Lecture 4: Differential Form on R J

Chenlin GU

DMA/ENS, PSL Research University

April 8, 2020

Chenlin GU (DMA/ENS) Vector Analysis April 8, 2020 1/29



Outline for section 1

© k-form
@ Definition
@ Structure

Chenlin GU (DMA/ENS) Vector Analysis April 8, 2020 2/29



N
Object

e Object: A language of multi-linear algebra to unify vector analysis.
e Something we have learned in the previous lecture:
o Integral along regular curve: integral of 1-form

fdey - fabF(t).y’(t)dt:ZLbFi(t)y{(t)dt.

o Green’s theorem: transform an integral of 1-form to 2-form

oQ 9P _
fD ( - By) dxdy ]{;D Pdx + Qdy. (1.1)
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Multi-linear algebra

Definition
¢ : (R")X - R is multi-linear form ((R®)*)* if and only if that

¢(V1,V2"'C¥Vi +ﬁvi/...vk) :a¢(v1’V2...Vi...Vk) +ﬁ¢(v1’V2...V;...Vk)‘

e dim((R")*) =n.
e Easy to prove that dim(((R")%)*) = nk.
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k-alternating-form

Definition (k-alternating-form)

¢ (RM)X - R is a k-alternating-form A¥(R®)* if it is multi-linear form
and once we interchange an argument, we add a factor (-1) i.e.

O(Vi, Vo Vi, Vigr oo Vi) = (=1)@(vi, Vo« Vig1, Vi - - Vk).

Question: Dimension and basis of A¥(R")*.
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k-form

Theorem

We have that dim(AX(R?)*) = (E), and let
{dxqe, A dXg, -+ A dXe, J1<ay<an-<a<n D€ @ basis such that

anl A an2 BRIV ank (V1,V2, s Vk) = det (([Vi]aj)lgi’jgk) .
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k-form

Proof.

If we admit the structure of the basis, then the dimension is clear,
which should be “choosing k different indexes among n”.

Let {ei}1<i<n be the basis in R", then it is easy to check that

{dxqe, A dXg, -+ A dXe, J1<ay <a9--<ar<n 18 linear independent by testing
{ei}1<i<n- Moreover, we have an explicit formula for the expression of
the k — form:

Y= Z @(€aysCays eak)dxa1 A dXg, -+ A dxe,.

1<a; <az-<ar<n

This proves that they are basis of AK(R™)*. ]

e We will make it more clear the sense of A.
e For short, one can write down that ¢ = }}; ardxy, where I denote
the multi-index I = (a1, 2 - - - ax).
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k-form

o For a point p € U c RY, we have ¢, € /\k(RB)* if the vector space is
the one associated to p.

o ¢ = Yrapdxy is continuous (C!) if for any I, a; is continuous (C1).
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Example of k-form

e k =0, just function in R™.

o k=1,n=2 AY(R?): ¢ = adx+ gdy.
(R?) : ¢ = adx A dy.

o k=1,n=3, AY(R?): ¢ = adx + Bdy + ydz.
(R?) : ¢ = adx A dy + Bdy A dz + ydz A dx.
(R?) : ¢ = adx A dy A dz.

Chenlin GU (DMA/ENS) Vector Analysis April 8, 2020 12 /29



Outline for section 2
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o Addition
e Exterior Product
o Exterior Differential
e Pull-Back
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Ny <1t
Addition

For two k-forms, w, ¢ € A¥(R*)* that

W= Z aq dxi, @ = Z,BI dxi,
i i

we define that

W+ @ = Z(aq + Br) dxi.

I
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. Ovenatomonkform | 1
Exterior Product (A)

Let w € AK(R™)* and ¢ € A5(R")* such that

w:Za’[dXI, QDZZﬁdYJ,
i i

then we define the notation A

WAp = ZQLBJ dxr A dyj.
LJ

This gives that w A ¢ a (k +s) form.
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. Ovenatomonkform | 1
Exterior Product (A)

Some properties:
QO (WAQ)AO=wA(pA0).
@ For w a k-form, ¢, s-forms, then w A (¢ +60) =w A @+ wA 6.
@ For w a k-form, ¢ s-forms, then w A ¢ = (=1)5¢ A w.

Theorem

Let {¢i}1<ick be k 1-form, then we have

C1AQ@2 - Apr(vi,va, - vi) = det ((¢i(vi))1<ijek) -

A simple corollary dx; A dx; = 0.
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Exterior Differential

e For a 0-form (function), we have
df = )" Oy f dx;.
i=1

e For a k-form ¢ = Y1 ar dxy, then we can define d¢

dp = Z dag A dxg
I

_ Z(Zn: Ay a1 dxq) A dxg
I i=1

= Z O0;a1 dx; A dxg.
i1
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Exterior Differential

Some properties:
Q d(¢ + w) =d¢ + dw.
© For ¢ a k-form, d(¢ A w) = dp A w + (=1)5¢ A dw.
@ d(d¢) =0.
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Example in Green’s Theorem

Green’s theorem: transform an integral of 1-form to 2-form

0Q 6P) f
— — — | dxdy = P dx + Qdy. 2.1
fl; ( ox  dy oD @1)
o 1-form: ¢ = Pdx + Qdy.

de =dP Adx+dQ Ady

P P
= (a—dx + a—dy) Adx + (@dx + @dy) Ady

ox oy ox Oy
opP 0
= —dy Adx+ —de/\dy
oy ox
0Q P
== -—|dxA
( 3 )dx dy

o That is why we write faD ¢ = fD de.
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Interpretation of 1-form

df - ?:1 6xif dXi.

We add the information of the position

dfy = > O fy dxi.
i=1

e Vv e R",df, : R" — R. Nothing but the first order differential
(which is a linear map).

Thus the two notations coincide.
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N | 1-ack
Pull-Back

Pull-Back is the idea of dfj,.
o f:R" —» R™ a C! differential map.
e df, : R" —» R™.

@ € NS(R™)*,

f*p € AS(R")*: for vi---vi € R?

“Pull-back” means pull the differential form R™ to that of R™.

(" @)p(v1, v, - vk) == ‘pf(p)(dfp(vl)a dfp(v2) -+

df,(vk)) |
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N | 1-ack
Pull-Back

Some useful properties:
Q o+ w)="1"v+ o
@ For g a differentiable 0-form, f*(gp) = f*gf*¢.
O "(prAgaAo) =1 Ay Ay
0 (g Aw) =fpAfw.
0 (fog)p=g"(f"¢).
0 d(f*¢) = f*(dg).
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Pull-Back
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Pull-Back

Prop: For {¢i}1<ick 1-form, " (o1 Ao+ Agk) = o1 Af¥pa -+ A k.

Proof.

(1 A2 Agr)(vi, va oo Vi)

=(p1 A2+ Agic)(df(ve), df(vz) - - - df(vk))
=det (¢i(df(vj))1<ij<x)
=det ((f*¢i(vj))1<ij<k)
= (f*tpl A f*QOQ e A f*(pk) (Vl, Vo .- Vk).
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N | 1-ack
Pull-Back

Prop: For ¢ a k-form and w a s-form, {*(¢ A w) = { ¢ A f*w.
Proof.
Let ¢ = Yrardxr,w = X5 B3dy;.

(¢ A w) —f*( @183 dXI/\dYJ)

= *aqf™ B3 dfi A df;
LJ

[l

I
=f'o A

O

v
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