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Introduction
The scaled Boltzmann equation

I F ε(t, x, v)= particles density, x ∈ Ω = Rd or Td, d = 2 or 3
I ε=mean free path (Knudsen number)

ε∂tF
ε + v · ∇xF

ε =
1

ε
Q(F ε, F ε)

Q(F,G)(v) =

∫
Rd
v∗×Sd−1

σ

|v− v∗|
(
F (v′)G(v′∗)−F (v)G(v∗)

)
dv∗dσ

v′

v′∗

v

v∗
σ

v′ =
v + v∗

2
+ σ

|v − v∗|
2

, v′∗ =
v + v∗

2
− σ

|v − v∗|
2
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Introduction
The scaled Boltzmann equation

I F ε(t, x, v)= particles density, x ∈ Ω = Rd or Td, d = 2 or 3

I ε=mean free path (Knudsen number)

ε∂tF
ε + v · ∇xF

ε =
1

ε
Q(F ε, F ε)

Conserved macroscopic observables:

I Mass : Rε =

∫
F ε dv

I Momentum : RεU ε =

∫
F ε v dv

I Energy : 1
2R

ε|U |2 + d
2R

εT ε =

∫
F ε |v|

2

2

dv
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Introduction
Relation with the incompressible Navier-Stokes-Fourier system

Gas at thermodynamic equilibrium (constant heat, mass density, at

rest) :

M = (2π)−d/2 exp
(
−|v|2/2

)
Statistical fluctuation of order ε:

F ε = M + εf ε, F ε
|t=0 = M + εfin

Macroscopic fluctuations of order ε:

Rε(t, x) ≈ 1 + ερε(t, x),

U ε(t, x) ≈ 0 + εuε(t, x),

T ε(t, x) ≈ 1 + εθε(t, x).
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Introduction
Relation with the incompressible Navier-Stokes-Fourier system

Gas at thermodynamic equilibrium (constant heat, mass density, at

rest) :

M = (2π)−d/2 exp
(
−|v|2/2

)
Statistical fluctuation of order ε:

F ε = M + εf ε, F ε
|t=0 = M + εfin

‘‘Linearized” equation:{
∂tf

ε = 1
ε2

(L+ εv · ∇x) f
ε + 1

εQ(f ε, f ε),

f ε
|t=0 = fin,

(Bε)

where

L := Q(M, ·) +Q(·,M)
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Introduction
Relation with the incompressible Navier-Stokes-Fourier system

Definition-Theorem (microscopic, macroscopic)

I We say f(x, v) is macroscopic if it satisfies the equivalent
conditions

I Lf = 0

I f(x, v) =

(
ρ(x) + u(x) · v + 1

2 (|v|
2 − d)θ(x)

)
M(v)

and well-prepared if ∇x · u(x) = 0, ρ(x) + θ(x) = 0.

I We say f is microscopic if∫
f(x, v)ϕ(v)dv = 0, ϕ(v) = 1, v, |v|2

Remark: There is a unique decomposition

f = fmacro + fmicro

= fwell-prepared + fill-prepared + fmicro
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Introduction
Relation with the incompressible Navier-Stokes-Fourier system

Theorem (1991-2004)

If F ε = M + εf ε is a weak (Diperna-Lions) solution to the

Boltzmann equation, then f ε converges in a weak sense to

f0(t, x, v) =

(
ρ(t, x) + u(t, x) · v + 1

2

(
|v|2 − d

)
θ(t, x)

)
M(v),

where (ρ, u, θ) are weak (Leray) solutions to the
Navier-Stokes-Fourier system

∂tu+ u · ∇xu = µ∆xu−∇xp,

∂tθ + u · ∇xθ = κ∆xθ,

∇x · u = 0, ρ+ θ = 0,

(INSF)

and µ, κ > 0 depend only on Q andM .
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Existence and convergence of strong solutions
Initial data with Gaussian decay (Bardos-Ukai/Gallagher-Tristani)

Functional space: G = L∞
v Hs

x

(
M−1/2〈v〉βdv

)
, s > d

2 , β > d
2 + 1

∂tf
ε =

1

ε2
(
L+ εv·∇x

)
f ε +

1

ε
Q(f ε, f ε), (Bε)y Duhamel with f ε

|t=0 = fin

f ε(t) = U ε(t)fin +Ψε(t)(f ε, f ε), (Bε)

Where we denote

U ε(t) := exp
(

1

ε2
(L+ εv · ∇x)

)
,

Ψε(t)(f ε, f ε) :=
1

ε

∫ t

0
U ε(t− t′)Q

(
f ε(t′), f ε(t′)

)
dt′
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Existence and convergence of strong solutions
Initial data with Gaussian decay (Bardos-Ukai/Gallagher-Tristani)

Functional space: G = L∞
v Hs

x

(
M−1/2〈v〉βdv

)
, s > d

2 , β > d
2 + 1

∂tf
ε =

1

ε2
(
L+ εv·∇x

)
f ε +

1

ε
Q(f ε, f ε), (Bε)y Duhamel with f ε

|t=0 = fin

f ε(t) = U ε(t)fin +Ψε(t)(f ε, f ε), (Bε)

I Existence of f ε : Banach’s fixed point theorem

I on fε (Bardos-Ukai, 1991) if ‖fin‖G � 1
I on fε − f0 (Gallagher-Tristani, 2019) if ε � 1

...then ε → 0

I Requires spectral study by Ellis, Pinsky, Ukai (1975-’86)

I uniform bounds on Uε and Ψε

I convergence of Uε and Ψε
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Existence and convergence of strong solutions
Initial data with polynomial decay (Briant-Merino-Mouhot/G.)

Reminder

I Total mass:

∫
F ε dvdx = ‖F ε‖L1

x,v

I Total energy:

∫
F ε |v|

2

2

dvdx =
∥∥|v|2F ε

∥∥
L1
x,v

Question: Can we only assume fin ∈ L1
((
1 + |v|2

)
dvdx

)
?
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Existence and convergence of strong solutions
Initial data with polynomial decay (Briant-Merino-Mouhot/G.)

Theorem (G. 2021)

For any s > d
2 , δ > 0, fin ∈ P := L1

vH
s
x

(
〈v〉3+δdv

)
, denote f0 the

strong solution of (INSF) generated by fin,well-prepared on [0, T ), then

I for ε � 1, the equation (Bε) has a a unique solution

f ε ∈ Cb
(
[0, T );L1

vH
s
x

(
〈v〉3+δ

))
∩ L1

tL
1
vH

s
x

(
〈v〉4+δ

)
I f ε = f0 + uεac + uε1 + uε∞, where

uε1(t) = O(e−γt/ε2), uε∞(t) = o(1), uεac ⇀ 0,

I macroscopic part of fin well-prepared⇒ uεac = 0

I fin purely macroscopic (micro. part = 0)⇒ uε1 = 0

Remark: Ω = Rd ⇒ ‖uεac‖Lp
t
→ 0 for 2

d−1 < p < ∞.
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Existence and convergence of strong solutions
Initial data with polynomial decay (Briant-Merino-Mouhot/G.)

I C. Mouhot (2005): Enlargement Theory

I M.P. Gualdani, S. Mischler, C. Mouhot (2017): strong solution

for (Bε) when ε = 1 and ‖fin‖ � 1

I M. Briant, S. Merino, C. Mouhot (2019): weak hydrodynamic

limit
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Proof of the theorem
Gualdani-Mischler-Mouhot decomposition

Grad’s decomposition: L = −ν(v) +K

ν(v) ≈ 〈v〉 and
∥∥∥〈v〉k+1Kg

∥∥∥
G
.

∥∥∥〈v〉kg∥∥∥
G

GMM decomposition: L = B +A

B = −ν + small non loc.op. and ‖Ah‖G . ‖h‖P

Af(v) :=

∫
Θ
(
M ′

∗f
′ +M ′f ′

∗ −Mf∗
)
|v − v∗|dv∗dσ,

Θ ∈ C∞
c



12

Proof of the theorem
Splitting of the equation

I Use the GMM splitting L = B +A (where A : P bded.−−−→ G)

I Write f ε(t) = hε(t) + gε(t) ∈ P + G

∂tf
ε =

1

ε2
(
L+ εv · ∇x

)
f ε +

1

ε
Q(f ε, f ε), f ε

|t=0 = fin

⇑

P : ∂th
ε =

1

ε2
(B + εv · ∇x)h

ε +
1

ε
Q(hε, hε+2gε), hε|t=0 = fin,mic

G : ∂tg
ε =

1

ε2
(L+ εv · ∇x) g

ε+
1

ε2
Ahε︸ ︷︷ ︸

∈G

+
1

ε
Q(gε, gε), gε|t=0 = fin,mac
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Proof of the theorem
Splitting of the equation

I Use the GMM splitting L = B +A (where A : P bded.−−−→ G)

I Write f ε(t) = hε(t) + gε(t) ∈ P + G

P : ∂thε =
1

ε2
(B + εv · ∇x)hε +

1

ε
Q(hε, hε+2gε), hε

|t=0 = fin,mic

G : ∂tgε =
1

ε2
(L+ εv · ∇x) gε+ 1

ε2
Ahε︸ ︷︷ ︸

∈G

+
1

ε
Q(gε, gε), gε|t=0 = fin,mac

T : Xt,x,v → Xt,x,v, (h
ε, gε) 7→ (hε, gε),

X = {functions hε(t) ∈ P} × {functions gε(t) ∈ G}

I Fixed point on T → need contraction estimates = stability/a

priori estimate for the equations
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Proof of the theorem
Control of the polynomial part

∂thε =
1

ε2
(B + εv · ∇x)hε +

1

ε
Q(hε, hε + 2gε),

I Energy inequality:

d

dt
‖hε(t)‖P ≤ − Λ

ε2
‖〈v〉hε(t)‖P +

M

ε
‖〈v〉hε(t)‖P‖hε(t)‖P + (. . . )

I Grönwall for some λ ∈ (0,Λ):

sup
0≤t<T

(
eλt/ε

2‖hε(t)‖P +
Λ− λ

ε2

∫ t

0
eλt

′/ε2‖〈v〉hε(t′)‖P dt
′
)

=: |||hε|||Pε ≤ Cε|||hε|||Pε(|||hε|||Pε + ‖gε‖L∞
t G) + ‖fin,mic‖P

I Stability estimate (same initial condition)

|||hε
1 − hε

2|||Pε . ε
(
|||hε1 − hε2|||Pε + ‖gε1 − gε2‖L∞

t G
)
× (. . . )
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Proof of the theorem
Study of the Gaussian part

∂tg
ε =

1

ε2
(
L+ εv·∇x

)
gε +

1

ε
Q(gε, gε)+

1

ε2
Ahε,y Duhamel with gε|t=0 = fin,mac

gε = U εfin,mac+Ψε(gε, gε)+
1

ε2
AU ∗ hε,

I Already well understood by BU/GT

I ...but convolution term not small in L∞
t G

U ε(t) := exp
(

1

ε2
(L+ εv · ∇x)

)
,

Ψε(t)(f ε, f ε) :=
1

ε

∫ t

0
U ε(t− t′)Q

(
f ε(t′), f ε(t′)

)
dt′
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Proof of the theorem
Study of the Gaussian part

Lemma - Convolution splitting (G. 2021)

If hε is the solution to{
∂thε = 1

ε2
(B + εv · ∇x)hε + 1

εQ(hε, hε + 2gε),

hε|t=0 = fin,mic,

then, uniformly in t and ε,

1

ε2
U ε ∗ Ahε(t) = o(1) +O

(
e−λt/ε2

)
Ingredients of the proof:

I Generalize to P some properties of U ε and Ψε known on G
I Duhamel applied to L = A+ B and hε + some algebra:

1

ε2
U ε ∗ Ahε(t) = U ε(t)fin,mic + . . .
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Proof of the theorem
Study of the Gaussian part

gε = U εfin,mac +Ψε(gε, gε) +
1

ε2
U ε ∗ Ahε,ygε := gε − f0 −O

(
e−λt/ε2

)
gε = o(1) + {Linear}︸ ︷︷ ︸

contraction

(gε) + {Bilinear}︸ ︷︷ ︸
bounded

(gε, gε),

I {Linear} and {Bilinear} depend on f0

→ use norm equivalent to ‖ · ‖L∞
t G → {Linear} is a contraction

I ... and on hε → generalize to P some estimates/convergence

on U ε and Ψε known on G.
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Thank you for your attention!
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