon as f is locally integrable around the origin or Sy f
belongs to LP(R?%), for some 1 < p < oo. In particular, note that the above property
excludes non-zero polynomials.

Now, we define the homogeneous Besov space BS ( ) for any seRand 1<
p,q < 00, as the subspace of tempered dlstrlbutlons satlsfylng endowed with
the norm

/1

1
B, (R = ( > A gy ) ,

k=—o00
if ¢ < 0o, and with the obvious modifications in case ¢ = co. It holds that B;q is
a Banach spaces if s < %, orifs= % and ¢ = 1 (see [4, Theorem 2.25]).

We also introduce the homogeneous Sobolev space H* (]Rd), for any s € R, as
the subspace of tempered distributions whose Fourier transform is locally integrable

endowed with the norm
e = 2s| f 2d )2
151 = ([l Pae

It holds that H* is a Hilbert space if s < ¢ (see [4, Proposition 1.34])
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Since any tempered distribution whose Fourier transform is locally integrable

automatically satisfies (A.1]), it is clear that H® C ng. Conversely, suppose
that s < % and consider any f € B§2 Then, each Agf belongs to L? and f
is therefore locally integrable away from the origin. But f is also integrable near

the origin, for

o]

o= | Y FAH| < Y g FA)|
k<—1

o k<—1

d
S Y 25 | F (BN e S llsy, s

k<—1
which implies that H* = 35,2 whenever s < %.

Now, we recall two important product rules of paradifferential calculus in ho-
mogeneous Besov spaces. Both rules can be deduced directly from Theorems 2.47
and 2.52 in [4], Section 2.6].

First, for any —% <s,t < % with s+t > 0, we have that

gl ovemg S NSl grelgllgre
B2,1

for all f € H® and g € H'.
Second, for all f% <s< %, it holds that

< .
Il S0,y ol
. d .
forall f € L*N B3, and g € H®. In particular, further employing the continuous
. d . d
injection By, C L™ N By

3 0oy Observe that

1fgllgrs S WA g Ngllgre s
B?,l

. d .
for all f € By, and g € H*.
These product rules are used several times throughout this work.
Finally, recall that, forany 7> 0, s € Rand 1 < p,q,r < oo, with s < % (or s =
% and ¢ = 1), the spaces L" ((O7 T); B;’q (Rd)> are defined as L"-spaces with values
in the Banach spaces Bi,q' In addition to these vector-valued Lebesgue spaces,

we further define the spaces L" ((07T); B;,q (Rd)) as the subspaces of tempered
distributions such that

kEIPOO 1Sk fllLr(0,7); Lo re)) = 0,

endowed with the norm
1

ks
11z (0.5, (rety) = ( > 2 q||Aqur((07T);Lp(Rd))> !
k=—o0

if ¢ < 0o, and with the obvious modifications in case ¢ = oo. This kind of spaces
was first introduced by Chemin and Lerner in [7] and has been used in a large
variety of problems since then.

One can easily check that, if ¢ > r, then

L ((o,T);B;q (Rd)) crL ((OvT);Bé,q (Rd)> :
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and that, if ¢ < r, then

L (0,1 8;,, (RY)) < L ((0,7); B}, (RY) ) .

We refer the reader to [4, Section 2.6.3] for more details on Chemin-Lerner spaces.
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