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1 Introduction

In this report, we introduce the study of random recursive triangulation on a
unit disk. We start from the main model of recursive lamination: In a unit
disk D, we take a series of i.i.d random variable {U,,}, {V,,} which take values
uniformly on its boundary S; and we denote [U,V,,] the chord in the disk by
connecting two endpoints. Then we construct the lamination by recurrence, that
is Lo =0 and L, 11 = Ly U [Upy1Vas1] if Ly N [Upg1Vig1]) DD = 0, otherwise
L, 1 = L, if they intersect. We repeat this process and define the limit object

as
Lo = U L,
n=1

, which is a random compact subset of D.
It is obvious that in this process, it becomes harder and harder to add a new
chord to the disk and it arises naturally a question:

Question 1. How many chord is there in L,? Does it has asymptotic limit
with respect to n?

In numerical simulation, we will see that by normalisation of y/n, the number
converges. We use N(L,) to represent the number of chord in L,, then the
following theorem is true:

Theorem 1.1.
n~V2N(L,) =5 /x

n— oo

The number of chord is just one aspect of this process, it measures how
many chords there are in the disk, but it tells little about how hard to add one
chord or how dense L,, is. A possible way to measure it is to count the number
of chord encountered if we draw a chord connecting 1 and another point x on
the circle. This arises a second question:

Question 2. How many chord will it cut in L,, if we connect 1 and another
point 7 Does it have a distribution when n goes to infinity?

We wonder more in the geometric aspect, although it is a little hard to
describe:

Question 3. How can we describe the geometry when n goes to infinity? Ob-
viously, it is a random object, but what is its law?

These three questions give a good example in the research of random geom-
etry, which always try do study the properties of scaling limit and address the
connection between the discrete models and continuous model. However, the
third question is more difficult to answer since we haven’t make it clear and in
fact, to describe the geometry, we have to treat it in various views.

Here, we state at first the main theorem by using as less notation as possible.
We denote the number of chords that intersect [zy], z,y € S1 by H,(z,y). We
note also an important constant in this report

_V17-3

B 5

The following theorem answers 2.



Theorem 1.2. There exists a random process Moo(x),x € S1 such that

n H,(1,2) —— Moo(z)
n—oo

We are interested by the process .#., defined above, because we observe
that in L,, H,(1,z) = H,(1,y) for an arc without any endpoint of the chord
in the middle. This inspires us to conjecture that maybe .#,, codes the L.
This is the fact and one aspect to study the 3. We use the notation Arc(z,y)
to represent the arc which doesn’t contain 1 and Arc*(z,y) the one contains 1.
Then, we have the following theorem:

Theorem 1.3. The following property holds almost surely. Take one sample of
lamination Lo (w), the associated random process Mo (w) codes the lamination
in the following way: Lo, (w) is the union of the chord [xy] for all x,y € S1 such
that
Moo(w)(¥) = Moo (W)(y) = min  Ao(w)(2)
z€Arce(z,y)
Moreover, Lo is almost surely mazimal in the sense of inclusion, that is to

say we cannot add any more a new chord to it without intersecting any existed
chord.

The report is organized as following. 2 gives more definitions about the
lamination, containing different notations like its height function, the set of
mass and a dynamic of a recursive lamination to describe its configuration. 3
will introduce the fragmentation theory and this is the main tool used to treat
the study of recursive lamination. In this section, we will see also the proof of 1.1.
In 4, we study how to code L., by .#,, by combing the result of fragmentation
theory and studying an interesting branching process. Some further proprieties
about this branching process will be stated in appendix.

Some other results are stated in ??. Some various versions of lamination
theory are included in appendix.

This report is mainly based on the work [1] and [3].



2 Random geodesic lamination

This section will talk about the definition of lamination, its maximality, a simple
example figela and how to construct a lamination by a continuous function. In
the end, we will give lamination a dynamic to add the chord in continuous time
as a Markov process, to which we can embed the discrete recursive lamination
defined at the first of 1. The importance of its dynamic is that it relates the
fragmentation process stated later in 3.

2.1 Model

We first give the definition of lamination and some other standard notations.

Definition 2.1 (Lamination). We denote D = {z € C||z| < 1} and its closure
D. For two distinct points z,y € S;, we call chord of feet x,y the segment
of line in D and denote it by [zy], while Jxy[ means [xy] " D. The degenerated
situation [zx] is written as {x}. We say that [zy] and [2'y’] don’t cross(intersect)
when Jzy[N]z'y'[= 0.

A lamination L of D is a closed subset L of D which can be written of the
union of a collection of noncrossing chords.

The most simple example of lamination is figela, short for finite geodesic
lamination.

Definition 2.2 (figela). We call a lamination L figela when it is a union of
finite noncrossing chord. Let S be the pairs of feet(unordered)

S = {{£E1,y1}, {any2}}

Then the lamination is just the union of the chords formed by the pairs in S.
If 4S = n, then D\ NI [z;y;] has n + 1 connected components and we call
them fragments of the figela. Each fragment R has its mass

m(R) = NRNS;)

where A represents the uniform probability on S;.

Remark. We use S to denote the pairs of feet and Lg to denote the lamination.
Since there is a natural bijection between the two, sometimes we abuse the use
of the two and when we talk about the distribution of Lg, it always refers the
distribution of S, which but also characterises the law of Lg.

The height function is a good method to describe the geometry of figela and
it has triangle inequality so in fact after equivalence relationship, it defines a
metric on S; and generate a tree like structure on the disk.

Definition 2.3 (Height function). Let u,v € Sy \ Feet(S). The height between
uw and v in S is the number of chords of S crossed by the chord [uv]

Hg(u,v) = H{z,y € S|[zy] N [uv] # 0}

Proposition 2.1 (Inequality of triangle of heigh function). Let S be a figela.
For every u,v,w € S\ Feet(S), we have

Hgs(u,v) < Hg(u,w) + Hg(v,w)



Proof. We will give a closed form of height function and use it to prove the
inequality. For and pair x,y,u,v € Sy, Jzy[N]uv[# 0 if and only if

foy(w) = (u =2, (y —2)*)
where (y — )" is the a unit normal vector of y — z and (-, -) is the usual scalar
product in R2. The choice of direction of the normal vector is not important,

since the second formula just means that [xy] separates two points and will not
change sign by reversing the direction of the normal vector. Then

Hs(u,v) = Z 1g, (u)fay(v)<0
{z,y}es
By considering the sign of function we obtain

HS(U7U) = Z lfLy(u)fly(U)<O
{z,y}es

Z ]'fzy () fay (U)<0(1fzy (u) foy (w)<O + 1f:cy(w)fzy ('U)<O)
{z,y}es

Z ]'fry(u)fzy(“)<01fzy(u)fzy(w)<0 + Z 1fzy(u)fzy(v)<01fxy(w)ny('U)<O
{z.y}es {z,y}es

Hg(u,w) + Hg(w,v)

IN

O
Thanks to this triangle inequality, we can define a tree associate to figela.

Proposition 2.2 (Tree associated to figela). We define an equivalence relation
for every u,v € Sy \ Feet(S)

u=~uv if and only if Hg(u,v) =0
Then Hg define a metric on
Ts = (S1\ Feet(S))/ ~
In fact this coincides a metric on a tree.

Proof. By the argument of recurrence, we claim that in the case §S = n, the
number of fragments is n + 1. We construct the tree explicitly. We construct a
non-oriented graph G = (V, FE) where

V= {R,,|fragments of S}

E = {{R;,R;}|Ri, Rjare adjacent}

Then an observation is that
#E = number of chords =n

since the adjacency of fragments means a chord between and a chord can be
only the frontier of one couple. Then the the graph G is a tree and we denote
it as Ts.



Afterwords, we have to show that two definitions construct the same object.

It is clear that the equivalence relation coincides the definition of fragment, so
there is a bijection between the vertex of tree and the element in equivalence
relation. Moreover, the definition of Hg coincides also with the distance between
two fragments, that is the times to cross the chords, so the tree and (S; \
Feet(S))/ ~ have a bijection and the definition above gives a structure of tree.
O

Remark. We see clearly that in the tree like structure Tg, each vertex is the
fragment of figela and the distance is the one between different fragments. This
is a interesting structure and the reader may wonder if it will describe the
structure when n goes to infinite? Then answer is partially correct. The height
function is the key but it will be replaced by other function considered as the
height function after some type of normalisation or scaling. The tree struc-
ture, although interesting and codes other models like stable lamination and
Brownian triangulation, is not the center of recursive lamination and how
to use it to describe the recursive lamination remain to study. In order to avoid
confusing some similar notations, we keep the story of Brownian triangulation
and stable lamination in appendix.

2.2 Maximal lamination

Definition 2.4 (Maximal lamination). A lamination L is maximal if it is
maximal for the inclusion relation among lamination of D.

Lemma 2.1 (Maximal lamination equals triangulation of D). A lamination L
is mazimal if and only if every connected component of D\ L is an open triangle
whose vertices belong to S;.

Proof. Let L be a maximal lamination and we prove that all its fragments
are open triangles. We suppose that it isn’t the case, then it has at least one
fragment who contains a qua-dragon and we can add one chord to build a bigger
lamination and this contradicts the maximality.

For a lamination whose every fragment is an open triangle, when we choose
two points on Sy, in any case, the chord generated by them will cross or overlap
another chord, so it is maximal. O

2.3 Coding a lamination by a continuous function

In this subsection, we introduce another method to generate a lamination by a
continuous function. Different from the figela, the lamination generated by this
method always have infinite chords. We can consider it as an alternative way to
build height function after normalisation when n goes to infinite, because when
n goes to infinite, almost surely the value of height function goes to infinite and
loss its meaning.

Obviously, the function associated to the lamination should follow some
properties, so we define at first this continuous function. We call it contour
function since it has closed connection between R—tree in appendix.

Definition 2.5 (Contour function). A function g is called contour function
if g : [0,1] — R, is continuous and ¢g(0) = g(1) = 0, g(x) > 0 for Vx €]0,1[.



We recall the definition of pseudo-distance, who satisfies all the definition
of distance except for two distinct point, the distance between them can be 0.
A contour function defines a pseudo-distance on [0, 1] and this property is the
base of the lamination coded by contour function.

Proposition 2.3 (Pseudo-distance defined by contour function). A contour
function defines a pseudo-distance on [0,1] by

dg(s,t) = g(s) +g(t) =2 _min  g(r)

rE[sAt,sVi]
An equivalence relation is also defined as 2 if and only if dg(s,t) = 0, or
9(3) = 9<t) = minTG[s/\t,s\/t] 9(7”>-

Proof. The symmetry and positivity are direct from the formula. We check the
triangle inequality. We write

dg(s,t) =g(s) +g(t) —2 min g(r)

r1E[sAt,sVi]
dg(s,p) =g(s) +9(p) =2 min  g(ra)

ro€[sAp,sVp]
dg(p,t) =g(p) +g(t) =2 min  g(rs)

r3E[pAt,pVi]

We would like to prove dg4(s,t) < dy(s,p) + dy(p,t) and treat two cases (1)s <
p < tand (2)s <t < p separately and the other situations are similar.
We recall a useful identity

aANb+aVb=a+b

In the first case s < p <'t,

dg(s,t) = g(s)+g(t) — 27-16[?3&% g(r1)
= g(s)+g(t)—2 min g(rz) A min g(rs)
ro€[sAp,sVp] r3€[pAt,pVi]
< g(s)+g(t)—2 min  g(rz) A min g(rs)
ro€[sAp,sVp] r3€[pAt,pVi]
+2d,(p) —2 min  g(ro)V  min  g(r3)
ro€[sAp,sVp] r3E[pAt,pVi]

= dy(s,p) + dy(p 1)

In the second case s <t < p,

dg(s,t) = g(s)+g(t) - 2T1€[rsnAitnsvt]g(r1)
< g(s)+g(t)—2 min  g(r1) A min  g(r3)
r1E€[sAt,sV] r3€[pAt,pVi]
+2dy(p) —2 min  g(rs)
r3E€[pAt,pVi]

= dg(S,p) +dg(pat)

Thus we finish the proof.
The triangle inequality implies directly the equivalence: suppose r £ S, 8 £ t,
thus
0 <dgy(r,t) <dg(r,s) +dg(s,t) < 0= dy(r,t) =0



Then, we give the construction of a lamination coded by a contour function.

Proposition 2.4 (Lamination coded by contour function). We denote cly(s)
the equivalence class of s with respect of to the equivalence relation L. We set
s At when at least one of the two following condition is satisfied:

o st g(r)>g(s),Vre[snt,sVi
e st sAt=mincly(s),sVt=maxcl,(s)

Then we set
Lg — U [6271-36271-1‘,]
sét

is a lamination called the lamination coded by the function g. It has the
following two properties:
(1)Lg is a closed.

(2)Lg is mazimal if and only the local minima are distinct.

g . . . . .
Remark. Generally, ~ isn’t a equivalence relation except in the maximal case.

Proof. We prove by contradiction that the construction is a lamination. We
suppose that there exists two chords Jab[N]ed[# 0. Then if they all meet the
first condition of & , then it implies that all the values of g on the arc between the
chord is strictly bigger than the value of the endpoint. That is g(a) = g(b) < g(c)
and g(c¢) = g(d) < g(b) which is a contradiction.

In the second case, one of the pair, for example (a,b) satisfies the second
condition of £. However, the crossing reveals another equivalence class outside
the pair (a,b). Therefore, it is also a contradiction.

(1)We prove that the graph is closed. That is, if s, £ tn,s = lim, o0 Sp,t =
lim,, s t,, then we would like to prove s £ t. Since pseudo-distance function
dg is continuous,

dg(Sn,tn) = 0= d4(s,t) =0

which implies that s & t. Without loss of generality, we suppose that s < ¢.
Therefore, Vz €]s,t[, g(x) > g(s) = g(t).



We still prove by contradiction. We suppose that neither of the condition of

£ above are valid, then there exist r such that

s<r<tg(r)=g(s)=gt) = m[int]g(x)
rels,

and there exists, another equivalence class outside s, ¢[, for example
w< s <t dg(w,s)=0

Then, we analyse s,,t,. Since s,t are respective two limit of the series, 3s,,, t,,
such that
g
W< Sy <1 <tn,sSp =ty

Then

(r)
(r)
Therefore, s,,t, € cly(s), but in |s,, t,[ there is » which achieve the minimum
and outside them there is w which is also the equivalence. That is a contradic-

dg(Sn,tn) = 0,7 €]sp, tn] = 9g(sn)
dg(w’r) =0,s G]w,r[ g g(sn)

<g
29

. P g
tion. So our supposition is not correct and we have s ~ t.
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(2)Then we prove the equivalent condition of maximality. The full proof can
be found in [4] and here we just give a quick review. First, let g be a contour
function having distinct local minima, then for every value, it has at most three
points which attain it so they form a triangle following the construction of
lamination. Thus, each fragment has at most 3 angles and the lamination is
maximal by the 2.1.
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On the other hand, if there is a local minima attained at least twice i.e
0 < P <P <Py, <1andg(P) = g(P2) - = g(Pp) are all local
minima. Then, considering that g are strictly positive except 0,1, there exist
two other points

Py = sup {tlg(t) = g(F)} (1)
te(0,P1)
Py = inf {tlg(t) =9(Pn 2
= inf (g = 9(P) ©)
The condition of local minima implies that there are chords [Py P1], [P1 Ps] . . . [P Prut1]
but no chord [PyPs] nor [P Pp,41] which contradicts the maximality. O

2.4 Recursive lamination: discrete time and continuous
time

In this subsection, we introduce how to give the lamination a dynamic in contin-
uous time and draw connection between this model with the original one. This
new model in continuous time can be considered as an example of fragmentation
process, which we will talk about in the next section.

Before stating the construction of our new model, we do some calculus about
the model L,,.

Proposition 2.5. Let L, be a lamination of n chords and n + 1 fragments

T, Ry ... R}, then the waiting time to add one new chord follows the geomet-
ric law of parameter Z?:ll m(RY)2. Given a new chord is added, the probability
m(Rp)?

that it is added on R} has a probability >

=TT s
i m(Ry)?

Proof. The proof is simple. We just do calculus of probability:

n+1
P(UV[NL, =0) =P(Ji, st U,V € R}) =Y m(R})?
1=1
PUVERY _  m(Rp)?

10



This proposition inspires us to design a continuous model: since a continuous
process with the property of loss of memory like geometric law is a Poisson
process and if it also has information of configuration, we should make it a
Markov jump process, we propose the definition as following.

Definition 2.6 (« self-similar figela process). We define random element value
in figela space
Sa(t) : Q = figela

and S, (t) a Markov jump process, which takes jump at the point 0 = 79 < 71 <
To ... and takes constant values in interval [7,, 7, + 1[.
Filtration:We define the filtration as

Fn = 0(7-077—1 cee 7Tn75a(7—0)75a<7-1) ce Sa(Tn))

Law of jump time:We denote R}, 1 < j <n + 1 fragments of S, (7,) and
(€j)1<j<n+1m+1 independent random variables of exponential law of parameter
1 and

& = m(R}) %,
&, = min{&,1<j<n+1}
T4l = Tn+Ej

then &, follows the exponential law of parameter Z?;l m(R}).
Law of transition:Let jj be the index which &; obtains the minimum, then
Let X,,41, Y41 be uniformly distributed on R% N S1 and

SO((TO) = @, Sa(Tn+l) = Sa(Tn) U {Xn+1aYn+1}

then X,,41,Y,41 are all on R} with probability %.
j=1 m(E})

Remark. In fact, we have to check some proprieties in the definition. The
Markov property follows that the law of jump time and the law of transition
only depend on the state (S, (7,), 7). Then, we check the two claims about the
law of gjo and Xn+1a Yn+1:

n+1
P(E, >t) = P(Vj,& >t) =IIEPE > t) = exp(d>_ m(R}))
j=1

P Yon € BY) = [ [ B(E > Olm(Bp) e "
0

= / m(RZ)aefz;;lm(R?)atdt
0
m(Rp)"
n+1 n\ o
Zjil m(Rj)

Remark (Another definition of « self-similar figela process). Another interpre-
tation about this process can be stated as following: We start from a S, (0) = 0.
After each time of adding a new chord, every fragment R evolves independently
and has lifetime as a random variable which follows the exponential law of pa-
rameter m(R)®. When the it "dies", if will be divided into two fragments by

11



adding a new chord in it whose two endpoints are chosen independently and
uniformly on R. This description is just the definition except for the way to
define 7,,. However, the property of loss of memory implies that

P((c,‘] >t+ S|5J > S) = P(gj > t)

so in fact the waiting time is also same.

Then we state the connection between the « self-similar figela process and
the process L, and especially in the case Lg,(;). Here we use Lg,(;) to denote
the lamination coded by the pair of feet set Sy(¢). By the calculus above, we
observe that the waiting time for L, and Lg,(t) are all W and the
probability to add to each fragment is also same, given that ‘Ehey have the same
law of fragment. However, here for L,,, the number of chords may be less than
n+1but for Lg_ it is necessarily equal. Therefore, the key idea is an embedding
from L, to Lg,(n) thanks to another figela process we will define as following.

Definition 2.7 (Poisson figela process). We define a Poisson point measure on
space Ry x S; X S; equipped with a measure dt ® A ® A where dt represents
Lebesgue measure and A just the uniform probability on circle.

Then we note {(¢m, Zm, Ym)}m>1 the value and generate a figela from it. We
let . be the set of pairs of feet:

ZL(t) : Q — figela, . (0) = (), constant, on[t,,, tm+1]

Moreover, we follow the recurrence: if L o (¢, )N|Zms1Ym+1[= 0, then & (t;,11) =
L (tm) U{Zm+1, Ym+1}, otherwise 7 (tp41) = -7 (tm)-

Proposition 2.6 (Embedding from L., to Lg,)). (1)We adapt the notation
of Poisson figela and o self-similar figela process and L,,, then

(d) . m a.s
Ly, = L&"(tm),nll_}ngog =1

(2)Moreover, if we define that
tNO = 0,£n = inf{tm|5’(tm) 75 y(gnfl)}

then we have @ @
tn = T, Lsy(r) = Ly(iy)

(8)If we suppose that % converge in a limit, we have

N(L N(Ls.(.
lim (L) 9D Jim 7( Sa(rm))

m—oo m n—00 /Tn

Proof. (1)We let R be a fragment on Sy, then by using the definition of Poisson
point measure

8{ (s Ty yim) € [0,1[x R x R} ‘D Poisson(m(R)2t)

and the same argument gives the law that

#{(trms T Ym) € [0,¢[xS1 % S1} @ Poisson ()

12



These properties gives an equivalent description given by Poisson process: We
take the jump point ¢1,t5 ... by Poisson process with density 1 and each time
choose a couple of points (x1,y1), (€2,¥2) ... independently and uniformly on
the circle.

By this construction, we get immediately that the conditional law of L,,
and Ly, ) are same since they take the same random dynamic. Given they

d
have the same initial law, we get L,, @ L,,)- The convergence of jump
time follows the law of large number. In fact, the description of Poisson process

shows that t,, = > ", &,& @ exp(1)i.i.d, then

i @ ey = 1
m—o0o M
(2) The second part takes the same argument. This time £, means exactly
the first time that two points are chosen in the same fragment and follows the
same description of 2 self-similar figela process. An intuitive interpretation is
that, the 2 self-similar figela is a process of Poisson figela after erasing all the
attempt to add chord but fail. Therefore, we establish the identity of law.
(3) Finally we prove the convergence under hypothesis:

;o Nise) =1 Nloew) @ Nsian) o NLsya)

Vtm € [tn—1,tnls > =
[ ! [ VTn Vim Vim Tn—1
N(L N(L
g Yren) @ NEsi)
m—oo Vim n—00 /Tn

Moreover, we have

N(L
lim 7( y(tm)) (i) lim N(Lm) v'm (:) lim

m— oo Vim m—oo \/7’% tm m— oo \/7’%

We conclude that

m N(LSQ (Tn ) )
m—o0 \/ﬁ n—00 ﬁ
O

This embedding proposition helps us carry the study of discrete recursive
lamination to 2 self-similar figela process, which makes it possible to use the
theory of fragmentation theory.

13



3 Random Fragmentation

In this section, we will talk about the random fragmentation theory. An intuitive
introduction of the fragmentation theory can be put in the situation of the
division of the particles. Suppose that there is a type of particle, its lifetime
follows the exponential law in parameter of the power « of its mass and when it
dies, it will divide into two halves and the proportion of each offspring follows
a law v. All the particles evolve identically and independently.

The reader may find that the notation of fragmentation theory is so closed to
that of random recursive lamination, that explains why we draw the connection
between the two. However, the difficulty is sometimes to find a good law v and
power « so that it describes the model we need. Then, the theoretic result like
convergence of martingale can be applied to the random recursive lamination
model.

3.1 Model

In this subsection, we give the definition of the fragmentation process and a
tree-like structure to describe this process.

Definition 3.1 (Binary fragmentation process). We continue the description
of the evolution of a particle system in a special situation: each particle has
its mass and the state of system can be described by a decreasing real-valued
sequence

S‘L: (81,52,...)71 281 282 Z

where s; represents the mass of particles. Therefore a binary fragmentation
process is a Markov random process X (®)(t) who takes value on S*:

X@@1): Q — S X () = (s1(t), s2(t),...)

The particle of mass s; has its lifetime, a random variable of exponential law
of parameter of (s;(t))*. When it dies, it divide into two particles and we call
their distribution of mass disloaction measure:

v value on set  {(£0,&1)|1 > & > & > 0}
v(& >0)>0
v(=0)=0
That is, the two offspring of s;(¢) have respectively mass of £ys;(t),£15:(t)
and the distribution of &y, & is sampled independently by v of the past. The
two additional properties make this process non-trivial. When &, + & = 1, we
call the process conservative, otherwise dissipative.

Finally, we recall that all the particle evolve independently. We can also
define the term total mass of power p by > o, (s;(¢))P.

Given a fragmentation chain, it’s nature to equip it with a genealogical struc-
ture. This notation describes well the evolution of system by the relationship
of ancestor and offspring.

Definition 3.2 (Generation tree). We define

T = [ J{o,1}*

k>0

14



{0,1}° = (). Then, if the X(®)(0) contains only one particle, each particle can
be marked by an elements in T.(If it starts with several particles, it should be a
forest or several copies of T). The first particle is marked by 0. By recurrence,
the two offspring of particle w € T is u0,ul. Every element should have its
ancestor, so at instant ¢ if u;,7 € {0, 1} exists, u should also be present. We also

use
T.= |J {0.1}*

0<k<n

to represent the evolution until the generation n.

We can mark the particle by triple (s, @y, (), which represents its mass,
time of birth, and lifetime. Obviously, the first particle is born at time 0 with
a given mass. Then, we note {e,}yer a family of i.i.d random variable of
exponential law of parameter 1 and (£,0, &,1) defined by the dislocation measure
v. The definition of binary fragmentation process is:

Vi € {07 1}7“ €T, s = Sufuhaui = ay + Cu, Cu = (Su)iaeu
At the end of this subsection, we state the property of scaling of this process.

Proposition 3.1 (Scaling property). Let X(®)(t) be the standard binary frag-
mentation process of dislocation measure v starting with a particle of unit mass
and X](\/?) (t) be the one of the same dislocation measure starting with mass M,
then
X ) @ Mx @ (aret)

The proof is simple, we just check that they have the same initial condition,
law of lifetime and dislocation law. This law is very important since it has some
further generalized versions.

3.2 Malthusian exponent and key martingales

In this subsection, we will introduce Malthusian exponent and several important
martingales of fragmentation process. These martingales provide the powerful
tools to treat the evolution of the process.

We review the definition of dislocation measure. In the dissipative condition,
&0+ &1 < 1 so the usual total mass(total mass of power 1) is drained. We would
like to find a power to modify it conservative, that inspire the definition of
Malthusian exponent.

Definition 3.3 (Malthusian exponent). For every p > 0 we define
Ky (p) = / (1 —yo — y7)v(dyo, dy1)
[0.1]2

Since k,(0) = —1, kK, (+00) = 1, it exists unique exponent p* such that
ku(p") =0

We call it the Malthusian exponent of v.

15



Theorem 3.1 (Martingale). Given a binary fragmentation process of indezx «
X(@) = (sga), séa) ...), for every t > 0 and a > 0 then
(1)We define a process
MO ) =Y (SO 2 0
i=1
is a uniformly integrable martingale and converges almost surely to a limiting
random variable My called intrinsic martingale, which does not depend on

a. For all ¢ > 1, 4, < oo. It also has an identity : for (X1,%3) following the
law given by dislocation measure v, we have

AR Sy V4
where M., A are two identical independent copies of M.
(2)For every real p > 0, the process
e S (s7 (1)t 2 0
i=1

1s a martingale and converges a.s to a positive limiting random variable.
(3)Let o > 0. Assume that [ s;“v(ds1,dss) for some a. Then for every
p =0,

t(P*p*)/o‘ Z(S(a) (t))p L—2> Kl/ (O‘7p)%00

where K, (a,p) is a constant only depending on «,p,v and M is the limit of
intrinsic martingale.

Proof. We give an intuitive justification for the theorem. For (1), since . (®)(t)
only changes after one jump time, we have only to check for jump time ¢1, o, ¢3. ..
that

]E[//[(a)(tn+1)|//(a) (tn)] = ///(a)(tn)
In fact, suppose that at time t,y1, $;(@)(tn41) is chosen and divided into
sty (tns1), 533 (tag), then

E[ A (tyr)| A (1)) = Bl (ts) + (85 (tns1))P* + (855 (Eng))P* — (5

) ()P (t,,)]

3

= (L) + (58 (by))? /(yé’* + b = Dv(dyo, dy1)

= A ()
For(2), we use 3.1 and notice that the lifetime doesn’t depend on the mass

X9 2 mxO )

so after division, the particle follows the same law of evolution. If we define that

o0 oo

E> (270 =ED (s ()P AL 1),V < t

i=1 =1
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then the scaling property and Markov property imply that A(s,¢) is stationary
so that
A(l,t) = A(0,t —1), A(0,1 +¢t) = A(0,1)A(0, )

Moreover, A(0,t) can be calculated informally as

dA0,t) _ . (1= e)r(p)

—a o

We get A(0,t) = e (®)*, Then

E[etrv () Z(sim(t))zﬂfd — e ® A1) Z(SEO)(Z))pI 7
i=1 2
o0
= Z(SEO)(l))pef(t*l)"”"v(metnu(p)
i=1
= O "Wy
=1
this finishes the proof. ]

3.3 Application 1: counting the number of chords

As we have stated in the last section, figela process can be considered as a type
of fragmentation process. In fact, the description of the figela process is almost
parallel with that of fragmentation process. So, in this subsection, we draw the
connection between the two and answer the 1.1 by using 3.1.

Proposition 3.2 (figela process to fragmentation process). We recall the «
self-similar figela process S, (t) and note Ry (t), RS (t)... its fragment ordered
by decreasing mass, then

Xa(t) = (m(R7 (1)), m(R5 (1)) - .)

is a fragmentation process with parameter (o, vo) where vo is defined as

1
/ F(yo,y1)v(dyo, dy:) = 2/ F(u,1—u)du
[0,1]?

1
2

Proof. 1t is easy to check this definition. The jump time of fragmentation pro-
cess is exactly same as that one of figela process. The dislocation measure
v(yo,y1) describes the fact that each time of division, the fragment into two
parts with mass uniformly distributed. O

Then, we apply the 3.1 and obtain directly
Proposition 3.3. (1)If a« =0,

e So(t) =2 &
n—oo
where £ is a random variable of exponential law of parameter 1.

(2)If o > 0, we have

“1/a as  T(1/a)
Ve ) S T

17



Proof. For (1), we use (2) of 3.1 in the case p = 0.
For (2), we use (3) of 3.1 in the case p = 0.

Law? Constant?

O

Recall the 2.6, we get the answer about the asymptotic number of chord in
L,.

Corollary 3.1 (Number of L,,). The number of chords in L,, has an asymptotic
limit
n~V2N(L,) s 7

n—oo

Proof. Using 3.3 in the case a = 2, we have

sy 2o S - vw

Moreover, we recall 2.6 that the discrete model and the continuous one have the
same asymptotic law:

CON(L) 850w
tlggo Vn _t1—>oo Vit =V

3.4 Application 2: studying the limit height function

In this subsection, we use fragmentation theorem to study the asymptotic be-
haviours of height function. This is less evident than the number of chords
since it’s hard observe the direct connection at first glance. However, inspired
by the last application, we would like to look for a good measure to count only
the mass of fragments intersected with the given chord, then we will follow the
same strategy as counting the number of chord.

Firstly, we define a special type of fragment.

Definition 3.4 (Separating fragment). Let S be the pair set of feet of figela
and z,y € S;\ Feet(S). We define the fragments of S which intersects the chord
[xy] separating fragment x from y. We range these fragments in decreasing mass
so that they form an element in S¥. We denote them by

R™Y(S), R™¥(S), R™¥(S)....

Notice that the height function is just the number of fragments minus 1

Hgs(x,y) = #{ fragments intersect [zy]} — 1 = Zm(REz’y)(S))O -1

i=1

and it has a form similar in the 3.1. What we need to do is to construct a
fragmentation process associated the separating fragment = from y. Here we
give a construction and proof for a easy version, where x = 1 and y = V a
random variable uniformly distributed on S;. The proof for y a fixed point need
more arguments and reader can check [1].

18



Proposition 3.4 (Separating fragmentation process). Given a fragmentation
process (Sq(t),t > 0, > 0) defined in 3.2 and V a random varieble valued
uniformly on Sy independent to S, (t), then the sequence of fragments separating
1 from V in S, (t) namely

Xa(t) = (m(ByY (Sa (1)), m(RyY (Sa(t)) )

is a fragmentation process with parameter (o, vp) where vp satisfies

1 1
/ Fly1, yo)vp(dyr, dyo) = 2 / WP F(u, 0)du + 4 / w(l — W) F(u, 1 — u)du
[0,1)2 0 z

The proof of this proposition consists of two parts:
(1)The dislocation measure describes the law of counting only the fragments
intersecting the chord [1V].
(2)After each division, the each part evolves independently and also follows the
way of counting the specified fragments, especially the lifetime, the dislocation
measure.

Before proving the first part, we give an important bijection after the ap-
pearance of the first chord.

Proposition 3.5 (Bijection of two disks after the first chord). Given a figela
precess So(t) and T the time of the appearance of the first chord, (a,b) the pair of
feet so that a = e2™ V1 b = ¢?™V2 yhere (U, Us) has density 2 - Lo<y,<v,<1 of
Lebesgue measure. We denote also M = 1 — (U; — Us) the mass of the fragment
containing 1. Then we have two mapping Yy, v, : [0,U1] U [Us,1] — [0,1],
bu,v,  [Ur,Uz] = [0, 1]

a7 fo<r<t
Yuy,u, (1) { # ifUp<r<1
r—U; .
¢U17U2(r) = 1—-M ZfUlSrSUQ

These two mappings induce also the mapping from two fragments to two disks.

U, p(exp(2mir)) = exp(2mivy, v, (r))
D, p(exp(2mir)) = exp(2midy,.u,(r))
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After the appearance of the first chord, we denote the two fragments R', R

where R’ contains 1 and the partition of S, (t) on two halves S&Rl)(t)7 S&Rl/)(t).
Then conditionally on (1,Uy,Us) we have

! d
(o n (S (t47)))i0, (Bap (ST (t47))iz0) D (SLM))iz0, (S (1L—M)*1)i0)
where the S!S/ are two independent copies of figela process.

Proof. After one division, the two fragments can be considered as two disks by
checking the mapping well defined. They are independent by the definition of
figela process. The scaling of time comes from the fact the lifetime depends on
its mass. O

The first part of 3.4 can be proved directly by calculus.

Proof. First part of 3.4 We first check the initial case vp describes the fact
that we count only the fragments intersecting the chord [1V]. A sufficient and
necessary condition that a fragment intersects [1V] is that it contains at least
one foot between 1 and V. Since R’ contains necessarily the foot 1, it has two
situations V € R and V € R".

F(yo,y1)vp(dyo, dy1)
[0,1]2

= 2/[\ ’ 1V€R//1U2*U1>17(U27U1)F(U2 — Ul’ 1— (U2 — Ul))dUldUQdV
0,1

+ 2/[ . lverily,—v,<1—w,—v) F(1 = (Uz = U1),Uz — Up)dU1dU>dV
0,1

+ 2/ Lyer F(1 = (U — U1),0)dU,dU>dV
(0,1

By the change of variable x = Us — Uy, We simplify the equations, the first term
is

2/ lverlu,—vy>1-Us—vn) F(Uz = Ur, 1 = (Uz — Uy))dUydUzxdV
[0,1]3
= 2/[ a:>1 lo<cv,<1-22F (2,1 — 2)dUydx
0,1]2
1
= 2/131—1‘ z,1—x)dx

Then the second term is

2/[ Werilu,—vr<1-ws-uy)F(1 = (Us = Uy), Uy — Uy)dU,dUsdV
1

/ L,ciaF (1 —a,2)dUrdx
[0,1)2

(=)

s

Il
o

1
3
= 2/ z(1—2)F(1 — z,x)dx
0

1
= 2/3:1—33 (2,1 —2z)dx

20



Finally, the third term is

2/ lyer F(1 — (Uz = Uy),0)dU,dUzdV
[0,1)®

2/ loct<1—2(1 —2)F(1 —2,0)dU.dx
[0,1]

2/0 (1—-2)°F(1 —2,0)dx

1
2/ 22 F (x,0)dx
0

However, this proves only that the dislocation measure describes the first divi-
sion. We will prove that in the following process, each part also obeys this law
of division. O

Then, we use the result from 3.5 to prove the second part of 3.4.

Proof. Second part of 3.4 We continue to study the dislocation measure in
the further process. It suffices to check that after the first chord, the division
in two halves R/, R” follows the same law ant then we apply the recurrence to
the further process. In the first case where V is on R’. Then, since we count

only the fragment separating V' from 1, the other half R” can be neglected after
7. This is also implied in vp. Afterwords, in the evolution of R, by using the
3.5 and the fact V is uniform conditionally on R’, R’ follows the same law of
division and lifetime.

In the second case where V is on R”, then two parts have to be taken into
considered. On the half R, conditionally V on R”, it is uniform and by the 3.5,
Ve,d € R

[cd] N[IV] = [@a,5(¢) Pap(d)] N [Pa,p(a)Pap(V)]

where @, ;(a) =1 on ®,;(R") and ®,;(V) conditionally uniform on &, (R’).
Therefore, when it divides, it follows also the same law of vp. By the similar
argument, Ve,d € R’

[cd] N [1V] <= [Wa,5(¢)Wa,p(d)] N [Wa,p(1)Wap(a)]
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b

where U, (1) = 1 and ¥, ;(a) is conditionally uniform on ¥, ;(R’), so it follows
vp in following division.

Finally, we conclude that vp is the right dislocation measure which describes
the process counting only the fragment separating 1 from V. Considering the
fact the lifetime inherits from the process of figela, the fragmentation process
with parameter (o, vp) describes the figela process counting only the specified
fragments O

We can calculate the Malthusian exponent directly

_p2+3p—2

1 1
NVD(p)zl—/O up+2du—4/é u(l—u)(up+(1—u)p)dU—p2+5p+6

Then k,,(8*) = 0 implies that

V17 -3

5=

We apply the 3.1 to the fragmentation process X, (t)

Proposition 3.6. Let V be a random variable uniformly distributed on S; and
independent of the figela process (S, (t),t > 0, > 0) and we denote

A (1) = 3o (Sa(0)"

then we have :

(1)The process MY is a uniformly integrable martingale and converges almost
surely toward a random variable .#Y, which does not depend on o > 0. More-
over, MY, > Oa.s, and E[(.#Y)1] < oo for every ¢ > 1.

(2) There exist a positive random variable 5%, such that

e " Hg, ) (1,V) = Ay
(8)For every o > 0, there ezists a constant K, («) such that

® 2
t7/ Hg (1, V) % K, (o))
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Proof. They are the direct result from 3.1.In (2), the power —% comes from

Kup (0). O
We take the value @ = 2 and apply the embedding lemma 2.6
Corollary 3.2.
n T PH (1L, V) —— K, (a) 4,
—00
This is also correct when we replace V' by a fix number z, but it requires
more arguments. The reader can refer [1]. Here, we only states the theorem

Theorem 3.2 (Convergence of height function). Let x € Sy \ {1}

(1)The process AL converges almost surely toward a random variable Moo (x)
which does not depend on a.

(2)We have M~ (x) > 0 a.s and E[ M (x)9] < oo for every ¢ > 1. (8)There
exist a positive random variable 4 such that

e PP Hs, ) (1,2) =" Hg(x)
(4)For every o > 0, there exists a constant K, (a) such that
7 H, (1 (1,0) —— Koy (@) Moo ()

More generally, for every p > 0, there exists a positive random variable 6, (x)
such that -
een Y T m(RY (So(t)” 2 Ay (@)
i=0
3.5 Numerical simulation
3.5.1 Simulation of Sy (t)

We write a Python program to simulate the evolution of a figela process Sa(t).

We do 10000 times of division and observe that 52 (tt) has really trend to converge.

Moreover, we do 100 samples for the case until 100 divisions and obtain the

average time 3289 ~ (%g)2 = 3183.

12000

10000

number of chord
3
]
3
iti
._.
o

15
1000 2000 30.-?{?1 2000 000 000 0D 35 5 15 35 55 5 35
=

t 1e7

3.5.2 Simulation of L,, and Visualisation

We release another simulation of the evolution of L,. The following is a evolu-
tion and we take the time 100, 500, 1000, 5000, 10000, 50000, 100000, 500000. We
show another image which reveals the evolution of N(L,) and /n.

23



1200

1000

00

600

L

200
200
o -

200
~100 0 100 200 300 400 500 600 700 800
sartin)

3.5.3 Comments

To add n chords on a disk, the process of L, needs about O(n?) complexity,
while the fragment process needs only n? complexity. So, if the normalized
height function can really be used in the numerical simulation, it will accelerate
the program. However, the contour function has only definition for continuous
function, so how to generalize it to the discrete case, or how do interpolation
for building a contour function should be an interesting question.
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4 Identifying the limit lamination

Once we get the normalized limit of height function, it is nature to question if
we can reconstruct the lamination by the limit function .Z,,?7 More precisely,
we sample w in the experiment space €, then this w gives a limit of lamination
Loo(w) and also the limit of martingale in 3.2. Using .#..(w) We can code a
new lamination Ly_ (w) by the method introduced in 2, a natural question is
the relation between Lo, and Lg_ .

The answer is, as we have conjectured, positive. The strategy of proof is to
show at first that L., C Ly, then we demonstrate that in fact L, is maximal,
so naturally the two is almost surely equal. The proof of these two parties are
contained in the following two subsections, while the third section is conserved
for one key lemma of branching random walk in the proof.

4.1 Coding L., by .#

In this subsection, we prove the inclusion relation. At first, we give some detailed
analysis about the figela process. In the previous subsection, we have stated
several theorems where the limit martingale does not depend on the choice of
«, here we give an interpretation.

Proposition 4.1 (limit of S, (t)). (1)We take the increasing limit of S, (t), it
does not depend on the parameter «, that is

S(o0) = lim 1 S,(t)

(2)L has two equivalent definitions

Lo = U [Iy]

{z,y}eS(c0)

We can also take the closure at before do bijection. That is we define the closure
on S1 X Sy and obtain S*(c0). Then

Lo = U [zy]

{m,y}eS5=(o0)

Moreover, if (z,y) and (2',y’) belong to S*(c0), the chord [xy] and [x'y'] either
coincide or do not cross.

Proof. (1)We use the genealogy structure in fragmentation process to couple
the figela process. We take the notation from 3.2, each fragment in the process
is represented by an element w in the binary tree

T=[J{0,1}"

n>0

The initial fragment is noted as () and when it divide, the two are noted respec-
tively Rg, R1. They have also lifetime: we define a (e, )y erfamily of independent
exponential random variable of parameter 1, then Ry, Ry are alive respectively
until eg + m(Ry) Yeg, eg + m(Ry)~*e;. Then, when it divide, the two feet is
chosen uniformly on the fragment. By this induction, we can define the figela
process S (t).
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The advantage of this construction is that, if we couple the choice of the feet
and (ey)yer, for & > a > 0 i.e they have the same sample for (e, ),er and the
sample for the feet in division, the only difference between process is the time
of division. We have necessarily

Sa’(t) - Sa(t) C Saor (Tt,a,a’)
where T} o, is a random variable almost surely finite. Then we take the in-

creasing limit and we obtain S(c0) = S(00) = lim 1 Sy (¢).
(2)We recall that the original definition is

Lo = U L,
n>0

We take a = 2 and use the embedding theorem 2.6, then the feet of L., and
S(00) are the same, 50 we get a new definition L., = U{%y}e.s(oo) [zy]. .
The second definition is exact the result that the bijection from feet pair
{z,y} to the chord [zy] are continuous and have continuous inverse, so we can
change the order of closure and application. O

Then we use the limit martingale to obtain the inclusion relation.

Proposition 4.2. Let (U1,Us),0 < Uy < Uy < 1, be the first pair of feet, and
a= > ph =20z N =1~ (Uy —Uy). Conditionally on the pair Uy, Us, we
have

('//w(eQTri(Ul-i-r(Uz—Ul))) _ '/Zoo(eZMUl))re[O,l] (i) ((1 _ M)ﬁ*,//zoo('?er))re[O,l]
where Moo is another copy of Moo and independent of M. Moreover, we have

%oo (627rir) >0

Proof. We denote ¢ = 2™ (U1+7(U2=U1)) and 7 the jump time. Then we claim a
simple identity

HSa(tJr‘r)(l: C) =1+ HSa(t+T)(17 Cl) + HSa(t+T) (a7 C)
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An interpretation of this identity is that, in one sample, the chord who crosses
[1¢] is [ab] and the one crosses either [1,a] or [ac]. This is clear : let [d1ds] be
a chord different from [ab] in the lamination who crosses [1¢]. Since it cannot
cross [ab], its two feet fall in couple (1a, ﬁ)) or (cAa,a)). The former will cross
[1a] and the latter will cross [ac], so we get the identity.

Using the scaling property 3.5 and we get

—B% /o (d) —B*/a _B8*/a
t B/ HSa(t+‘r)(1ac) =t Y +t A/ HS(,L(tJrT)(lva')

+ (=M (- M)at)fﬁ*/aﬂsg(u—M)at)(17 e*™)

Conditionally on (Uy, Us) chosen, we pass to the limit and thanks to the 3.2,
we obtain the result. The fact .#.(e*™") > 0 is just one part of the theorem
3.2. O

Using this result, we obtain immediately the result

Corollary 4.1. Almost surely, for every r,s € [0,1] such that {*™" €275} ¢

S(c0), we have r % s, where Goo (1) = Moo (e*™T) for r € [0, 1].
Proof. We prove it by induction. After adding the first chord [ab], in the case
where 1 is not the endpoint with a, b, using 4.2 we get Vo = 2™ (U1+7(U2-U1))

Moo(z) — Moo(a) L (1= MY e (277) > 0 pus

We continue the induction and use the 3.5, after adding one chord, the process
can be considered as two disks who evolve independently by changing the scale
of time, so if we always suppose that 1 in each disk will not be the endpoint of
chord, we repeat the 4.2 and obtain the result.

O

Remark. However, in this argument above, we add always the hypoth-
esis that 1 isn’t the endpoint. We will prove this in the following lemma.
This supposition means, in fact, each foot will not be chosen a second time to
be the foot of a new chord. Intuitively, it is true since there are only count-
able point in S(co) and every time, a point is chosen with probability 0, so a
foot will not be chosen as a foot for the second time. In another word, in the
figela process, the probability to appear a triangle in its associated lamination
is 0.(But it is not the case if we take the closure.)

We complete this lemma and finish the proof.

Lemma 4.1 (A specified point with 0 probability to be in the set of feet). For
every x € Sy,
Py € Sy \ {z} : (z,y) € S*(c0)] =0

Proof. We give a proof by using the result scaling limit of 3.2. Ve > 0,
Py € S1, |y — 2 > € (z,y) € §7(c0)]

:/1{EIyESl,\y7$|>e,(w,y)€S*(oo)}m(dx)
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We will give an estimation for this probability. We take n such that % <€
and 2z, = exp(2£). Under this condition, it exists at lest one k such that
Jzkz—k[N])zy[# 0. Moreover, the event that the two chords cross is equivalent
that x is in one fragment that cross |z;z_x[, and this measure almost surely will
not increase with the time ¢, so

/1{3y€Sl,\y7x|>e,(z,y)€S*(oo)}m(dx)

IN

/ {3k, (2,9)€5* (00) Juy [N zxz— k [0} M(dT)

izm(Rfj’z’j(S“(t)))

k=1 i=1
< ne oM 4 (1)

IN

We calculate
1243x1-2 1

v 1 g ————_——

o) = 5355156 6

Therefore, the probability is 0 for any € > 0. We take the union and conclude.
O

Then, this lemma assures that in the induction of 4.1, each time we can
assume that there is no probability that 1 is the endpoint and apply the the
argument.

We finish the proof of inclusion relation.

Proposition 4.3 (Inclusion). Almost surely, we have Lo, C Ly .

Proof. By the 4.1 and 4.1, we know that V{s,¢} € S(c0), s T t, 50 they have
also a chord. This proves

Lo = U [zy] C Ly,
{z,y}eS(c0)

Then, we know the L., is the closure of the term in the left hand, while 2.4
shows that the a lamination coded by a continuous function is closed, so we
obtain Lo, C Lg__. O
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4.2 Maximality of L.,

In this subsection, we prove the maximality of L.,. This will help us finish
the proof of the coding the L., by .#,,. We first introduce another geometry
conception, who plays a significant in the proof.

Definition 4.1 (End). Let R be a fragment in a lamination, we define end the
number of connected component of R N'S; and represent it by e(R).

/

R

eR) =4

=

We take the notation in 4.1 and we note T, the figela process until the
generation n. However, this time, we neglect the information like lifetime, since
we have proved that it does not change the geometric property. We will use the
information of mass in the following proposition and after we will concentrate
only on the evolution of end.

Proposition 4.4 (End as a Markov chain). Let (R, )uer be the fragment of a
figela process. The evolution of the the end is a Markov chain:

e(Rg) = 0
P[e(Ru()) = q|e(Ru) = p} = ﬁ1{1§q§1+[)}

Proof. We prove by induction that for every R,, it has the following property
: It has the transition law as described above. Moreover, the mass of each
connected component of R, N'S; is uniformly distributed for m(R,,) given.

The initial state is trivial. We do the induction part. Suppose that R,
has the property above and e(R,) = p, then for R, what we do is equivalent
to add two points a, b uniformly on a circle of length m(R,,), where p points
(¢i)1<i<p already uniformly distributed on it. Thus, it has p+2 points uniformly
distributed, which cut the circle into p+ 2 pieces and R, is the part in counter-
clockwise direction from a to b.

Then the probability that R, has ¢ piece is just the probability that there
are ¢ points from a to b. If we count from a and write the order, the uniform
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distribution assures that each permutation has the same probability. Therefore

Ple(Ruo) = 4]
g{Permutations of a,b, ¢; started by a and b on the (q+2) position}
#{Permutations of a,b, ¢; started by a}
pl 1
p+1! p+1

Moreover, the uniform distribution assures that conditional on e(R,q) and
m(Ruo), the mass of each connected component of R, is also uniformly dis-
tributed. 0

A ray in the genealogy tree is an infinite {0, 1} sequence and for generation
n, we take the first n digits. A ray describes the evolution of the fragmentation
process by following always one half in two divisions.

The maximality of L., is the result of the following lemma.

Lemma 4.2 (No ray has always end larger than 3). Given a figela process and
its associated genealogy tree, almost surly, there is no ray along which the the
end is always bigger than 3.

Remark. Generally, it does not suffice to prove the result along a specific ray,
since there are 2" rays in T,, so in T there are in fact uncountable rays. This
makes the countable additivity powerless.

Remark. Since the Markov chain of e(R,) has nothing to do with the mass
and lifetime, it can be treated as a branching process on the genealogy tree. If
we denote p; the probability that a process starts with end ¢ and no ray of it
has always end larger than 3, then by the Markov property, we have a simple
recurrence relation

{ pl:p2:p?;c:1
1 .
Pr = %szil PiPkt2—i, if k>4

A solution for this series should satisfy that pp € [0,1],Vk. The numerical
result shows that if py # 1, it will have progressive fall to negative in value
in cause of the non-linearity. The following image shows result that we take
ps = 0.15,0.001.

The proof of this lemma is very technical and contains a lot of quantitative
analysis, so we keep this part in the next subsection. Here, we use this lemma
to prove the maximality.

30



w-

Z+

®- %0 x+

Proposition 4.5. Almost surely, Lo is a mazimal lamination of D.

Proof. We first prove that the feet set of S(oco) is dense on D. Suppose that
o, Yo are two points on S; and they are neither feet nor the limit of the feet,
so 36 > 0 such that in the ¢ neighbourhood of them, there are no feet. To
study the probability of this case, we just take a L, process and each time, the
probability that no points in the J neighbourhood is less than 1 —442. The sum
finite of geometric series and Borel-Cantelli lemma implies that the probability
is 0.

Secondly, we prove the maximality. Suppose that we do a sample w and
Lo (w) is not maximal. then we can add one chord [zgyg] without crossing any
other existed chord. However, the density assure that

Az, >0, (27 )00, (Ut )00, (Un Inz0 € S1

ro = lim z}) = lim x,
n— oo n—oo

_ . + _ . —_

o = Jim y = lim
The two series (2;})n>0, (2}, )n>0 approximate zo from two sides. We design a
function f(z;") the other foot which forms a chord with z;. Then, the compact-
ness of Sy induces that {f(z;")},>0 has a limit value different from yg, otherwise
the pair {zo, Yo} is in the closure of S(c0) so in L.,. Additionally, the limit value
should be on the right of [xoyo] in order to avoid crossing. Thus,
lim

:k e

3zt € S1, 3z k>0 subseries of (z; )0 s.t. 27
- - —00

In fact, we can get some stronger result since the no crossing argument assures
that f is monotone in one direction on S;. Then,

+

+7 .
2T = lim z,}

n—oo
The same argument is also correct for (y;}),>o and we denote that w® =
lim,, 00 y,7. On the left of [zoyo] there are also limits z—, w—. Although wt, 2™
can coincide, so do w™, z7, the fragment containing these points have always at
least 4 connected component on S;.
Thanks to 4.2, we know the sample w has 0 probability, so almost surely L,
is a maximal lamination. O
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Proof. proof of 1.3 By 4.3 and 4.5, we deduce that almost surly, Lo = Lg__.

Then, by 2.4 we know the relation % coincides with the relation % , 50 we draw

a chord simply when

Moo (W) (7) = Moo(W)(y) = _min Moo (w)(2)

z€Are(z,y)

4.3 Proof of the key lemma

Reader can find the proof in [1] and [3] contains more details about this branch-
ing random walk.

A An analytic proof of a key lemma in random
lamination

[1] studies the limit of a random recursive lamination and one of the key lemma
is the its maximality. The authors propose to study a more analytic proof of
this lemma, which reduces to a recursive series. In this report, we prove it.

A.1 Introduction

In [1], the authors prove that we can code the limit of random recursive lamina-
tion by its associated fragmentation martingale limit and one key lemma is the
maximality of the limiting laminations(proposition 5.4). This lemma depends
strongly on the following proposition.

Proposition A.1. In the genealogical tree of fragments, almost surely, there is
no ray along which all fragments have eventually strictly more than 3 ends.

Reader can check the article for the definition and notation. In fact, along
one ray, the number of end evolves as a Markov chain

pQ(xay) = 11§y§z+1

z+1
, while the other child of the fragment has (z + 2 — y) ends. In [1], the authors
take analyse on the branch process and prove the above proposition. In [3], a
more fine estimation of the probability is given for the case that along a branch
until generation n, all the number of ends are bigger than 4.

In fact, if we starts a fragment process with & ends and denote pj, the proba-
bility that there exits no infinite ray starting from () along which all the number
of end are strictly greater than 3. Then p; satisfy a simple recursive relation

p1=ps=p3=1
Pn = %H(plpnﬂ + p2pn + -+ Pnp2 + Put1p1)

When py is given, this recursive system is determined. So, we conjecture that the
only solution that makes p,, € [0, 1], Vn should be that py = 1. The numerical
test also verifies our conjecture. This recursive system is also remarked in the
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Figure 1: Evolution of series for py =1 — =«

article. If we have proved the uniqueness of this system, it will give another
more analytic proof for the maximality of limiting lamination.

Meanwhile, we say something about the numerical experiences. In fact, it is
easy to give some numerical experiences for an initial condition py =1 — 2z, x €
(0,1). The numerical results show that the series will, finally, fall down below
0, no matter how small x is. Moreover, the series decrease at first slowly, but
drastically later. All these inspire us to study the property of this interesting
non-linear systerm.

Although this recursive relation is simple, it requires also detailed analysis
due to its non-linearity. In the rest of this report, we will study it. We organize
the report as following : In section 2, we will give an polynomial representation
of this series and its properties, which help us prove the uniqueness of the pos-
itive solution. In section 3, we will give some further analysis for the evolution
of the system and we will see that p,, decreases with a speed of high order poly-
nomial rather than linearly when n is big. Moreover, we will use this estimation
to explain the "cut-off" phenomena. In the last section, readers can find the
numerical experiences which illustrate our theorems.

A.2 Uniqueness of the positive solution
The above system can be written as

n—2

1
Pnt1 =P+ (Pn = Po-1) + 5 > (pn — piPnt2—i) (3)
i=4

This is an important identity and we will use it many times later. From this
identity, we know that if we let p, = 1 — x,z € [0, 1], then every p, can be
written as a polynomial of z. Moreover, these polynomials have some good
properties and will help us obtain the uniqueness of the system.
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Theorem A.1l. p, is defined as above, then ¥Yn > 4, p, is a polynomial of x in

the form
n—2

pnzl_

x— 2% A, ()

(4)

where A, () is also a polynomial of x. We write it as A, for short. {A,}n>4

satisfy that

(Positivity) A, > 0,Yn > 4.More precisely, it is strict when n > 7.
(Convexity 1) Ani1— An > A, — Ap_1,Yn > 5. More precisely, it is strict when n > 6.
(Convexity 2) A, > A;+ Apio_i,Vi > 4,n > 6.More precisely, it is strict when n > 7.

Here we define A > B if all the coefficients of A — B is positive.

A>Bif A>B and A— B #0.

Proof. We can calculate the expression until pg. That is

b1 =PpP2 =Dp3
pp=1—x

3
p5=1—§x
pe=1—2x
5 1,

p7:1—§$—§$

ps =1 — 3z — 322

)

)

1

Ay =0

As =0

As =0
1

A7:§

Ag =3

We define

So it is easy to check that they satisfy the properties and we start the proof by

recurrence fromn +1=09.

Suppose that the polynomial expression and all the properties are correct

for pi,4 < k < n, then for p,; we plunge the polynomial in (3)

n—2
1
Pnt1 = Pnt(pn—pn-1) + 5 Z(Pn — PiPnt2—i)
i=4
-2 -2
- (- "2 o — 2% An) + [(1— 2 Zr — 2?4,) — (1 -
n—2

- 11

i=4

We develop the last term, in fact we claim V4 <i <n —2,n > 6,

Pn — DiPnto—i = —2°Bn

where B, ; is a polynomial of  and B,, ; > 0.
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1
T — xQAn_l)] + 3

1 1
T — xz[An + (Ap — Ap1)] + 5 Z(p” — DiDn+2—i)

n—2

> (oo — DiPnt2-i)

i=4



This claim can be checked directly by calculus

Pn — PiPn+2—i
_ o .
- aq-= = atA,) — (1- 224N - e — 22 A0
-2 -2 i —2)(n—1
= (1 — i T — $2An) — (1 - L D) x + (Z )Lfn Z) 1?2 — xQ(An+2—i + Az)
n—i i—2
+$3(TAi + ?Anmﬂ') + 1'4AiAn+2fi)
i—2)(n—1 n—i i—2
= *$2[(An — Apyo_i —A) + ( )4( ) + 5 A+ 5 Apyoi + x2AiAn+2—i]
Compared with (5) we get
V(g . 9
B = (An_An+27i_Ai)+(Z )4(71 Z)+$n2 " Aitat 5 Apgo_ita?AiApiay
(6)
The convexity 2 assures that B, ; > 0.
Then we simplify the expression
n—1 1 n—2
=1- —2?[A A, — A, _ - B,
Pn+1 2 X x[n+(n n1)+2l=24 7171] (7)

1
An-i—l - An + (An - An—l) + 5 Z Bn,i (8)

This equation permit us to do recurrence.

Positivity: Since A, — A, 1 > Ag — A7 > 0and 4, > 0,B,,; > 0, we
obtain that A, i is also strictly positive.

Convexity 1: We subtract this item by A,,.

n—2
1
AnJrl - An = (An - Anfl) + 5 Z Bn,i > An - Anfl

=4

Convexity 2: We use the Convexity 2 of A,,, that is V4 <i<n—2

1
An+1 = An + (An - Anfl) + 5 Z Bn,i
=4
1 n—2
> Ait+ Apyo-i + (Ap — A1) + 3 ; B,

The Convexity 1 induces that

Ap—An 1> A 1 —Ap 2> Apysi — Apgoy
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, therefore

n—2

1
Apt1 > A+ Ansoi+ (Anys—i — Apgoi) + 3 ; B,
1 n—2
= Ai+Anisi+ 5 ; B i

> A+ Ania

The case i = n — 1 is same as the case ¢ = 4, so the convexity 2 is also correct
for n + 1 and we finish the recurrence. O

These properties imply directly the uniqueness of the positive solution.
Corollary A.1. The unique solution positive of the system is that p, = 1.
Proof.

n—2 n—2

0<p, = 1- r— 2?4, <1-— T

2
= 0<z<——,Vn
n—2
= xz=0
O
This concludes the uniqueness of the system and it gives another proof for
the maximality of random recursive lamination defined in [1].
A.3 Speed of the decrement
Using the result in last section that

n— n —

2
r—ax%A, <1-

Pn=1— T

we can also prove that the life time of positive solution has upper bound | 2| +2.
If we just look at the first order, this series decrease linearly. However, we see in
the numerical experience that the value falls in fact quickly when n is big and
has the phenomena of "cut-off". This is due to the fact that we treat A,, as just
a number positive. In this section, we give a more precise analysis on A, and
improve our result.

Theorem A.2. (Convexity 2+)We can give a better second order difference
estimation for A,

D2(An) = An+1 - 2An + An,1 = Q(n3) (9)

This also improves the estimation of A, Vo > 0,4, = Q(n®). So there exists
a > 0 and for n big enough

n—2
P <1-— 5 x — an’x
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Proof. We use the recursive relation of 4,, in (8)

n—2

1
An+1 = An + (An - An71> + 5 Z Bn,i
=4
so that
1 n—2
D*(A,) = 3 B, (10)
=4

where B, ; is defined in (5) and has an expression in (6). To obtain a better
lower bound of B, ;, we keep the constant term

Bn: = (An—Anjo—i—4A)+ (i=2)(n=1) +als ZAi ol 2An+27i + 22 A Apso—i

' 4 2 2
(i—2)(n—1)
- 4

Then we plunge it to (10)

v

DA, éZ (i = 2)(n — )

i=4
1 n—2 i_2 n—2 7;2 n—2 2
= D>t
i=4 i=4 i=4
1—c¢€
> 3
= w® "

Ve € (0,1) and n big enough. We iterate the second order difference of A4,, and

get for n big enough
A, > 1- 6715
~ 960

This implies a better estimation of p,, by plunge the A, in equation (4)

n—2 l—€ 5 5

<1— 11
Pn = 2 7 960 "7 (11)

So we give a better estimation of the decrease speed, but it isn’t the real
speed. As we know, if we repeat the argument above, we have hope to continue
improving the precision.

Remark. An intuitive (but false!) explanation for "cut-off" phenomena is that
when z is small, the second term in (11) can be neglected when n is also small.
However, power of 5 increases fast so when n comes to L(%?O)%J, it becomes an
counterpart of the first term. After this point, the second term plays the major
role so we see a fast decrease.

This argument has some parts positive : in numerical experiences, the "cut-
off" starts from a critical point. However, the polynomial decreases cannot catch
up the real speed in numerical experiences, which finish the fall down just in 2
or 3 steps. A more precise argument is proposed in the next section.

37



A.4 Lifetime and critical point

Although we have known a lot about the recursive system, why it appears
a sudden fall in experience still interests us. In this section, we explain it
mathematically. We will see that in fact, the system has a critical point, from
which this series starts a decrease of exponential speed.

We define the lifetime of the system as

Ny =max{n|Vl <i<mn,p; >0}
The result in last section gives a large upper bound of the lifetime at least.
Corollary A.2. N; < L(%)%J A(12]+2)
Proof. The two estimation come directly from

n—2
2

1—c¢
<pn <1— —— Sy
Ospnsl=—ggrne

O
The real reason for "cut-off" comes from the following theorem.
Theorem A.3. (Cut-off) We define a critical point of the system as
n. = inf {n|p, <1—(n—2)z} (12)
Then from n., p, decreases exponentially, that is Vk > 1,
Protk S 1- (" +2k - 2) z—C (%)k_1 x (13)

Before proving this theorem, we would like to know why this describes "cut-
off". In fact, combing (11), this theorem means

2

n
V4<n<negl—(n—2)r<p,<1-— T
so they decease almost linearly. But no matter how slow this linear speed is,
after n., p, falls exponentially. That is the vision effect of "cut-off" seen in the
experience.

We prove the theorem above.

Proof. Firstly, the definition of critical point is well defined since D?(A4,,) > 0
implies that % is monotone increasing, so the critical point is well-defined.
Using (4) and the definition of n,.

n—2
2

< zA,, >

1- z—2?A,, < 1—(n—2)x

Ne — 2
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At the same time,

-2
Vn < ne, x4, < n 5
Using equation (8) and equation (6)
1 n—2
An+1 = [An + (An - Anc—l) + 5 Bn,z]
=4
n—1 (- 2)(n— )
> A Y At .
i=4 i=4
n—1 ke 1
> Ay =Y Aj+—n?
= ; 100"
Therefore, we obtain
n—1 s 1
Apyq > A, — A+ —n 14
= ; 100" (14)

and we will use this inequality to get our result.
We claim a stronger convexity for A, :

Proposition A.2. (Convezxity 3) 3C > 0,Vk > 1
k—1
xQAnc+k >C (%)

This can be deduced by (14) after careful calculus. The first several terms
should be done manually. Using the upper bound of A,, for n < n. and lower
bound of A, and the fact that Ay = A5 = Ag = 0, we have

Ne—1

-1 1
Ay > 2? lnc Ap, — Z Ai+ o 3]
=7

2 100"
ne — 1 Ne — 2 Ne— 17 nc—3+7—2
v 2 2 2 2 2
ne + 8
= x
2

We continue the calculus for A, 49, An, 43, we will see that the increment

accumulate thanks to the first term A, 41 achieves just a very small progress -

no matter how small it is, it will become enormous later. That is why we should
do the calculus very carefully here.

\%
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V
8
[N}

2
xr Anc+2

ne—1
c 1 3
nc+1 E A Anc + 710077, ‘|

nc—l
Ne —
> 12< Apoy1 — ZA> (A1 — An,)
> g ne + 8 Ne — 2 B Ne— 17 nc—3+7—2
- 2 2 2 2 2
_ llnc—2x
N 4
> gnw
- 2 C
n +1 el 1
sznC+3 Z xZ = n +2 — Z A 1471c - cJrl + — 100 3
n Nne—1
> (c Anot2 — ZA> Aperz = Apoy1) +2° (An 42
. anc( c=3) (n 0—7)(nc+2)}
4 4
4n§—10nc+l4
= —— 7
4
1
> ingx

From A, 14, the calculus become easier since A, .3 itself compensate the
sum Z?L;l A; < W_

ne—1
ne + 2 <
< nc+3 Z A Anc - nc-i-l - Anc+2>

-6
22 (nc2> An. i3

We assume n. > 10 since that is the case non-trivial. Then A, 44 > 24, 43.
We do recurrence, that is

%

2
T Anc+4

Y

Ne—1

ne+ k —
$2Anc+k+1 > z’ Cf net+k T Z Ai = ZAHCH
ne+k—7 el
> g2 (CQ) Apoir + 22 (A ik — Z Ai) 4 22 (A, o1 — An,
+2° (Ank — Y An,ij)
>

ne+k—17
(T

40
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While k becomes bigger than 7, the estimation becomes finally A, yrr1 >
5 Ap.yk- Therefore, we conclude that A, has an exponential increment. We
put this result into the expression of p, in equation(4) and we finish the proof.

O

Remark. In our proof, we neglects totally the term 155n®. In fact, it contributes

also the exponentially decrement.

A.5 Numerical experiences

We use python to calculate the first 16 polynomials of A,, whose coefficients
are all positive.

Ay = As=A6=0
A, = 05

As = 3.0

Ay = 13.125

Aig = 545405z

A = 237375+ 6.0z

=
I

1128.75 + 48.125x
Az = 5918.0 4 339.6252 + 0.62522

Ay = 34095.75 + 2337.5x + 12.02>
A = 214300.125 + 16436.875x + 146.56252>
Ag = 1458692.375 + 120600.375z + 1505.022 + 0.875x3

Moreover, if we implement the second order difference
DQ(An) = AnJrl - 2An + Anfl

, we find that their coefficients are also positive.

D*(A5) = 0

D*(4¢) = 0.5

D*(A7) = 20

D?(Ag) = T7.625

D*(Ag) = 31.25+ 0.5z

D*(Ay) = 141.5+5.0z

D?*(Ay1) = 708.5+ 36.625x

D?*(Ayp) = 3897.875 4 249.375z + 0.6252>
D?*(A13) = 23388.5+ 1706.375x + 10.7522
D?*(Ayy) = 152026.625 + 12101.52 + 123.1875x2
D*(Ass5) 1064187.875 + 90064.125x + 1223.875x% + 0.875x>

The following two images shows the speed of decrement. We see that as we

have predicted, once the series touch the curve 1 — (n — 2)z, it accelerates to
(n—2) 1 5

340
decrease and it’s faster than 1 — 5=z — 5552°-
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Figure 2: Comparison with different approximation for z = 0.1
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Figure 3: Comparison with different approximation for x = 0.05
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