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36NåÆ¥§kNavier-Stokes�§

∂u

∂t
+ (u · 5)u = −5 p+ ν4u (1.1)

(1.2)

Ù¥ν´Ê¢Xê§u´�Ý|§p´Øå§�6N´Ø�Ø �§\\ÑÝ�"�

^�

5 ·u = 0 (1.3)

�Ê¢Xê�0�§=�Euler�§

∂u

∂t
+ (u · 5)u = −5 p (1.4)

5 · u = 0 (1.5)

·�b�6N�«�´��m"�u ∈ C∞0 (R3)�§|^{ü�©ÚÈ©§3�ª

�ü>¦þu�UþÈ©��

1

2

∫
R3

|u(·, t)|2dx− 1

2

∫
R3

|u(·, 0)|2dx = ν

∫ t

0

∫
R3

(4u · u)dxds = −ν
∫ t

0

∫
R3

|∇ × u|2dxds

lùp·�w�§�kÊ¢Xê�§Uþ´ÑÑ�"AO/§�Ê¢Xê�0�§

kUþÅð§=?¿��tµ ∫
R3

|u(t)|2dx =

∫
R3

|u0|2dx

±þ�¹þ31w)�¿Âe?Ø",
§g,.¥�6N^1w¼ê5£ãØ

�½Ü·"3[L. Onsager]ïÄë6�©z¥§J�ù��ã{

”It is of some interest to note that in principle, turbulent dissipation as de-

scribed could take place just as readily without the final assistance by vis-

cosity. In the absence of viscosity, the standard proof of the conservation of

energy does not apply, because the velocity field does not remain differen-

tiable!”
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1 1! �1�f

�ϕ ∈ C∞(Rn)
0 ¿�÷v

∫
Rn ϕdx = 1§-ϕδ = 1

δn
ϕ( ·

δ
) @ok

∫
Rn ϕδdx = 1 é,�Û

Ü�È¼êf?1�1fδ = f ∗ ϕδ dð�%C�5���§Xeü^5�

5�2.1. ϕ½ÂXþ§ef ∈ Lp(Rn)§@ofδ →Lp f"

5�2.2. ϕ½ÂXþ§efÛÜ�È§�3,�:xëY§@ofδ(x)→ f(x)

1 2! �?�©)ÚLittlewood-Paley½n

��!SN�±ë�[L. Grafakos]1ÊÙ"�	Schwartz�mS§Schwartz�mþ

�¼êχ÷v

sup |xβ(∂αχ)| < +∞

3Schwartz�mþ�±�FourierC�¿���_C����Ò´��"

·�òSchwartz�m�éó�m¡��O©ÙS ′"�O©Ù��m�~�§��
¼êXJO��Ý�õ´õ�ªO��{§Ò3�O©Ù¥"32Â¼ê�nØ¥§

�
$�~X¦�!FourierC�!òÈÑ�±½Â3�O©Ùþ"

-χ ∈ C∞0 ,÷vsuppχ ⊂ B(0, 1)§¿�χ(ξ) = 1§�÷vξ ∈ B(0, 1
2
)�"�Eϕ(ξ) =

χ( ξ
2
)−χ(ξ)§@oϕ÷vsuppϕ ∈ B(0, 2)\B(0, 1)§=ϕ�| 8´���/«�"éϕ�

� C���ϕj(ξ) = ϕ( ξ
2j

)§@okXeð�ª

1 = χ(ξ) +
∑
j≥0

ϕj(ξ)

éu?¿�ξ§þãªf�m>¢Sþ�´��k�Ú§�Ø�3Âñ¯K"

^ù�ªf§é�O©ÙS ′þ���¼ê?1ªÇ©)

∆jf = (f̂(ξ)ϕj(ξ))̌ (2.1)

∆−1f = (f̂(ξ)χ(ξ))̌ (2.2)

§jf =
∑
j≤Q

∆jf = (f̂(ξ)χ(
ξ

2j+1
))̌ (2.3)

@o3éªÇ��?�©)¥§kXe5�

5�2.1.
∑

j≥−1 ∆jf −→S
′
f

3



1�Ù O�ó� 4

½n2.2. (Littlewood-Paley) �f ∈ Lp(Rn)§p > 1§@o

C1‖f‖Lp ≤ ‖∆−1f‖Lp + ‖(∆jf)l2,j≥0‖Lp ≤ C2‖f‖Lp

±erC1A ≤ B ≤ C2A{P�A ∼ B§rB ≤ C2A{P�B . A§ù��±�Ñ

~ê"

1 3! ¼ê�m�Littlewood-Paley½n�x

��!SN�±ë�[Miao]1�ÙÚ[L. Grafakos]18Ù"þ�!^Littlewood-

Paley½n�
Lp(Rn)�m�d�ê§ù�!òUYþ�!§^Littlewood-Paley½n�

±��
¼ê�m��d½Â§ùpÌ�'5�e�©�¥¬^��A�¼ê�m"

½Â2.1. (Besov�m) 1 ≤ p, q ≤ ∞, 0 ≤ α ≤ ∞Bα
p,q(Rn)´�{

f |f ∈ Lp(Rn),

(∫
Rn

‖f(·+ y)− f(·)‖qLp
|y|n+αq

dy

) 1
q

<∞

}

ò�êÒ½Â�

‖f‖Bαp,q = ‖f‖Lp +

(∫
Rn

‖f(·+ y)− f(·)‖qLp
|y|n+αq

dy

) 1
q

XJq =∞§@o�A�½Â

‖f‖Bαp,∞ =

{
f ||f‖Lp + sup

|y|>0

‖f(·+ y)− f(·)‖Lp
|y|α

}

Besov�m´Banach�m§¿�|^Littlewood-Paley½n§�±½Â�d�ê

‖f‖Bαp,q ∼ ‖∆−1f‖Lp + (2jα‖∆jf‖Lp)lq ,j≥0

�Besov�m;�éX�,	��Banach¼ê�m´Triebel�m§���ÑLittlewood-

Paley½n�xe�½Â

½Â2.2. f ∈ F α
p,q(Rn)´�

‖∆−1f‖Lp + ‖(2jα∆jf)lq ,j≥0‖Lp <∞

¿�½Â

‖f‖Fαp,q = ‖∆−1f‖Lp + ‖(2jα∆jf)lq ,j≥0‖Lp

éõ¼ê�mÑ�±8\þ¡ü�¼ê�m¥§kXe5�
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5�2.3. Lp�m§Soblev�mHs§Holder�mCαkXe5�

Lp = F 0
p,2, p ≥ 1 (2.4)

Hs = F s
2,2 (2.5)

Cα = Bα
∞,∞ (2.6)

��§kXeA��¹'X

5�2.4. ��|^lq�m��¹'X��

Bα
p,q ⊂ Bβ

p,q, 0 ≤ β ≤ α (2.7)

Bα
p,q ⊂ Bα

p,r, 0 ≤ q ≤ r (2.8)

|^BerstainØ�ª���

B
α+n( 1

a
− 1
b
)

a,q Rn ⊂ Bα
b,qRn, 1 ≤ a ≤ b ≤ ∞

|^MinkovskiØ�ª���

Bα
p,qRn ⊂ F α

p,qRn, 1 ≤ q ≤ p ≤ ∞ (2.9)

F α
p,qRn ⊂ Bα

p,qRn, 1 ≤ p ≤ q ≤ ∞ (2.10)



1nÙ Onsagerß�3Bα3,∞(R3)¥�?Ø

1 1! ��ð�C/9�
ÐÚ�O

y3�Ä�§��f)´Ä÷vUþÅð�'X§=ru�Ä3�O©ÙS ′¥"
^〈·, ·〉L«3�m��S�éóÈ"@of)½Â�

〈u(·, 0), ϕ(·, 0)〉 − 〈u(·, t), ϕ(·, t)〉+

∫ t

0

〈u(·, 0), ∂tϕ(·, 0)〉ds =

∫ t

0

∫
R3

Tr[(u⊗ u) · ∇ϕ]dxds(3.1)

�
�UþÈ©§ùp�¦u ∈ C([0, T ], L2(R3))§ϕ ∈ C1([0, T ],S)"��¦∇·ϕ =

0§∇ · u = 0§�ö�ÑÝ�"´©Ù¿Âe�"ë�c¡1w)��{§�
UþÈ

©�{§ϕAT´���1��u§ùp�ϕ = ((u)δ)δ"Ï��1�flÿÁ¼ê=£

�©Ù��ÿ§��é¡§¤±ùp�¦�1Øg�äké¡5§ù��UþÈ©Ò

U��

1

2
[〈uδ(·, 0), uδ(·, 0)〉 − 〈uδ(·, t), uδ(·, t)〉] =

∫ t

0

∫
R3

Tr[(u⊗ u)δ · ∇uδ]dxds (3.2)

þ¡ªf��>=�Uþ�§�â�cð�%C�5�§�δ → 0�§�>=�

1

2

∫
R3

|u(·, 0)|2dx− 1

2

∫
R3

|u(·, t)|2dx (3.3)

¤±��y²�δ → 0�§m>ªf4�´0=�§ùI�ru�3��'�Ð�¼ê

�m�¥§lLittlewood-Paley½n��{¥�±ß�u�1
3
��êATäk�½��È

5"

½n3.1. [E. Weinan] �u ∈ C([0, T ], L2(R3))
⋂
L3([0, T ], Bα

1
3
,∞(R3))§Ù¥α >

1
3
�§UþÅð¤á"

y². ém>��?1�O§��1Ø�h§=uδ = u ∗ hδ§@om>(u⊗ u)δkXeð

6
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�ª

(u⊗ u)δ =

∫
R3

hδ(y)ui(x− y)uj(x− y)dy (3.4)

=

∫
R3

hδ(y)[ui(x− y)− ui(x)][uj(x− y)− uj(x)]dy (3.5)

+

∫
R3

uiδ(x)[ujδ(x)− uj(x)] + uiδ(x)uj(x) (3.6)

=

∫
R3

hδ(y)[ui(x− y)− ui(x)][uj(x− y)− uj(x)]dy (3.7)

− [uiδ(x)− ui(x)][ujδ(x)− uj(x)] + uiδ(x)ujδ(x) (3.8)

= rδ(u, u)− (u− uδ)⊗ (u− uδ) + uδ ⊗ uδ (3.9)

ùpò
∫
R3 hδ(y)[ui(x− y)− ui(x)][uj(x− y)− uj(x)]dyP�rδ(u, u)"þãð�ª���

�3UþÈ©¥��Ok∫ t

0

∫
R3

Tr[(uδ ⊗ uδ) · ∇uδ]dxds =

∫ t

0

∫
R3

uiδujδ∂juiδdxds (3.10)

= −1

2

∫ t

0

∫
R3

∂jujδuiδuiδdxds (3.11)

= 0 (3.12)

¤±§���O
∫ t

0

∫
R3 Tr[(rδ(u, u)− (u− uδ)⊗ (u− uδ)) · ∇uδ]dxds =�"òù�ªf

P�(∗∗)
ké(∗∗)���ÐÚ��O∫

R3

Tr[(rδ(u, u)− (u− uδ)⊗ (u− uδ)) · ∇uδ]dx (3.13)

≤
∫
R3

|rδ(u, u)ij∂juiδ|dx+

∫
R3

|(u− uδ)i(u− uδ)j∂juiδ|dx (3.14)

≤
∫
R3

(rδ(u, u)ij)l2(∂juiδ)l2dx+

∫
R3

(ui − uiδ)2
l2(∂juiδ)l2dx (3.15)

≤ ‖rδ(u, u)‖
L

3
2
‖∇uδ‖L3 + ‖u− uδ‖2

L3‖∇uδ‖L3 (3.16)

e��!|^½n¥u ∈ L3([0, T ], Bα
1
3
,∞(R3))ù�^�é‖rδ(u, u)‖

L
3
2
§‖u−uδ‖2

L3§

‖∇uδ‖L3§n�©O?1�O"

1 2! é‖rδ(u, u)‖
L

3
2
Ú‖u− uδ‖2L3��O

|^Bα
3,∞(R3)�m�½Â

‖f‖Bαp,∞ =

{
f ||f |Lp + sup

|y|>0

‖f(·+ y)− f(·)‖Lp
|y|α

}
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é‖rδ(u, u)‖
L

3
2
?1�O

‖rδ(u, u)‖
L

3
2

=

∥∥∥∥∫
R3

hδ(y)[ui(· − y)− ui(·)][uj(· − y)− uj(·)]dy
∥∥∥∥
L

3
2

(3.17)

=

∥∥∥∥∫
R3

h(
y

δ
)[ui(· − y)− ui(·)][uj(· − y)− uj(·)]d

y

δ

∥∥∥∥
L

3
2

(3.18)

=

∥∥∥∥∫
R3

h(y)[
ui(· − δy)− ui(·)

|δy|α
][
uj(· − δy)− uj(·)

|δy|α
](δy)2αdy

∥∥∥∥
L

3
2

(3.19)

= δ2α

∫
R3

h(y)
‖ui(· − δy)− ui(·)‖L3

|δy|α
‖uj(· − δy)− uj(·)‖L3

|δy|α
dy (3.20)

. δ2α‖u‖2
Bα3,∞

(3.21)

ùp3�ê1�Ú�O�L§¥§|^
�1Ø�5�supp(h) ⊂ B(0, 1)ù�5�§

r|δy|^δ3È©¥��"
aqþãÚ½§é‖u− uδ‖2

L3?1�O

‖u− uδ‖L3 ≤
∥∥∥∥∫

R3

(δy)αh(y)
|ui(· − δy)− ui(·)|

|δy|α
dy

∥∥∥∥
L3

(3.22)

≤
∫
R3

δαh(y)
‖ui(· − δy)− ui(·)‖L3

|δy|α
dy (3.23)

. δα‖u‖Bα3,∞ (3.24)

1 3! é‖∇uδ‖L3��O

e¡�O‖∇uδ‖L3"

‖∇uδ‖L3 =

∥∥∥∥∂i ∫
R3

hδ(y)uj(· − y)dy

∥∥∥∥
L3

(3.25)

=

∥∥∥∥∫
R3

∂i
1

δ3
(h(

y

δ
))uj(· − y)dy

∥∥∥∥
L3

(3.26)

=

∥∥∥∥∫
R3

1

δ
(∂ih)(

y

δ
)uj(· − y)d

y

δ

∥∥∥∥
L3

(3.27)

=

∥∥∥∥∫
R3

1

δ
(∂ih)(y)uj(· − δy)dy

∥∥∥∥
L3

(3.28)

Ï�h ∈ C∞0 §¤±
∫
R3 ∂ih(y)dy = 0§¤±

∥∥∥∥∫
R3

1

δ
(∂ih)(y)uj(· − δy)dy

∥∥∥∥
L3

(3.29)

=

∥∥∥∥∫
R3

1

δ
(∂ih)(y)[uj(· − δy)− uj(·)]dy

∥∥∥∥
L3

(3.30)

≤
∫
R3

1

δ
|(∂ih)(y)|‖ui(· − δy)− ui(·)‖L3

|δy|α
|δy|αdy (3.31)

. δα−1‖u‖Bα3,∞ (3.32)
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1 4! UþÅð�αA�÷v�^�

(Ü±þé‖rδ(u, u)‖
L

3
2
§‖u− uδ‖2

L3§‖∇uδ‖L3��O§∫ t

0

∫
R3

Tr[(rδ(u, u)− (u− uδ)⊗ (u− uδ)) · ∇uδ]dxds (3.33)

≤
∫ t

0

‖rδ(u, u)‖
L

3
2
‖∇uδ‖L3 + ‖u− uδ‖2

L3‖∇uδ‖L3ds (3.34)

.
∫ t

0

δ3α−1‖u‖3
Bα3,∞

ds (3.35)

Ï�u ∈ L3([0, T ], Bα
3,∞(R3))§¤±þãÈ©k¿Â"�α > 1

3
�§�δ → 0�§δ3α−1 →

0::¤á§|^��Âñ½nÒk

1

2

∫
R3

|u(·, t)|2dx− 1

2

∫
R3

|u(·, 0)|2dx (3.36)

= lim
δ→0

[
1

2

∫
R3

|uδ(·, t)|2dx−
1

2

∫
R3

|uδ(·, 0)|2dx
]

(3.37)

=

∫ t

0

δ3α−1‖u‖3
Bα3,∞

ds (3.38)

= 0 (3.39)

¤±UþÅð"

[QED]
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1 1! |^�?�©)��
O�ó�

3[A. Cheskidov]Ø©¥§|^�?�©)±9Littlewood-Paley½néBesov�m

��x§é(Ø�
?�Ú�\r"3ù�Ø©¥§?Ø
u ∈ B
1
3
3,∞(R3)��¹"

½n4.1. �
∫ t

0
2j‖∆ju‖3

L3ds
j→∞
−→ 0�§UþÅð½n�¤á"AO�§½ÂB

1
3
3,∞(R3)�

f�mB
1
3

3,c(N)(R
3) � {

f |f ∈ B
1
3
3,∞(R3), 2

j
3‖∆ju‖L3

j→∞
−→ 0

}
@oXJu ∈ C([0, T ], L2(R3))

⋂
L3([0, T ], B

1
3

3,c(N)(R
3))§KkUþÅð¤á"

y². |^�?�©)§½ÂSQu =
∑

j≤Q ∆ju§@oSQu3ùp��^��u�c�

�1f§aquþ��y²§·�éf)��1��UþÈ©��

1

2
[〈SQu(·, 0), SQu(·, 0)〉 − 〈SQu(·, t), SQu(·, t)〉] =

∫ t

0

∫
R3

Tr[SQ(u⊗ u) · ∇SQu]dxds(4.1)

Ó��±éSQ(u⊗ u)
©��ð�ª

SQ(u⊗ u) = rQ(u, u)− (u− SQu)⊗ (u− SQu) + SQu⊗ SQu

�¥rQ(u, u)¿gÓ�c�rδ(u, u)aq§�´�1Ø��»´2−(Q+1)"e¡�,­Eþ

��y²�Ú½§��

1

2
[〈SQu(·, 0), SQu(·, 0)〉 − 〈SQu(·, t), SQu(·, t)〉] (4.2)

=

∫ t

0

∫
R3

Tr[SQ(u⊗ u) · ∇SQu]dxds (4.3)

=

∫ t

0

∫
R3

Tr[(rQ(u, u)− (u− SQu)⊗ (u− SQu)) · ∇SQu]dxds (4.4)

≤
∫ t

0

‖rQ(u, u)‖
L

3
2
‖∇SQu‖L3 + ‖(u− SQu)‖2

L3‖∇SQu‖L3ds (4.5)

e¡é‖rQ(u, u)‖
L

3
2
‖∇SQu‖L3§‖(u− SQu)‖2

L3‖∇SQu‖L3 ©O?1�O"

10
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1 2! é‖(u− SQu)‖2L3‖∇SQu‖L3��O

�â½ÂSQu =
∑

j≤Q ∆ju§±9L
3�ê��d½Â§kXe�O

‖(u− SQu)‖2
L3‖∇SQu‖L3 (4.6)

= ‖
∑
j>Q

∆ju‖2
L3‖
∑
j≤Q

2j∆ju‖L3 (4.7)

. ‖(∆ju)l2,j>Q‖2
L3‖(2j∆ju)l2,j≤Q‖L3 (4.8)

≤ (‖∆ju‖L3)2
l2,j>Q(2j‖∆ju‖L3)l2,j≤Q (4.9)

= (
∑
j>Q

‖∆ju‖2
L3)(

∑
j≤Q

22j‖∆ju‖2
L3)

1
2 (4.10)

ùp§u ∈ B
1
3
3,∞(R3)|^Littlewood-Paley½n��d£ã´supj 2

j
3‖∆ju‖L3 < ∞½

ösupj 2
2j
3 ‖∆ju‖2

L3 < ∞"Ø�½Âd(j) = 2
j
3‖∆ju‖L3@o3�O¥¦þU
nÑù�

�/ª

(
∑
j>Q

‖∆ju‖2
L3)(

∑
j≤Q

22j‖∆ju‖2
L3)

1
2 (4.11)

= (
∑
j>Q

2
−2j
3 2

2j
3 ‖∆ju‖2

L3)(
∑
j≤Q

2
4j
3 2

2j
3 ‖∆ju‖2

L3)
1
2 (4.12)

= (
∑
j>Q

2
−2j
3 d2(j))(

∑
j≤Q

2
4j
3 d2(j))

1
2 (4.13)

= (
∑
j>Q

2
2Q
3
− 2j

3 d2(j))(
∑
j≤Q

2
4j
3
− 4Q

3 d2(j))
1
2 (4.14)

≤ (K ∗ d2(Q))
3
2 (4.15)

ùp½Â

K(j) =

{
2

2j
3 j ≤ 0

2
−4j
3 j > 0

½Â∗L«ê�¦Ú�òÈ§=

(a ∗ b)(n) =
∑
i∈Z

a(i)b(n− i)

1 3! é‖rQ(u, u)‖
L

3
2
‖∇SQu‖L3��O

ù��!y²‖rQ(u, u)‖
L

3
2
‖∇SQu‖L3�U
^(K ∗ d2(Q))

3
2��4§l
�ª¯K

=z�ïÄ(K ∗ d2(Q))
3
2�Âñ5"ØLù��O¥^��õ�::�E|"
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‖rQ(u, u)‖
L

3
2

=

∥∥∥∥∫
R3

hQ(y)[ui(· − y)− ui(·)][uj(· − y)− uj(·)]dy
∥∥∥∥
L

3
2

(4.16)

≤
∫
R3

hQ(y)‖u(· − y)− u(·)‖2
L3dy (4.17)

=

∫
R3

h(2Qy)‖(∆j(u(· − y)− u(·)))l2‖2
L3d2Qy (4.18)

=

∫
R3

h(y)(‖∆j(u(· − 2−Qy)− u(·))‖L3)2
l2dy (4.19)

(4.20)

5¿�Xeü�5�"

5�4.1. Ï�LebesgueÈ©�²£ØC5§‖∆ju(x− y)‖Lp = ‖∆ju(x)‖Lp "

5�4.2. |^Besov�m�½Â§
‖∆j(u(·−y)−u(·))‖Lp

|y|α ≤ 2αj‖∆ju‖Lp"

@oéþ¡���O§3ê��Q?��ä©¤üÜ©�©O�O§2|

^supp(h) ⊂ B(0, 1)±9þ��!�O¥�E|§¦þnÑd(j) = 2
j
3‖∆ju‖L3 �/

ªk ∫
R3

h(y)(‖∆j(u(· − 2−Qy)− u(·))‖L3)2
l2dy (4.21)

≤
∫
R3

h(y)[
∑
j≤Q

22j · 2−2Q|y|‖∆ju(·)‖2
L3 + 2

∑
j>Q

‖∆ju(·)‖2
L3 ]dy (4.22)

≤
∫
R3

h(y)[
∑
j≤Q

2
4j
3
− 4Q

3 d2(j) + 2
∑
j>Q

2−
2j
3

+ 2Q
3 d2(j)]dy · 2−

2Q
3 (4.23)

. K ∗ d2(Q) · 2−
2Q
3 (4.24)

,�§‖∇SQu‖L3÷^þ���!��O§k

‖∇SQu‖L3 . (K ∗ d2(Q))
1
2 · 2

2Q
3

@o§�Nk�O

‖rQ(u, u)‖
L

3
2
‖∇SQu‖L3 . (K ∗ d2(Q))

3
2 (4.25)

1 4! éê�òÈ��O

¤±��¯Kz8�

1

2
‖SQu(·, 0)‖2

L2 −
1

2
‖SQ(·, t)‖2

L2 .
∫ t

0

(K ∗ d2(Q))
3
2ds
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¤±���OK ∗ d2(Q)=�§kXe�O

K ∗ d2(Q) =
∑
j≤Q

2
4
3

(j−Q)d2(j) +
∑
j>Q

2−
2
3

(j−Q)d2(j) (4.26)

≤ C sup
j>Q

d2(j) +
∑

Q
2
<j≤Q

2
4
3

(j−Q)d2(j) +
∑
j≤Q

2

2
4
3

(j−Q)d2(j) (4.27)

≤ C sup
j>Q

2

d2(j) + C · 2−
2
3

(Q)‖u‖
B

1
3
3,∞

(4.28)

¤±§�u ∈ B
1
3

3,c(N)(R
3)�§=÷vK ∗ d2(Q) −→ 0�§¤±

∫ t
0
(K ∗ d2(Q))

3
2dsÈ©�'

u�m::Âñ�0§|^��Âñ½n=�±�ÑUþÅð" [QED]
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3þ�!·�|^�?�©)�E
Xe�ª

1

2
[〈SQu(·, 0), SQu(·, 0)〉 − 〈SQu(·, t), SQu(·, t)〉] =

∫ t

0

∫
R3

Tr[SQ(u⊗ u) · ∇SQu]dxds

·�ò�ªm>P�Uþ6Ñ§=

ΠQ =

∫ t

0

∫
R3

Tr[SQ(u⊗ u) · ∇SQu]dxds (5.1)

=

∫ t

0

∫
R3

u · ∇S2
Qu · udxds (5.2)

ù�!·�ò�E��B
1
3
3,∞(R3)¥Uþ6ÑØ�0�¼ê"

3�ù��E�c§k��:`²"ù�~f¿ØU`²3Onsagerß�¥§f)

���'B
1
3
3,∞(R3)��"¯¢þ§e¡�E�¼ê¿�´Euler�§�f)§==´¦

�þã�UþÈ©�m>§3Q → ∞�§vkP~�0"ØL§=¦Xd§ù��E

E,´k¿Â�§Ï�§��`²
§XJ·��^þã�UþÈ©��y²UþÅ

ð§A�é¼êu JÑ'B
1
3
3,∞(R3)�õ�::�^�"�Ò´`§XJØ\^�§þ

ãy²´ØUUû�"�,§�N±��±l�§���5�í�Ñ�
^�§¦

�B
1
3
3,∞(R3) Ò´ïÄù�¯K����m"

1 1! ¼ê��E

±eù�°©��E5g[A. Cheskidov]"-U : Z3 → C3§÷v

U(2q, 0, 0) = i2−
q
3 (0, 0,−1) U(−2q, 0, 0) = i2−

q
3 (0, 0, 1) (5.3)

U(0, 2q, 0) = i2−
q
3 (1, 0, 1) U(0,−2q, 0) = i2−

q
3 (−1, 0,−1) (5.4)

U(2q, 2q, 0) = i2−
q
3 (0, 0, 1) U(−2q,−2q, 0) = i2−

q
3 (0, 0,−1) (5.5)

U(2q,−2q, 0) = i2−
q
3 (1, 1,−1) U(−2q, 2q, 0) = i2−

q
3 (−1,−1, 1) (5.6)

(5.7)

3Ù¦Z3��þ§U���0"

-χÚ�c½Â��§´��C∞0 (R3)§supp(χ) ⊂ B(0, 1)§�3B(0, 1
2
)þ�1"

-ρ(x) = (χ(ξ))̌§A =
∫
R3 χ

3(x)dx"

14
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-u = P
∑

k∈Z3 U(k)eik·xρ(x)§ùpP´LerayÝK§ò¼ê©)¤ÑÝ�0Ú^Ý

�0�üÜ©§¿�ÑÝ�0�@�Ü©"þã½Â�u(x)=�B
1
3
3,∞(R3�m¥UþÈ©

Ø�0�¼ê"ØJwÑù�¼ê´û½Â�§Ï�Ù¥UkP~��"

e¡·�ò`²ù��E¼êu�AÏ5�§·�òw�ù�¼ê�FourierC��

ªÇ©Ù´lÑ�§/��`§§���m¥�¼êÒ�©Ù3�m¥��fü��

�"

�
�¡�B`²§·�½ÂÝK�fP⊥ξ (x)=�x3ξR���þ�ÝK©þ

P⊥ξ (x) = x− (x · ξ)
|ξ|2

ξ

LerayÝK¯¢þ�±w�´��m�ÝK$�§Ï�∇ · Pu = 0§�FourierC��

kξ · P̂u = 0§¤±

Pu = (û− (û · ξ)
|ξ|2

ξ)̌ = u−4−1(∇(∇ · u))

ùÚLerayÝK�½Â´���§¤±·��±��ð�ª

P̂u = P⊥ξ (û)

òù�(Ø$^�u�äNL�ª�¥��

û(ξ) =
∑
k∈Z3

U(k)P⊥ξ χ(4(ξ − k))

ØJuyU(k)P⊥ξ ξ(4(ξ − k))�| 8�B(k, 1
4
)§¤±m>¢Sþm>´lÑ�"@o

|^�?�©)ØJwÑ

2
j
3‖4ju‖L3 . 2

j
3

∑
2j≤|k|≤2j+1

‖PU(k)eik·xρ(x)‖L3 <∞


�§
∑

2j≤|k|≤2j+1 ‖PU(k)eik·xρ(x)‖L3'uj´ØP~�"¤±�(ku ∈ B
1
3
3,∞(R3)

1 2! UþÈ©��²��

3�E¼ê¥§-Φk(x) = U(k)ρ(x)|k| 13§ùp¦þ��|k| 13´�
IOz"2
-Ψk(x) = P(eik·xΦk(x))§3ù��PÒe§kΨk�FourierC��| 83B(k, 1

4
)þ§

�u(x) =
∑

k 6=0 |k|−
1
3 Ψk(x)"Uþ6Ñ

ΠQ =

∫ t

0

∫
R3

∑
k1,k2,k3∈Z3

|k1|−
1
3 |k2|−

1
3 |k3|−

1
3 Ψk1 · ∇S2

QΨk2 ·Ψk3dxds

|^Ψk�FourierC��| 83B(k, 1
4
)§±9∇ · Ψk = 0§þãUþ6Ñ¥Ù¢ké

õ�Ñ´0§�±?1z{"e¡{ãù
¯¢"
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5�5.1. �k1 + k2 6= k3�§∫
R3

Ψk1 · ∇S2
QΨk2 ·Ψk3dx = 0

y². |^FourierC�´L2�åC�§

∫
R3

Ψk1 · ∇S2
QΨk2 ·Ψk3dx =

∫
R3

F(Ψk1 · ∇S2
QΨk2) · FΨk3dξ (5.8)

=

∫
R3

FΨk1 ∗ F∇S2
QΨk2 · FΨk3dξ (5.9)

Ù¥FΨk1 ∗F∇S2
QΨk2�| 8´B(k1 + k2,

1
2
)§FΨk3�| 8´B(k3,

1
4
)§¤±�k1 +

k2 6= k3�§vkú�| 8§È©�0" [QED]

5�5.2. ½ÂAQ = Z3
⋂
B(0, 2Q+1)\B(0, 2Q)§�k2Úk3ÑØ3AQ¥�§∫

R3

Ψk1 · ∇S2
QΨk2 ·Ψk3 + Ψk1 · ∇S2

QΨk3 ·Ψk2dx = 0

y². 5¿�SQu =
∑

j≤Q4ju = (χ( ·
2Q+1 )û(ξ))̌§¤±SQ�ªÇ�ä�§éu��m¥

ªÇ�Ñ2Q+1��^��0§¤±ek2§k3��Ø3B(0, 2Q+1)¥§þãªf¥=£�

�SQ�f§�§Ò¬u)È©��0"

,��¡§XJk2, k3 ∈ B(0, 2Q)§Ï�χ( ·
2Q+1 )3B(0, 2Q)þð�u1§@oSQéΨk2 ,Ψk3�

�^�JÒ´ð��f§@ok∫
R3

Ψk1 · ∇S2
QΨk2 ·Ψk3 + Ψk1 · ∇S2

QΨk3 ·Ψk2dx (5.10)

=

∫
R3

Ψk1 · ∇Ψk2 ·Ψk3 + Ψk1 · ∇Ψk3 ·Ψk2dx (5.11)

=

∫
R3

Ψk1 · ∇(Ψk2 ·Ψk3)dx (5.12)

= −
∫
R3

∇ ·Ψk1(Ψk2 ·Ψk3)dx (5.13)

= 0 (5.14)

þã(ØÓ��±í2�k1Úk2þ" [QED]

(Üþãü�ªf§��3Uþ6Ñ¥��"�¯¢þk�~r��¦"(

Üþãü�5�§^{ü�O��±��§XJn�ê¥kü�3AQ¥§@o1

n��3AQ¥§XJ�kk23AQ¥§�±íÑk1,k3��ÝÑ��A�´2Q−1§½
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ÂCQ = Z3
⋂
B(0, 2Q+1)\B(0, 2Q−1)

ΠQ =

∫ t

0

∫
R3

∑
k1,k2,k3∈Z3

(|k1||k2||k3|)−
1
3 Ψk1 · ∇S2

QΨk2 ·Ψk3dxds (5.15)

=

∫ t

0

∫
R3

∑
k1,k2,k3∈Z3

k1+k2+k3=0
k1,k2,k3∈CQ

(|k1||k2||k3|)−
1
3 Ψk1 · ∇S2

QΨk2 ·Ψk3dxds (5.16)

�	Ψk1 · ∇S2
QΨk2§

Ψk1 · ∇S2
QΨk2 = Ψk1 · S2

Q(P(∇(eik2·xΦk2))) = i(Ψk1 · k2)S2
QΨk2 + Ψk1 · S2

Q(P(eik2·x∇Φk2))

e�!y²��Ún§^ùü�Ún�±r·�þã�{zC¤lÑ�ê�¦Ú"

1 3! ���OÚn

Ún5.1. ¼êΦk÷v

Ik =

∫
R3

|ξ||Φ̂k(ξ)|dξ <∞

�A�Ψk÷v

sup
x
|Ψk(x)− eik·x(P⊥k Φk)(x)| ≤ 1

4π3

Ik
|k|

(5.17)

sup
x
|S2
QΨk(x)− χ2

Q(k)Ψk(x)| ≤ c

(2π)3

Ik
2Q+1

(5.18)

Proof. Φ��O´w,�

Ik =

∫
R3

|ξ||Φ̂k(ξ)|dξ (5.19)

=

∫
R3

|ξ||k|
1
3 |Uk||χ(4ξ)|dξ (5.20)

∼
∫
R3

|ξ||χ(4ξ)|dξ (5.21)

Ψ�1���O��O�

|Ψk(x)− eik·x(P⊥k Φk)(x)| = |F−1[FP(eik·xΦk(x))− (P⊥k Φ̂k)(ξ − k)]| (5.22)

= |F−1[(P⊥ξ Φ̂k)(ξ − k)− (P⊥k Φ̂k)(ξ − k)]| (5.23)

≤ 1

(2π)3

∫
R3

|(P⊥ξ Φ̂k)(ξ − k)− (P⊥k Φ̂k)(ξ − k)|dξ(5.24)

|^½Â

P⊥ξ (x) = x− (x · ξ)
|ξ|2

ξ
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|P⊥ξ (v)− P⊥k (v)| (5.25)

=

∣∣∣∣(v − (v · ξ)
|ξ|2

ξ)− (v − (v · k)

|k|2
k)

∣∣∣∣ (5.26)

=

∣∣∣∣(v · ξ)|ξ|2
ξ − (v · k)

|k|2
k

∣∣∣∣ (5.27)

≤
∣∣∣∣(v · ξ)|ξ|2

ξ − (v · ξ)
|k|2

k

∣∣∣∣+

∣∣∣∣(v · ξ)|k|2
k − (v · k)

|k|2
k

∣∣∣∣ (5.28)

≤ |v||ξ|
∣∣∣∣ ξ|ξ|2 − k

|k|2

∣∣∣∣+
|v||ξ − k|
|k|

(5.29)

≤ |v|
|k|

∣∣∣∣ |k|ξ|ξ| − |ξ|k|k|
∣∣∣∣+
|v||ξ − k|
|k|

(5.30)

= 2
|v||ξ − k|
|k|

(5.31)

þ¡�ê1�Ú^�
ð�ª| |k|ξ|ξ| −
|ξ|k
|k| | = |ξ − k|"

òù��O£���

1

(2π)3

∫
R3

|(P⊥ξ Φ̂k)(ξ − k)− (P⊥k Φ̂k)(ξ − k)|dξ (5.32)

≤ 1

4π3

1

|k|

∫
R3

|ξ − k||Φ̂k(ξ − k)|dξ (5.33)

≤ 1

4π3

1

|k|

∫
R3

|ξ||Φ̂k(ξ)|dξ (5.34)

=
1

4π3

Ik
|k|

(5.35)

aq�§�Ψ�1���O§5¿�|Ψ̂k(ξ)| = |(P⊥ξ Φ̂k)(ξ − k)| ≤ |Φ̂k(ξ − k)|

|S2
QΨk(x)− χ2

Q(k)Ψk(x)| (5.36)

= |F−1((χ2
Q(ξ)− χ2

Q(k))Ψ̂k(ξ))| (5.37)

≤ 1

(2π)3

∫
R3

|Φ̂k(ξ − k)||ξ − k| |χQ(ξ)− χQ(k)|
|ξ − k|

|χQ(ξ) + χQ(k)|dξ (5.38)

(5.39)

¤±|^

|χQ(ξ) + χQ(k)| ≤ 2 (5.40)

|χQ(ξ)− χQ(k)|
|ξ − k|

=
|χ( ξ

2Q+1 )− χ( k
2Q+1 )|

2Q+1 |ξ−k|
2Q+1

≤ C

2Q+1
(5.41)

ùpC´'uχ�Lipschitz~ê"
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£���5��O

1

(2π)3

∫
R3

|Φ̂k(ξ − k)||ξ − k| |χQ(ξ)− χQ(k)|
|ξ − k|

|χQ(ξ) + χQ(k)|dξ (5.42)

.
1

2Q+1

1

(2π)3

∫
R3

|Φ̂k(ξ − k)||ξ − k|dξ (5.43)

=
1

2Q+1

1

(2π)3

∫
R3

|Φ̂k(ξ)||ξ|dξ (5.44)

=
1

(2π)3

Ik
2Q+1

(5.45)

[QED]

1 4! �E�[!O�

3ù�!ò|^þ�!í��eZ^u�O�Ún§éUþ6Ñ?1z{§¿�

��·�òw�§Uþ6Ñ�Ì�Ü©�±^��lÑ�k�Ú5�O"Uþ6ÑX

e

ΠQ =

∫ t

0

∫
R3

∑
k1,k2,k3∈Z3

k1+k2+k3=0
k1,k2,k3∈CQ

(|k1||k2||k3|)−
1
3 Ψk1 · ∇S2

QΨk2 ·Ψk3dxds

e¡|^�c�(Ø§�O∫
R3

Ψk1 ·∇S2
QΨk2 ·Ψk3dx =

∫
R3

i(Ψk1 ·k2)S2
QΨk2 ·Ψk3dx+

∫
R3

Ψk1 ·S2
Q(P(eik2·x∇Φk2))·Ψk3dx

ùp¦þ�^� §
^�dþ"k�c�(Ø§Ψk§ΦkÑ´IOz����ü¼

ê§¤±'u§��È©Ñ�±^~ê��§¤±þãÈ©�1��´�±^��~

ê��§^O(C)L«"1��È©¥Ï�kk2§¤±�*aúAT´O(2Q)§¯¢þ§

ù��ú´é�"|^supx |S2
QΨk(x)− χ2

Q(k2)Ψk(x)| ≤ c
(2π)3

Ik
2Q+1ù��O∫

R3

i(Ψk1 · k2)S2
QΨk2 ·Ψk3dx (5.46)

=

∫
R3

i(Ψk1 · k2)χ2
Q(k2)Ψk2 ·Ψk3dx+ i(Ψk1 · k2)(S2

Q − χ2
Q(k2))Ψk2 ·Ψk3dx (5.47)

=

∫
R3

i(Ψk1 · k2)χ2
Q(k2)Ψk2 ·Ψk3dx+O(C) (5.48)

2|^supx |Ψk(x)− eik·x(P⊥k Φk)(x)| ≤ 1
4π3

Ik
|k| ù�ªf?1�O"d?§5¿�Φk÷v
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5�P⊥k Φk = Φk§ù´^�
Φk3�E��A:§ÖöØJÃÄ��"@o∫
R3

i(Ψk1 · k2)χ2
Q(k2)Ψk2 ·Ψk3dx (5.49)

=

∫
R3

ei(k1+k2+k3)xi(Φk1 · k2)χ2
Q(k)Φk2 · Φk3dx+O(C) (5.50)

=

∫
R3

i(Φk1 · k2)χ2
Q(k2)Φk2 · Φk3dx+O(C) (5.51)

=

∫
R3

(|k1||k2||k3|)
1
3ρ3(x)i(U(k1) · k2)χ2

Q(k2)Uk2 · Uk3dx+O(C) (5.52)

= (|k1||k2||k3|)
1
3Ai(U(k1) · k2)χ2

Q(k2)Uk2 · Uk3 +O(C) (5.53)

¤±3O�Uþ6Ñ�§=�

ΠQ =

∫ t

0

∫
R3

∑
k1,k2,k3∈Z3

k1+k2+k3=0
k1,k2,k3∈CQ

(|k1||k2||k3|)−
1
3 Ψk1 · ∇S2

QΨk2 ·Ψk3dxds (5.54)

=
∑

k1,k2,k3∈Z3

k1+k2+k3=0
k1,k2,k3∈CQ

Ai(U(k1) · k2)χ2
Q(k2)Uk2 · Uk3 +O(2−Q) (5.55)

'�ÒUwÑ§þ¡ù�ªfÙ¢éuØÓ�Q´Ó��ªf§�´égCþ?

1
� C�"��`²Ø�0Ò�±§^��{ü�Matlab�±O���(J"

1 5! §SO�

^MATLAB�§SO�
∑

k1,k2,k3∈Z3

k1+k2+k3=0
k1,k2,k3∈CQ

Ai(U(k1)·k2)χ2
Q(k2)Uk2·Uk3§Ò3�B(0, 2)\B(0, 1)þ

O�§����ê� ∑
k1,k2,k3∈Z3

k1+k2+k3=0
k1,k2,k3∈CQ

Ai(U(k1) · k2)χ2
Q(k2)Uk2 · Uk3 = 3.2A

¤±�y
Uþ´ÑÑ�"
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1 function [ rate ,n ] = Onsager (U,V)

2 a = 0 ;

3 b = 0 ;

4 c = 0 ;

5 rate = 0 ;

6 n = 0 ;

7 temp = 0 ;

8 x = 0 ;

9 r = 0 ;

10 for (a = 1 :16 )

11 for (b = 1 :16 )

12 for (c = 1 :16 )

13 i f (U(a , : )+U(b , : )+U(c , : ) == zeros ( 1 , 3 ) )

14 n = n+1;

15 r = U(b , : ) ∗(U(b , : ) ’ ) ;

16 i f ( r < 4 )

17 x = 1 ;

18 else

19 x = 0 . 5 ;

20 end

21 temp = x∗(V(a , : ) ∗(U(b , : ) ’ ) ) ∗(V(b , : ) ∗(V(c , : ) ’ ) ) ;

22 rate = rate + temp ;

23 end

24 end

25 end

26 end

27 end
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'�Ð§3u ∈ Bα
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���Ú

Πδ .
∫ t

0

δ3α−1 sup
|y|<1

∣∣∣∣‖ui(· − δy)− ui(·)‖L3

(δy)α

∣∣∣∣3 ds
3α = 1

3
�§þª'uδ�P~Òvk
§C¤
~ê"XJ�¦�δ → 0�§E,kP

~§K7,�¦

sup
|y|<1

‖ui(· − δy)− ui(·)‖L3

(δy)α
δ→0

−→ 0

|^�?�©)§ù�´B
1
3

3,c(N)(R
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|ΠQ0Q1| ≤ C(K ∗ d2)
3
2 (Q0) + C(K ∗ d2)

3
2 (Q1)

ù��Oéï�ék�Ï"
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