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Introduction

F(t,z,v) = #particles with position = € RY, velocity v € R? at time ¢ € R

Local macroscopic (hydrodynamic) observables:

» Local density: R(t,z) = F(t,z,v)dv
]Rd
1
> Local velocity: U(t,z) = Rt ) /Rd vF(t, z,v)dv

1
R(t, SU) Rd

» Local temperature: T'(¢,x) = lv—U(t,z)|* F(t,z,v)dv



Introduction
Dynamics of F':
(0 +v-V,)F(t,x,v) = C[F(t, T, )] (v)
—_—

collisions

Collisions = Dissipation of microscopic information (entropy):

F(t,z,v) ~ M R(t,z);U(t,z);T(t,x)} ),  (t = o0)

CIM] =0

F(t,z,v) asymptotically characterized by its macroscopic properties.

Hydrodynamic limit: many collisions + scaling it hydrodynamic equations:

(e%0; + €% - V,)F(t,z,v) = EC[F(t, z,)](v)

» Fokker-Planck — (fractional) diffusion
» Boltzmann, Landau — Euler, Navier-Stokes



Introduction
Our problem: fluctua®™ ¢ + scaling (¢2t, x) + conserv"® binary colli*™ o 71

1 1 1
(prototypical equation) Oy f* + —v -V, f* = S Lf® + -Q(f5, %)

transport collisions collisions gas—gas
gas—medium

Goal: show that
Fo(tw,v) <=5 (olt,2) +ult,x) v+ 0(t o) (Jof? — est)) p(v)

Ou+u-Vau = KineAzu, Vi -u=0,
00+ u -V = kpulAil, 0= —0.

Rough summary: if conservative binary collisions oc £~*

Fi(z,v) = M + efin(ex,v) = F ~ M + £ Navier-Stokes(¢?t, ex)



Introduction

Our structural assumptions

Consider 0 < 1 € L* ((v)*dv) and V* C V := L? (p~'dv).
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Introduction

Our structural assumptions

Consider 0 < p € L' ((v)*dv) and V! C V := L? (p~'dv).
1. Isotropy: YO € R?*4 orthogonal, denoting (Of)(v) = f(Ov)
O(Lf) = L(Of), 0Q(f, f) = Q(Of,0f),
2. Macroscopic conservation law:
ker £ = {op+u-vu+0 (> —cst) p : (0,u,0) € R¥T?}

(Lf,o)v =(Qf. ), elv =0, ¢ €ker(L)
3. Microscopic dissipation (linearized dissipation of entropy):
(Lf v <=IfIRn S =IFI, f € ker(0)*

+ technical assumptions satisfied by all models (weighted estimates)

4. Control of the collisions by the energy and the dissipated entropy:

— !/
1, Dllv-2 S Ifllvallgly + I lIvligly, V7= (V) wrt. v



Strategy

Our problem: profile of small fluctuations f¢ around an equilibrium
(3 1 (3 1 £ 1 £ £ (3
8tf +gvviﬂf = ?‘Cf +EQ(f 7f )7 f (O,I,U) :fin(gjav)

Goal: show that

e—=0

et z,v) == (o(t,z) +ult,z) v+ 0(t,z) (Jv|* — cst.)) p(v)

O+ u - Vau = KineAgu, Vg-u=0,
00 +u - V0 = kA0, o= —0.

and describe/quantify the convergence.



Strategy

Our problem: profile of small fluctuations f* around an equilibrium

fe(t) = U(t) fin + 9% (f5, £°) (1)
where .
U®(t) :==exp (52 (L—ev- Vw)>

V(L F)(t) = / US(t - 1)Q(f (7). f())dr

Goal: show that

e—0

fe(t, 2, v) == (o(t,2) +ult,z) v+ 0(tz) (Jv]* — est.)) p(v)

Ou+u-Vau = KineAzu, Vg -u=0,
0i0 +u - Vi = kpulAal, 0= —0.

and describe/quantify the convergence.



Strategy

Strategy for the existence of solutions

Identify some ‘““hydrodynamic™ and “‘kinetic” regimes:
o0
I1£113, = sup 1F ()72 v +/0 IVaf OlTvadt,  (Siersiokes)

2 1 [ ) diesioati
/1% = sup TN F Oy, + = / 27| ()| i, ( ;;ﬁ;ggggc)
=z : 0

and a decomposition of the semigroup/nonlinearity:

t
U®(t) = exp <52 (L—ev- Vw)> = Utydro @ Ukine

I -
\Ila(fa f)(t) = g / Ug(t - T)Q(f(T)? f(T))dT = \Ijliydro(fv f) + \I]iine(fv f)
0
compatible with the corresponding regimes:
”U}fydrof”?-l 5 Hf”HﬁVv? HUlfinefH]CE 5 ”fHHﬁVu

[ @hyaro (£ Ol S W15 1 (2 Dl S 111



Strategy

Strategy for the existence of solutions
Identify some ‘“‘hydrodynamic” and “kinetic” regimes:

o0
1113, 1=§1>110>||f(t>||?15v;+/0 IVaf Olevsdts (Nviesioees)

2 1 [ o
Q]Ce = ig‘g €2fﬂ/~ Hf(t)HiIfVL + 67 / eQUt/g2 Hf(f)quﬁvul dt, (d;s;gzt(l)zu)

and a decomposition of the semigroup/nonlinearity:

t
Ua(t) = exp (82 (E —Ev- vw)) = Ulfydro ® Uksine

V(A0 = £ [ U= Q). ST = Wi £)+ Vi 1-1)
Consider an arbitrary system of equations

flfydro(t) = U}fydro (t)fin + \Illiydro(ftfydroﬂ flfydro) + pieard fe = .fhEydro 4 kaine 4

kame(t) - Uksi]’le(t)f'in + \Illfine(fksineﬂ kaine) J’» R —> e H + ’Cls +
is a solution



Strategy
Strategy for the convergence
To prove the convergence of

f}fydro (t) = U}fydro (t) fin + \Illalydro (f}fydrov f}fydro) +
(1) Show the convergence of the “hydrodynamic” semigroup:

Ulfydro = UO + O(E) ) (Ulfydro)lker(ﬁ)L = EVO + O (62)
and of the ““hydrodynamic” nonlinearity (recall Q | ker(L))

V()= | [ 700U 1) + 00



Strategy
Strategy for the convergence
To prove the convergence of

f}fydro (t) = U}fydro (t) fin + \Illalydro (f}fydrov f}fydro) +
(1) Show the convergence of the “hydrodynamic” semigroup:

Upyaro = U° + O(e) s (Uiyaro) en(eye =€V + O (€9)
and of the ““hydrodynamic” nonlinearity (recall Q | ker(L))
Whyaro (f5 f) : Z / VOt —7)Q(f(7), f(7))dT + O(e)
(2) Check from explicit formulae of U° and V° that
1) =00+ [ V= IQ () F(r) o

f(t,z,v) = (o(t, ) + ult,z) - v+ 0(t, x) (Jv|* — cst.)) u(v),

t
= u(t) = etfineBa g4 / e(t_T)'“"“A"'IF’[Vw-(u(T) ® u(T))}dT, Ve -u=0,
0

t
01) =00, [ AT (o)) b o= 6.
0



Outline of the proof of the (non)linear bounds

Proposition (G, Lods)

The semigroup and Duhamelized nonlinearity split

£ t € €
U= (t) = exp (6—2 (L—ev- Vz)> = Uhyaro(t) ® Ukine ()

L[ U= QU ), H( ) = (. O + 1,50

and satisfy the continuity estimates
1Uyaroflle SN lmeves  Unefllce S 1f laevs,

H\I/hydro f7 H ||fH§-L7 ||\I]Iiine(fﬂ f)H)CE S ||fH2KE

Difficulties: Compensate L + deregularizing effect Q : V! x V1 — V!
Strategy: Finding stable subspaces — studying (£ — v - V,) — studying
S(C —i(v-€)) Ve € RY



Outline of the proof of the (non)linear bounds

Finding stable subspaces of £ — v -V : localization of the spectrum of £ —i(v - ¢£)

L — i(v - £) = perturbation of £

Az

Figure: Localization of the spectrum of L.



Outline of the proof of the (non)linear bounds

Finding stable subspaces of £ — v -V : localization of the spectrum of £ —i(v - ¢£)

A S Il

2
~ |€] ~ min{1, [§|*}
Figure: Localization of the spectrum of £ — i(v - §) for || < 1 and for |£] 2> 1

Localization for |¢| < 1: Factorization methods from Tristani’s work

Localization for || = 1: Hypocoercivity

Disjoint parts of the spectrum = stable subspaces (kinetic(¢) and hydrodynamic(€))



Outline of the proof of the (non)linear bounds

The kinetic regime
Scaling (¢, x) (t/s%,x/e) ie.

Rez < —0y/e? Rez < —09/e?
Figure: Localization of Spec(e (£ — iz(v - €))) for || < e~ " and for || Z "
Localization + bounds + energy method (regularization V, V' — V., V1)
Ui I = 500 ¢ Ve (O v, + 25 / T UG O et S 1y,
Convolution — better regularization:

||\I/Emc(ff)| §€||fHI2CE

Ke

Ke =

1
gUkEinc *t Q(fa f)




Outline of the proof of the (non)linear bounds

Properties of the hydrodynamic semigroup

Study the conjugated matrix L (&) o (L—i(v-9) Ihydro. space(€)

Isotropy + perturb' theory for matrices = exp®® of eigenval./eigenproj. of L(¢&) :

+iclsl - Kwave €] + ...

g
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—ic@ — Fwavel€]?2 + ...

Figure: Spec (E% (L —ie(v-€)) ey, Spm(gg)) for |¢] < &7t



Outline of the proof of the (non)linear bounds

Properties of the hydrodynamic semigroup

Study the conjugated matrix L (&) o (L—i(v-9)) Ihydro. space(€)

Isotropy + perturb' theory for matrices = exp®® of eigenval./eigenproj. of L(¢&) :
ticlel Kwave €] + ...

£

—figou|f‘2 +...

= K/\vave|$‘2 +... - -

—ic
Figure: Spec (6% (L —ie(v-€)) Iy, spacc(ag)) for |¢] < et

+ expansion of ®(¢) in 7 (V=" — V') 4 Fourier representation of Uy 4,(t)

- ot Uhsydro(t) c B (H,/;“'Yz,il — Hj['{l)



Outline of the proof of the (non)linear bounds

Properties of the hydrodynamic semigroup

Study the conjugated matrix L(&) @?é) (L—i(v-9) Inydro. space()

Isotropy + perturb®" theory for matrices = exp®® of eigenval./eigenproj. of L(¢) :
+ZC|€| - f‘cwave|£‘2 + .0

€

—kBoul€]? + ... —Kinc|€]2 + ...

—ic@ — Kwave| 2+ .00 7

Figure: Spec (6% (L —ie(v-€)) o, space(eg)) for |¢| < et
+ expansion of ®(¢) in 7 (1" — V') + Fourier representation of U ,(t)

00
2 2
= ||UhEydrof||g-L = ?I;E HUhEydro(t)fHHeVl + / ||v~’lﬁUh€ydrof(t)||HeVl dt S ||f||§{§\/v
> z Vo Jo z Vo 4



Outline of the proof of the (non)linear bounds

Properties of the hydrodynamic semigroup

Study the conjugated matrix L (&) o (L—i(v-9) Ihydro. space(£)

Isotropy + perturb' theory for matrices = exp®® of eigenval./eigenproj. of L(&) :

+iclél Kwave €] + ...

g

—K,Bou|f‘2+... _Hinc|£‘2+-..

% - /"7\va\r'c|£‘2 +... -7

—ic
Figure: Spec (6% (L —ie(v-€)) ey, Spm(gg)) for |¢] < et
+ expansion of ®(¢) in 7 (V' — V') + Fourier representation of Ulyaro(t)
2 - 2
2 2
= ||Uhsydrof||’H = ?gg ”Uhsydro(t)fHHﬁV”l +/0 ||V$U11Eydrof(t)HH£V“| dt S ||f||H£VU

1
and =~ U (1) e 9+ € 7 (10 1)) (recall Q L Ker £)



Outline of the proof of the (non)linear bounds

Properties of the hydrodynamic semigroup

Study the conjugated matrix L (&) o (L—i(v-9) Ihycro. space(£)

Isotropy + perturb' theory for matrices = exp®® of eigenval./eigenproj. of L(&) :

ticlel Kwave| €2+ ... "

€

_KBOLI|€‘2 + e

—ic% — Fwave|€2 4+ ... -7
Figure: Spec (6% (L —ie(v-€)) Iy, Spm(gg)) for [¢] < 7!
+ expansion of ®(¢) in 7 (V" — V") + Fourier representation of U, (t)

00
= ||Uhsydrof||’2}~£ = :gg HUhEydro(t)fHZﬁV”l +/0 ||V$U11Eydrof(t)’|2£‘4)' dt ff ||f||%I£VU

. 1o ’
and = ”\IIhydro(fa f)||'2H = H gUhydro*t Q(f? f)

< [T 10U DI,

H



Outline of the proof of the (non)linear bounds

Properties of the hydrodynamic semigroup

Study the conjugated matrix L (&) o (L—i(v-9) Ihycro. space(£)

Isotropy + perturb'® theory for matrices = exp® of eigenval./eigenproj. of L(¢&) :

ticlel Kwave| €2+ ... "

€

_KBOLI|€‘2 + e

—ic% — Fwave|€2 4+ ... -7
Figure: Spec (6% (L —ie(v-€)) Iy, Spm(gg)) for [¢] < 7!
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00
= ||Uhsydrof||’2}~£ = :gg HUhEydro(t)fHZﬁV”l +/0 ||vahEydrof(t)H2£VU| dt S ||f||%I£VU

2

4
S 1

£ 1 £
and = [0 (£, )1 = H;Uhydm*tgf, 5
© H




Conclusion

Theorem (G, Lods) — ArXiv:2304.11698

Consider any (non-small) f,, € H/L? (u’ldv), for any ¢ < 1, 3! solution to
Orfs+e v -Vofs=e 2L+ 1Q(f5, f5), f°eLPH'L? (,u_ldvdx) ,

with the same lifespan as the Navier-Stokes limit f°, and for smooth initial data

d—1

= ro(er) rowaro(() ™)

t

and for incompressible initial data
ff=f"+0 (e*"”/gz) + O (e) (optimal)

d=2= f9global = f¢ global

Applies to Boltzmann/Landau (y + 2s > 0) and [ | fin(z,v)|?(v)*dv < 0o
Modern strategy for spectral study. No compactness = constructive constants
Use of isotropy — adaptable to relativistic Boltzmann/Landau

Spectral study works for quantum Boltzmann/Landau but Q is trilinear

vVvyvyyVvyy



Thank you for your attention



Extra

Kato’s reduction process: eigen. pbm. in Banach — eigen. pbm. in finite dimension

Figure: Localization of Spec(£ — i(v - £)) for |£] < 1

Goal: expansion of eigenvalues and eigenfunctions of (L’ —i(v-& )) Inydro. space(€)

Difficulty: hydro. space(§) depends on &



Extra

Kato’s reduction process: eigen. pbm. in Banach — eigen. pbm. in finite dimension

NEIST
N

Rez < —0o %

Figure: Localization of Spec(£ — i(v - £)) for |£] < 1

Goal: expansion of eigenvalues and eigenfunctions of ([, —i(v-& )) Inydro. space(€)
Difficulty: hydro. space(§) depends on &

Solution: Rectify £ — i(v - &) to a matrix L(§) by conjugating with

®(&) : hydro. space(§) 50 ker £ ~ COH2



Extra

Kato’s reduction process

rd
zl=r

Projection on the hydrodynamic spectrum(¢) = R(P(€)):

1
B 21m |z|=r

P() (z—L+i(w-£) dzeB(V =V

Kato’s isomorphism:
P(0)P(§) + P(0)-P(§)*
VId = (P(§) — P(0))?
o(¢) =Id+ ¢[00 + [¢Pe®), W ez (VI -V
Rectified operator:

L(&) == ®(&) (L —i(v-€)®(&)~" € B (ker L) ~ ClHHF2)x(d+2)

=: ®(&) : hydro. space(&) Iso, ker(L)




Extra
Diagonalization of L(g) <I>(§)*l (L —i(v-€))®(€)

Problem: |¢|71L(¢) 20 matrix with non-simple eigenvalues

Solution: Isotropy of £ = block representation of L(¢):

_ 1nc(§)1d O . . 2
L) = ( 0 §|M(f)> ) Aine(§) = —Kinel] )
in the decomposition

{u-vplu L&} & {op+al-vp+elolu : (0,a,e) € R}

+ic 0 0 —KRwave * *
M(g) = 0 0 0 + ‘f‘ * —KBou *
0 0 —ic * * —Rwave

Conclusion: () diagonalizable + expansion of eigenprojector and eigenvalues:

)\iwave(g) = j:ic|€| - "fwave|£‘2 y /\Bou(f) = _HBou‘ﬂQ

where

L(E) =Y AP,  Pu&) =P + el + [¢]? P



Extra
Diagonalization of L(¢) = ®(¢)~1 (£ —i(v - £)) ®(¢)

Problem: [£|71L(&) 20, matrix with non-simple eigenvalues

Solution: Isotropy of £ = block representation of L(¢):

L(£) _ (Aincé&)ld §|]\3(£)> 7 Ainc(f) _ _Kinc|£|2 ,
in the decomposition

{u-vp|u L &} {op+at-vu+elwu: (o,a.e) € R}

+ic 0 O — Kwave * *
M) = 0 0 0 |+ * — KBou *
0 0 —ic * * —Rwave

Consequence: expansion of ®(£) = expansion of (£ —i(v - §))

where

|hydro. space(&) :

(£ = (V) hyaro. spacee) = BE) T LE)D(E)



Extra
Diagonalization of L(g) <I>(§)*l (L —i(v-€))®(€)
Problem: |£|71L(¢) 29 matrix with non-simple eigenvalues

Solution: Isotropy of £ = block representation of L(¢):

C(ine(Od 0 ) = e g2
L(f) - ( 0 €|M(£)> ’ )\mc(g) - mc|£| ’

in the decomposition

{u-vplu L& & {op+af-vu+elv)’n : (0,a,e) € R*}

+ic 0 0 —Rwave * *
ME=10 0 0 J+[E{ *  —HBu  *
0 0 —ic * * —Rwave

Consequence: expansion of ®(£) = expansion of (£ —

where

i(v - f))\hydm. space(£)”

(£ = (0 ) yaro. space(e) = 2 M(E)Pu(€)

Pu&) = B(&) T P(6)D(E) = PV + [PV 4 |ePPP), PP vt vt



