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rems for its cohomology. In the particular case when K is a finite extension of the Laurent series
field in two variables k((x1,x2)), we also prove exact sequences that play the role of the Brauer-
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of Q¢/Ze(r) which do not vanish.
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1. Introduction

Let K be a field and let £ be a prime number different from the characteristic of K.
For each integer r, one can define the Galois module Qg/Z(r) as :

Qu/Z(r) := Um Z/C"Z(r),

where :

®r ;
n Won s ifr>0
2O =3 .
Hom(pyn ', Z/€"Z), otherwise.

The Galois modules Q/Z,(r) and their cohomology play an important role when one
wants to study the arithmetic of the field K.

The starting point of the present paper is the article [4], in which Jannsen deals with
the case when K is the function field k(X) of a curve X defined over a p-adic field or



1. Introduction

a number field k. When k is p-adic, he proves that the group H3(K,Qy/Z(r)) vanishes
provided that r # 2, and when k is a number field, he proves that :

HY(K,Qu/Zy(r)) = @ H(K -k, Qu/Z(r))

TeQe

for r # 2 and that there is an exact sequence :

0— HYK,Qu/Zy(2)) » @ H* K -k, Qu/Z4(2)) = @ Qi/Zy — Qe/Zy — 0. (1)

TEQy vex @)

Here, €, (resp. 23°) stands for the set of places of k (resp. infinite places of k), kP denotes
the henselization of k at 7 for 7 € Qj, and X () is the set of codimension 1 points of X.

Since Jannsen’s work, the cohomology of the Galois module Qy/Z¢(r) over fields of
arithmetico-geometrical nature has been studied by several authors. Indeed, when K is
the function field of a smooth variety of any dimension defined over a finite field, a p-adic
field or a number field, Kahn, Pirutka, Saito and Sato have proved several vanishing
theorems for the cohomology of Q;/Z,(r) (see [6], [10], [13]). Moreover, when K is the
function field of an n-dimensional smooth variety defined over a number field, Jannsen
has also generalized the injectivity of the first map in exact sequence (1) by proving that
there is a local-glocal principle for the group H" 2 (K, Qg/Z¢(n + 1)) (see [5]). Note that
all these results have found various arithmetical applications : for instance, they have
been used to study some properties of quadratic forms ([5]), of Bloch-Ogus complexes
(16]), of Chow groups (|13]) and of some birational invariants (|10]).

Given a field K and a prime number ¢ different from the characteristic of K, the
main goal of the present article consists in studying the groups H?(K,Qy/Z(r)) when
d is the cohomological dimension of the field K. The main case we are interested in is
the case when K is a finite extension of a Laurent series field in any number of variables
with coefficients in a finite field, a p-adic field or a totally imaginary number field. Note
that such fields naturally arise as completions of varieties at closed points. Geometrically
speaking, this means that, contrary to the cases previously studied by Jannsen, Kahn,
Pirutka, Saito and Sato, we are here interested in a field K that arises as the function
field of a singular scheme.

It turns out that our results also apply when K is a finite extension of a field of the
form k((z1,...,xn))(y1, ..., Ym) with k a finite field, a p-adic field or a totally imaginary
number field. They therefore vastly generalize the previous results of Jannsen, Kahn,
Pirutka, Saito and Sato for finite extensions of k(yi,...,Yym). The methods we use are
radically different from theirs and they provide a unified framework to study the Galois
cohomology of the modules Qg/Z(r).

Organization of the article and main results

One of the main ingredients in this article is the Bloch-Kato conjecture, which states
that, for each field k, each prime ¢ different from the characteristic of £ and each positive
integer m, the morphism induced by the cup-product :

H(k,Z/("Z(1))®" — H™(k,Z/(™Z(n))
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is surjective. Note that the Bloch-Kato conjecture deals with each power of ¢ separately,
while we need to work with all the powers of ¢ simultaneously since we are interested in
the cohomology of Q/Z,(r). The main goal of section 2 consists in revisiting the Bloch-
Kato conjecture in order to prove a statement taking into account all powers of ¢ at the
same time (theorem 2.8). This statement is of independent interest.

Now let n and d be non-negative integers and let k be a field of cohomological dimen-
sion d. In section 3, we are interested in the cohomology of the Galois module Qp/Z(r)
when K is a finite extension of the Laurent series field in n variables over k. The main
theorem is an abstract result that, given an integer r, states the vanishing of the group
H" (K ,Qy/Z(r)) provided that some conditions on the Galois cohomology of the base
field k are fulfilled (theorem 3.1). This theorem applies whatever the field & is and one
of the main ingredients of its proof is the variant of the Bloch-Kato conjecture proved in
section 2.

In section 3.2, we apply the previous abstract theorem to the specific situations in
which k is a finite field, a p-adic field or a number field. For example, we prove the
following theorem :

Theorem A. (Theorems 3.14 and 3.17)

Let ¢ be a prime number and let n be a non-negative integer. Let K be a finite extension of
the Laurent series field k((x1, ...,x,)) over a base field k. If k is a p-adic field or a totally
imaginary number field or if k is any number field and ¢ # 2, then H"2(K,Qq/Zo(1))
vanishes for all v & [1,n + 1].

The proof is based on the abstract theorem 3.1 and it involves the Weil conjectures,
1-motives, p-adic Hodge theory and a local-global principle due to Jannsen. The results
of section 3 are actually far more general than theorem A, since they also apply when &
is finite or when K is a finite extension of k((z1,...,2n))(y1, ..., Ym). In this sense, they
generalize and unify previous results for finite extensions of k(yi, ..., ym ). Moreover, our
results still hold when one replaces the Laurent series field k((z1, ..., x,)) by the fraction
field of any henselian, normal, excellent, local ring with finite residue field. Such a local
ring may have mixed characteristic.

Section 4 is devoted to the refinement of the results of section 3 in the particular case
when K is a finite extension of the Laurent series field in two variables k((z,y)) over some
base field k£ of cohomological dimension d. The main theorem of paragraph 4.1 is an abs-
tract result that, given an integer r, states the vanishing of the group H2(K, Qg/Z(r))
provided that some conditions on the Galois cohomology of the base field k are fulfilled
(theorem 4.1). Its proof is based on a careful study of the Brauer-Hasse-Noether exact
sequence for fields like C((x,y)) that has been proved in [3].

In paragraph 4.2, we apply the previous abstract theorem to the specific situations in
which k is a finite field, a p-adic field or a totally imaginary number field. In particular,
we prove the following theorem, which improves theorem A in the 2-dimensional case :

Theorem B. (Theorem 4.8)
Let k be a field and let £ be a prime number. Let K be a finite extension of the Laurent
series field in two variables over k.
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(i) If k is finite and if £ is different from the characteristic of k, then H3(K,Qg/Z(r))
vanishes for all r #£ 2.

(i1) If k is a p-adic field or a totally imaginary number field or if k is any number field
and { # 2, then H*(K,Qq/Z(r)) vanishes for all r # 3.

The results of section 4.2 are in fact more general than theorem B, since they apply to
the fraction field of a geometrically integral, normal, henselian, excellent, 2-dimensional
k-algebra with residue field & whenever k is a finite field, a p-adic field or a totally ima-
ginary number field.

Finally, paragraph 4.3 is devoted to the study of those cohomology groups of Qg/Z(r)
which do not always vanish in the case when K is a finite extension of the Laurent
series field in two variables k((x,y)) over some base field k. The main result is corollary
4.12 : it settles several exact sequences which involve those groups and which should be
understood as Brauer-Hasse-Noether exact sequences for the field K. In the case when
k is finite, this allows us to recover a result of Saito (theorem 5.2 of [12]). When k is a
p-adic field or a number field, we obtain several new results :

Theorem C. (Corollaries 4.16 and 4.18 and 4.20)

Let k be a field and let £ be a prime number. Let K be a finite extension of the Laurent
series field in two variables k((x,y)) over k and assume that k is algebraically closed
in K. Denote by X the spectrum of the integral closure of the formal power series ring
k[[z,y]] in K.

(i) Assume that k is a p-adic field. Then we have an exact sequence :

0= (Qe/Ze)” — HYK,Qu/Ze(3)) » €D H*(Ky, Qu/Zi(3)) — (Brk){¢} — 0
veX (1)

for some p > 0 which can be bounded by some geometrical invariants associated to K.
(1) Assume that k is a totally imaginary number field or that k is any number field and
{ # 2. We have an ezact sequence :

0— D — HYK,Qu/Z(3)) » @ H (K, Qe/Z(3)) = (Brk){¢} —0
veX (1)

for some divisible group D.
(i4i) Assume that k is any number field. For m € Q, denote by k! the henselization of k
at ™ and by K! the field K @y k. Then there exists a natural complex Crc :

(degree 1) (degree 2) (degree 3) (degree 4)

O%HAL(K,Q[/Z[C;))% 62 H4(K£,Q(/Zg(3))% @()Qg/Z@HQ@/Z@HO
TEQ veX (@
(2)

whose homology satisfies the following properties :
(a) the groups H3(Cr) and H*(Ck) are trivial ;

(b) the groups H' (Cx) and H*(Ck) can be precisely controlled thanks to some geome-
trical invariants related to the combinatorics of the singularities attached to the

field K ;
(c) the group H?(Ck) is isomorphic to (Qu/Zy)P for some p >0 ;
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(d) the group H'(Ck) has finite exponent.

Part (iii) of the previous theorem should be seen as a generalization of Jannsen’s exact
sequence (1) to the field K.

Some general notations

e When £k is a field, k® stands for a separable closure of k. When £’/k is a finite field
extension and M is a Galois module over k', the notation Ik//k(M) stands for the
corresponding induced module.

e When A is an abelian group, n is a positive integer and £ is a prime number, , A stands
for the n-torsion subgroup of A, A{¢} is the ¢-primary torsion subgroup of A and T,A
is the projective limit 1£1n mA.

e When A is a topological group, AP stands for the group of continuous homomorphisms
from A to Q/Z.

e A topological Zs-module A is said to be pseudo compact if it is Hausdorff and complete
and it has a basis of neighborhoods of 0 comprised of submodules A’ of A such that
A/A’ has finite length. When A and B are pseudocompact Z,-modules, A®ZZB denotes
the completed tensor product of A and B. For more details on this notion, see chapter
VIIp of [1].

2. Passing to the limit in the Bloch-Kato conjecture

2.1 A modified tensor product for torsion groups

This section is devoted to the definition of a modified tensor product for torsion
groups.

Definition 2.1. Let ¢ be a prime number and r a positive integer. Let A and B be two
L-primary torsion abelian groups. Define :

AR B = (AP&,,BP)"
A¥T = AN .. KA (rtimes).
By convention, we let A := Qy/7Z,.

Observe that, in the previous definition, A and B are endowed with the discrete topo-
logy. The groups AP, BP and AD®ZZBD are therefore profinite, and the group AX B is
discrete.

The following lemma summarizes some formal properties of the operation X :

Lemma 2.2. Letl ¢ be a prime number.
(i) Let A be an {-primary torsion abelian group. There is a canonical isomorphism :

ARQ/Z, 2 A. (3)

(1i) Let (A;) and (Bj) be filtrant direct systems of (-primary torsion abelian groups. There
1s a canonical isomorphism :

(ﬁ?mAz‘) X (ﬁngj) = ligj(Ai X Bj). (4)
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(i1i) Let A, B and C be three {-primary torsion abelian groups. There is a canonical
isomorphism :
(AR B)R C 2 (AP&y, BP&,,cP)" . (5)

In particular :

(ARB)RC = AR (BK ).

(iv) Let Ay be the category of L-primary torsion abelian groups, and let A be an object
of Ay. The category Ay has enough injectives and the functor Faq = —X A is a cova-
riant left-exact functor from Ay into itself. Hence one may define the derived functors
Tor(—, A) := R'Fy.

Remark 2.3.

(i) In the sequel, we will use the notation AKX BX C.

(ii) If A is an f-primary torsion abelian group, the functor —X A may not be right-exact.
For instance, multiplication by ¢ on Qy/Zy is surjective but multiplication by ¢ on
207 = Qu/Zy RZJVZ is not.

(iii) Similarly to the case of the usual tensor product, one can prove the following pro-
perties :

a) if A and B are two (-primary torsion abelian groups, then Tor@(A, B) =0fori>2;

b) if A and B are two {-primary torsion abelian groups, then there is a natural iso-
morphism Tor} (A, B) = Tor}(B, A);

c¢) Tor}(Z/0"Z, 7.)0" L) = T/ ¢™rimn}7,

Proof. (i) We have canonical isomorphisms :
. D
ARQ/Z, = (AP&y,Zs)" = (AP)P = A

(ii) Since ®z, commutes with inverse limits, we have canonical isomorphisms :

D
(lim A;) & (ling B;) = (@(A?)@’Ze @(BJ-D))

i J
D
~ s D5 D
= (@(Az‘ ®z,Bj ))
27‘7
i,j

(iii) We have canonical isomorphisms :
D
. D\D . - - D
(AXB)KC = <<(AD®ZZBD) ) ®Z,ZCD> ~ (AP &g, BP&7,CP) " .

(iv) The category A; has enough injectives since every (-primary torsion abelian group
embeds in a divisible {-primary torsion abelian group. Let’s now prove that the functor
Fy is left-exact. To do so, consider an exact sequence of f-primary torsion abelian
groups :

0— By - By — By — 0.

Since Bi, By and Bs are discrete torsion groups, we get a dual exact sequence :

O%BgD—)BQD%BlD—)O.
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The functor —®ZZAD is right-exact, so that we obtain an exact sequence :
B;;D®ZZAD — B2D®ZZAD — BP@ZEAD — 0.

Since all the groups in the previous exact sequence are profinite, we get a dual exact
sequence :

0B XA— B XA— B3gXA.
O

In the sequel, we will often consider the group AKX B when A and B are ¢-primary torsion
Galois modules over a field k. In that case, note that the ¢-primary torsion group AX B
is naturally endowed with the structure of a Galois module over k. Moreover, for each
integer ¢, isomorphism (3) induces an isomorphism of Galois modules :

AR Qq/Zy(i) = A(3),

and isomorphisms (4) and (5) are isomorphisms of Galois modules.

We finish this paragraph with two technical lemmas which will be useful in section
3:

Lemma 2.4. Let ¢ be a prime number and let k be a field with characteristic different
from €. Let A,B,C,D be four £-primary torsion Galois modules over k. Let N be a
positive integer. We make the following assumptions :

(1) the Galois module A is divisible ;
(2) we have an exact sequence of Galois modules :

0—+A—B—C—=0; (6)

(8) foreachj € {0, ..., N}, the abelian group He(k, ARC®N=IXD) has finite exponent.
Then the group H(k, A% R BX2KCYM3X D) has finite exponent for all triples (j1, j2, j3)
such that j1 +j2 + j3 = N.

Proof. We proceed by induction on js :

e The case jo = 0 is assumption (3).

e Assume that we have proved the lemma for some jy. Let j; and j3 be non-negative
integers such that j1 4+ (j2 + 1) + js = N. Since A is divisible, exact sequence (6) is
split as a sequence of abelian groups. But X is compatible with direct sums, so we can
apply the functor — X (A¥1 ) B¥/2 ) C¥3 K D) to exact sequence (6) and we get the
following exact sequence of Galois modules :

0 — AR BEY2RCMBRD — AR BN HRCMBRD — AMNRBYRRCMSHRD — 0.
(7)
By assumption, the groups

H(k, A1) B¥2 I C¥P ® D) and H%(k, A" K B2 ) ¥+ ) D)

have finite exponent. Hence it follows from exact sequence (7) that the abelian group
H(k, A% ) B¥i2+1 1 C¥3 X D) has finite exponent.
O
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Lemma 2.5. Let £ be a prime number and let k be a field with characteristic different
from €. Let A, B,C,D be four £-primary torsion Galois modules over k. Let N be a
positive integer. We make the following assumptions :

(1) the Galois module A has finite exponent ;

(2) we have an exact sequence of Galois modules :

0—A—B—=C—=0; (8)

(8) the abelian group H(k, C®N X D) has finite exponent.
Then the group H(k, B¥2 R C%3 K D) has finite exponent for all pairs (ja, j3) such that
Jj2+j3=N.

Proof. We proceed by induction on js :

e The case j» = 0 is assumption (3).

e Assume that we have proved the lemma for some jo. Let j3 be a non-negative integer
such that (jo + 1) + j3 = N. Since the functor — X (B¥2 ¥ C%¥s K D) is left-exact,
we get an exact sequence :

0 — ARB¥2RCYBRD — B¥2HRCOMBERD — B¥2ROM KD — Torj (A, BX2RCY3XD).

Since the group Tor} (A, B¥2 X C¥/3 X D) has finite exponent, we deduce that there
are two Galois modules I and J and two exact sequences of Galois modules :

05 AXBYRC¥s KD — B RC¥s KD — T -0, (9)

01— B2RC¥T KD J—0, (10)

such that .J has finite exponent. But, by assumption, the group H¢(k, B¥2 R C¥is+1 X

D) has finite exponent. Hence it follows from exact sequences (9) and (10) that the

group H(k, B¥2+1 ) C¥3 K D) has finite exponent.
O

2.2 A consequence of the Bloch-Kato conjecture

When /¢ is a prime number and K is a field of characteristic different from ¢, the
Bloch-Kato conjecture states that the morphism induced by the cup-product :

HYK,z/0'z2(1)*N — HN(K,Z/("Z(N))

is surjective for any positive integers r and NN. In this section, we prove a statement that
allows one to deal with all possible values of r at the same time. For this purpose, we
will need to use the operation X that has been introduced in the previous section.

Lemma 2.6. Let £ be a prime number, N a positive integer and A an {-primary torsion
abelian group. For each s > 1, there is a natural isomorphism :

05 (ABNY 22 (4 A)BN,

Moreover, if t > s, the injection ;s(A®N) — n(A®N) s identified to the morphism
(ps A)XN — (n A)PN dnduced by the injection gs A — p A.
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Proof. There are natural isomorphisms :
o (AN =, [((AD@M)D] = [(aye=) e]”
~ [((AD) /€S)®ZZN:|D ~ I:((e.eA>D>®Z[N:|D o (o A)EN,

The second part of the statement can be easily checked by following the injection gs (A®N) <
ot (A®N) through the previous isomorphisms. O

Lemma 2.7. Let £ be a prime number and N a positive integer. Let A be an (-primary
torsion abelian group and Ag the ¢°-torsion subgroup of A for each s > 1. Denote by is4
the morphism (AS)N — (At)gN induced by the injection As — Ay when t > s. Assume
that A is divisible.

(i) Lett > s> 1 be integers. One can define a morphism :
fopt ASN — APN
in the following way : for ai,...,any € As, one sets :

fs,t(al ®..Q CLN) = Et_s(bl X...&® bN)

where each b; € A; satisfies the equality /*=5b; = a;.
(11) There are natural isomorphisms :

ot (AP — (AN
such that the following diagram commutes :
(Ag)BN 2 (A )N (11)
fS,t is,t
(AN s (A)EN
forallt > s> 1.

Proof.

(i) Note first that, given ay,...,any € As, one can always find by,...,by € A; such that
0'=5b; = a; for i € {1,..., N} since A is divisible. Moreover, if b}, ..., 'y are other elements
of A; such that ¢*75b, = a; for i € {1,..., N}, then :

051 @ ... @by) = ((750) @by ® ... @ by
=) @by ® ... @by
=050 @by ® ... @ by),

and by repeating this argument, a simple induction shows that £/7%(b; ® ... ® by) =
07750 ® ... ® by). This proves that fs; is well-defined.
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(ii) By the universal property of ®z,, for each s > 0, there are natural isomorphisms :

(Ag)BN = [((AS)D)%NF ~ Multe((As)2 % ... x (Ay)P, Z/6°Z), (12)

where Mult, stands for the set of continuous multilinear maps. Consider the morphism :
@l (AN = Mult (AP x ... x AP 7,/0°7)

which maps a1 ®...®ay to the multilinear map f € Mult (AP x...x AP 7 /¢°7) defined as
follows : if ¢1,...,gn € Hom.(As,Z/0°Z), then f(g1,....,98) = g1(a1)...gn(an) € Z/l*Z.

Let’s check that ¢/, is an isomorphism. By the structure theorem of abelian groups with
finite exponent, Ay is a direct sum of cyclic groups. Write Ay = @, ; Z/{*Z with a; > 0
for each i and observe that, since A is divisible, all the a; have to be equal to s. Now
define the morphism :

Vs 2 (205N — Mult,((Z/52)P x ... x (Z/L)P, 7.)¢°7)

which maps b1 ®...®by to the multilinear map f € Mult.((Z/*Z)P x...x(Z/t°7)P 7/ t°7)
defined as follows : if g1, ..., gn € Hom (Z/0°Z,7./¢°7), then f(g1,...,gn) = g1(b1)...gn (bN) €
Z/¢°7. By the compatibility of the operation X with direct sums, it is enough to prove
that 15 is an isomorphism to deduce that ¢ is also an isomorphism. But the groups
(2)0°7)®N and Mult.((Z/€5Z)P x ... x (ZJ¢5Z)P, 7./¢°7) are both cyclic of order £° and
1hs maps the generator 1®...®1 of (Z/¢°Z)®"N to the generator fq of (Z/¢°Z)®N defined by
folidz ez, -, 1dz esz) = 1 € Z/L*Z. This proves that both v and ¢/ are isomorphisms.
By composing ¢, with the isomorphism (12), we get a natural isomorphism :

Ps : (AS)®N — (AS>®N'

All that remains to prove is the commutativity of diagram (11). For this purpose, it is
enough to prove that the diagram :

Mult.(AP x ... x AP 7./¢°7) %A;®N (13)
\Ljs,t ifsvt
Mult (AP x ... x AP, 7./0*7) %A?N

commutes. Here, the left vertical morphism j,; is induced by the injection Ay — A; and
by the injection ¢ : Z/0°Z — Z/¢"7Z sending 1 to £"*.

Take any aq,...,ay € As and choose by,...,by € A; such that ¢/7%b; = a;. We then
compute :

Jsi(Ps(ar1 @ . ®an)) (g1, s gN) € AP X o X AP = (905 (91(a1))- b5 (gn (an))),
gDé(f&t(al ® ... CLN)) :(gl, ...,gN) € AtD X ... X AtD — Etisgl(bl)...gN(bN)

One easily checks that, if ¢y, ..., cy are elements in Z/#'Z, then :

ws,t(d];tl (ft_scl)...w;tl (gt_SCN» = Et_scl...CN.

Hence js i 0 ¢, = ¢} o fs+, and the commutativity of (13) is proved.

10
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Theorem 2.8. Let £ be a prime number and let K be o field with characteristic different
from L. Let N be o positive integer. Then there exists a surjection of abelian groups :

HY (K, Qq/Ze(1))*N — HY (K, Qq¢/Zo(N)).

Proof. Let A be the abelian group H'(K,Qy/Z¢(1)) and set Ay = 4s A for each s > 1.
One has an exact sequence :

HOK, Qu/Ze(1)) 25 HY (K, Z/02(1)) — A 55 A = H2(K,2/¢°7(1)) — H2(K,Qq/Zo(1)).
In this sequence, the group H?(K,Q;/Z¢(1)) can be identified with the Brauer group of
K. We deduce that the morphism H2(K,Z/¢°Z(1)) — H*(K,Qq¢/Z(1)) is injective, and
we get an exact sequence :

HOK,Qu/Z4(1)) 5 HY(K,2/62(1) — A 55 A 0. (14)
This implies that the group A is divisible and that there are natural isomorphisms :

Ay, = HY K, 7Z/0°7,(1)) /Tm(82).
Hence, lemma 2.7 provides natural isomorphisms :
ps 1 (A)®N = (A)FN

for s > 1 as well as morphisms i : (As)N — (A)EN and fs; 1 (A:)SN — (AN for

t>s.

Now observe that the Bloch-Kato conjecture shows that the morphism induced by the
cup-product :
1 S QN N s
U: [HY(K,Z/°Z(1))]" — HY(K,Z/t°Z(N))

is a surjective morphism. Since the cup-product is compatible with the boundary maps
0y + HY(K,Qu/Z(1)) — H' (K, Z/°Z(1))
dy' ™ HNTHK, Qo/Ze(N)) = HY (K, Z/CL(N)),
this induces a surjective morphism :
(A)®N — HN(K,Z/CZ(N))/Tm(dy )

which will still be denoted by U. Hence, for t > s we have a diagram :

o

o (APN) Zs (A )PV <2 (A)BN Y BN(K,Z/PT(N)) /Im(dY ) (15)

L\ iis,t lfs,t (*) ljs,t

o (ABN) S (4N 2 (AN Y EN (K, Z/0Z(N)) /Tm(dY )

1R

in which :

e the right vertical morphism js; is induced by the morphism of Galois modules hg; :
ZJSZ(N) — Z/O'Z(N) defined by the formula hs;(a1 ® ... @ an) = 0751 ® ... @ by)
where each b; € Z/0'Z(N) satisfies £=5b; = a; ;

11



2. Passing to the limit in the Bloch-Kato conjecture

e the left square is commutative by lemma 2.6 and the middle square is commutative by
lemma 2.7.

Let’s now prove the commutativity of the square (%) of diagram (15). For this purpose,
observe that (%) can be lifted to a diagram :

HY(K,Z/7(1))®N — HN(K, 7./¢°7(N)) (16)

ifs,t i;s,t
HY(K,Z/0'7(1))8N —> HN(K,Z/I'Z(N))
in which :

o jfvt is induced by the morphism of Galois modules hy; : Z/0SZ(N) — Z/I'Z(N) ;
e fs4 is defined as follows : for ai, ...,an € HY(K,Z/t*Z(1)) = K*/(K*)*, one sets

forlar @ .. @ay) = 0%([a1] @ ... ® [an]) € HY(K, Z/007(1))®N

where each a; is an element of K* that lifts a; and [a;] denotes the classe of a; in
HY(K,Z/0'Z(1)) = K> /(K*)Y.
Hence we only need to prove the commutativity of diagram (16).

To do so, take any ay,...,ay € H'(K,Z/¢*Z(1)) and let ai,...,any € K> be liftings
of the a;’s. For each i € {1,..., N}, choose p; € K* an f!-th root of a; and define the
homogeneous cocycle :

Bi: Gal (K*/K)? — Z/0'Z(1),
oo(pi)
o1(pi)

Then the cohomology class [a;] € H'(K,Z/7Z(1)) is represented by 3; and the cohomo-
logy class a; is represented by the homogeneous cocycle :

(00,01) —>

i : Gal (K°/K)? — 7.J0°7,(1),
(00, 01) = Bi(00,01)"

t—s

We deduce that jsjt(al U...Uay) and U(fs,t(al ® ... ® ay)) are both represented by the
homogeneous cocycle :

(00, ...,0n) € Gal (KS/K)N+1 — Et_sﬂl(ao,01)®,32(01,02)®...®5N(0N_1,GN) S Z/ftZ(l).

Hence, js+(a1U...Uay) = U(fs+(a1 ®...®ay)), and diagram (16) commutes. By passing
the surjective morphism :

~ -1
o (ABN) = (A)HN Zmy (A)®N — HN(K,Z/CZ(N)) /Tm(d) )
to the direct limit on s, we get the desired surjection of Galois modules :
H' (K, Q¢/Zo(1)*Y — HY (K, Q/Z(N)),

because lim HN=Y(K,Qu/Z¢(N))/¢* = 0 and hence lim Im(d¥-1) = 0. O

12



3. Vanishing theorems in Galois cohomology

3. Vanishing theorems in Galois cohomology

3.1 An abstract vanishing theorem

In this section we fix a perfect field k and a non-negative integer M. We also consider
a commutative, local, normal, henselian, excellent, M-dimensional ring R with residue
field k. For instance, R could be the henselization or the completion of the local ring at
a closed point of a normal k-variety or, more generally, of a normal finite type scheme
defined over an excellent ring. Note that the ring R may have mixed characteristic.

In the sequel, we let R°" be the strict henselization of R and we set X = Spec R and
X" = Spec R*". Note that the schemes X and X*" may be singular.

Theorem 3.1. Let d > 1 and r be two integers and ¢ a prime number different from the

characteristic of k. Let f : Y — X be a proper dominant morphism such that the scheme

V=Y xx X" is integral and reqular. Let N be the dimension of the generic fiber of

f and make the following two assumptions :

(H1) The field k has £-cohomological dimension d.

(H2) For each j € {0,..., M + N}, each finite extension k' of k and each semi-abelian
variety G over k', one has :

HYK , GEH{0O® (r — M — N)) =0.

If K is the function field of Y, then the group HM+N(K Qy/Z(r)) vanishes. Moreover,

if the special fiber Y of [ is smooth over k, then assumption (H2) can be replaced by :

(H2’) For each j € {0,..., M + N}, each finite extension k' of k and each abelian variety
A over k', one has :

HYK , Ak {3 (r — M — N)) =0.

Remark 3.2.

(i) In the case ) is not assumed to be regular but has a desingularization ), the theo-
rem can be applied to Y and hence the conclusion still holds. In particular, if & has
characteristic 0, then the previous theorem holds when K is the function field of any
integral variety defined over the fraction field of R.

(ii) When M = 0, we have R = k and Y is a smooth k-variety. Hence theorem 3.1 covers
the case when K is the function field of a smooth projective k-variety. Also note that,
in this situation, assumption (H2’) is always enough.

(iii) When N = 0, the schemes ) and X are birational. Hence theorem 3.1 covers the
case when K is the fraction field of R.

The first step in the proof of the theorem consists in describing the structure of the
Galois module H'(k*(Y*"), Qp/Z¢(1)), where k*()5") stands for the function field of Y.
For this purpose, we first study the Picard group of Y*".

Lemma 3.3.
(i) There exist a semi-abelian variety G, a finite Galois module ® and an exact sequence
of Galois modules :

0 — G(k*){t} = (Pic Y {0} - & — 0.

Moreover, if the special fiber Y of f:Y — X is smooth, then G is an abelian variety.

13



3. Vanishing theorems in Galois cohomology

(ii) The morphism (Pic Y*") ® Qq/Zs — (Pic Yis) ® Qu/Zy is injective.

Proof. For each m > 1, we have commutative diagrams with exact lines :

0——= O JOYm) " —~ HY (Y, jyym) — gmPic Y*h — =0 (17)

] |

OHO(YkS)X/O(YkS)XZ HHl(YkS,Mgm) —>@mPic Yks HO,

0 — (Pic Y") /4™ —— H2(Y*", jiym) — pmBr Y ——=0 (18)

| | |

0—— (PIC Yk9>/£m E—— H2(Yks, /,L@m) —_— gmBl‘ Yks —0.

In both diagrams, the middle vertical morphism is an isomorphism by the proper ebase
X

change theorem. Moreover, the group O(Yjs)* is divisible, so that O(Yjs)* /O(Yis) =
0. A simple diagram chase then shows that gmPic Y** 2 mPic Y}s and that the morphism
(Pic V™) /™ — (Pic Yjs) /0™ is injective. Hence :

(Pic Y*M){¢} = (Pic Yis){€}
and the morphism (Pic Y*") ® Q;/Z; — (Pic Yjs) ® Q;/Z; is injective.

Now note that Pic® Yjs = Go(k®) for some connected commutative algebraic group Gy.
If Y is smooth, then Gg is an abelian variety, while in general, by the structure theorem
of connected commutative algebraic groups, we have an exact sequence :

0—-U—>Gy—>G—=0

for some semi-abelian variety G and unipotent group U. Since the group U (k?) is uniquely
{-divisible, we get an isomorphism :

(Pic® Yy ) {0} = G(K*){}

and the group Pic? Yjs is f-divisible. The lemma follows by noting that the Néron-Severi
group NS(Yjs) = Pic Yjs /Pic? Yis is of finite type. O

Lemma 3.4. There exist a finite subset S of (ysh)“) and Galois modules Q, Q', F and
N over k such that there are exact sequences :

0 — Pic(*M) {0} = HY(k*(Y*"),Q4/Z(1)) — Q' — 0, (19)
0-Q®Q/Zi — Q — F — 0, (20)
05 N@Q/Z = QeQ/Z~» )  Q/Zi—0, (21)

ve(Ysh)(\S

and such that Q s a free abelian group, F is finite, N is a finite type abelian group and
S is stable under the action of the absolute Galois group of k.

14



3. Vanishing theorems in Galois cohomology

Proof. Since Y*" is regular, we have an exact sequence of Galois modules :
0= OV = k* (V") = Div(Y*™") — Pic(Y*") = 0.
Hence, by the snake lemma, for each positive integer m, we have an exact sequence :
0 — mPic(Y*h) — HY(k3(Y"), Z/0mZ(1)) — Div(Y*h) /e™ — Pic(Y") /0™ — 0. (22)

By passing to the direct limit on m, we obtain the following exact sequence of Galois
modules over k :

0 — Pic(Y*") {0} — H Y (E5(Y*"), Q¢ /Z¢(1)) = Div(Y")@Qy/Zy — Pic(Y*™")@Qy/Z¢ — 0.
(23)
Counsider the following Galois modules :

Q := Ker (Div(y™") -+ NS(¥i) /NS (Ve Jors )
[:=1Im (Div(ySh) s NS(Yie) /NS(Yks)tors) :
Q' :=Ker (Div(ySh) ® Qu/Zy — Pic(ySh) & @Z/Ze) .

Exact sequence (19) immediately follows from the definition of @’ and from exact se-
quence (23).

Let’s now construct exact sequence (20). Note that, by lemma 3.3(ii), the morphism
(Pic V") @ Qu/Z¢ — (Pic Yis) ® Qp/Z¢ = (NS Yis) @ Qo/Z¢
is injective, so that we have an exact sequence :
0 — Q — Div(Y*") @ Qu/Zy — (NS Yis) @ Qp/Zy. (24)
Moreover, by definition of ) and I, we have the following exact sequences :
0— Q — Div(y*") - T =0, (25)
0 — I — NS(Yis)/NS(YVis)tors — I' — 0, (26)
for some Galois module I’. Since the abelian group NS(Ys)/NS(Ys)tors is of finite type
and has no torsion, we get new exact sequences by tensoring with Q,/Z; :
0 = Tor' (I,Q¢/Z¢) — Q @ Qu/Zy — Div(V*") @ Qu/Z¢ — 1 @ Q/Ze — 0,  (27)
Tor' (I, Q¢ /%) — I @ Qu/Zy — NS(Yis) ® Qu/Zg — I' @ Qo/Zy — 0, (28)

in which the group Tor'(I’,Q./Z) is finite. One then only has to combine exact se-
quences (24), (27) and (28) to obtain exact sequence (20).

Let’s finish the proof by constructing exact sequence (21). By using once again the fact
that NS(Y}s) is a finite type abelian group, one can find a finite subset S of (V")) such
that @@ maps onto @Ue(ysh)@)\s Z. Up to replacing S by its orbit under the action of the
Galois group of k, one can assume that S is Galois-equivariant, and one therefore gets a
surjection of Galois modules :

Q — @ Z.

ve(Yh)(D\S
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3. Vanishing theorems in Galois cohomology

Its kernel is a Galois module N which, as an abelian group, is finitely generated. Hence
one gets an exact sequence of Galois modules :

0=-N—=-Q— @ Z — 0. (29)
ve(Ysh)(\S

Exact sequence (21) is then obtained by tensoring with Qy/Z,. O

Proposition 3.5. The group H%(k, H'(k*(V*"), Q¢/Ze(1))®*M+N (r — M — N)) has finite
exponent.

Proof. By lemmas 3.3 and 3.4, we have the following exact sequences of Galois modules :

0= G ){€} — H' (K (V*"),Qu/Ze(1)) = Q" = 0, (30)

0-d—-Q"—>Q —0 (31)
0-Q®Q)/Z - Q —F —0 (32)
(33)

0 N@Q/Z = QeQ/Zi» ) Q/Zi—0, 33
ve(Ysh) D\ S

for some Galois module @”. By assumption (H2), one can apply lemma 2.4 to the se-
quences (33) and (32) and one gets that the group

H(k, (G(k*){£})™ R Q™M (r — M — N))

has finite exponent for j = 0,1, ..., M+ N. One can then apply lemma 2.5 to the sequence
(31) and one gets that the group

H(k, (G(k*){£})™ R (Q")*M ™ (r — M — N))

has finite exponent. One can finally apply a second time lemma 2.4 to the sequence (30)
and one gets that the group

HO(k, B (), Q/Zo(1)24Y (= M = )
has finite exponent. O
Proof of theorem 8.1. Write the Hochschild-Serre spectral sequence :
H (e, HE (R (V1), Qo Ze(1))) = H (K, Qu/Za(r)).

Since k has f-cohomological dimension d (assumption (H1)), the previous spectral se-
quence induces an isomorphism :

HMAN(K Qo Z(r)) =2 H (&, HMTN (k5 (V"), Qo /Zo (7))
>~ HY(k, HMTN (k5 (V*"), Qu/Ze(M + N))(r — M — N)).

By theorem 2.8, one has a surjective morphism of Galois modules :

Hl(k;S(ysh)’Qe/Zg(l))&M-l-N _y HM—HV(]CS(:VS}L),@Z/ZZ(M+N)).

16



3. Vanishing theorems in Galois cohomology

Since the field k£ has ¢-cohomological dimension d (assumption (H1)), one gets a surjective
morphism :

Hk, H' (k*(Y), Qe /Z(1))*M N (r — M — N)) - HPWMIN(K Qy/Z4(r)).

But the group H¢(k, H'(k*()), Q¢/Z¢(1))*M+N (r — M — N)) has finite exponent (propo-
sition 3.5) and the group H¥M+N (K Q,/Z,(r)) is divisible because K has f-cohomological
dimension d+ M + N (assumption (H1)). One deduces that H4TM+N(K Q,/Z,(r)) = 0.

O

Corollary 3.6. Let d > 1 and r be two integers and £ a prime number different from
the characteristic of k. Let f:Y — X be a proper dominant morphism such that V" =
Y xx X" is integral and reqular. Let N be the dimension of the generic fiber of f and
make the following two assumptions :

(H1) The field k has (-cohomological dimension d.
(H2) For each j1,j2 € {0,.... M + N} such that ji1 + jo < M + N, each finite extension
k' of k and each abelian variety A over k', one has :

HAK, A {0 (- — M — N + J2)) = 0.
If K is the function field of Y, then the group H™M+N(K Qq/Zy(r)) vanishes.

Proof. Take G a semi-abelian variety over a finite extension &’ of k. By applying lemma,
2.4 to an exact sequence of the form :

0—-T—-G—A—=0

where T is a torus and A an abelian variety, one easily sees that assumption (H2) of
corollary 3.6 implies assumption (H2) of theorem 3.1. O

3.2 Applications

In this section, we apply theorem 3.1 to several concrete situations.

3.2.1 Finite base field

Lemma 3.7. Let k be a finite field with q elements. Let A be an abelian variety over k
and let ¢ be a prime number different from the characteristic of k. Let j > 0 and r be
integers such that j # —2r. Then H'(k, A{¢}*(r)) = 0.

Remark 3.8. The vanishing of the lemma does not hold when j = 2r.
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3. Vanishing theorems in Galois cohomology

Proof. By duality over k (example 1.1.10 of [9]), one has :

H (s, A{0}¥ (r)) = Timg H' (K, (o0 A)¥ (1))

[as

= |lim HO(k, (¢ A)°)® (=)
- D
= lim HO(k, (¢ A) ™ (—j — r))]

> HO(k, (T, A © Zg(—j — 1))P.

According to the Weil conjectures, the eigenvalues of the geometric Frobenius on (TgAt)®j ®
Z¢(—j — r) have modulus q”% # 1. Hence :

H' (k, ALY (1)) = HO(k, (TLA")® @ Zo(—j —7))P = 0.
O

Theorem 3.9. Let k be a finite field and let £ be a prime number different from the
characteristic of k. Let M be a non-negative integer and consider a proper morphism
f Y — X such that X is the spectrum of a commutative, local, normal, henselian,
excellent, M -dimensional ring with residue field k. Let X" be the strict henselization of
X and assume that V" .= Y x x X" is integral and reqular. Let K be the function field
of Y and N the dimension of the generic fiber of f.

(i) The group HMINH(K Qqu/Z¢(r)) vanishes for all v ¢ [0, M + NJ.

(i3) If the special fiber of f is smooth, then the group HM NV K Qu/Z¢(r)) vanishes

forallr & [M‘{N,M—i—N].

Proof. One just has to combine theorem 3.1 and corollary 3.6 with lemma 3.7. O

Remark 3.10. If N = 0 and K is therefore the function field of X, then the group
HM+Y(K,Qq/Z(r)) vanishes for all » & [0, M].

3.2.2 p-adic base field

Let k be a field. Recall that a 1-motive over k is a two-term complex of k-group
schemes M = [u : Y — G] (placed in degrees -1 and 0), where Y is the k-group associated
to a free abelian group of finite type endowed with a continuous action of Gal (k*/k) and
where G is a semi-abelian variety, i.e. an extension of an abelian variety by a torus. When
M is a 1-motive over k, one can introduce the Galois module 77,7 (M) := H (M &t
Z/nZ) for each n > 0. If ¢ is a prime number, one defines the (-adic Tate module of M
as follows :

Ty(M) :=

—

Jim 77, /gnz (M).

n

18



3. Vanishing theorems in Galois cohomology

Lemma 3.11. Let k be a p-adic field with residue field k and let M = [u 1Y — G] be
a 1-motive over k. Let £ be a prime number different from p. Let T be a torus and A
an abelian variety such that G is an extension of A by T and assume that A has good
reduction. Then Ty(M) is a free Zg-module of finite type and the eigenvalues of a lifting
¢ € Gal (k®/k) of the geometric Frobenius Fr € Gal (k°/k) acting on Ty(M) have modulus
1, ¢712 or g1,

Proof. For each n > 1, one has a distinguished triangle :
Y/l = Gl = M @YV 7/0"7 — Y/[1).
One gets an exact sequence of finite Galois modules :
0= ;G = Tgypmz(M) = Y/l" — 0. (34)

Moreover, since T'(k®) is divisible, one also has the following exact sequence of finite
Galois modules :

0= pmT = G —= mA—0. (35)

Since the groups that are involved in the sequences (34) and (35) are finite, by passing
to the inverse limit on n, one gets the following exact sequences of Galois modules :

0—->T1,G—TyM—Y QZy— 0, (36)
0—1T,T —T,G— TyA— 0. (37)

This shows that Ty(M) is a free Zy-module of finite type, so that it only remains to check
the assertion about ¢. For this purpose, we study the action of ¢ on Y ® Z,, T,T and
TyA :

e since Y becomes constant on a finite extension of k, all the eigenvalues of ¢ on Y ® Z,
have modulus 1.

e since 1" becomes isomorphic to G, for some r > 0 on a finite extension of k, the
eigenvalues of ¢ on T,;T have modulus ¢~ .

e the abelian variety A has good reduction. Let then A be an abelian scheme that extends
A on the ring of integers of k and let Ag be its special fiber. Since ¢ is different from
p, we have TyA = TpAy. We can therefore deduce from the Weil conjectures that the
eigenvalues of ¢ on TyA all have modulus ¢~ /2.

This finishes the proof. O

Lemma 3.12. Let k a p-adic field. Let A be an abelian variety over k and £ a prime

number different from p. Let 7 > 0 and r be integers such that v & [1 — j,1]. Then
H?(k, A{0}*(r)) = 0.
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3. Vanishing theorems in Galois cohomology

Proof. By Tate’s local duality theorem, one has :

H?(k, ALY (1)) 2 ling H? (k, (2 )™ (7))

- D
HO(k, (e A)™)P (1 = 1))

~

R

- D
HO(k, (e A)P)® (1 = 1))

12

_ D
= |lim H(k, (¢ A")® (1 - j - 7*))]
= é[o(k;, (T AY®T @ Zy(1 — j —1))P.

According to theorem 4.2.2 of [11], there exists a 1-motive M = [Y — G| over k satisfying
the following conditions :

(i) there is a natural isomorphism T, A" = T, M,

(ii) there is an exact sequence :

0—-T—-G—-B—=0

in which T is a torus and B is an abelian variety which has potentially good reduction.
According to lemma 3.11, one can deduce that the eigenvalues of a lifting ¢ of the
geometric Frobenius acting on Ty A" have modulus ¢—*, ¢~'/2 or 1. Hence the eigenvalues
of ¢ on (T, A")®7 ® Z¢(1 — j —r) have modulus ¢” with v € (3Z)N[r — 1,5 + r — 1]. Since
r & [1 — j,1], none of these eigenvalues has modulus 1, and therefore

HO(k, (T,A"®T @ Zy(1 — j — 1)) = 0.
The lemma follows. O

Lemma 3.13. Let k be a p-adic field. Let A be an abelian variety over k. Let j > 0 and
r be integers such that r & [1 — j,1]. Then H?(k, A{p}*(r)) = 0.

Proof. Just as in the proof of the previous lemma, by Tate’s local duality theorem, one
has : A ‘
H(k, A{p}™ (r)) = HO(, (T,A)® @ Z,(1 - j — )",

We now write the Hodge-Tate decomposition ([2]) :
T,A'® Cp = H' (A" x k°,Q,(1)) @ C, = H' (A", Op¢) @ Cp(1) ® HY(A', Uy 1,) © Cp.
We deduce that there are k-vector spaces Vp, ..., V; such that :
J
(TpAt)®j QLp(l—j—1)®Cp= @ (Vi@ Cp(1 =7 —1)).
i=0
Since r ¢ [1 — j, 1], none of the weights 1 —r—i of the previous decomposition is 0. Hence

HO(k, (T,A)®I @ Z,(1 — j —r)) = 0, and this finishes the proof. O
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Theorem 3.14. Let k be a p-adic field and let £ be a prime number. Let M and N be
non-negative integers and consider a commutative, local, normal, henselian, excellent, M-
dimensional ring R with residue field k. Let K be the function field of an N -dimensional
integral variety over the fraction field of R. Then the group

HM+N+2(K, Qg/Zg(T))

vanishes for all v & [1, M + N + 1].

Proof. Observe that, by Hironaka’s theorem, K is the function field of an integral scheme
Y such that V" is integral and regular and such that there is a proper dominant mor-
phism f : )Y — Spec R. One then just has to combine corollary 3.6 with lemmas 3.12
and 3.13. O

Remark 3.15. If K is the fraction field of R, the group HM*2(K,Q/Z(r)) vanishes
for all » & [1, M + 1].

3.2.3 Number fields

Lemma 3.16. Let k be a number field. Let A be an abelian variety over k and let £ be a
prime number which is assumed to be different from 2 if k is not totally imaginary. Let
j >0 and r be integers such that r ¢ [1 — j,1]. Then H?(k, A{£}*(r)) = 0.

Proof. According to the Weil conjectures, if v is a finite place of K which does not
divide ¢ and where A has good reduction, all the eigenvalues of a lifting of the geometric
Frobenius at v acting on Ty(A) have modulus ¢~'/2. We deduce that all the eigenvalues of
a lifting of the geometric Frobenius at v acting on Ty(A)®? @ Z(r) have modulus ¢—7/2~".
Since 7 ¢ [1 — 4, 1], we have ¢=7/27" # ¢~'. Theorem 1.5(a) of [5] hence implies that the
morphism :

H(k, ALY (1)) — @D H(ko, AL} (1))

is injective. But according to lemmas 3.12 and 3.13, since r ¢ [1 — j, 1], we have H?(k,, A{}*(r)) =
0 for each finite place v of k. We deduce that the group H?(k, A{¢}*(r)) vanishes. [

Theorem 3.17. Let k be a number field and let ¢ be a prime number which is assumed
to be different from 2 if k is not totally imaginary. Let M and N be non-negative integers
and consider a commutative, local, normal, henselian, excellent, M -dimensional ring R
with residue field k. Let K be the function field of an N-dimensional integral variety over
the fraction field of R. Then the group

I_IM+N+2(K-7 @g/Z@(T))

vanishes for all v & [1, M + N + 1].

Proof. Observe that, by Hironaka’s theorem, K is the function field of an integral scheme
Y such that Y*" is integral and regular and such that there is a proper dominant mor-
phism f : )Y — Spec R. One then just has to combine corollary 3.6 with lemma 3.16. [

Remark 3.18. If K is the fraction field of R, the group H™*2(K,Q/Z(r)) vanishes
for all r & [1, M + 1].
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4. Fraction fields of two-dimensional henselian local rings

In this section, we are interested in the function fields of two-dimensional henselian
local rings. We will first improve the vanishing theorems of the previous section in this
particular case, and we will then prove some Brauer-Hasse-Noether exact sequences.

4.1 An abstract vanishing theorem

Fix a perfect field k£ and let R be a commutative, local, geometrically integral, nor-
mal, henselian, excellent, 2-dimensional k-algebra with residue field k. By geometrically
integral, we mean that R ®j k° is integral. For instance, R could be the completion or
the henselization of the local ring at a closed point of a normal k-surface. Let K be the
fraction field of R and let m be the maximal ideal of R. Set X = Spec R and X = X'\ {m}.
The scheme X may be singular in general, while X is a (non-affine) Dedekind scheme.

Theorem 4.1. Let d be o non-negative integer, r any integer and £ a prime number

different from the characteristic of k. We make the following three assumptions :

(H1) The field k has £-cohomological dimension d.

(H2) For each finite extension k' of k, the group H(k',Qq/Zy(r — 2)) vanishes.

(H3) For each finite extension k' of k and for each abelian variety A over k', the group
HYK', A(k*){€}(r — 2)) vanishes.

Then the group HT2(K, Qu/Z(r)) vanishes.

4.1.1 Resolution of singularities

Consider a morphism of schemes f : X — X = Spec R satisfying the following
assumptions :
e Xisa regular, integral, 2-dimensional scheme and f is projective;
o f:f1(X)— X is an isomorphism ;
e f~!(m) is a normal crossing divisor of X' (in the sense of definition 9.1.6 of [8]).
Such a morphism exists according to [7]. We then set Y = f~!(m) and we endow Y with
the reduced structure. Thus Y is a reduced k-curve which may not be irreducible, but
all of its irreducible components are smooth. For v € X \X(l) =Y O let Y, be the
smooth projective k-curve corresponding to v. We denote by g, the genus of this curve.

Moreover, to the curve Y we associate the following bipartite graph I :

e vertices : V = V; U Vs, where V3 = Y(© is the set of (generic points of) irreducible
components of Y and V5 is the set of closed points of Y which are the intersection of
two irreducible components of Y ;

e edges : E is the set of subsets with two elements {vy,v2} of V' such that v; € Vi,
vy € Vo and vy €Y, .

Denote by cr the first Betti number of I'.

In the sequel, when S is a k-algebra or a k-scheme, S will stand for the extension of
scalars of S to k°. Note that, in the same way that we have associated the graph T" to
the curve Y, one can associate a bipartite graph I to the curve Y : its set of vertices will
be denoted V. =V UV,, and its set of edges E. The notation cr will then stand for the
first Betti number of I'. For v € V;, we will denote by Y, the irreducible component of
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4. Fraction fields of two-dimensional henselian local rings

Y associated to v and by g, the genus of Xy. We set :

nx =) gu+er
2611

4.1.2 The Brauer group of K

In this paragraph, we are interested in the Brauer group of the field K. Recall that
this group has been computed in the article [3] :

Theorem 4.2. (Lemmas 1.4 and 1.6 and theorem 1.6 of [3])
Let 0 be a prime number different from the characteristic of k.
(i) There is a natural exact sequence

0— Y{¢{} = Br(K){{} — @ Br(K,){¢} — AL} — 0, (38)
vex®

with :

Y=FKer| P BrE,~ P QZf,

EEZl ﬂei@)

A = Coker @BTKE% @ Q/Z

vev, wer®

(11) There are isomorphisms of abelian groups Y{l} = (Q¢/Z¢)"% and A{l} = Qy/Z,.

Remark 4.3. In [3], this theorem is proved under the assumption that Y is a normal
crossing divisor divisor of X and this is not always the case. However, the proof only uses
the fact that each irreducible component of Y is smooth, and this assumption is satisfied
here.

We aim at computing the group Br(X) as a Galois module over k. For this purpose,
we are going to compute T and A as Gal (k°/k)-modules, but before that, we introduce
some notation :

Notation 4.4. For v € X :

e v denotes the image of v in X,

e H, denotes the stabilizer of v under the action of Gal (k*/k),

e [, stands for the field (k*)H=.

When v € X(l), we also denote by J, the Jacobian of the irreducible component of
Y, X, F, associated to v. Finally, we let H; (L', Z) be the first homology group of I. Since
the Galois group of k acts on I and stabilizes V| and V,, the group H; (L, Z) is naturally
endowed with a structure of Galois module over k.

Lemma 4.5. Let ¢ be a prime number different from the characteristic of k et let v €
XD There is an isomorphism of Galois modules over k :

D BAK, )0 = In (Qu/Ze(-1)).

o€Gal (ks /k)/Hy,
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4. Fraction fields of two-dimensional henselian local rings

Proof. It suffices to observe that the residue morphisms induce canonical isomorphisms
of H,-modules :

Br(K,){¢} = H*(K,,Q¢/Z(1)) = H' (k*(v), Q¢/Z¢)
>~ HO(k®, Qe/Zy(—1)) = Q¢/Zo(—1).
O

Corollary 4.6. Let £ be a prime number different from the characteristic of k. There is
an isomorphism of Galois modules over k :

A0} = Qu/Zy(—-1).

Proof. Exact sequence (38) gives a surjection of Galois modules over k :

P Br(K,){} — AL}

QGX(D

which is induced by the sum morphism. Since Br(£{,){¢} = Q¢/Z¢(—1) for each v € X
we deduce that A{¢} = Qy/Zs(—1). O

Let’s now study the group T.

Proposition 4.7. Let ¢ be a prime number different from the characteristic of k. Let
|V,/Gal (k*/k)| be a complete set of representatives of V., /Gal (k®° k). There is an exact
sequence of Galois modules over k :

0— D IepUuE){G(-1) = T{} = Qu/Z(~1) ® Hi(L,Z) = 0.
velV, /Cal (k*/K)|

Proof. We follow the computation in lemma 1.5 of [3|, but here we have to be careful
enough to control the action of the absolute Galois group of k.

For v € V, consider the composed morphism :

by H'(K*(Y,), Qu/Zs) » P H' (K (V) Q/Z0) » D Qu/Zi(-

weﬁj) EQXS )

where the first map is the restriction morphism and the second is induced by the residue
morphisms. By summing the ¢,’s for v € V1, one gets a morphism of Galois modules :

¢: @B H' (K (Y,),Q/Z) —» D P Qu/Zi(-

’UGVI vGVl MEXS)

Now define the morphism of Galois modules ¢ by the following diagram :
Dpev, H' (k*(Y,), Qe/Z) H@veVl D ey Qo/Ze(-1)
\ iz
D, 5@ Q/Z(=1)
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where the right vertical morphism is the sum morphism. As a Galois module, the group
Y{¢} is the kernel of ¢.

Now note that each ¢, can be inserted in the following exact sequence of H,-modules :

HU (B (Y,), Qe/Z2) —2 @y 0 Qu/Ze(—1) = Qo/Ze(-1) —= 0. (39)

We therefore get a commutative diagram with exact lines and columns of Galois modules
over k :

@gezl Ker(¢y) T{¢}

0 Dpey, H' (K (Y,), Q/Zy) - Boey, H (k*(Y,), Q/Z) —=0

@EGKl (o) o

00— @Bey, Ker (B0, 00 Q/Ze(~1) = Qu/Ze(-1)) — 2D, g Q/Ze(~1)

where :

O=Ker [Z: @ Ker |Z: P Qu/Zu(-1) = Qp/Ze(-1) | = D Qu/Zi(-1)

veV, wexg) QGX(Z)

By the snake lemma, we get an exact sequence of Galois modules :

0— P Ker(¢y) = T{t} - 6 — 0.
QEZl

By the proof of lemma 1.2 of [3], we have isomorphisms of Galois modules :

O=Ker|X: @Ker ¥ @ Qv/Z¢ — Q)¢ | — GB Qe/Zy | (—1)

vey, weytH wex?
= Qu/Z(-1) @ Hi (L, Z).

Besides, if v € V, the Hy-module Ker ¢, is isomorphic to H'(Y,,,Q/Zy). Since Y, is
projective and since the group H*(Y,,,Q;/Zy) can be identified with (Pic Y, ){¢}(—1) =
Jo(K){EH(=1), we get

D Ker(¢y) = €D Ju(k*){e}(-1) = D I e (Ju () {3 (=1)).

Q€Z1 QEKl Q€|K1/Gal (ks/k)l
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4.1.3 Proof of theorem 4.1

We now prove theorem 4.1. For this purpose, we write the Hochschild-Serre spectral
sequence :
H (k, H' (K, Q¢/Z(r))) = H*" (K, Q¢/Z(1))).

The group H*(k, HY(K,Q¢/Z(r))) = 0 vanishes for s > d+ 1 or ¢t > 3. Hence it suffices
to prove that H%(k, H?(K,Qq/Z(r))) = 0. We see that :

H(k, H*(K,Qu/Z(r))) = H(k, H*(K,Q¢/Ze(1))(r — 1)) (40)
~ [k, Br (K){¢}(r — 1)). (41)

By theorem 4.2, corollary 4.6 and proposition 4.7, we have a dévissage of the Galois
module Br (K)(r — 1) :

0—Y{{}(r—1) = Br(K){{}(r — 1) — Ker @ Qe/Zp(r —2) = Qu/Ze(r —2) | =0,
vex @
(42)

0— B I (L) —2)) = T{H(r — 1) = Qu/Zy(r — 2) ® Hy(L, Z) — 0.
velV, /Gal (k*/F)
(43)

Since r # 2, assumptions (H2) and (H3) show that :
o H(k, I, 1 (Jo(K){€}(r — 2))) =0,
)

o H (k Ker <@veX(1) Qu/Zo(r — 2) — Q) Ze(r — 2))) and H(k, Q¢/Zo(r—2)®Hy (T, Z))
have finite exponent (by a restriction-corestriction argument).

We deduce that H%(k, Br (K){¢}(r—1)) has finite exponent. Therefore H4*2(K,Qq/Z(r))

also has finite exponent. But this group is divisible since K has ¢-cohomological dimension

d + 2 (assumption (H1)). Hence it vanishes.

4.2 Applications

In this paragraph, we apply theorem 4.1 to the situations where k is finite, p-adic or
a totally imaginary number field. We keep the notations of section 4.1.

Theorem 4.8. Let £ be a prime number.

(i) If k is finite and { is different from the characteristic of k, then H3(K,Qu/Zo(r))
vanishes for all r # 2.

(i3) If k is p-adic, then H*(K,Q/Zy(r)) vanishes for all v # 3.

(iii) If k is a totally imaginary number field or if k is any number field and ¢ # 2, then
H*(K,Qq/Zy(r)) vanishes for each r # 3.

Proof. We check that the assumptions of theorem 4.1 hold :
(H1) the field k£ has ¢-cohomological dimension 1 if it is finite, 2 if it is p-adic or a totally

imaginary number field.
(H2-3) This is a direct consequence of lemmas 3.7, 3.12, 3.13 and 3.16.
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4.3 Brauer-Hasse-Noether exact sequences

Keep all the notations of section 4.1. In this paragraph, we are interested in the groups
H¥*2(K,Qq/Z(r)) when they do not vanish. We aim at proving some exact sequences
which involve these groups and which play the role of the Brauer-Hasse-Noether exact
sequence for the field K.

Recall that we have a dévissage of the Galois module Br (K)(r —1) given by the exact
sequences (42) and (43). Let’s rewrite this dévissage in a different way.

Proposition 4.9. Let ¢ be a prime number different from the characteristic of k. There
are exact sequences of Galois modules over k :

0— & I, e (Ju(B5){€H(r = 2)) = Br (K)(r — 1) > Z(r —2) = 0, (44)
e[V, /Gal (k* k)]

0— Qr/Z® Hi(L,Z) - E5 Ker | €D Qu/Z¢ — Qu/Z¢ | — 0, (45)
vex™

where :

E=Ker| @ Q/Zeod @ Ker| @ Qu/Z— Q/Z | - P Qu/Z

veXx™ veV, wey wey ™)

Moreover, there exists a positive integer M and a morphism of Galois modules

Vi Ker | @ Qu/Z¢— Qu/Zi | - E

vex®
such that ¢ o) = M - 1d.

Proof. Exact sequences (44) and (45) are just a rewriting of exact sequences (42) and
(43). So we only have to prove the existence of .

To do so, choose a subtree T of I which contains all vertices of I'. Denote by 71, ..., T, all
the conjugates of 7 under the action of the absolute Galois group of k on I'. According to
the proof of lemma 1.1 of [3], for i € {1, ...,m}, if we consider a family (a,)yev € (Qo/Z¢)%

such that :
dow=)

veV, veEV,

then we can find a unique family (z.)ecr € (Q¢/Z¢)E such that, for all v € V

E Te = Qy

e€l(v)

and x, = 0 if e is not an edge of 7;. We will denote by X;((ay)vey) the family (z¢)ecp.
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Let’s now consider (aw), e x) € Ker (®U€X(1) Qv/Zy — Qg/Zg). Denote by (Bu),,cy 1) €
Dy Qu/Z the image of (o). For v, € Vy, set ay, = ZQGL(J?\KQ Bw and for vy € V,,
set ay, = —fy,. We compute :

2=, ), P

vy el ey Dy,
=D Pu= D P
wey ™ weV,
=D
QEZQ

For v; € V, we consider the family y, = (yyl,w)wey(n defined in the following way :
® Yy w=-—"mPyif wgVsy; -

® Y w = 221 Xi((ay)yez){yl,w} if weVs,.

For v, € Vy,v5 €V, and wy € X(l) \ V,, we compute :

Z Yojw = —M Z Puw + Z Z Xi((ag),EZ){yl aw}

MGZ;? HGX(QIR\ZQ Qexﬂl ng =1
m
=-m E Buw + E ay,
weY MV, =1

=m|— Z Buw +ay, | =0;

1
wey{)\V,
m
Z Yvw, = Z Z Xi((aw)vev) (v,
veV, [u,ey it veV, Ju,ey i =1
= maQQ = —mﬁy2;

Z Yowy = —MPuy,-

veV, lwyey

This allows us to define a morphism of groups :

¢:Ker @ @g/Zg—)@g/Zg — =

vex™®

() e xm = | maw),cx), <(yv1,w)wey<1)) :
- o T ey,

One can then easily check that v is a morphism of Galois modules by observing that, if
o € Gal (k*/k) sends some 7; on some 7, then :

0 (Xi((ay)vev)) = X;(0 - (ay)vev)-

Of course, we have poy =m - Id. O
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Remark 4.10. According to the previous proof, M can be taken to be the g.c.d. m(L)
of the orders of orbits of the set of spanning trees of I' under the action of the Galois
group of k. In particular, if £ does not divide m(L), the sequence (45) is split.

Theorem 4.11. Let d be a non-negative integer, v any integer and £ a prime number
different from the characteristic of k. Assume that k has £-cohomological dimension d and
that, for any finite extension k' of k, the corestriction map HO (k' ,Qu/Zo(r — 2)) —
H¥ Yk, Qu/Z(r — 2)) is surjective. Then there are exact sequences :

D H(Fy, Jo{0}(r = 2)) = H*(K,Q¢/Z(r)) — H(k,E(r — 2)) =0,
vE|V, /Gal (k*/k)|

0——F — H(k,Q¢/Z(r — 2) ® H,(L, Z))

e

0 Boexy HH(Ky, Qo /Zy(r))

Hd(k, Qg/Z@(T’ — 2))

where F is a group killed by m(L).

Proof. First observe that we have an exact sequence :

Doeix® jca(eesmy) HO ™ (Fo, Qe/Zo(r — 2)) HY (k, Qo/Zo(r — 2))

/

H (k, Ker (@, x Qe/Ze(r —2) = Qo/Zu(r - 2)))

0

(48)
By assumption, for v € | X1 /Gal(k* /k)], the corestriction morphism H%! (Fy, Qe/Zy(r — 2)) —
H1 (k,Qq/Z¢(r — 2)) is surjective, so we get the following exact sequence :

Doeix® Gaigs i) H (Fos Qu/Zo(r — 2)) —— H (k,Qe/Ze(r — 2))

0

H (b, Ker (@,ex0) Qu/Zelr = 2) — Qo/Zelr - 2)) )

l

0<~—H1 (kv QE/ZE(T - 2)) @ye@(l)/(;a](ks/k” HY (Fga QE/ZK(T - 2))

(49)
Now note that, for v € | X /Gal(k*/k)|, the residue morphisms induce isomorphisms :

H (Fy,Qu/Zo(r — 2)) = H™ (k(v), Qe/Zo(r — 1)) = H? (K, Qp/Zy(r)) .

Hence we have an exact sequence :

0 HY (k% Ker (@Eegl) Qe/Zo(r —2) = Qo /Zo(r — 2)))
0<—H* (k, Qe/Zy(r — 2)) PBexw H? (Ky, Qu/Zo(r))

(50)
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Exact sequences (46) and (47) are then obtained by writing the long exact cohomology
sequences associated to the short exact sequences (44) and (45), by using the fact that
k has ¢-cohomological dimension d and by observing that one has the following isomor-
phisms :

12

H(k, H*(K,Q¢/Z(7)))
H(k, H*(K,Qu/Ze(1))(r — 1))
H(k, Br (K){¢}(r — 1)).

Let’s now prove that F is killed by m(L). Take the following notations :

H"™2(K,Qu/Z(r))

HZ

IIZ

A= Qg/Zg(T — 2) & HI(E,Z)§
B :=Z(r—2);

C :=Ker @ Qe/Zy(r —2) = Q/Z¢(r — 2)

QEX(D

According to proposition 4.9, we have a commutative diagram with an exact line :

H¥Y(k,B) — H"Y(k,C) — H%k, A) — H(k, B) — Hk,C) —=0

=

HYYE,0)
(51)
A simple diagram chase shows that F = Ker (H%(k, A) — H%(k, B)) is killed m(L). O

Corollary 4.12. Let d be a non-negative integer, v any integer and ¢ a prime number
different from the characteristic of k. Assume that k has £-cohomological dimension d and
that, for any finite extension k' of k, the corestriction map H¥ V(K , Qp/Ze(r — 2)) —
H¥ Yk, Qu/Zy(r — 2)) is surjective. There is an ezacl sequence :

HY (K, Qu/Zy(r)) = @ H™(Ky, Qo/Zo(r)) — H(k,Qo/Ze(r - 2)) — 0.
vex @
Moreover, if A is the kernel of the map H* (K, Q¢/Zo(r)) = Bpex ) HT2 (Ko, Qo/Zo(r)),

then we have an exact sequence :

P HYF,, J,{0}(r —2)) = A — HYk,Qu/Z(r — 2) ® H|(L,Z))/F — 0,
velV, /Gal (k* /k)|

where F is a subgroup of H(k,Qu/Z¢(r — 2) ® H1(L,Z)) which is killed by m(T). In
particular, A is divisible.

Remark 4.13.

(i) This corollary is to be understood as a Brauer-Hasse-Noether exact sequence for the
field K.

(ii) The assumption that, for any finite extension k' of k, the corestriction map

HY YK, Qu/Zy(r — 2)) — HY (b, Qo/Zo(r — 2))

is surjective is automatically satisfied when r = d + 1.
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Proof. This is just a rewriting of theorem 4.11, provided that one notes that the groups
Duev, /Gal (o) H (Fos {0} (r — 2)) and H(k, Q¢/Ze(r — 2) ® Hi(L, Z)) are divisible
(because k has cohomological dimension d). O

We are now going to apply the previous corollary to the cases where k is a finite field, a
p-adic field or a totally imaginary number field.

a) Finite base field

In the case where k is finite, we recover a result of Saito (see theorem 5.2 of [12]) :

Corollary 4.14. Assume that k is finite. Then we have an exact sequence :

OHFHHl(k7Q€/ZZ®H1(£7Z))

H3(K,Q¢/Z(2))

|

@UEX(U H3(KU? Qﬁ/Zf(2))a

0 HY(k,Q¢/Zy)

where F' is a group killed by m(L). The kernel of the map

HY(K,Qu/Zo(2) » € H(Ko, Qu/Ze(2))

vexX @)

is isomorphic to (Qg/Ze)P with :
p = rank (H1 (T, z,)%a! (ks/k)> . (52)

Proof. Observe that for any finite extension k' of k, the corestriction map H®(k', Qy/Z¢) —
HO(k,Qq/Zy) is surjective. Hence the first part of the statement follows from corollary
4.12 and from the vanishing of the group H'(F,, J,{¢}) for each v € |V,/Gal (k*/k)|
(lemma 3.7). For the second part of the statement, we have by duality over k (example
1.1.10 of |9]) :

H'(k,Qu/Z¢ ® Hi(L, 7)) = (H'(k, To(Hi (L, Z)P))) .

This group is isomorphic to (Qg/Z,)? with :
p = rank (H°(k, T,(H: (L, Z)"))) .
Hence the corollary follows from the next lemma. O

Lemma 4.15. Let E be a field and let M be a Gal(E®/E)-module which is free of finite

type as an abelian group. Then :
rank (H°(E, Ty(MP))) = rank (MGal (&) E>) .

Proof. The result is immediate for M a permutation module. By Ono’s lemma, one can
find a positive integer m and an exact sequence of Galois modules :

0 >M"xRy— R —F—=0
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in which Rg and R; are permutation modules and F' is finite. One then easily checks that
there is an exact sequence of Galois modules :

0 — Ty(RP) = Ty(MP)™ x Ty(RY) = F' = 0
with F’ finite. It follows that :
rank (H°(E, Ty(RY))) — rank (H°(E, Ty(RY)))

m

rank (Rfal <ES/E>) _ rank ( RS (ES/E))

rank (H°(E, T,(MP))) =

m
= rank (MGal (ES/E)> .

b) p-adic base field

When k is a p-adic field, corollary 4.12 implies the following result :
Corollary 4.16. (i) Assume that k is a p-adic field. Then we have an exact sequence :
HY(K,Qu/Z(3)) » € H*(K,,Qu/Z(3)) — (Brk){t} — 0.
vex @
(it) Assume further that { # p. Then the group Ker (H*(K,Q¢/Z¢(3)) = @, x) H*(Ky, Qu/Z(3)))
is isomorphic to (Qg/Zy)P with :
0 < p—rank (Hl (T, 7)%a! (ks/k)) < Z 05
velV,/Gal (k*/k)|

where py is the rank of the mazimal torus of the special fiber of the Néron model of Jy.
Moreover, if pz =0 for each v € |V /Gal (k®/k)|, then we have an ezact sequence :

H*(K,Qq/Z(3))

|

@UEX(U H4(Kva @4/28(3))7

0 —= F — H2(k, Qo/Z(1) ® H (L, Z))

0

(Brk){0}

where F is a group killed by m(L).
(i) Assume that ¢ = p. Then the group Ker (H*(K,Qp/Zy(3)) = P pex) H (Kv, Qp/Zy(3)))
is isomorphic to (Qp/Zy)P with :

velV, /Gal (k*/k)]|

0 < p—rank (Hl(L Z)Gal(ks/k)> < Z o

Moreover, if g, = 0 for each v € |V, /Gal (k®/k)|, then we have an exact sequence :

HY (K, Qp/Zp(3))

|

@UEX(l) H4(va @p/Zp(?))),

00— F — H2(k, Qp/Z,(1) ® H, (L, Z))

0

(Brk){pr}

where F is a group killed by m(L).
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Proof. Observe that, for any finite extension &’ of k, the corestriction morphism
HY (k' Qe/Ze(1)) — H'(k,Q¢/Ze(1))

is surjective. Hence, corollary 4.16 follows from corollary 4.12, provided that we check
that, for each v € |V /Gal (k*/k)],

H?(Fy, Ju{€}(1)) = (Q¢/Ze)™ (53)
for some 7y satisfying the inequality
To S Pus if ¢ 7é p
- gv, ifl=0p
and that

rank (H?(k, Q¢/Z(1) ® H,(T,Z))) = rank (Hl(L, Z)Gal(’f“"/“) . (54)

Equality (54) can be proved in the same way as equality (52) if one uses Tate’s local
duality over the p-adic field k. As for the isomorphism (53), one can use the following
lemma. O

Lemma 4.17. Let A be an abelian variety over a p-adic field k with residue field k. Let
£ be a prime number. Let A be the Néron model of A and let T be the mazimal torus of
the special fiber of A. Let pr be the rank of T.

(i) If € # p, then H*(k, A{}(1)) = (Q¢/Zy)” with p = pr.
(i3) If £ = p, then H?(k, A{£}(1)) = (Q¢/Z¢)? with p < dim A.

Proof. First observe that, by Tate’s duality theorem :
H?(k, A{}(1)) = HO(k, T)A' ® Zy(—1))P.
Since A and A! are isogenous, there is a (non-canonical) isomorphism :
HO(k, T)A' @ Zy(—1)) = H(k, T)A ® Zy(—1)).

Hence we have to prove that H°(k, TyA® Zs(—1)) is a free Zs-module of rank pr if £ # p
and of rank < dim A if ¢ = p.
(i) We first assume that ¢ # p. We then have an isomorphism of Gal (k"™ /k)-modules :

(TZA)Gal (ks/kul]r) =~ yLngnA(kunr) &~ @ErLA(Okunr) &~ T[AO

where Ag is the special fiber of A. Hence :
HO(k, T, A® Zo(=1)) = H"(k, Ty Ao @ Zo(-1)).

Let now A be the connected component of the unit in Ag. We then have exact se-
quences :

0= AY = Ag— F =0 (55)
0—-UxT— Ay — B — 0, (56)
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for some finite étale group scheme F', some unipotent group U and some abelian variety
B. By exact sequence (55), we get an isomorphism of Galois modules :

Ty Ao = T, A,

so that :
HO(k, TyAo @ Zy(—1)) = HO(k, T)AS ® Zy(—1)).

Moreover, by exact sequence (56), we have an exact sequence of Galois modules :
0 — T,T — T, A — TyB.
We therefore have an exact sequence :
0 — HO(k, T,T @ Zy(—1)) — H(k, Ty AS @ Zy(—1)) — H(k, T;B @ Zg(—1)).
But H(k,TyB ® Z¢(—1)) = 0 by the Weil conjectures. So we get :
H(k, T)T @ Zy(—1)) = HO(k, T;A) @ Zy(—1)).

Hence, to finish the proof, we have to show that HO(xk,T;T ® Z¢(—1)) is a free Z;-
module of rank pp. This is obvious when T is a quasi-trivial torus. Now, by Ono’s
lemma, we have an exact sequence :

0—>F0—>R()—>Tn><R1—>0

where Fj is a finite étale group scheme, Ry and R; are quasitrivial tori and n is some
positive integer. Hence we have an exact sequence :

0 — H(k, TyRo®Z(—1)) = HO(k, T ®Z(—1))" x H(k, TyR1 @Ze(—1)) = Fy = 0

(57)
for some finite group Fy. Since H(k, TyRo ® Z¢(—1)) and HO(k, T)Ry ® Z¢(—1)) are
free Zg-modules, so is HY(k, T,T ® Zy(—1)). Moreover, by studying the ranks of the
Zg-modules that appear in exact sequence (57), we see that :

rank (H°(k, T,T ® Zy(—1))) = rank (H(k, TyRo @ Z¢(—1))) — rank (H(k, TyR1 ® Z¢(—1)))

n

R —
:po pRlsz’
n

as wished.
(ii) We now assume that £ = p. According to the Hodge-Tate decomposition ([2]), we
have an isomorphism of Galois modules :

T,A®Cy(—1) = H'(A,04) @ C, ® H'(A,9Q} ;) ® Cp(—1).
Since dim H'(A,0,) = dim A, we deduce that H°(k, T,A ® Z,(—1)) is a Zs-module

of rank at most dim A.
O
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¢) Number fields

The case when k is a number field is summarized in the following corollary :

Corollary 4.18. Assume that k is a totally imaginary number field or that k is any
number field and that £ # 2. We have an exact sequence :

HY(K,Qu/74(3)) = €D H*(Ky, Qu/Z(3)) — (Brk){¢} — 0.
veX (1)

Moreover, the group Ker (H*(K,Q¢/Z(3)) = @ ,exy H*(Ky, Qu/Z¢(3))) is divisible.

Proof. Observe that, for any finite extension &’ of k, the corestriction morphism
HY(K,Qu/Z(1)) — H' (k, Qu/Z(1))

is surjective. Hence everything follows immediately from corollary 4.12. O

We finish this article with a theorem which generalizes Jannsen’s exact sequence (1) to
the field K. To do so, we first need to introduce some notation :

Notation 4.19. Assume that k is a number field. Let € be the set of places of k and
let S be a finite subset of Q. For every Galois module M over k, we define the groups :

Yl(k, M) := Coker <H1(k, M) -~ @ H (kx, M)> ,
Tes

9P (k, M) := Coker | H*(k, M) - @ H*(kr, M) |,
TeQy

1% (k, M) := Ker [ H*(k, M) — [ H?(kx, M)

TEQ

Theorem 4.20. Assume that k is a number field and let Qi be the set of places of k.
For m € Q, denote by k! the henselization of k at © and by K the field K @ k. Let A
be the Gal(k®/k)-module H\(L',Z) ® Q/Z¢(1). Then there exists a natural complex Cg :

(degree 1) (degree 2) (degree 3) (degree 4)

0— H*(K,Q¢/Z(3)) — E% HY(K! Q/Z(3)) — EB( )Qe/Zz — Q¢/Z¢ —0
el veXxX (@

(58)
such that :
(i) H*(Cx) = H"(Ck) =0,
(ii) the group H?(Ck) is the quotient of U%(k, A) by a subgroup killed by m(L) and it is
(non-canonically) isomorphic to (Q¢/Zg)? where p = rank (H (L, Z) G“l(ks/k)),
(ii) the group H'(Ck) has finite exponent.
If moreover ¢ does not divide m(L), then there exist a finite subset S of Qk and a natural
exacl sequence :
Yi(k,A) — H'(Cg) — II*(k, A) — 0.
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Lemma 4.21. Keep the notations of theorem 4.20 and take the following notations :

B:=E(1);

C := Ker @ Qe/Z(1) = Qu/Z(1)

vex @
(i) There is a natural exact sequence :
0— 9*(k,C) —» P Qu/Z¢ — Qu/Zs — 0.
veX @)
(ii) There is a natural exact sequence :
0— F — Y%k, A) - Y%k, B) — U*(k,C) - 0

for some group F which is killed by m(T).
(11i) Let S be a finite set of places de k. Assume that £ does not divide m(L). Then there
are natural isomorphisms :

Proof. (i) We have an exact sequence :

0—C— P Qi/Z(1) = Qi/Zy(1) — 0.

EGK(U

Since for any finite field extension E’/E the corestriction morphism H'(E’, Qy/Ze(1)) —
HY(E,Qq/7(1)) is surjective, we get a commutative diagram with exact lines :

H2(k, C) Doexw Br(k(v)){£} Br(k){(}

: - -

0> Dren, H(kr, O) —= Dy xvy Breay,, Brk(0)n) {1} —= B, Brlkn) {0}

0

HS(I?’ C) Boexn H3(k(v), Qe/Zy(1))
— Dreq, H?(kr, C) —= Bex) req,,,, H*(k(v), Qu/Z(1)).

In this diagram, a4 and a5 are isomorphisms by Poitou-Tate theorem. Moreover, as is
injective by the Brauer-Hasse-Noether exact sequence. Hence we get an exact sequence :

0 — Coker(ay) — Coker(ag) — Coker(as) — 0.

But Coker(az) = @, cxm) Q¢/Zy and Coker(az) = Q;/Zy according to the Brauer-
Hasse-Noether exact sequence. We have there fore obtained the required exact se-
quence :

0— 9°(k,C) —» P Qu/Z¢ — Qu/Zs — 0.

veXx )
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4. Fraction fields of two-dimensional henselian local rings

(ii) By using exact sequence (45), we get a commutative diagram with exact lines :

H2(k, A) —— H%(k, B) H2(k,C) H3(k, A) — H3k, B)

B1 B2 iﬁs lﬂ4 iﬁs

@ H2(ky,A) —> @ H2(ke,B)——> @ H2(ky,C) ——> @ H3(kn,A) ——> @ H3(ky,B).
TEQ TEQ TEQ TEQ TEQ

(59)
Moreover, by using the existence of the morphism v of proposition 4.9, we also have a
commutative diagram :

H?(k, A H?(k,B) (60)

)
H?(k, A)
\ i .

DO H?(kr, A)
TEQ
-m(L)
/ N
D H%*(kr A) @ H*(kr, B)
WEQk TK'GQk

Since 84 and fs are isomorphisms by Poitou-Tate theorem and since f3 is injective
by theorem 2.5 of [5], we deduce from diagrams (59) and (60) that there is an exact
sequence :

0 — F — Coker(p1) — Coker(f2) — Coker(53) — 0 (61)

in which F' is a group killed by m(I"). This finishes the proof.

(iii) Since ¢ does not divide m(L'), proposition 4.9 implies that B = A & C. Hence
Yl(k, B) @ U(k, A)@YL(k,C) and I1%(k, B) = HI?(k, A)@II?(k, C). But Y} (k,C) =
I1%(k,C) = 0 by theorem 2.5 of [5]. Hence YU (k, B) = Yi(k, A) and 1I*(k, B) =
12 (k, A).

O

Lemma 4.22. Assume that k is a number field and let M be a Galois module over k
which is free of finite type as an abelian group. Set M = M ® Qu/Z¢(1). The group
YU2(k, M) is isomorphic to (Qu/Z¢)P where p = rank (MG“l(ks/k)).

Proof. First observe that, for any finite place m of k, the group H?(k,, M ) is divisible.
Moreover, if 2° stands for the set of infinite places of k, Poitou-Tate’s exact sequence
implies that the restriction morphism :

H?(k, M) — €D H?(kr, M)

TeN

is surjective. Hence U?(k, M) is divisible.
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Let’s now prove the lemma. If M is a permutation module, the result follows immediately
from the Brauer-Hasse-Noether exact sequence. In general, by Ono’s lemma, there are a
positive integer m and an exact sequence of Galois modules :

0>MxRy— R —F—0

in which Ry and R; are permutation modules and F' is finite. Hence one gets an exact
sequence :
0— F(1) > M™x Ry — Ry — 0.

We therefore obtain a commutative diagram with exact lines :

H?(k, F(1)) H2(k, M)™ x H?(k, Ry) H2(k, Ry) H3(k, F(1))

@ H(kn, F(1)) — @ H?(kp, M)™ x H?(kp, Ro)) —> @ H?(kx,R1) —> @ H*(kx, F(1))
TEQ TEQ TEQ TEQ

(62)
Hence there is an exact sequence :

0 — Fy — 92(k, M)™ x U2(k, Ry) — Y%(k,R)) = F» — 0

in which F} and F5 have ﬁniNte exponent. Since the lemma holds for permutation modules
and since the group U?(k, M) is divisible, we immediately deduce that the lemma holds
for M. ]

Proof of theorem 4.20. Let R be a complete set of representatives of V| /Gal(k®/k). By
lemma 4.17, there is a finite subset S of i such that the group

D H2(ky © Fu, Ju(k*){€}(1))

vER

vanishes for all 7 € S. Hence, by proposition 4.9, we get a commutative diagram with
exact lines :

Dper H* (Fy, Ju(k*){€}(1)) H?(k, Br (K)(2))

- - -

@‘nes Hl (kjrlv E(l)) - @ﬂ-eszk @yER Hz(k:: ® Fyﬂ Jg(ks){g}(l)) - @ﬂ-e(zk HQ(k:rlv Br (K)(2))

H?(k,=(1)) Doer H (Fu, Ju(k*){€}(1)) H?(k, Br (K)(2))

l(h} \LO{{, lo{(,
— @rca, (5}, E(1)) — Dreq, Duoer H (k7 ® Fu, Ju(k*){}(1)) —= Dreq, H*(ky, Br (K)(2)).
In this diagram, as and ag are isomorphisms by Poitou-Tate theorem and as is an

isomorphism by theorem 1.5(a) of [5], since each .J, has good reduction at almost each
place of F,. A diagram chase shows that there is a natural exact sequence :

Coker(a1) — Ker(ag) — Ker(as) — 0 (63)
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and an isomorphism :

Coker(ag) = Coker(ay). (64)

Lemmas 4.21 and 4.22, exact sequence (63), isomorphism (64) and proposition 1.2 of [5]
imply the existence of a natural complex Cg :

(degree 1) (degree 2) (degree 3) (degree 4)

0— HY(K,Q¢/Z(3)) — @ HYK!,Qu/Z3)— D Qu/Zi — Q¢/Zi —=0

TEQ veX @)
(65)
such that :
e H3(Cx)= H*Ck) =0,
e the group H?(Ck) is the quotient of U%(k, A) by a subgroup killed by m(L) and it is
non-canonically isomorphic to (Qg/Z¢)” where p = rank (H1 (T, Z)Gal(ks/k)),
e if ¢ does not divide m(I), then there exist a finite subset S of ) and a natural exact
sequence :
Yi(k,A) — H(Cg) — TI%(k, A) — 0. (66)

It only remains to prove that H'(Cx) has finite exponent. Let &’ be a finite extension of
k such that Gal(k’/k) acts trivially on I'. Then we have an exact sequence :

UL(K, A) — H (Cxpr) — TI2(K, A) — 0

and the groups YL (K, A) and II%(k/, A) are trivial. We deduce that H'(C.4/) = 0, and
a restriction-corestriction argument shows that H'(Cx) has finite exponent. O
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