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Introduction

The scaled Boltzmann equation
» [(t,z,v)= particles density, z € Q@ = R or T¢, d = 2 or 3
P> c=mean free path (Knudsen number)

1
O +uv- Vo = —Q(F, I¥)

QF,C)(v) = /R P (F(U’)G(v;) _ F(U)G(v*)> dv.do




Introduction

The scaled Boltzmann equation

» Fe(t,z,v)= particles density, 7 € @ = R% or T¢, d = 2 or 3

> c=mean free path (Knudsen number)

1
e F® + v -V, F = -Q(F*, F°)
€
Conserved macroscopic observables:

> Mass:Rez/FEdv
» Momentum : R°U® = /ngdv

2
> Energy : jRE|U[ + §RT® = / F‘f'g‘ dv



Introduction

Relation with the incompressible Navier-Stokes-Fourier system

Gas at thermodynamic equilibrium (constant heat, mass density, at
rest) :
M = (27)~%? exp(—\v|2/2)

Statistical fluctuation of order ¢:
F =M +ef*, Fig=M+=fy
Macroscopic fluctuations of order e:

RE(t,2) ~ 1+ ep7(t, ),
Us(t,z) = 0+ eu®(t, x),
Te(t,x) ~ 1+ eb°(t, z).



Introduction

Relation with the incompressible Navier-Stokes-Fourier system

Gas at thermodynamic equilibrium (constant heat, mass density, at
rest) :
M = (2m) "2 exp(—|v[*/2)

Statistical fluctuation of order ¢:
FS =M +ef’, Fi_g= M +<fa
“Linearized” equation:

{atfz-::‘512(£+€U-V$)fs+iQ<f€7fE>v (B?)

fﬁ:() = fina

where

L= Q(M7 )"’Q(vM)



Introduction

Relation with the incompressible Navier-Stokes-Fourier system

Definition-Theorem (microscopic, macroscopic)

» We say f(x,v) is macroscopic if it satisfies the equivalent
conditions

> Lf=0
> o) = (plo) + ) v+ 40P ~ (@) ) M)
and well-prepared if V, - u(z) = 0, p(x) + 0(x) = 0.
> We say f is microscopic if

[ @ 0p)ds =0, ¢(o) = L v,|of
Remark: There is a unique decomposition

f = f macro 1 f micro

= fwell-prepared + fill-prepared + fmicro



Introduction
Relation with the incompressible Navier-Stokes-Fourier system

Theorem (1991-2004)

If F* = M + ¢f¢ is a weak (Diperna-Lions) solution to the
Boltzmann equation, then f¢ converges in a weak sense to

Ptsz.0) = (plts2) + ultsa) -0+ 5 (o = Q) 60,2) ) (0,

where (p, u, #) are weak (Leray) solutions to the
Navier-Stokes-Fourier system

O+ u - Vau = pAzu — Vb,
Ol +u-V,0 =rA,0, (INSF)
Ve-u=0, p+60=0,

and u, < > 0 depend only on () and M.



Existence and convergence of strong solutions

Initial data with Gaussian decay (Bardos-Ukai/Gallagher-Tristani)

Functional space: G = LS°H? (.M_l/2<v>5dv), s> g,ﬁ > g +1

Ouf = Elz(,c +ev V) fT+ %Q(fs, ), (B°)
l Duhamel with f_o = fi
fE(t) = US(t) fin + OO (f5, ), (B%)

Where we denote
- L+
LE(]L) = exp ( ( cv -V ;zf)) )

/0./ Us(t —tHQ (fo(¢), f(t')) at’

N | =

V()7 ) =

0



Existence and convergence of strong solutions
Initial data with Gaussian decay (Bardos-Ukai/Gallagher-Tristani)

Functional space: G = L HS (M 1% (v)Pdv),s > 4,8 > 4 +1

07 = (L +e0a) £+ QU ), (B)
l Duhamel with fﬁe:o = fin
£ () = U%(0) fn + V() ), (B

> Existence of f° : Banach’s fixed point theorem
» on f€ (Bardos-Ukai, 1991) if || fin|lc < 1
> on f¢ — fO (Gallagher-Tristani, 2019) if ¢ < 1
...thene — 0
» Requires spectral study by Ellis, Pinsky, Ukai (1975-’86)

» uniform bounds on U¢ and W*
» convergence of U¢ and W*



Existence and convergence of strong solutions
Initial data with polynomial decay (Briant-Merino-Mouhot/G.)

Reminder

» Total mass: /FE dvdz = ||F®|1

2
» Total energy: /Fs ’;’ dvdx = H|U|2F6HL;’U

Question: Can we only assume fi, € L' ((1+ |v|?) dvdz) ?



Existence and convergence of strong solutions
Initial data with polynomial decay (Briant-Merino-Mouhot/G.)

Theorem (G. 2021)

For any s > %, §>0, fn€P:=LH? (<v>3+5dv), denote f the
strong solution of (INSF) generated by fin well-prepared 01 [0, ), then
» for e < 1, the equation (B?) has a a unique solution

fFec ([O,T); Lims (<u>3+5)> NLLHS (<v>4+5)
> fe = O+ u, + u§ + uS,, where
u§(t) = 0%, uS(t) = o(1), ug, =0,

» macroscopic part of f;, well-prepared = u;, = 0
> fin purely macroscopic (micro. part=0) = uj =0

Remark: ) = R? = [ugel[L» — O for 2 <p< .



Existence and convergence of strong solutions

Initial data with polynomial decay (Briant-Merino-Mouhot/G.)

» C. Mouhot (2005): Enlargement Theory

» M.P. Gualdani, S. Mischler, C. Mouhot (2017): strong solution
for (B) whene = 1 and || fin|| < 1

» M. Briant, S. Merino, C. Mouhot (2019): weak hydrodynamic
limit



Proof of the theorem

Gualdani-Mischler-Mouhot decomposition
Grad’s decomposition: £ = —v(v) + K

v(v) =~ (v) and

kJrlK H <
(v) 9| S

k
']
GMM decomposition: £ =5+ A

B = —v + small non loc.op. and || Ah||g < ||h]|p

Af(v) := / S (ﬂ[if’ + M'fi — M f,) |v — vi|dv.do,

©eCr



Proof of the theorem
Splitting of the equation

» Use the GMM splitting £ = B + A (where A : P bded,, G)
> Write f€(t) = h°(t) +¢°(t) e P+ G

1 1
Of* = S (L+ev-Va) [+ QU I, fio = fin
f
1 1
P : O,h° = = (B+ev-V,)h® + EQ(hg, h®+2¢°%), |Et:0 = fin.mic

1 11
G : 09" = (L+ev-Va) g" + 5 AN +-Q(0%, %), Gimo = Finmac

N——
cG



Proof of the theorem
Splitting of the equation

» Use the GMM splitting £ = B + A (where A : P bded,, Q)
> Write f¢(t) = h°(t) + ¢°(t) e P+ G

1 1 £
P : 0h" = ? (B +ev- vaz) h® + EQ(}V: h6+296)a Tf,:() = fin,mic

1 1 1
G : 8tg€ 2672 (*C +ev- vx) g6 +?~Ah€ +gQ(g€ag€)’ th:O = fin,mac

N——
eG

T : Xt,x,v — Xt,xﬂ)? (h€7g€) — (hE’ gE)’
X = {functions h°(t) € P} x {functions ¢°(t) € G}

» Fixed point on 7" — need contraction estimates = stability/a
priori estimate for the equations



Proof of the theorem

Control of the polynomial part

1 1
0:h® = ~ (B+¢ev-Vy)h® + EQ(hE, h® +24%),

» Energy inequality:

Sl < S0 + 2 )@l A e + )

» Gronwall for some A € (0, A):

A=\ [t .,
sm>(&WWW@wp+2 &”*wwwuwwa)
0<t<T g2 Jo

=: [[b%[lpe < CefllAllpe (1A~ llpe + o[l Lge@) + [|.finmicllp

> Stability estimate (same initial condition)

b5 = b5llp= < =(1R5 = h5lllpe + llg7 — g5l =) x ()



Proof of the theorem
Study of the Gaussian part

1 1 1
Ohg® = §(£ +ev-Vy)g® + EQ(9€79€)+€3A}L57
l Duhamel with g\i:o = finmac
1
9° = U finmac V5 (g%, )+ 5 AU # 1%,

> Already well understood by BU/GT
» ...but convolution term not small in LG

US(t) == exp (12 (L +ev- v,,,.)>

@ |

V(1) (f, ) = /0 U (- )Q (F(), f7()) d



Proof of the theorem
Study of the Gaussian part

Lemma - Convolution splitting (G. 2021)

If he is the solution to

{athf = L (B+ev Vo) b + 1Q(he, he + 2¢°),

h|5t:0 = fin,mic,
then, uniformly in ¢ and €,
iUs x Ah®(t) = o(1) +
g2 — ¢

Ingredients of the proof:
» Generalize to P some properties of U¢ and ¥¢ known on G
» Duhamel applied to £ = A + B and h® + some algebra:

1
U+ AW (H) = US () finmic + -



Proof of the theorem
Study of the Gaussian part

g _Uflnmac‘i‘\ll( )+ UE*.Ah6

an — ga . fO _
9" = o(1) + {Linear}(g°) + {Bilinear}(g°,g°),
— ———
contraction bounded

» {Linear} and {Bilinear} depend on f°
— use norm equivalent to || - ||L2eq — {Linear} is a contraction

> ... and on h® — generalize to P some estimates/convergence
on U*® and ¥® known on G.



Thank you for your attention!
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