Hydrodynamic limits
From Boltzmann to Navier-Stokes
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Different levels of description

Macroscopic level

Time ¢, point x in space
» mass: Ri(x) >0
» velocity : Uy(x) € R3
» temperature : T3(x) > 0

> viscosy, pressure, thermal conductivity...

Example (Incompressible Navier-Stokes)

U +U -V, ,U=vAU—-V,P,
div,U =0



Different levels of description

Microscopic level

N ~ 10?0 particules, at position z;(t) € R3, velocities v;(t) € R?

:)fi = V;
U; = Interactions



Different levels of description

“Mesoscopic” point of view

Kinetic theory of gases: micro. statistical behavior — macro.
phenomena

Fy(z, v)dzdy = Nb of particules at position = € V;
VixVe AR and velocity v € Vs

» Mass: R(z) = /Ft(:v,v)dv

» Momentum: R:(z)Us(z) = /Ft(a:,v)vdv

1 3 v|?
» Energy : §Rt($)|Ut($)|2+§Rt($)Tt($) = /Ft($av)|2| dv

Vv vV
kinetic thermal kinetic energy of
each particule



Different levels of description

“Mesoscopic” point of view

» 1860 : Maxwell distribution law

B oy (-5 00

Fi(z,v) = 2Ty (2))2 9T (x)

) (LTE)

> 1872 : Boltzmann equation:

variation of number of
particules with velocity v

= Q(Fle )Pt )0) @)

O F; +v- -V, F =



Different levels of description

“Mesoscopic” point of view

QRN = [ Bl v o) (J0DS0) - {0)f(w.) dondo
v X5 be}:)re after
collision collision

= [part. that now have vel. v] — [part. that had vel. v]

/ (%

&lo

vl U

v

Vv =vto, WP+ ol = o + o



Different levels of description

“Mesoscopic” point of view

Mass, momentum, energy: micro conservation = macro
conservation

Theorem (Boltzmann’s H-Theorem)

The entropy

Hi(x) := —/Ft(x,v) log Fy(z,v)dv

is non-decreasing and maximal for LTEs:

R ( lv=U@)
2nT(z))%/? p< 2T (x) >

Lemma

Q(F,F)=0<« FisalTE.



Different levels of description
Recap

Macroscopic (INS) Mesoscopic Microscopic
Ut(z), Re(x), Ty () Fi(z,v) (2 (1), vi(t))i=y
Particules nb. density at

position = velocity v

Velocity, density, temperature Exact position of particule nb. ¢

Fields on ]Ri Density on ]Ri X Rf’] Vectors in RO
O0tU +U - VU =vA, U — VP OF +v- -V F =Q(F,F) v; = interactions between particules
AtLTE Tends to ETL
Weak global solutions, Global weak solutions,
incompressible initial data of finite energy initil data with finite mass/energy/entropy, Uniqueness

uniqueness unknown uniqueness unknown




The problem of hydrodynamic limits
Hilbert’s sixth problem

Le livre de M. Boltzmann sur les Principes de la Mécanique
nous incite a établir et a discuter du point de vue mathé-
matique d’une maniere compleéte et rigoureuse les méthodes
basées sur l'idée de passage a la limite, et qui de la concep-
tion atomique nous conduisent aux lois du mouvement des
continua.

D. Hilbert at the second ICM, Paris, 1900



The problem of hydrodynamic limits

Hilbert’s sixth problem

‘ Microscopic Lanford, Grad,
Cercignani...(1950°s-70’s)
Esposito, Landim, Mesoscopic

Yau... (1990’s)

Macroscopic




The problem of hydrodynamic limits
Why?

» Axiomatization of physics
» Approximate Boltzmann with hydrodynamic model

» Develop numerical schemes



The problem of hydrodynamic limits

Hydrodynamic limit of Boltzmann

O F + vV, F =Q(F,F)
l write with macro variables
1
e F® + vV, F* = -Q(F*, F°)
€

Average time between collisions= ¢ < 1

V — Ul X 2
Ff (z,v) =0 FX(x,v) = Ry(x) exp (_|2T[t](i‘))|>



The problem of hydrodynamic limits

Hydrodynamic limit of Boltzmann

Gas at thermodynamic equilibrium (constant heat, mass density, at
rest) :
M = (2m) 2 exp(~[v[2/2), Q(M, M) =0,

Statistical fluctuation of order € around M :
-Fﬁ:() = M+5fina Fe = M+‘5f8a

Macroscopic fluctuations of order &:
» Mass: R*(t,x)= | (M +cf%)do=1+¢ep*(t,x)
» Velocity: U®(t,z)= (...) = 0+ eu®(t, x)
» Temperature: T°(¢t,z)= (...) = 1 + b°(t, z)



The problem of hydrodynamic limits

Hydrodynamic limit of Boltzmann

Gas at thermodynamic equilibrium (constant heat, mass density, at
rest) :
M = (2m)" %2 exp(—|v[*/2), Q(M, M) =0,

Statistical fluctuation of order € around M :
Fﬁ:o = M"'Efin: F* :M+€faa
Equation on f¢:
1
O FT +uv- Vol = —Q(FF, F7),

v
00 (M + %) +v- Vo (M + %) = TQM + &, M +f°),



The problem of hydrodynamic limits
Hydrodynamic limit of Boltzmann

Gas at thermodynamic equilibrium (constant heat, mass density, at
rest) :

M = (2m) "2 exp(—|v[*/2), Q(M, M) =0,
Statistical fluctuation of order € around M :
Fﬁ:o = M+€fin7 P = M+5f€7
Equation on f¢:

1
O v Vo b = —Q(FF, F7),

b QM,M)=0
0 = =5 (L0 Va)f* + QU7 1)

where

L= Q(Mv )+Q(7M)



The problem of hydrodynamic limits

Hydrodynamic limit of Boltzmann

Definition (microscopic, macroscopic)

> f is macroscopic
def

 fa0) = (10(a) + ulo) -0+ Bl - 8(a) ) (0

f is macroscopic,
> fis well-prepared &of V- u(z) =0,
p(x)+0(x) =0

» f is microscopic déf/f(:c,v)cp(v)dv =0, p(v) = 1,0, |v|?

Remark: Unique decomposition f = fimacro + fmicro

= fwcll—prcparcd + f ill-prepared + f micro



The problem of hydrodynamic limits

Hydrodynamic limit of Boltzmann

Theorem (Bardos,Golse,Levermore,Saint-Raymond (*91-°03))

If M + € f{ (z,v) weak solution of Boltzmann, then

1
7= 1900 = (ula) + (o) 0+ (1l = 3)0)) M
f(()) (377 U) = fin,well—p.(fna 'U)
where p, u, 6 are weak solutions of incompressible Navier-Stokes:

Ou+u - Veu=vAzu— Vp,
00 +u -V 0 =rkA.0, (NSFI)
divyu =0, Vi(p+0)=0,

and v, k depend only on ) and M.



The problem of hydrodynamic limits

Hydrodynamic limit of Boltzmann

Question: Strong solutions ? Strong convergence ? What functional
space ?
1. Construct strong solutions for fi, € X,

2. Prove strong convergence in X, ,,



Existence and convergence of strong solutions

Initial data with Gaussian decay (Bardos-Ukai/Gallagher-Tristani)

Functional space: G = {f D f(mv)] < Ce*|”|2},

0 = 5 (L+ev V) [+ QU ),
J Duhamel with ff_o = fi
FE(0) = U%(0) i+ ()%, ),
Where we denote

U (t) := exp (12 (L +ev- v,,,q)

W) (fF, F) = / U )Q (£, ()

€.Jo

c



Existence and convergence of strong solutions

Initial data with Gaussian decay (Bardos-Ukai/Gallagher-Tristani)
Functional space: G = {f S f(zyv)] < Ce—l’vlz}’

1 1
O = (L +ev:Va) [*+ -QUF, [),
l Duhamel with fj;_o = fin

fE) =U@t) fin + O (), ),

» Spectral study by Ellis, Pinsky, Ukai (1975-°86) + Fourier

> [[U=(t) finll < Cllme and II‘Ifa(f, gl < Clifllgl
» prove Us — U°, ¥ — @O

» Existence of f°: Banach s fixed point theorem
> on f° (Bardos-Ukai, 1991) if || fin||le < 1
> on f¢ — fO (Gallagher-Tristani, 2019) if ¢ < 1

» Lete — 0 in the equation



Existence and convergence of strong solutions

Initial data with polynomial decay (Briant-Merino-Mouhot/G.)

If F’* =physical gas:
> Mass: /F dv = | F¥l|L1 < o0

< 00

» Energy: /F8 lv2dv = H|1}|2F5HL1

ie. /fin(:c,v) (1+]v[*) dv < 00

Question: Is it enough for existence/uniqueness ? Convergence ?



Existence and convergence of strong solutions

Initial data with polynomial decay (Briant-Merino-Mouhot/G.)
If F* =physical gas:
> Mass: /F do = ||F| 1, < oo

< 00

» Energy: /FE lv2dv = H|v|2F5HL1

ie. /fin(m,v) (1+]v[*) dv < 00
Question: Is it enough for existence/uniqueness ? Convergence ?

Partial answer: P := {f : /f(:n,v) (1 + |v|3+5> dv < oo}

Theorem (G. 2021)

Let fin € P, Boltzmann has a unique strong solution /€ on [0, 7]
fore <1
T = lifespan of Navier-Stokes solution 1O with f\(g:o = fin,well-p.



Existence and convergence of strong solutions
Initial data with polynomial decay (Briant-Merino-Mouhot/G.)

Theorem (G. 2021)

£ =0+ fie +uge

» Navier-Stokes: f° with fﬁ:o = fin,well-p.

» Error term: sup ||u°(t)|| — 0, (¢ — 0)
t

» Initial layer: || f5..(t)] S 6_%/€2||fin,mic”

» Acoustic waves: u;, — 0 and fiinp =0 ui, =0

Remark: Q = R? = / uge(t)]|%dt — 0, with 0 < ¢ < 2



Existence and convergence of strong solutions
Initial data with polynomial decay (Briant-Merino-Mouhot/G.)

First results in polynomial spaces
> [Mouhot, ’05]: Enlargement Theory

» [Gualdani, Mischler, Mouhot, *17]: strong solution
for Boltzmann and || fiy|] < 1

» [Briant, Merino, Mouhot, *19]: weak hydrodynamic limit



Proof of the theorem
Strategy

fin = finwellp. + finitiep. + Finmic ~ f€ = 04 ui, + fo; + u
» [Fujita-Kato] fin well-p. ~~ f%on [0,7]
» [Ellis-Pinsky] Spectral analysis of £ + v -V © finiip, ~ Uge
[Gualdani, Mischler, Mouhot] Decomposition £ = B + A:

Boltzmann — Coupled system on f;;;. and u°

» Energy method : fin mic ~ fiic

» Fixed point ~» u° : source term f°. = need to extends results of

mic
Gallagher-Tristani from G to P



Proof of the theorem
Splitting of the equation

» GMM splitting L =B+ A
Bf ~—(1+|v|)f, A:P — G bounded

> f(t) =h*(t) +9°(t) e P+ G,
hft 0 — fmmlcep g|f 0 flnmaceG

1 1
o f* = 57(5 +ev- v:r:)fE - EQ(fE’fE)’ f\izo = fin
)
Ohe = i S (B+ev- Vo) b+ é@(hﬂ h*+2g°),

1 1
8?59 - (£+€U v )ga_'_?AhS—i_gQ(gEth)?

~—
eG



Proof of the theorem
Splitting of the equation

» GMM splitting L =B+ A

> fe(t) =h(t) +9°(1) €P+G,

h|€t:0 = finmic € P, gis,g:() = finmac € G

07 = (L +<0-V) [+ 2QU 1), ficy = i
)
Fixed point of = : (h%, ¢°) — <E€,§€) )
defined by
Oh" = 8% (B+ev-Vy) R + é@(hi h*+2g°),
7" :E% (L+ev-Va)T +€%Ah5 %Q(gi 9°)

—
eG

» = well defined+contraction < a priori estimates+stability



Proof of the theorem

Control of the polynomial part

1 — 1
Oh" = 5 (B+ev- V) h 4 QI h* +2¢7)

Energy inequality + Gronwall lemma =
P Exists unique solution
> Stability estimate (same initial condition &} (t = 0) = ho(t = 0))

1Ry = ol < ellh§ — k3, g7 — g5l % (-..)

Great contraction estimate!



Proof of the theorem
Study of the Gaussian part

1 1 1
atg€ = 57 (ﬁ + E'U’Vx)Qe + gQ(gev gs)—l_?AhE?
J Duhamel with gﬁ:o = finmac

1
g8 = Uafin,mac“’\ljg(geage)‘{'éj’AU5 * hE,

» Already well understood by BU/GT

» ...but convolution term not ‘““‘small”

U= (t) = exp <12 (L+ev- vg)

oM | =

[(va- 00wy ar

J0

UE()(f5, f7) =



Proof of the theorem
Study of the Gaussian part

Lemma - Convolution splitting (G. 2021)

{atff = L (B+ev- Vo) +1Q(he, h° + 2¢°),
==
h\t:o = fin,mic:
U
1 — 42
U= AR (1) = o(1) + O (e t/e ) €G

Idea of proof: Duhamel on B = £ — A and equation for i~

1 —
= U« AR (t) = U (t) finmic + - - -

LUt AV = UF - VE}
9

2
— .
h =V fin,mic+"'
VE=exp (te? (B+ev-Vy,))

Requirements: generalize behavior of U® on micro. fluctuations € P



Proof of the theorem
Study of the Gaussian part

1
96 - Uefin,lnac + ‘116(957 g€)+?U€ * Ahev
lug =g —f0—us, -0 (eit/g)

UE = 0(1) —+ {Linear}(uf) + \I]E <U87U5)7
~— ~~
contraction bounded

Problem: {Linear} depends on " which may be large
Solution: equivalent norm — {Linear} is a contraction



Proof of the theorem
Recap

fin = finwellp. + finitiep. + Finmic ~ f€ = 04 ui, + fo; + u
» [Fujita-Kato] fin well-p. ~~ f%on [0,7]
» [Ellis-Pinsky] Spectral analysis of £ + v -V © finiip, ~ Uge
[Gualdani, Mischler, Mouhot] Decomposition £ = B + A:

Boltzmann — Coupled system on f;;;. and u°

» Energy method : fin mic ~ fiic

» Fixed point ~» u° : source term f°. = need to extends results of

mic
Gallagher-Tristani from G to P



Possible extensions

» Other kinetic models: (Landau, Boltzmann with hard
potentials...)

» Other limiting hydrodynamic models



Thanks for your attention!
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