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This text aims to compute Fontaine’s functor for specific representations. We consider sev-
eral variations around the same example of a Zp-representation V whose underlying Zp-module
is isomorphic to (Z/p2Z ⊕ Fp) but for which V [p] isn’t semi-simple as Galois representation.

In this text, the prime p is odd.

1 First univariable case

Consider E = Fp((X)). Following the notations of [Fon91, §1.2], we fix OE a p-adically
complete and separated Zp-algebra, discrete valuation ring with uniformiser p and residue field
E, equipped with a lift of Frobenius. We also denote by OÊur its strict henselisation.

Fix a non trivial character
χ : GE → Fp

and define F |E to be the Galois extension of degree p corresponding to Ker(χ). Consider Vχ

the Zp-representation of GE whose underlying Zp-module is(Z/p2Z) e1 ⊕ Fpe2

and whose action is given by

σ · e1 = e1

σ · e2 = pχ(σ)e1 + e2

One feature of this representation, is that Vχ[p] has (pe1, e2) for basis and that the Galois action
in this basis expresses as (

1 χ(σ)
0 1

)
.

Thus Vχ[p] isn’t semi-simple.
We compute the φN-module over OE

D(Vχ) :=
(
OÊur ⊗OE Vχ

)GE

∼=
{
(x, y) ∈

(
OÊur/p2OÊur

)
× Esep

∣∣∣∣ ∀σ ∈ GE ,
σ(x) + pχ(σ)σ(y) = x

σ(y) = y

}
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These equalities imply that x is invariant by GF and y by GE . Thus, they respectively land in
OF/p2OF and E. The group Gal (F |E) is cyclic ; call Σ := χ−1(1)|F which is a generator .
We obtain that

D(Vχ) ∼=
{
(x, y) ∈

(OF/p2OF
)
× E

∣∣∣∣ Σ(x) + py = x

}
.

We use property A.1 on F |E to produce an element Y⋄ ∈ F such that Σ(Y⋄)+1 = Y⋄. We then
compute that

D(Vχ) =
(OE/p2OE

)
d1 ⊕ Ed2

where d1 = e1 and d2 = pY⋄e1 + e2.
Nonetheless, computing the Frobenius in this case requires an understanding of F in terms

of Artin-Schreier theory (see [Neu99, Chapter IV, §3] for ℘ = φ− Id). Precisely, we use

Theorem 1.1 (Artin-Schreier). Let E be a field of characteristic p and ℘ = φ− Id. The map

E/℘(E) → HomTopGp (GE ,Fp) , x+ ℘(E) 7→ [σ 7→ σ(y)− y] ,

for any y such that ℘(y) = x is well defined. It is an linear isomorphism.

Using that Y⋄ ∈ F and Σ(Y⋄)− Y⋄ = −1, we know that

χ = [σ 7→ Y⋄ − σ(Y⋄)] .

The Artin-Shreier theory says that X⋄ := Y p
⋄ − Y⋄ ∈ E, that χ is associated −X⋄ + ℘(E) and

F is the decomposition field of T p − T +X⋄. With these notations, we obtain

φ(d1) = d1

φ(d2) = pX⋄d1 + d2

Note that the character χ (i.e. the extension F |E with generator of its Galois group) entirely
determines X⋄ + ℘(E). Changing the representative only modify the given base D(Vχ).

2 Second univariable case

In the previous setup, consider Wχ the Zp-representation of GE whose underlying Zp-module
is (Z/p2Z) e1 ⊕ Fpe2

and whose action is given by

σ · e1 = e1 + χ(σ)e2

σ · e2 = pχ(σ)e1 + e2

Like Vχ[p], the representation Wχ[p] isn’t semi-simple. It is even funnier : where Vχ had a
GE-stable submodule isomorphic to Z/p2Z, the representation Wχ has none. Indeed,

∀λ ∈ Fp, σ(e1 + λe2) = (1 + pλχ(σ)) (e1 + (λ+ χ(σ))e2) .

We compute the φN-module over OE

D(Wχ) :=
(
OÊur ⊗OE Wχ

)GE

∼=
{
(x, y) ∈

(
OÊur/p2OÊur

)
× Esep

∣∣∣∣ ∀σ ∈ GE ,
σ(x) + pχ(σ)σ(y) = x

σ(y) + χ(σ)σ(x mod p) = y

}
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These equalities for σ in the absolute Galois group of F give that both x and y are invariant by
GF . Thus, they respectively land in OF/p2OF and F . The group Gal (F |E) is cyclic ; call
Σ := χ−1(1)|F which is a generator . We obtain that

D(Wχ) ∼=
{
(x, y) ∈

(OF/p2OF
)
× F

∣∣∣∣ Σ(x) + pΣ(y) = x and Σ(y) + Σ(x mod p) = y

}
.

We use property A.1 on F |E to produce a sequence (1, Y⋄, Y♦) in F such that Σ(Y⋄) + 1 = Y⋄
and Σ(Y♦) + Σ(Y⋄) = Y♦. Then, we compute that

D(Vχ) =
(OE/p2OE

)
d1 ⊕ Ed2

where d1 = (1 + pY♦)e1 + Y⋄e2 and d2 = pY⋄e1 + e2.
Again, the Artin-Shreier theory says that X⋄ := Y p

⋄ − Y⋄ ∈ E, that χ is associated −X⋄ +
℘(E) and F is the decomposition field of T p − T +X⋄. We also compute

Σ(Y p
♦ − Y♦)− (Y p

♦ − Y♦) = Σ(Y♦)
p − Σ(Y♦)− (Y p

♦ − Y♦)

= (Y♦ − Y⋄ + 1)p − (Y♦ − Y⋄ + 1)− (Y p
♦ − Y♦)

= −(Y p
⋄ − Y⋄)

= −X⋄

Our analysis of (Σ− Id) implies that

∃X♦ ∈ E, Y p
♦ − Y♦ = X⋄Y⋄ +X♦.

With these notations, we obtain

φ(d1) = (1 + pX♦)d1 +X⋄d2

φ(d2) = pX⋄d1 + d2

Note that the character χ (i.e. the extension F |E with generator of its Galois group) entierely
determines X⋄ + ℘(E) and X♦ + EpX⋄ + ℘(E). Any compatible choice of representatives
only change the given base D(Wχ).

3 First multivariable case

We place in the setting of [CKZ21], once again for E = Fp((X)). This article fixes a finite
set ∆ and construct a multivariable version of Fontaine’s equivalence. All indexes α on objects
stand for a labelled copy of the corresponding object in the univariable case. The three authors
construct rings

E∆ := FpJXα |α ∈ ∆K[X−
∆1]

where X∆ =
∏

Xα,
OE∆

:=
(
ZpJXα |α ∈ ∆K[X−

∆1]
)∧p

and a ring OÊur
∆

.
Each Eα (resp. each OEα

, resp. each OÊurα
) embeds into E∆ (resp. OE∆

, resp. OÊur
∆

). The

three rings are equiped with a linear action of the monoid Φ∆,p :=
∏

φN
α,p satisfying

φα,p(Xα) = (1 +Xα)
p − 1 and ∀β ̸= α, φβ,p(Xα) = Xα.
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The ring OÊur is also equiped with an action of GE,∆ :=
∏

GEα
, acting via the quotient GEα

on OÊur
α

as predicted. The two actions commutes and

OGE,∆

Êur
∆

= OE∆ , OΦ∆,p

Êur
∆

= Zp.

Now, we consider the functor

D∆ : RepZp
GE,∆ → Mod(Φ∆,p,OE∆), V 7→

(
OÊur

∆
⊗Zp V

)GE,∆

from finite type continuous Zp-representations of GE,∆ to OE -modules with a semilinear action
of Φ∆,p. Our goal is to compute this functor in one case.

Take ∆ = {α, β}. Choose a pair of continuous characters

χ = (χα : GEα → Fp, χβ : GEβ
→ Fp).

Call Fα and F ′
β their kernels, which are extensions of degree p of Eα and Eβ . Consider Vχ the

Zp-representation of GE,∆ whose underlying Zp-module is(Z/p2Z) e1 ⊕ Fpe2

and whose action is given by

σα · e1 = (1 + pχα(σα))e1 σβ · e1 = e1 + χβ(σβ)e2

(σα, σβ) · e2 = e2

Like Vχ[p], the representation Vχ[p] isn’t semi-simple and Vχ has no GQp
-stable submodule

isomorphic to Z/p2Z. Indeed,

∀λ ∈ Fp, σβ(e1 + λe2) = e1 + (λ+ χβ(σβ))e2.

We compute the Φ∆,p-module over OE∆

D∆(Vχ) :=
(
OÊur

∆
⊗OE∆

Vχ

)GE,∆

∼=

(x, y) ∈
(
OÊur

∆
/p2OÊur

∆

)
× Esep

∆

∣∣∣∣ ∀σ ∈ GE,∆,

(1 + pχα(σα))σα(x) = x
σα(y) = y
σβ(x) = x

σβ(y) + χβ(σβ)(σβ(x) mod p) = y


Considering σα ∈ GEα or GFα and σβ ∈ GEβ

or GF ′
β

and using [Záb18, Lemma 3.2 and
Proposition 3.3] we found that

x ∈
(
OFα

⊗OEα
OE∆

)
/p2 and y ∈ E∆ ⊗Eβ

F ′
β .

As in the first univariable case, we call Σα the generator of Gal (Fα|Eα) pinned down by
χα. Take Y⋄,α ∈ Fα such that Σα(Y⋄,α) + 1 = Y⋄,α and X⋄,α := Y p

⋄,α − Y⋄,α ∈ Eα. Likewise,
define Σβ , Y ′

⋄,β ∈ F ′
β and X⋄,β ∈ Eβ . We obtain

D∆(Vχ) =
(OE∆/p2OE∆

)
d1 ⊕ E∆d2

where d1 = (1 + pY⋄,α)e1 + Y ′
⋄,βe2 and d2 = e2. Remark that pe1 belongs to this module and

is equal to pd1. We also have
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φα,p(d1) = (1 + pX⋄,α)d1

φβ,p(d1) = d1 +X⋄,βd2

φα,p(d2) = φβ,p(d2) = d2

A One useful proposition

We prove the proposition about cyclic p-prime extension of characteristic p fields.

Proposition A.1. Let p be a prime and Let E be a field of characteristic p and F |E be a cyclic
Galois extension of order pn for some n ≥ 1. Let τ be a generator of Gal (F |E). If k ≤ pn and
x1 ∈ E, there exists a sequence (x2, . . . , xk) ∈ F k such that

∀1 ≤ i < k, τ(xi+1)− xi+1 = xi.

Proof. Considerer the map
T : F → F, x 7→ τ(x)− x.

It is an E-linear endomorphism of a pn-dimensional E-vector space. Because the group Gal (F |E)
is cyclic generated by τ , the kernel of T equals E (hence one dimensional). Moreover,

T◦pn

= (X − 1)p
n

(τ) = τ◦p
n

− IdF = 0.

The endomorphism T is nilpotent of order precisely pn thanks to the decreasing of the
dimensional gaps in the iterated kernel sequence. Jordan decomposition concludes.
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