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INTERMEDIATE JACOBIANS AND RATIONALITY
OVER ARBITRARY FIELDS

BY OLIviER BENOIST AnxD OLiviER WITTENBERG

ABSTRACT. — We prove that a three-dimensional smooth complete intersection of two quadrics
over a field k is k-rational if and only if it contains a line defined over k. To do so, we develop a theory
of intermediate Jacobians for geometrically rational threefolds over arbitrary, not necessarily perfect,
fields. As a consequence, we obtain the first examples of smooth projective varieties over a field k which
have a k-point, and are rational over a purely inseparable field extension of k, but not over k.

RESUME. — Nous démontrons qu’une intersection compléte lisse de deux quadriques de dimen-
sion 3 sur un corps k est k-rationnelle si et seulement si elle contient une droite définie sur k. A cet
effet, nous développons une théorie des jacobiennes intermédiaires pour les variétés géométriquement
rationnelles de dimension 3 sur des corps quelconques, non nécessairement parfaits. Comme consé-
quence, nous obtenons les premiers exemples de variétés projectives lisses sur un corps k qui ont un
k-point, et sont rationnelles sur une extension de corps purement inséparable de k, mais pas sur k.

Introduction

Let k be a field. A variety X of dimension n over k is said to be k-rational (resp. k-unira-
tional, resp. separably k-unirational) if there exists a birational map (resp. a dominant rational
map, resp. a dominant and separable rational map) A} --» X.

This article is devoted to studying the k-rationality of threefolds over k. Our main result
answers positively a conjecture of Kuznetsov and Prokhorov.

THEOREM A (Theorem 4.7). — Let X C PZ be a smooth complete intersection of two
quadrics. Then X is k-rational if and only if it contains a line defined over k.

The question of the validity of Theorem A goes back to Auel, Bernardara and Bolognesi
[5, Question 5.3.2 (3)], who raised it when k is a rational function field in one variable over
an algebraically closed field.
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1030 O. BENOIST AND O. WITTENBERG

Using the fact that varieties X as in Theorem A are separably k-unirational if and only
if they have a k-point (see Theorem 4.8), we obtain new counterexamples to the Liiroth
problem over non-closed fields.

THEOREM B (Theorem 4.14). — For any algebraically closed field k, there exists a three-
dimensional smooth complete intersection of two quadrics X C Pz«t» which is separably

k (t)-unirational, k(t %))-rational, but not k(t))-rational.

When « has characteristic 2, Theorem B yields the first examples of smooth projective
varieties over a field k which have a k-point and are rational over the perfect closure of k,
but which are not k-rational (see Remarks 4.15 (iii) and (iv)).

Theorem A may be compared to the classical fact that a smooth quadric over k is
k-rational if and only if it has a k-point. However, although it is easy to check that a smooth
projective k-rational variety has a k-point, the fact that a k-rational three-dimensional
smooth complete intersection of two quadrics X necessarily contains a k-line is highly
non-trivial. To prove it, we rely on obstructions to the k-rationality of X arising from a
study of its intermediate Jacobian.

Such obstructions go back to the seminal work of Clemens and Griffiths [15]: if a smooth
projective threefold over C is C-rational, then its intermediate Jacobian is isomorphic, as a
principally polarized abelian variety over C, to the Jacobian of a (not necessarily connected)
smooth projective curve. This implication was used in [15] to show that smooth cubic three-
folds over C are never C-rational, and was later applied to show the irrationality of several
other classes of complex threefolds (see for instance [6]). The work of Clemens and Grif-
fiths was extended by Murre [71] to algebraically closed fields of any characteristic different
from 2.

More recently, we implemented the arguments of Clemens and Griffiths over arbitrary
perfect fields k [7]. By exploiting the fact that the intermediate Jacobian may be isomorphic
to the Jacobian of a smooth projective curve over k while not being so over k, we produced
new examples of varieties over k that are k-rational but not k-rational.

Hassett and Tschinkel [46] subsequently noticed that over a non-closed field k, the
intermediate Jacobian carries further obstructions to k-rationality: if X is a smooth projec-
tive k-rational threefold, then not only is its intermediate Jacobian isomorphic to the
Jacobian Pic®(C) of a smooth projective curve C over k, but in addition, assuming for
simplicity that C is geometrically connected of genus > 2, the Pic®(C)-torsors associated
with Aut(k/k)-invariant algebraic equivalence classes of codimension 2 cycles on X are
of the form Pic®(C) for some o € Z. When X is a smooth three-dimensional complete
intersection of two quadrics, they used these obstructions in combination with the natural
identification of the variety of lines of X with a torsor under the intermediate Jacobian of X,
and with the work of Wang [82], to prove Theorem A when k = R [46, Theorem 36] (and
later [45] over subfields of C).

The aim of the present article is to extend these arguments to arbitrary fields.

Applications to k-rationality criteria for other classes of k-rational threefolds appear in
the work of Kuznetsov and Prokhorov [61].
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INTERMEDIATE JACOBIANS AND RATIONALITY OVER ARBITRARY FIELDS 1031

So far, we have been imprecise about what we call the intermediate Jacobian of a smooth
projective threefold X over k.

If k = C, one can use Griffiths’ intermediate Jacobian J 3 X constructed by transcendental
means. This is the original path taken by Clemens and Griffiths [15]. The algebraic part of
Griffiths’ intermediate Jacobian has been shown to descend to subfields k¥ € C by Achter,
Casalaina-Martin and Vial [3, Theorem BJ; the resulting k-structure on J3X is the one used
in [45].

Over algebraically closed fields k of arbitrary characteristic, a different construction of an
intermediate Jacobian Ab?(X), based on codimension 2 cycles, was provided by Murre [72,
Theorem A p.226] (see also [54]). This cycle-theoretic approach to intermediate Jacobians
had already been applied by him to rationality problems (see [71]).

Over a perfect field k, the universal property satisfied by Murre’s intermediate Jaco-
bian Abz(XE) induces a Galois descent datum on AbZ(XE), thus yielding a k-form Ab?(X)
of Ab? (X%) [3, Theorem 4.4]. It is this intermediate Jacobian Ab?(X), which coincides
with J3X when k C C, that we used in [7].

Over an imperfect field k, one runs into the difficulty that Murre’s definition of Ab? (Xp)
does not give rise to a k / k-descent datum on Ab? (X%). Achter, Casalaina-Martin and Vial
still prove, in [4], the existence of an algebraic representative Ab?(X) for algebraically trivial
codimension 2 cycles on X (see §1.2 of op. cit. for the definition). However, when k is
imperfect, it is not known whether Ab?(X )z is isomorphic to Ab? (X%). For this reason, we
do not know how to construct on Ab?(X) the principal polarization that is so crucial to the
Clemens-Griffiths method.

To overcome this difficulty and prove Theorem A in full generality, we provide, over an
arbitrary field k, an entirely new construction of an intermediate Jacobian.

Our point of view is inspired by Grothendieck’s definition of the Picard scheme (for which
see [33], [12, Chapter 8], [56]). With any smooth projective k-rational threefold X over k,
we associate a functor CHy Jktppt - (Sch/k)°P — (Ab) endowed with a natural bijection
CH*(Xp) — CH)ZK/k,fppf(E) (see Definition 2.9 and (3.1)). The functor CH)zf/k,fppf is an
analogue, for codimension 2 cycles, of the Picard functor Picy,  gppr-

Too naive attempts to define the functor CH)ZK Jk,fppf O1 the category of k-schemes, such as
the formula “7 — CH?(X7)”, fail as Chow groups of possibly singular schemes are not even
contravariant with respect to arbitrary morphisms: one would need to use a contravariant
variant of Chow groups (see Remark 3.2 (ii)). To solve this issue, we view Chow groups of
codimension < 2 as subquotients of K-theory by means of the Chern character, and we
define CH§( Jk.fppf @S an appropriate subquotient of (the fppf sheafification of) the functor
T — Ko(X7). That this procedure gives rise to the correct functor, even integrally, is a
consequence of the Riemann-Roch theorem without denominators [53].

We show that CH% Jk.fppt 18 represented by a smooth k-group scheme CH} Jk
(Theorem 3.1 (i)). Our functorial approach is crucial for this, as it allows us to argue by
fppf descent from a possibly inseparable finite extension / of k£ such that X is /-rational. By

construction, there is a natural isomorphism CH?Q e~ (CH% /1)1 for all field extensions /
of k.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1032 O. BENOIST AND O. WITTENBERG

The k-group scheme that we use as a substitute for the intermediate Jacobian of X is then
the identity component (CH)zf / )0 of CH; /> Which is an abelian variety (Theorem 3.1 (ii)).
We hope that this functorial perspective on intermediate Jacobians may have other applica-
tions (to intermediate Jacobians in families, to deformations of algebraic cycles).

Establishing an identification (CH)2( / k)% ~ AbZ(XE) (Theorem 3.1 (vi)) and using the
principal polarization on Abz(XE) constructed in [7], we endow (CH§( / )° with a canonical
principal polarization, which paves the way for applications to rationality questions. Let us
now state the most general obstruction to the k-rationality of a smooth projective threefold
that we obtain by analyzing CH,Z( Jk-

THEOREM C (Theorem 3.1 (vii)). — Let X be a smooth projective k-rational threefold
over k. Then there exists a smooth projective curve B over k such that the k-group scheme CH)Z( Jk
can be realized as a direct factor of Picg . in a way that respects the canonical principal polar-
izations.

In Theorem 3.11, we deduce from Theorem C more concrete obstructions to the
k-rationality of X, pertaining to the Néron-Severi group NS? (X%) of algebraic equivalence
classes of codimension 2 cycles on X, to the principally polarized abelian variety (CH}Z( / 00
and to the (CH ;) -torsors that are of the form (CHg, ;) for some a € (CH ; /(CHg)°) (k) =

NS2 (XE)Aut(E/ k) .

The principle of the proof of Theorem C goes back to Clemens and Griffiths. Since X is
k-rational, it can be obtained from P,3c by a composition of blow-ups of regular curves and
of closed points, followed by a contraction. The curve B whose existence is predicted by
Theorem C is roughly the union of the blown-up curves. This works perfectly well if & is
perfect. If k is imperfect, however, some of the blown-up curves may be regular but not
smooth over k. It is nevertheless very important, in view of the application to Theorem A,
that the curve B appearing in the statement of Theorem C be smooth over k. To prove
Theorem C as stated, one thus has to show that the contributions of these non-smooth
regular curves are canceled out by the final contraction. This non-trivial fact relies on a
complete understanding of which Jacobians of proper reduced curves over k split as the
product of an affine group scheme and of an abelian variety over k (Theorem 1.7).

The text is organized as follows. Sections 1 and 2 gather preliminaries, concerning respec-
tively group schemes and K-theory. Section 2 contains in particular the definition of the
above-mentioned functor CH% Jk.fppr associated with a smooth projective k-rational three-
fold X over k (Definition 2.9). In Section 3, we prove that this functor is representable and
study the k-group scheme CH)zf /i that represents it (Theorem 3.1). A number of obstruc-
tions to the k-rationality of X are then derived (Theorem 3.1 (vii) and Theorem 3.11).
Section 4 is devoted to applications to three-dimensional smooth complete intersections of
two quadrics: we compute CH}2( /i entirely (Theorem 4.5), deduce the irrationality criterion
that is our main theorem (Theorem 4.7), and apply the criterion to examples over Laurent
series fields (Theorem 4.14).
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Notation and conventions

We fix a field k and an algebraic closure k of k. Let k, be the perfect closure of k in k
and Ty = Gal(k/ kp) = Aut(k/ k) be the absolute Galois group of kp. If X and T are
two k-schemes, we set X7 := X xx T. A variety over k is a separated scheme of finite type
over k; a curve is a variety of pure dimension 1. If G is a group scheme locally of finite type
over k, we denote by G its identity component. If X is a smooth proper variety over k, we let
CH®(Xg)alg € CH®(X%) be the subgroup of algebraically trivial codimension ¢ cycle classes
and define NS°(X7) := CH® (X7)/ CH® (X7)alg-

We use gcgs as a shorthand for quasi-compact and quasi-separated. We denote by (Sch/ k)
the category of qcgs k-schemes and by (Ab) the category of abelian groups. If X is a commu-
tative k-group scheme, we let &y : (Sch/k)°? — (Ab) be the functor given by ®x (T) =
Homy (7, X). The functor ® : X + ®y, from the category of commutative k-group schemes
to the category of functors (Sch/k)°® — (Ab), is fully faithful, by Yoneda’s lemma and
since all schemes are covered by affine (hence qcgs) open subschemes. We say that a functor
(Sch/k)°P — (Ab) is representable if it is isomorphic to ®x for some commutative k-group
scheme X, which need not be qcgs. The functor Z : (Sch/k)°P — (Ab) sending T' € (Sch/ k)
to the group Z(T) of locally constant maps 7 — Z is represented by the constant k-group
scheme Z.

We refer to [38, VII, Définition 1.4] for the definition of a regular immersion of schemes
that we use, based on the Koszul complex. A closed immersion of regular schemes is always
regular. A morphism of schemes f : X — Y issaid to be a local complete intersection or lci if
it can be factored, locally on X, as the composition of a regular immersion and of a smooth
morphism [38, VIII, Définition 1.1].

If £ is a prime number and M is a Z-module, we let M {{} C M be the £-primary torsion
subgroup of M, and T;(M) := Hom(Qy/Zy, M) and Vy(M) := T,(M)[1/£] be the £-adic
Tate modules of M. If G is a commutative k-group scheme, we set 7,G := T¢(G(k)) and
VG = V(G (k)).

1. Group schemes

We first collect miscellaneous information concerning group schemes. The main new
result of this section is Theorem 1.7.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1034 O. BENOIST AND O. WITTENBERG

1.1. Chevalley’s theorem
If G is a connected smooth group scheme over k, there is a unique short exact sequence
(1.1 0 — L(Gg,) — Gk, — A(Gg,) — 0

of group schemes over ky,, where L(Gy,, ) is smooth, connected and affine and where A4(Gy,) is
an abelian variety. This statement was proved by Chevalley [14], see [18, Theorem 1.1] for a
modern proof.

1.2. Principal polarizations

Recall that a principal polarization on an abelian variety A over kp is an ample
class 0 € NS(A;)Fk whose associated isogeny Ay — ff; is an isomorphism, that a prin-
cipally polarized abelian variety A over kj is a product of indecomposable principally
polarized abelian varieties over k, and that the factors of this decomposition are unique as
subvarieties of A4 (see [7, §2.1]).

We define a polarization (resp. a principal polarization) of a smooth commutative group
scheme G over k to be a polarization (resp. a principal polarization) of the abelian
variety A(G,?p) over kp. If G is endowed with a polarization 6, we say that a smooth
subgroup scheme H C G is a polarized direct factor of G if there exists a subgroup
scheme H' C G such that the canonical morphism ¢ : H x H' = G is an isomorphism

k0 ok 1% 1 : :

and such that *0 = 7*0 AHY,) + 70| AR where 7 and n’ denote the projections

of A(HQ ) x A(Hlég) onto A(H? ) and A(H,°). If in addition 6 is a principal polarization,
p 14 14

then so are 7

and 7 ; in this case, we also speak of a principally polarized

* /%
9|A(H,?p) 9|A(H,gg)

direct factor.

1.3. Locally constant functions
For a variety X over k, consider the functor
Zx /i : (Sch/k)°P — (Ab)
T — Z(XT).

Equivalently Zy,x is the push-forward of the constant sheaf Z by the structural mor-
phism X — Spec(k) (and hence is an fpqc sheaf). Let mo(X/k) denote the étale k-scheme
of connected components of X, defined in [26, §I.4, Définition 6.6]. The Weil restriction of
scalars Res,,(x/k)/x Z exists as a k-scheme by [12, 7.6/4].

PrROPOSITION 1.1. — Let X be a variety over k. Then the functor Ly i is canonically
represented by the Weil restriction of scalars Resy,(x/k)/ k2.

Proof. — Recall that there is a canonical faithfully flat morphism gx : X — 7¢(X/k) whose
fibers are geometrically connected [26, §1.4, Propositions 6.5 and 6.7]. For any T € (Sch/ k),
the resulting morphism X7 — 7o(X/ k)7 is surjective, has connected fibers, and is open [35,
Théoréme 2.4.6]; therefore gx induces a bijection between the sets of connected components
of Xt and of my(X/k)r. As a consequence, the homomorphism Z(wo(X/k)r) — Z(XT)
is an isomorphism, and hence so is the morphism of functors Resy,x/x)/kZ — Zx/, that
it induces when T varies. O
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INTERMEDIATE JACOBIANS AND RATIONALITY OVER ARBITRARY FIELDS 1035

REMARKS 1.2. — (i) We will usually denote by Zy/, rather than by Res,,(x/k),xZ, the
group scheme that Zy , represents.

(ii) Proposition 1.1 shows that a morphism p : X’ — X of varieties over k that induces
a bijection between the sets of connected components of Xz and of Xl% gives rise to an

isomorphism Zy/x — Zx/.

1.4. Picard schemes
The absolute Picard functor of a proper variety X over k is

PiCX/k . (SCh/k)op — (Ab)
T — Pic(X7).

Beware that our notation differs slightly from that of [56, §9.2].

If © e {Zar,ét, fppf}, we denote the sheafification of Picy,r for the corresponding
(Zariski, étale or fppf) topology by Picy/k .. The functors Picy,x ¢ and Picy, g sppr are
equal [12, 8.1 p.203] and are represented by a group scheme locally of finite type over k
[12, 8.2/3] which we denote by Picy,«: the Picard scheme of X . These two functors contain
Picy/k,zar and T+ Pic(X7)/ Pic(T') as subfunctors if H%(X,Ox) = k, and they coincide
with them if in addition X (k) # @ (see [56, Theorem 9.2.5] and [34, Proposition 7.8.6]), for
instance if X is connected and reduced and k = k.

1.4.1. Picard schemes of blow-ups. — In §1.4.1, we consider the following situation. We fix
a regular closed immersion i : ¥ — X of qcgs schemes of pure codimension ¢ > 2, we let
p : X' — X bethe blow-up of X along Y with exceptional divisor Y’,andwelet p’ : Y’ — Y
and i’ : Y/ — X’ be the natural morphisms. The morphism p’ : Y’ — Y is a projective
bundle of relative dimension ¢ — 1 > 1 (see [79, §1.2]). In this setting, we study the group
morphism

Pic(X) x Z(Y) — Pic(X")
(12 (L) p L@ ox (= n[p ' ).

nez

ProrosITION 1.3. — Under the hypotheses of §1.4.1, the map (1.2) is bijective.

Proof. — By absolute noetherian approximation [80, Theorem C.9] and the limit
arguments of [36, §8], we may assume that X is noetherian. If N € Pic(X’), the func-
tion ¥ : Y — Z such that N|X§ ~ OX} (¥ (y)) for all y € Y is locally constant. (Indeed,
for n > 0, the Oy-module p} (N |Y/)(n)) is locally free and its formation commutes with
base change, by [44, III, Theorems 8.8 and 12.11].) Since OX/(—Y’)|X; ~ Oy (1) for
all y € Y (see [79, §1.2]), it follows that N ® Ox/(X,eznlp (¥~ (n))]) is trivial on
the fibers of p, and that ¥ is the unique function with this property. It remains to show
that p* : Pic(X) — Pic(X’) is injective with image the subgroup of isomorphism classes of
line bundles that are trivial on the fibers of p. The injectivity follows from [79, Lemme 2.3
(a)], and the description of the image from Lemma 1.4 (iii) below. O

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1036 O. BENOIST AND O. WITTENBERG

LemMA 1.4. — Under the hypotheses of $1.4.1, assume that X is noetherian and
let N be a line bundle on X' such that N|X, >~ Oy, for all y € Y. For any integer n,
y

set N(n) = N ® Ox/(—nY"). Then:
(i) Forall j > 1 andn > 0, the sheaf R’ p.(N (n)) vanishes.
(ii) For alln > 0, the natural morphism p* p«(N (n)) — N (n) is surjective.
(i) The sheaf p«N is invertible and p* p« N — N is an isomorphism.

Proof. — By [44, 111, Theorem 8.8 (¢)], assertion (i) holds for n >> 0. To prove (i) for all
n > 0 by descending induction on n, we consider for j > 1 the exact sequence

RjP*N(”) — RjP*N(” -1 — RjP*(N(” - 1)|Y’)

and note that R’ p’.(N'(n — 1) Y,) = 0 for n > 1 by cohomology and base change [44, III,
Theorem 12.11].

Assertion (ii) holds for all n > 0 by [44, III, Theorem 8.8 (a)]. To prove (ii) for alln > 0
by descending induction on n, we consider the natural commutative diagram with exact rows

PPN () —— p*pN(n = 1) —— p*pxN(n —1)|,) —— 0

| l l

0 N(n) N(n—l)—>./\/(n—l)|y,—>0,

in which the exactness of the upper row follows from the vanishing of R! p,(N'(n)) proved
in (i), and note that p* p.(N(n — 1)|Y,) — N — 1)|Y, is surjective for n > 1 in view of
Nakayama’s lemma, since its restriction to the fibers of p is surjective by cohomology and
base change [44, III, Theorem 12.11].

To prove (iii), we work Zariski-locally around a point y € X. In view of (ii) for n = 0, we
can assume after shrinking X the existence of a section o € H°(X’, N) that does not vanish
identically on X ; Since N Iy, = OX} and X ; is a projective space, the section o vanishes

y

nowhere on X, and, after shrinking X again, it induces an isomorphism o : Oy, — N.
Assertion (iii) now follows from the fact that the natural morphism Oy — p.Ox- is an
isomorphism [38, VII, Lemme 3.5]. O

COROLLARY 1.5. — Under the hypotheses of §1.4.1, if X is moreover a proper variety overk,
the formula (1.2) induces an isomorphism of functors
(13) PiCX/k XZY/k = PiCX//k .

Proof. — Since the formation of the blow-up of a regular closed immersion commutes

with flat base change (see [38, VII, Propositions 1.5 et 1.8 1)]), we can apply Proposition 1.3
to the morphisms ir : Y7 — X7 for T € (Sch/k). O
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INTERMEDIATE JACOBIANS AND RATIONALITY OVER ARBITRARY FIELDS 1037

1.4.2. Picard schemes of curves. — 1f C is a proper curve over k, then Picc  is smooth over k
by [12, 8.4/2]. Moreover, letting D := C,:d be the normalization of the reduction of Cy,

which is a smooth proper curve over k, the pull-back morphism Picgkp Sy Pic), Jke
induces an isomorphism

(1.4) APice, /) = Pich, .

as [12, 9.2/11] shows. The principal polarization of PicOD Jkp given by the theta divisor thus
induces a canonical principal polarization on Picc, in the sense of §1.2. If C is irreducible,
then so is D [35, Proposition 2.4.5] and the principally polarized abelian variety Pic% Jkp
over ky, is thus indecomposable if it is non-zero (see [7, §2.1]).

In preparation for the proof of Proposition 1.6 and, later, for the statement of Corol-
lary 1.8, let us recall that if V is a variety over k and V’ denotes the normalization of V™4,
then V is geometrically unibranch if and only if the natural morphism V' — V is a universal
homeomorphism [35, Proposition 2.4.5, (6.15.1), end of (6.15.3)]. In particular, normal vari-
eties are geometrically unibranch. We also recall that the property of being geometrically
unibranch is invariant under extension of scalars [35, Proposition 6.15.7].

PRrOPOSITION 1.6. — Let C be a proper curve over k and let C’ := C*4 pe the normaliza-
tion of its reduction. Then there is a short exact sequence

(1.5) 0 — Picg ;. — Picc/x — Zcryi — 0.

Proof. — Both Z¢/ /i and Picc i / Picoc /k are étale group schemes over k. They are thus iso-
.. . . o o . « 0
morphicifand only if so are their base changes G := ZC;QP Jkp and H := Plcckp [k / Plchp Jkp

to k. Letting D := C,gzd be the normalization of the reduction of Cy,, which is a smooth
proper curve over kp, one has G = Zpx, by Remark 1.2 (i1) (indeed the map D — C,ép is

a universal homeomorphism since C]ép is geometrically unibranch), and H =Picp/x,/ Pic,oj Jkp

by [12,9.2/11]. That G ~ H now follows from the fact that G(k) and H (k) are both isomor-
phic, as I'r-modules, to Z(Dy). O

1.5. When do Jacobians split?

We now provide, in Theorem 1.7, a criterion for the Jacobian of a proper reduced curve to
be the product of an abelian variety and of an affine group scheme. We will use Theorem 1.7
in Lemma 3.8, which plays a key role in the proof of Theorem C.

1.5.1. Statement. — Let us introduce some notation. Whenever D is a smooth proper inte-
gral curve over k, the genus of D is the dimension of the abelian variety Pic% /k- We note
that D has genus 0 if and only if the irreducible components of D (which are all isomor-
phic) are rational. Given a proper reduced curve C over k, we denote by Cyy; (resp. Cirrat) the
union of those irreducible components B of C such that the normalization of (ka)red has
genus 0 (resp. has genus > 1). We view Cy¢ and Ciyrat as reduced closed subschemes of C.
We define a strict cycle of components of Cy to be a sequence of pairwise distinct irreducible
components By,..., B, of Cr for some integer n > 2, such that there exist pairwise distinct
points xq,...,x, of Cz with x; € B; N Bj4y foralli € {1,...,n —1}and x, € B, N By.
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Finally, we recall that a reduced curve over k is seminormal if it is étale locally isomorphic to
the union of the coordinate axes in an affine space over k [59, Chapter 1, 7.2.2].

THEOREM 1.7. — Let C be a proper reduced curve over k. The group scheme Pic% /K 1S the
product of an abelian variety and of an affine group scheme over k if and only if the following
conditions all hold:

(i) the scheme (Citrar)7; is reduced and seminormal and its irreducible components are smooth;
(1) any strict cycle of components of Cg is contained in (Crar)g;

(ii1) for every connected component B of Cyy, either the scheme B N Ciyryt is étale over k, or
it is of the form Spec(k’) for some field k' and the restriction map H°(B, Op) — k' is
bijective.

In this case, the natural map Picc/x — Picc,, /k x Pice,,, /k is an isomorphism and
) . . . ) . . .
Picc, /i is affine while Pice, /i is an abelian variety.

Condition (ii1) holds if (Crat N Cirrar )7 18 reduced, and it implies, in turn, that Cra¢ N Cigrat 1
reduced. The reverse implications are true if k is perfect.

When C is integral and geometrically locally irreducible, for instance when C is integral
and geometrically unibranch, Theorem 1.7 takes on a particularly simple form, which we
now state. We recall that normal varieties are geometrically unibranch (see §1.4.2 for more
reminders on this property). In the sequel, we shall only apply Theorem 1.7 to normal curves,
through Corollary 1.8.

COROLLARY 1.8. — Let C be a proper integral curve over k. Assume that the connected
components of Cy; are irreducible, such is the case, for instance, if C is geometrically unibranch.
Then the group scheme PicOC /k 1S the product of an abelian variety and of an affine group scheme
over k if and only if at least one of the following two conditions holds:

(1) C is smooth over k (in which case Pic?; /k Is an abelian variety);

(i1) the normalization D of (Ckp)red has genus 0 (in which case Pic% /k IS affine).

Proof. — Our assumptions imply that Cy,¢ = @ or Cirae = 0, that there is no strict cycle
of components of Cz and that C is smooth over k if and only if C is reduced with smooth
irreducible components. Thus, the conditions of Theorem 1.7 are all met if and only if at least
one of (i) and (ii) holds. O

REMARK 1.9. — Corollary 1.8 applies to integral curves that may not be geometrically
reduced. It would however fail in general for irreducible but non-reduced curves, as the
following example shows. Let E be an elliptic curve over k, and let £ be an ample line bundle
on E. Define C := Projz (O & L), where sections of £ square to 0. The natural closed
immersion i : E = C*™ — C then induces an isomorphism i * : Pic® k> Pic, e = E.
Indeed, in view of (1.4), it suffices to show that the kernel of (i *),, has trivial tangent space at
the identity, which follows from the fact that the pull-back i* : H'(C,O¢) = H'(E,Of)is
an isomorphism. We note that C is geometrically unibranch since C* is normal.
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1.5.2. A few general lemmas. — We establish a series of lemmas on which the proof of
Theorem 1.7 will rely. The first one is due to Tanaka, see [78, Lemma 3.3].

LEMMA 1.10. — Let F be a field extension of k. If F/k is not separable, there exist finite
purely inseparable field extensions k C k' C k" and a k'-linear embedding k" — F Qy k' such
that F ®y k' is a field and k" # k'.

Proof. — Let k" be a minimal finite purely inseparable field extension of k such that F ®; k"
fails to be reduced. Let p denote the characteristic of k. As k”/k is finite, purely insepa-
rable and non-trivial, there exists a subextension k’/k such that [k” : k'] = p. Fix x € k’
such that k” = k’(x!/?). By the minimality of k”, the finite connected non-zero F-algebra
F' = F ®; k'’ is reduced, hence is a field. On the other hand, as F ®; k" = F'[t]/(t? —x) is
not reduced, we see that x must be a p-th power in F’, so that k” embeds k’-linearly
into F’. O

LEMMA 1.11. — Let f : G — G’ be a surjective morphism between connected smooth
group schemes over k such that the kernel of A(fy,): A(Gg,) — A(G,’Cp) is smooth and
connected. If G is isomorphic to the product of an abelian variety and of an affine group scheme
over k, then so is G'.

Proof. — Suppose G = Lx A with L affine and A4 an abelian variety. Let K = Ker(f). Let
p : G — Abetheprojection, leti : A — G be the inclusion, and let p(K) denote the scheme-
theoretic image of K by p; it is a subgroup scheme of A [43, V1A, Proposition 6.4]. We note
that A(Gg,) = Ay, and that p(K)g, S Ker(A(fk,)). The morphism Ker(A(fx,)) — G,’cp
induced by f oi factors through L(G,’cp) and hence vanishes since Ker(A( fx,)) is an abelian
variety and L(G,’{P) is affine. Therefore the morphism p(K) — G’ induced by f o i also
vanishes. We deduce that i (p(K)) € K, hence K = (K N L) xi(p(K)). On the other hand,
the closed immersion G/ K — G’ induced by f is an isomorphism as it is surjective and G’ is
reduced. It follows that G’ = (L/(K N L)) x (A/p(K)), and the lemma is proved. O

LemMA 1.12. — Let C be a proper reduced curve over k and B be a geometrically
connected reduced closed subscheme of C of pure dimension 1. View the union of the irre-
ducible components of C not contained in B as a reduced closed subscheme B’ of C. If the
natural morphism B N B’ — Spec(H®(B’, Op/)) is étale and if any strict cycle of compo-
nents of Cy is contained in Bl/? then the natural morphism Picc/, — Picg i x Piep/ /i is an
isomorphism.

Proof. — Ifi : By — Cr,i’ : B, — Cr,i"” : Br N B, — Cr denote the inclusions,
the short exact sequence | — Gy, — ixGy X i,Gy — i/Gy — 1 of sheaves for the Zariski
topology on Cr induces, for any 7 € (Sch/ k), an exact sequence of groups

(1.6) 1 > Gn(Cr) = Gu(Br) X Gn(B}) = Gm(Br N BY)
— Pic(Cr) — Pic(Br) x Pic(By) — Pic(Br N B7).
The natural morphism B N B’ — Spec(H°(B’, Op/)) is an étale morphism between finite

k-schemes that induces an injection on k-points, in view of the assumption about strict cycles
of components. (Note that Spec(H°(B’, Op/))(k) is the set of connected components of BI’?.)
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It is therefore an open and closed immersion [41, I, Théoréme 5.1]. In particular, the resulting
restriction map

G (Spec(H(B', Op/)) xx T) — G (Br N BY)

is onto, and hence so is the restriction map G (B7) = G (B N B7). Noting that Picgnp//x =0,
the conclusion of the lemma now results from the exact sequence of fppf sheaves obtained
by sheafifying (1.6) with respect to T'. O

LeEMMA 1.13. — Let k’ be a finite purely inseparable extension of k. Let C be a proper
integral curve over k'. We view C as a curve over k. If Pic Jk is the product of an abelian
variety and of an affine group scheme over k, then k' = k or C = Cyy.

Proof. — For all T € (Sch/k), pull-back induces an equivalence between the categories
of étale T-schemes and of étale Ty/-schemes [41, IX, Théoréme 4.10]. It follows at once that
the natural morphism

Resyr/k (Picc/xr) — Resgr/k (Pice i ét)

of functors (Sch/k)°? — (Ab) becomes an isomorphism after étale sheafification. On the
other hand, by the very definition of the absolute Picard functor (see §1.4) and of Weil
restriction of scalars, one has Picc/x = Resg//x(Picc/x/). By these two remarks, we get,
after sheafification, an isomorphism Picc/x = Resys/x(Picc/x/), which restricts to an
isomorphism Pic% /k = Respr /k(Pic% /k) in view of [19, Proposition A.5.9]. Let us write
Picoc /k = L x Awith L affine and 4 an abelian variety. Applying [37, XVII, Appendice 111,
Proposition 5.1] with U = L (or [19, Proposition A.7.8]) now shows that if k¥’ # k, then
Picl/, = L, so that A(Pic¢)k,) = 0and C = Cry. O

LEMMA 1.14. — Let D be the disjoint union of smooth proper geometrically integral
curves Dy, ..., D, over k. Let C be a proper curve over k such that H°(C,Oc) = k and
C(k) #0. Letv : D — C be a morphism. If v* : Picc/x — Picp,x admits a section, then
there exist morphisms p; : C — Picp, j fori € {1,...,n} such that p; o Vip, is the canonical
morphism for all i while p; o v|D/ is constant for all j #i.

Proof. — Welet v;: D; — C be the restriction of v, fix a section o : Piep/r — Piccr of v* and,
noting that Picp/; = ]—L'-':l Picp, /i, let o; : Picp,/x — Picc,y be the restriction of o, so
that v o 0; =4;;. Let;: D; — Picp, /. be the canonical morphism.

Then v; maps o; ot; € Piec i (D;) to; € Picp, i (D;)if j =i,t00 € PicDj/k(Di) other-
wise. As HY(C,O¢) = H°(D;,0p,) = k and C(k) # 9, there are a canonical bijection
Pic(Cr)/ Pic(T) = Picc,x(T') and a canonical injection Pic((D;)7)/ Pic(T) < Picp, /1 (T)
for all T. We deduce, for each i, the existence of «; € Pic(C x; D;) such that
(v;i x D)*a; € Pic(D; xx D;) is the class of the diagonal for j = i and comes by pull-
back from Pic(D;) for all j # i. Switching the factors, the class o; gives rise to the desired
element p; € Picp, /x(C). O

LeEMMA 1.15. — Let C be a proper curve over k. Let v : C' — C be the normalization
of C*®4. The pull-back morphism v* : Pic%/k — Picoc,/k is surjective.
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Proof. — We may assume that the field k is separably closed. We then claim that the
map v* : Picc (k) — Piccr i (k) is onto. As Picc/ /g is smooth over k, it will follow
that the morphism v* : Picc;rx — Piccr is dominant, by [12, 2.2/13], so that the
morphism v* : Pic% Jk Pic%, /k 18 dominant, by Proposition 1.6, and hence surjective,
by [43, VIa, Corollaire 6.2 (i)]. To prove the claim, we may assume that C is reduced,
by [12, 9.2/5]. Letting C° € C be a dense open normal subset, we then remark that
v* : Pic(C) — Pic(C’) is onto since any divisor on C’ is linearly equivalent to a divisor sup-
ported on v=1(C?). As k is separably closed, it follows that v* : Picc ke ét(k) = Picer g g (k) is
onto as well, as desired. O

1.5.3. Proof of Theorem 1.7. — As the formation of C,; and Cj.,¢ is compatible with sepa-
rable extensions of scalars and as the assertions of the last sentence of the theorem are of a
geometric nature, we may, and will henceforth, assume that & is separably closed. For later
use, we note that thanks to this assumption, if condition (i) of Theorem 1.7 holds, then
the irreducible components of Cj.,¢, viewed as reduced schemes, are geometrically reduced
(being both reduced and generically geometrically reduced) and therefore smooth over k,
and the non-smooth locus of Cja¢ Over k consists of k-points (as the intersection of any
two irreducible components of Cjy is étale).

Step 1. — We assume that (i)—(iii) hold and deduce the remaining assertions.

From (1.4) applied to C;,¢, we deduce that the group scheme (Picocrat /k)k, 18 affine; hence
Picocral /k 18 also affine. To prove that Picocirrat /k 18 an abelian variety and that the natural
map Picc/r — Picc,, /x x Picc,,,/k is an isomorphism, we argue by induction on the
number of irreducible components of Ciyra. When Cirae = @, there is nothing to prove.
Otherwise, let us choose an irreducible component B of Ci;rae and denote by B (resp. B,
the union of the irreducible components of C (resp. of Ci;ra¢) that are distinct from B. We
view B, B" and B, as reduced closed subschemes of C. The equalities C = B U B’ =

Crat U Cirrat = B U Crg U B], and B’ = Cyy U B, induce a commutative square

Picc/k PicB/k XPicB//k

(1.7) | Ik

Piccm/k X Piccma[/k _— PicB/k X Pich/k X PiCB/

irrat

/k

whose right vertical arrow is an isomorphism by the induction hypothesis. To conclude the
proof, we need only verify that Lemma 1.12 can be applied, on the one hand, to C, B and B’,
and on the other hand, to Cirrat, B and B;, .. Indeed, it will follow that the horizontal arrows
of (1.7) are isomorphisms, which implies, on the one hand, that the left vertical arrow of this
square is an isomorphism, and on the other hand, that Pic%ml /k 1s an abelian variety, since

so are Pic%{mlt Jk (by the induction hypothesis) and Pic% /k (as B is smooth over k [12,9.2/3]).
To this end, letting F stand either for B’ or for B/, we fix x € BN F, and denote by E

irrat’
the connected component of x in F and by Cy, ..., Cy, the irreducible components of Ci;rat
containing x, numbered so that B = C;. The finite k-algebra H°(E, Of), being non-zero,
connected and reduced, is a field; it embeds into the residue field k£ (x) of x. We now have to

prove that the natural morphism B N E — Spec(H°(E, OF)) is étale at x.
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If k(x) # k, then m = 1 and therefore Cyy; N Cippat 1s not €tale over k at x. We deduce
from (iii) that E coincides with the connected component of x in Cyy, that B N E is reduced
at x and that H°(E, Og) = k(x); hence the desired result.

If k(x) = k, then H°(E,Of) = k and it suffices to see that B N E is reduced at x.
In the Zariski tangent space 7xC of C at x, we have T,y E = V + TyCy + -+ + TxCyy
where V. = TyCryp if x € Croe and F = B’,and V = 0 otherwise. It follows from (iii)
that Cyat N Cigrat 18 reduced, so that V N (TxCy + --- + TxCp) = 0, and from (i) that the
lines T, Cy, ..., TxCy, are in direct sum. Hence Tx (BN E) = TyCiNTyE =0,and BN E is
indeed reduced at x. Step 1 is complete.

We now assume that Pic% /k 18 the product of an abelian variety and of an affine group
scheme over k, and prove (i)—(iii) in four more steps. By Lemma 1.11, we may assume that C is
connected. In addition, we may assume that Cio¢ # 9. Let Cq, ..., C, be the irreducible
components of Cj;rat, viewed as reduced schemes. Let D; be the normalization of C;, let D be
the disjoint union of the D; and let v; : D; — C and v : D — C be the natural morphisms.

Step 2. — We prove that Cy, ..., C, and Cy.,¢ are geometrically reduced over k.

As Ciprat = C1U---UCy, it suffices to check that the C; are geometrically reduced. Assume
that some B € {Cq,..., C,} is not geometrically reduced. By Lemma 1.10 applied to k(B),
there exist subfields k C k' € k" C kp,, with k” # k' and k”/ k finite, such that By is integral
and such that if B’ denotes its normalization, the natural morphism B’ — Spec(k’) factors
through Spec(k”). Let w : C' — Cys be the normalization of (Cy/)™¢. By Lemma 1.15, the
pull-back map w* : Picock, [k Picoc, /K 18 surjective, and (1.4) shows that A(w,’(“p) is an
isomorphism. As B’ is a connected component of C’, we deduce, thanks to Lemma 1.11,
that Pic%, /s 18 the product of an abelian variety and of an affine group scheme over k’.
Lemma 1.13 implies that k” = k' or B’ = B/,,, a contradiction.

rat>

Step 3. — Assuming that D is smooth over k, we construct p; : C — Pichl_ /k such that
pi o v; 1s a closed immersion while p; (Cyyt U Uj# C;) is finite, for all i.

It suffices to check that the hypotheses of Lemma 1.14 are satisfied. Indeed, the canonical
morphism D; — Pich’T /k 1s a closed immersion if D; is a smooth proper integral curve of
genus > 1 over k [69, Propositions 6.1 and 2.3], and p; (Cya) is finite since any morphism
from a rational curve to an abelian variety is constant.

We recall that Cie # 0. As C is proper, connected and reduced, the restriction
map H°(C,O¢c) — H O(Cl,(’)cl) has to be injective; as C; is geometrically integral,
we deduce that H°(C, O¢) = k. In addition, as k is separably closed, we have C;(k) # 9
[12, 2.2/13], hence C(k) # Q.

As D is smooth, the group scheme I’ic%/k is an abelian variety and the morphism
v* Pic% k™ PicOD/k induces an isomorphism A((Picoc Ji)kp) = (Pic% i)k, (see (1.4)).
Our assumption on Picg /i therefore implies that v* : Picl. k> Pic), /K admits a section.
Letting C’ be the normalization of C™9, the natural map v* : Z¢- /k = Lp/k also admits a
section. In addition, the sequence (1.5) splits as k is separably closed and Picoc /k 18 smooth,
and the choice of a splitting of (1.5) and of a section of v* : Z¢//x — Zp,i determines a
splitting of the sequence (1.5) associated with D. Applying Proposition 1.6 to C and to D,
we now conclude that v* : Piec,;r — Picp,x admits a section. This completes Step 3.
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Step 4. — We prove (i) and (ii) of Theorem 1.7.
Step 2 ensures that ((CE)’ed)irrat = (Cjrra)y and it follows from Lemma 1.11, in view of

[12,9.2/5], that Pic(()ci)red i is the product of an abelian variety and of an affine group scheme
k

over k. Thus, after replacing C with (Cg)red, we may, and will until the end of Step 4, assume
that k = k. In this case D is smooth over k and Step 3 becomes applicable.

To complete the proof of (i), it suffices to show that for alli € {1,...,n}, the curve C; is
smooth and the scheme C; N (Uj# Cj) is reduced. We fix i. As p; o v; is an immersion,
so is v;; as v;(D;) = C; is a reduced closed subscheme of C, we deduce that v; restricts to
an isomorphism D; — C;, so that C; is smooth. Now the restriction of p; to the subscheme
CiN(U;4 C;) is both a closed immersion (since so is p; | C,-) and a morphism whose scheme-

theoretic image is finite and reduced (since so is p; C_), hence this scheme is reduced.
J

Uy

To prove (ii), we pick a strict cycle of components By, ..., B, of C and pairwise distinct
points x; € B; N Bj4y fori € {l,...,n — 1} and x, € B, N By. If one of the B; were
contained in Ciyq, Say By = Cj, then p;(x1) and p;(x,) would have to be distinct, since
Pilc, is injective, and equal, since p; (B, U --- U By,) is a point (being finite and connected).
This is absurd.

Step 5. — We prove (iii) of Theorem 1.7.

We now know that (i) holds, hence D is smooth over k: we can apply Step 3 again.

LEmMaA 1.16. — Let i €{1,...,n}. For any purely 1-dimensional connected reduced
closed subscheme E of C such that E N C; is finite and non-empty, the restriction map
H°(E,Of) — H°(E N C;,Ognc;) is an isomorphism of fields.

Proof. — The morphism p; | E has finite image (by Step 3), hence it factors through an
affine open Spec(R) C Pichi /k- To see that the map of the lemma is surjective, we note that

its composition with R — H°(E, Of) is surjective as p; |Enc, is a closed immersion. It is also

injective, as H(E, Of) is a field (being a non-zero, connected, reduced, finite k-algebra) and
ENC; #0. O

To prove (iii), let B be a connected component of Cyy; such that B N Ciyrqe 1s not étale
over k, say at a point x.

After renumbering, we may assume that the C; containing x are Cy, ..., Cy,,, for some
m e {l,...,n}. If x were a k-point, the subspace 7x B N Ty Cjrat of the Zariski tangent
space TxC would be non-zero. After renumbering Ci, ..., C, appropriately and setting
E = BUCyU---UC(Cy,, the vector space Ty E N T, C; would be non-zero. The scheme E N Cy
would then be non-reduced; this would contradict Lemma 1.16. Thus k(x) # k and hence
m = 1.

Let E’ be the connected component of x in Cyyy U Co U --- U Cy,.

As the evaluation map H°(E' N C1,Op/nc,) — k(x) is surjective, Lemma 1.16 shows
that HY(E’,Op/) = H°(E' N C1,OEnc,) = k(x); hence, by Step 2, there is no k-algebra
morphism H(E’,Og:) — H°(C;,Oc;,) for any j. Therefore E/ = B and B N Cirrar =
E’ N C,. This completes Step 5 as well as the proof of Theorem 1.7.
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1.6. Murre’s intermediate Jacobian

If X is a smooth projective variety over k, Murre defines an algebraic representative for
algebraically trivial codimension 2 cycles on X7 to be an abelian variety Abz(XE) over k
endowed with a morphism

(1.8) ¢% : CH*(Xp)atg — Ab*(Xp) (k)

that is initial among regular homomorphisms with values in an abelian variety (see [72,
Definition 1.6.1, §1.8]). It is obviously unique up to a unique isomorphism, Murre has shown
its existence (see [72, Theorem A p.226] and [54]), and Achter, Casalaina-Martin and Vial
have shown that it descends uniquely to an abelian variety Ab%(X ,) over kp in such a
way that (1.8) is ['x-equivariant [3, Theorem 4.4]. If X is a smooth projective k-rational
threefold over k, we endow Ab?(X k,) With the principal polarization 6y € NS!H(Ab? (X;))F k
constructed in [7, Property 2.4, Corollary 2.8].

1.7. Representability lemmas

Here are three lemmas to be used later.

LeEMMA 1.17. — Let F and F' be two functors (Sch/ k)°P — (Ab). If F x F’ is represented
by a group scheme locally of finite type over k, then so is F.

Proof. — Let G be the group scheme represented by F x F’ and let u : G — G be the
morphism induced by the endomorphism (x, y) = (0, y) of F x F’. Then F is represented
by Ker(u), which is a group scheme locally of finite type over k. O

LemMA 1.18. — Let G be a commutative group scheme locally of finite type over k. Let
v : Z — G be a morphism of k-group schemes such that v(n) ¢ G°(k) if n # 0. Then the
cokernel functor Q : (Sch/k)°? — (Ab) defined by Q(T) = G(T)/v(Z(T)) is represented by
a group scheme locally of finite type over k.

Proof. — Translation by v(n) for n € Z induces an action of the group Z on the set of
connected components of G. Choose one connected component of G in each orbit of this
action. Their disjoint union represents Q. O

LEMMA 1.19. — Let F : (Sch/k)°P — (Ab) be a functor and k' be a finite extension of k.
Let v € {ét, fppf}. Assume that k' [ k is separable if T = ét. If F is a sheaf for the topology t
and the functor (Sch/k’)°P — (Ab) obtained by restricting F is represented by a group scheme
locally of finite type over k', then F is represented by a group scheme locally of finite type over k.

Proof. — Let F' : (Sch/k")°? — (Ab) denote the restriction of F and G’ the k-group
scheme that represents F'. As F’ is the restriction of F, there is a canonical descent datum
on F’ with respect to p : Spec(k’) — Spec(k). This descent datum induces a descent
datum on G’. By [70, Lemma 1.8.6], the latter is effective, and G’ descends to a group
scheme G locally of finite type over k. It remains to note that F and ®¢ : (Sch/k)°P — (Ab)
are two t-sheaves, that p is a t-covering and that there is by construction an isomor-
phism of t-sheaves p*F ~ p*®g that satisfies the cocycle condition; from this, it follows
that F ~ ®g. O
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2. K-theory functors

We now define and study several functors (Sch/k)°? — (Ab) built from K-theory. Our
goal, met in §2.3.2, is to define, for a smooth projective k-rational threefold X over k, a
functor CHy Jkotppf © (Sch/k)°P — (Ab) that will serve as a substitute for its intermediate
Jacobian.

2.1. K-theory
We follow the conventions of [38, 80].

2.1.1. Definition. — If X is a qcqgs scheme, we let Ko(X) be the Grothendieck group of the
triangulated category of perfect complexes of Ox-modules. (This group is denoted by K'(X)
in [38, IV, Définition 2.2] and coincides with the one defined in [80, §3.1], as indicated in [80,
§3.1.1].) We endow K (X') with the ring structure induced by the tensor product ([38, IV, §2.7
b)], [80, §3.15]).

If X admits an ample family of line bundles [80, §2.1.1] (for instance, if X is quasi-
projective over an affine scheme [80, §2.1.2 (c)]), then Ko(X) is naturally isomorphic

to the Grothendieck group of the exact category of vector bundles on X (combine
[80, Corollary 3.9] and [80, Theorem 1.11.7]).

2.1.2. Functoriality. — Let f : X — Y be a morphism of qcgs schemes.

The derived pull-back L f* of perfect complexes along f induces a morphism
T Ko(Y) = Ko(X) ([38, 1V, §2.7 b)], [80, §3.14]).

The derived push-forward R fi induces a morphism fi : Ko(X) — Ko(Y) if Rf
preserves perfect complexes [80, §3.16]. This condition is satisfied if f is a proper and perfect
morphism [65, Proposition 2.1, Example 2.2 (a)], for instance if f is a proper Ici morphism
(see [38, VIII, Proposition 1.7]). In this case, the projection formula [38, IV, (2.12.4)] stem-
ming from [38, 111, Proposition 3.7] shows that

(2.1) fx® fTy) = fix®y

for all x € Ko(X) and y € Ko(Y).

2.1.3. Rank and determinant. — The rank tk : Ko(X) — Z(X) and the determinant
det : Ko(X) — Pic(X) are group homomorphisms that are functorial with respect to pull-
backs and are such that if x € Ko (X) is represented by a bounded complex of vector bundles
on X, then rk(x) is the alternating sum of the ranks of its terms and det(x) is the alternating

tensor product of the determinants of its terms (see [58, Theorem 2 p. 42]).
We define SK(X) to be the kernel of (rk, det) : Ko(X) — Z(X) x Pic(X).

2.1.4. Projective bundles and blow-ups. — If X is a qcqs scheme and 7 : Px& — X is
the projective bundle associated with a vector bundle £ of rank r on X, the morphism
Ko(X)" — Ko(Px&) given by the formula

r—1
(2.2) (X0:- - Xr—1) > Y 1) ® [Opye(—j)]
j=0
is an isomorphism of K¢ (X)-modules ([38, VI, Théoréme 1.1], [80, Theorem 4.1]).
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Ifi : Y — X is a regular closed immersion of qcgs schemes of pure codimension ¢ > 1,
if p : X’ — X is the blow-up of X along Y with exceptional divisor Y’, and if we denote
by p’ : Y — Y andi’ : Y/ — X’ the natural morphisms, Thomason has shown that the
morphism Ko (X) x Ko(Y)™! — Ko(X’) given by the formula
c—1

(2.3) (X, V1o Yem1) P> pEX 4 )il p™y; @ [Ox (V)]
j=1

is an isomorphism of Ko (X)-modules [79, Théoreme 2.1].

2.1.5. Coherent sheaves. — If X is a qcqgs scheme, we let Go(X) be the Grothendieck group
of the triangulated category of pseudo-coherent complexes of Ox-modules with bounded
cohomology. (This group is denoted by K.(X) in [38, IV, Définition 2.2], see [80, §3.3].)

If X is noetherian, the group Go(X) is naturally isomorphic to the Grothendieck
group of the abelian category of coherent Ox-modules [38, IV, §2.4]. In this case, letting
Fi1Go(X) € Go(X) be the subgroup generated by classes of coherent sheaves whose support
has dimension < d [38, X, Définition 1.1.1] defines a filtration F, on Go(X).

If X is noetherian and regular, the natural morphism K¢ (X) — Go(X) is an isomorphism
[80, Theorem 3.21]. This allows one to speak of the class of a coherent Ox-module in K¢ (X),
and of the filtration FeK((X) of Ko(X) by dimension of the support.

If X is a smooth variety of pure dimension n over k, we use the notation F¢Ky(X)= F,—.Ky(X)
and Gr% Ko(X) = F°Ko(X)/Ft1Ko(X). According to [31, Example 15.1.5], associating
with an integral closed subscheme Z C X of codimension ¢ the class [Oz] € Ko(X) induces
a surjective morphism

(2.4) ¢ : CHY(X) — Gr% Ko(X).

As explained in [31, Example 15.3.6], Jouanolou’s Riemann-Roch theorem without denomi-
nators [53] shows that ¢°, ¢! and ¢? are isomorphisms, with inverses given by the rank rk, the
determinant det and the opposite —c; of the second Chern class. In particular, F?Kqy(X) =
SKo(X).

LEmMA 2.1. — Let f : X — Y be a morphism of smooth equidimensional varieties over k.
There exists a commutative diagram

2

CH*(Y) —%— G} Ko(Y)

(2.5) T
i ¢’ 2 l

CH*(X) ——— Gr7 Ko(X)

in which the right vertical arrow is induced by * : Ko(Y) — Ko(X).
Proof. — The pull-back * : Ko(Y) — Ko(X) restricts to f* : SKo(Y) — SKo(X),

hence induces f*: F2Ko(Y) — F?Ko(X). Since the morphisms ¢? are bijective with
inverse given by —c,, and since the second Chern class is functorial, we see that

f*: F?2Ko(Y) — F2Ko(X) induces a morphism s f* : Gr% Ko(Y) — Gr3 Ko(X) making
the diagram (2.5) commute. O
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2.2. The functor K, x, and its sheafifications
2.2.1. Definition. — If X is a proper variety over k, the absolute K functor of X is

KO,X/k . (SCh/k)Op — (Ab)
T — K()(XT).

The rank and the determinant (see §2.1.3) give rise to morphisms of functors rk: Ko x/x = Zx,x
and det:Kg x/x — Picy,r. We let SK¢ x/x be the kernel of (rk, det) : Ko x/x = Zx/x % Picy/k.
If T e {Zar, ét, fppf}, we let Ko x/k . (resp. SKo,x/«,-) be the sheafification of K x/x (resp.
SKo,x/x) for the corresponding (Zariski, étale, fppf) topology.

REMARK 2.2. — We do not know whether K¢ y/x ¢¢ and Ko x/«,mppr coincide.

2.2.2. Functoriality. — Let f : X — Y be a morphism of proper varieties over k. The pull-
backs (fr)* for T € (Sch/ k) induce a natural transformation of functors f™* : Ko y/x = Ko x/x.

Similarly, if f : X — Y is a perfect (for instance Ici) morphism of proper varieties over k,
the push-forwards (fr). for T € (Sch/k) (which exist by §2.1.2 since fr is perfect by [38,
111, Corollaire 4.7.2]) induce a natural transformation of functors fix : Ko x/x = Ko,y/k, by
the base change theorem [64, Theorem 3.10.3] (which can be applied since fr : X7 — Yr
and Yy — Y7 are Tor-independent for all morphisms U — T in (Sch/k)).

PROPOSITION 2.3. — Let f : X — Y be a perfect birational morphism between proper
integral varieties over k.

(i) If'Y is normal, then f restricts to a morphism fy : SKo x/x — SKo,y/k-
(i) If X and Y are regular, then fi o f* is the identity of Ko,y /-

Proof of (). — Let U C Y be the biggest open subset above which f is an isomorphism.
Since Y is normal, the depth of Oy, is>2forally e Y \ U.

Fix T € (Sch/ k) and a class x € SKy(X7). Since (rk(x), det(x))|UT is trivial, so is

(tk((f1)xx), det((f1)«x))|, € Z(Ur) x Pic(Ur).

To deduce the triviality of (rk(( f7)«x), det((fr)«X)), it suffices to show the injectivity of the
restriction morphisms Z(Yr) — Z(Ur) and Pic(Y7) — Pic(Ur).

The morphism Z(Y7r) — Z(Ut) is actually bijective by Remark 1.2 (ii) applied to the
injection U — Y. To show the injectivity of Pic(Y7) — Pic(Ur), we can assume that 7 is
noetherian by absolute noetherian approximation [80, Theorem C.9] and by the limit
arguments of [36, §8.5]. It then suffices to combine [42, XI, Lemme 3.4] and [35, Proposi-
tion 6.3.1].

Proof of (i1). — Fix T € (Sch/k). Chatzistamatiou and Riilling [13, Theorem 1.1] have
shown that the natural morphism Oy — R f. Oy is a quasi-isomorphism. The base change
theorem [64, Theorem 3.10.3] (which can be applied as Y7 is flat over YV) implies that the
natural morphism Oy, — R(fr)«Ox, is also a quasi-isomorphism. That (f7)« o (fr)* is
the identity of K¢o(Y7) then follows from the projection formula (2.1). O
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2.2.3. Curves. — We can entirely compute Ko x/«,r if X is a curve.

PROPOSITION 2.4. — If't € {Zar, ét, fppf} and if X is a projective variety of dimension < 1
over k, then (rk, det) : Ko x/x,« = Zx,k % Picx/k . is an isomorphism.

Proof. — 1t suffices to prove the proposition for ¢ = Zar. The commutation of K¢y and
Pic with directed inverse limits of qcqs schemes with affine transition maps (see [80, Propo-
sition 3.20] and [36, §8.5]), applied to the system of affine neighborhoods of a point in a qcgs
k-scheme, shows that it suffices to prove the bijectivity of (rk, det) : Ko(X7) — Z(X7) xPic(XT)
for any local k-scheme T'. By absolute noetherian approximation [80, Theorem C.9], we can
write T as the limit of a directed inverse system (7;);c; of noetherian k-schemes with affine
transition maps. Replacing the 7; by their localizations at the images of the closed point
of T, we may assume that they are local. A limit argument as above then shows that we
may assume 7" to be noetherian. This case follows from Lemma 2.5 below applied to the
connected components of Xr. O

LEMMA 2.5. — Let w : Y — T be a projective morphism with T local noetherian, Y non-
empty and connected, and fibers of dimension < 1.
Then the morphism (rk, det) : Ko(Y) — Z x Pic(Y) is bijective.

Proof. — The surjectivity of (rk, det) is obvious and we prove its injectivity.

As explained in §2.1.1, Ko (Y') is generated by classes of vector bundles on Y. Lemma 2.6
below and induction on the rank of vector bundles show that it is even generated by classes
of line bundles on Y. Let £ and M be two line bundles on Y. Applying Lemma 2.6 twice
with the same / >> 0 and with the same very ample line bundle Oy (1) on Y yields exact se-
quences 0 > Oy (=) > LAHM - F; > 0and 0 — Oy (—l) > Oy & (LR’ M) - F, — 0.
Since the line bundles F; and F, have the same determinant, they are isomorphic, and we
deduce the identity [£] + [M] = [Oy] + [£L ® M] € Ko (Y). This identity and the fact
that Ko(Y) is generated by line bundles implies that x = [det(x)] + (rk(x) — 1)[Oy] for all
x € Ko(Y). This shows at once the required injectivity. O

LEMMA 2.6. — In the setting of Lemma 2.5, there exists a w-ample line bundle Oy (1) on Y
with the following property. For all vector bundles € of rank > 2 on'Y and alll > 0, there exists
a short exact sequence of vector bundles on Y of the form

(2.6) 0> 0y(-l)>E—F—0.

Proof. — Let Oy (1) be a w-ample line bundle on Y, let ¢ be the closed point of 7', and
let A C Y, be a finite subset meeting all the irreducible components of Y,. If m > 0, then
H°(Y;,Oy,(m)) — HO°(A,O4(m)) is surjective. As a consequence, after replacing Oy (1)
with Oy (m), we may assume the existence of a section & € H%(Y;, Oy, (1)) that vanishes at
only finitely many points.

The same argument yields, for some m > 0, a section B € H°(Y;, €y, (m)) that vanishes at
only finitely many points. Let B C Y; be a finite subset meeting every irreducible component
of Y; and such that f does not vanish at any point of B. Since H°(Y;, £y, (n)) — H°(B,Ep(n)) is
surjective for n > 0, we can choose n > 0 and a section y € H°(Y;, Ey, (n)) such that af
and y are linearly dependent at only finitely many points of Y. Let C C Y; be this finite set
of points.
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Choose any [ > max(m,n) such that H°(Y;, Oy, (I —n)) - H°(C,0Oc(l —n)) and
HO(Y,E()) - H°(Y;,Ey,(I)) are surjective. (Such [ exist by Serre vanishing
[32, Théoreme 2.2.1]; this is where we use the noetherianity of 7.) Then there exists
§ € HO(Y,, Oy, (I —n)) such that t := a!™B + y§ € H°(Y,,Ey,(l)) vanishes nowhere.
Lift 7 to a section 0 € H°(Y, £(])). Since 7 is proper and T is local, o does not vanish on Y,
thus giving rise to a short exact sequence of the form (2.6). O

REMARK 2.7. — If the residue field of T is infinite, the proof of Lemma 2.6 can be simpli-
fied as one can then apply [55, Corollary 3.6] on Y; to construct t.

2.2.4. Projective bundles and blow-ups. — If X is a proper variety over k and if £ is a vector
bundle of rank r on X, the formula (2.2) induces an isomorphism of functors

(2.7) Ko x/k — Kopye/k-

In view of the isomorphism rk : Ko spec(k)/k,zar —> Z given by Proposition 2.4, we deduce
that KO’P;:l Jkzar = 2" and that ([OPIr(fl (—=j)Do<j<r—1 forms a basis of the Z-module
KO’P;—I /k,zar(k). The family ([OPg])OSdg_l is another basis. For r > 2, identifying the
morphism (rk, det) : Ko,P];;—] JkZar = ZP;;—I /K X PicP]r(_1 JkZar = 72 yields an isomor-
phism SKo,P;—l JkZar = 7”72 and shows that ([Opg])osdsr—3 is a basis of the Z-module
SKO,P,r(_l/k,Zar(k)‘

Let X be a proper variety over k and i : ¥ — X a regular closed immersion of pure
codimension ¢ > 1. Define p : X’ — X to be the blow-up of X along Y with exceptional
divisorY’,and p’ : Y/ — Y andi’ : Y/ — X’ to be the natural morphisms. Then the formula
(2.3) induces an isomorphism of functors

(28) KO,X/k X Kg,_Yl/k l) KO,X//k,

in view of the functorialities described in §2.2.2.

2.3. The functor CH} Jk.fppf

We introduce, for a smooth proper geometrically connected threefold X over k with
geometrically trivial Chow group of zero-cycles, the functor CH§( Sk fppe- 1t will play for
codimension 2 cycles the same role as the Picard functor Picy/ sppr does for codimension 1
cycles.

2.3.1. The class of a point. — We first exhibit a canonical class vy € Ko x/x, fppr(k).

PRrOPOSITION 2.8. — Let X be a smooth proper geometrically connected variety over k
whose degree map deg : CHo(Xz) — Z is an isomorphism. Choose t € {Zar, ét, fppf}. Assume
that k = k if t = Zar and that k = kp if T = ét. There exists a unique vy € Ko x/k, (k)
such that for all finite extensions k' of k and all coherent sheaves F on Xy, whose support has
dimension 0, one has

(2.9 [F1 = h®(Xpr, F) - vx € Ko x/k,c (k")
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Proof. — Using[12, 2.2/13], choose a finite Galois extension / of k and a point x € X(/).
Let n be the dimension of X. For all field extensions [’ of /, the definition of the flat pull-
back of a cycle [31, §1.5, §1.7] and the formula [38, X, (1.1.3)] show the commutativity of the
natural diagram

CHo(X)) —2— FoKo(X))
(2.10) | ) |

CHo(X;) —— FoKo(X)1),

where the morphisms ¢” are defined in §2.1.5.
Assume first that T = fppf.

Let {x1,...,xn} be the Gal(//k)-orbit of x. Since deg : CHo(Xy) — Zis an
isomorphism, there exists a finite extension !’ of [ such that the x; all have the same
class in CHgo(X). Since Spec(l’) — Spec(/) is an fppf covering, we deduce from (2.10)
that ¢" ([x]) € Ko x/x,-(!) is Gal(// k)-invariant, hence descends to a class vy € Ko x/k, (k)
since Spec(l) — Spec(k) is an étale covering. Applying (2.9) with ¥’ = [ and F = O,
shows that this is the only possible choice for vy and proves the uniqueness assertion of
Proposition 2.8.

Let us now show that vy satisfies (2.9). Let k&’ be a finite extension of k and let F be
a coherent sheaf on X;, whose support has dimension 0. Let I’ be a finite extension of k
containing both k' and [/, with the property that all the points in the support
of F;, have residue field /', and are rationally equivalent to x. (Such an [’ exists since
deg : CHo(X3) — Z.) The formula [38, X, (1.1.3)] and the commutativity of (2.10) show
that [F;/] = h°(Xp, Fir) - vx € Ko x/k,:(I"). Since Spec(!’) — Spec(k’) is an fppf covering,
identity (2.9) follows.

If t = ét (resp. T = Zar), all the fppf (resp. fppf or étale) coverings that appear above are
étale (resp. Zariski) coverings, proving the proposition in these cases. O

2.3.2. Codimension 2 cycles on a threefold. — Let us fix in §2.3.2 a smooth proper geomet-
rically connected threefold X over k whose degree map deg : CHy(Xgq) — Z is an isomor-
phism for all algebraically closed field extensions k& € Q (an assumption that is satisfied if
X is k-rational).

Choose t € {Zar,ét, fppf}, and assume that k = k if T = Zar and that k = kp if
T = ét, so that Spec(/) — Spec(k) is a t-covering for any finite extension / of k. Let
vx € Ko, x/k,- (k) be the class defined in Proposition 2.8. If x € X (/) for some finite exten-
sion [ of k, then (rk, det)([Ox]) = (0, Ox) (see §2.1.5). In view of (2.9), one therefore has
vx € SKo x/k,c(k) S SKo x/k,c ().

We still denote by vy the morphism of z-sheaves vy : Z — SKg x/x . such that vy (1) = vy.
We view vy as a morphism of presheaves of abelian groups.

DEFINITION 2.9. — We let CH)ZK/kJ :(Sch/k)°? — (Ab) be the (presheaf) cokernel
of vy : Z — SKg x/k... When CH% Jk.ppf 1S Tepresentable, we let CH3 /i be the group
scheme over k that represents it.
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REMARK 2.10. — Let k’/k be a field extension. There is an obvious identification
Ko, x, /k(T) = Ko x/x(T) for all T € (Sch/k’). We thus obtain natural isomorphisms
Ko, xu/k,c(T) = Kox/k,o(T), SKox,/k,e(T) = SKox/k,(T) and CHy , 1 (T) =
CHgf/kJ(T) forall T € (Sch/k’) and t € {Zar,ét, fppf}. In particular, if CH?K/k,fppf is

representable, so is CH)Z(k/ /i fppt> and CHf(k, S = (CH% Sk -

The following proposition justifies these definitions.
PROPOSITION 2.11. — Associating with the class [Z] € CHZ(X;) of a codimension 2

integral closed subvariety Z C X the class [Oz] € Ko(Xg) of its structure sheaf induces a
I'x-equivariant isomorphism

(2.11) CH*(Xp) = CH;zf?/g,Zar(E) = CH/ zar (k).

Proof. — In view of (2.9), one has a natural isomorphism

(2.12) SKo(X7)/ FoKo(Xz) => CH)Z(Z £ za )

Precomposing (2.12) with 92 : CH*(Xp) = Gr% Ko(Xp) = SKo(Xg)/FoKo(Xp) (see
§2.1.5) yields the isomorphism (2.11). It is I'x-equivariant by construction. O

The next lemma will be used in the proof of Theorem 3.1 (iv). For the definition of | x, € CH?(X,)
in its statement, see [31, Example 5.2.1].

LEMMA 2.12. — Let T be a smooth connected variety over k.

(i) For all @ € CH?(X7), there exists a class B € SKo(X1) with the property that for all
t € T(k), the image 0fa|X by (2.11) is induced by /3|X .

(ii) For all B € SKo(X71), there exists a class « € CH?(X7) with the property that for all
t € T(k), the image 0fa|X by (2.11) is induced by /3|X .

Proof of (). — We can assume that « is the class of an integral subvariety Z C X7 of
codimension 2. Define 8 := [Oz] € SKo(X7). By the Riemann-Roch theorem without
denominators, one has @ = —c,(B) (see §2.1.5). For t € T(k), one has ¥y = _62(’3|X,)'
Applying the Riemann-Roch theorem without denominators again shows that the image
Of“|x, by (2.11) is the class induced by '3|Xz .

Proof of (ii). — Define « = —c»(8) € CH?(Xr) and argue as in (i). O

3. Geometrically rational threefolds

In Section 3, we prove the representability of the functor CH)Z( Jk.tppt defined in §2.3.2

if X is a smooth projective k-rational threefold, and study the group scheme CH)2( /i that
represents it.
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3.1. Main statement

Our goal is the following theorem.

THEOREM 3.1. — Let X be a smooth projective k-rational threefold over k. Then:
1) CH)2( Jk.fppf 1S represented by a smooth group scheme CH)Z( /K over k.
(i) (CH / ) is an abelian variety over k.

P 2 _ 2 2 _ 2
(Hl) CHXkP/kp,fppf - CHka/kp,ét and CHX?/E,fppf - CHXF/E,Zar‘

(iv) The Tg-equivariant isomorphism
(3.1) Yz : CH?(Xp) = CHE (k)

obtained by combining (iii) and (2.11) restricts to a Ux-equivariant bijective regular
homomorphism (in the sense of §1.6)

(3.2) g : CH?(Xp)aig = (CH,,)° (k).

(v) The étale group scheme CH§( i/ (CH)2( / )0 over k is associated with the Ty-module
N§? (X%), which as a Z-module is free of finite rank.

(vi) The isomorphism (3.2) induces an isomorphism Abz(ka) = (CHf(k /kp)0 (where
p
Ab?(X k,) denotes Murre's intermediate Jacobian, introduced in §1.6).

We endow CH}Z( /k With the principal polarization (in the sense of §1.2) induced by the principal
polarization Ox of Ab? (Xk,) (see $§1.6).

(vii) If X is k-rational, there exists a smooth projective curve B over k such that CH§ /K isa
principally polarized direct factor of Picg, (in the sense of §1.2).

The proof of Theorem 3.1 is given in §3.2. Theorem 3.1 is complemented in §3.3 by a
computation of CH)Z( /i for varieties constructed as blow-ups, and in §3.4 by an analysis of
the obstructions to k-rationality arising from Theorem 3.1 (vii).

REMARKS 3.2. — (i) Let X be a smooth projective variety over k. As recalled in §1.6,
Achter, Casalaina-Martin and Vial have endowed Abz(X;) with a natural kp-structure.
If X is moreover a k-rational threefold, Theorem 3.1 (vi) further endows Abz(X;) with
a natural k-structure (CH)Z( / )0 Trying to descend AbZ(XE) to k under more general
hypotheses gives an incentive to define CH% Jk.tppt a0d to prove its representability in a
greater generality.

(ii) For instance it would be nice to define and study a functor CH% Jk.tppt O all
smooth proper varieties X over k such that CHo(X)q is supported in dimension 1 in
the sense of Bloch and Srinivas (see [7, Definition 2.1]). If a good enough theory of motivic
cohomology Hjy, over a field of characteristic p > 0 were available without having to
invert p in the coefficients, a natural choice would be the fppf sheafification of the functor
T — H/\“/1 (X7,Z(2)). One could also consider the fppf sheafification of the functor
T +— H?*(Xr,K,), where K, denotes Quillen’s K-theory sheaf [9], or of the functor
T — A%(Xt), where A% denotes Fulton’s cohomological Chow group [31, Definition 17.3].

(ii1) Even with our definition of CH)Z( Jk.tpp> 1t Would be interesting to show the repre-

sentability of CH% /k.ppr Under the hypothesis, weaker than k-rationality, that X is a smooth,
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proper and geometrically connected threefold over k such that deg : CHy(Xg) — Zis an
isomorphism for all algebraically closed field extensions k € €. We note, however, that it is
the proof of representability that we give here, and which is specific to k-rational threefolds,
that yields the crucial Theorem 3.1 (vii) and thus provides obstructions to k-rationality.

(iv) We still denote by 8y the principal polarization of CH}Z( /i Induced by that of Ab%(X, kp)s
as in Theorem 3.1 (vi). For the sake of completeness, we extract a characterization of Oy
from the definition of the isomorphism (3.2) and from [7, Property 2.4, Corollary 2.8]. Let
£ be a prime number invertible in k. Consider the diagram

(CHg)° (k){¢} <w—~X CH?(Xp)aigt4} R H* (X5, Z4(2)) ® Qu/ Ly,

where A2 is Bloch’s Abel-Jacobi map (see [10, §2], [7, (2.3)]) and 1//}2( is the map (3.2). Then
c1(6x) € H*((CHg, Do Ze(1) = (A\* H'((CH, )% Z¢))(1) corresponds, via the identi-
fication

T (A%o(¥)™)
_—>

H'((CHy )g, 7)Y H?(Xz, Z¢(2))/(torsion)

(in which ¥ stands for Hom(—, Zy)), to the opposite of the cup product pairing

2
NH? (X5 24(2)) > HO(Xg. Zy(4)) = Zo(1).

3.2. Proof of Theorem 3.1

3.2.1. Resolution of indeterminacies. — Our main tool is a resolution of indeterminacies
result that is due to Abhyankar [1] if £ is perfect, and to Cossart and Piltant [22] in general.

ProPOSITION 3.3. — Let X andY be smooth projective threefolds overk. Let f: Y --+ X be
a birational map. Then there exists a diagram

i .
(3.3) XX =¥y = s Y DY > Y =Y

of regular projective varieties over k such that f = ho p;,l o---o pyl, where p; is the blow-up

of an integral regular closed subscheme Z; C Y; of codimension c;j and where h is projective
and birational.

Proof. — This follows from [22], as explained in [7, Proposition 2.11]. The standing
assumption that k is perfect in [7] is irrelevant if one really uses [22, Proposition 4.2] (or [21,
Theorem 5.9]) instead of [1, (9.1.4)] in the proof of [7, Proposition 2.11]. O

REMARK 3.4. — If k is not perfect, the subschemes Z; C ¥; may not be smooth over k.
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3.2.2. Representability if X is k-rational. — In §3.2.2, we fix t € {Zar, ét, fppf} and assume
that k = k if r = Zar and that k = kp if T =¢ét. We also let X be a smooth projec-
tive k-rational threefold. By Proposition 3.3, there exists a diagram (3.3) with ¥ = Pi.
Remark 1.2 (ii), Corollary 1.5 and the isomorphism (2.8) then give canonical decomposi-
tions

(3.4) Ly < Lya i,

(3.5) PiCX//k < PiCP,%/k X 1_[ ZZj/k»
cjz2

(3.6) Kox/k <= Kopa i ¥ [T Kozyse x [ Koz 0%
cj=2 cj=3

Identifying (rk, det) : Ko x//x — Zx//x xPicx/, in terms of these decompositions and using
the isomorphisms (rk, det) : Ko z; k. = Zz,/k xPicz; /i . given by Proposition 2.4 yields
an isomorphism
3.7 SKo,x//k,z <— SKO,P,%,/k,r X 1_[ PiCZj/k,r X 1_[ Zz;/k.
cj=2 cj=3

The morphisms p; are Ici by [79, §1.2], hence so is the structural morphism X’ — Spec(k)
by [38, VIII, Proposition 1.5]. Any closed embedding X’ — Pﬁ(" of the X-scheme X’ is a
regular immersion by [38, VIII, Proposition 1.2], which shows that 4 is Ici, hence perfect
[38, VIII, Proposition 1.7]. The functors h* : Ko x/x — Ko, x7/x and hy : Ko, x7/x = Ko x/x
satisfy iy o h* = Id by Proposition 2.3 (ii). Since they restrict to h* : SKo x/x — SKo x//k
and to hy : SKo x//x — SKo x, (see Proposition 2.3 (i)), we deduce a natural decomposi-
tion
(38) SKO,X/k x Ker (h* : SKO,X//k — SKO,X/k) = SKO,X’/k‘

The three summands of the right-hand side of (3.7) are represented by group schemes
locally of finite type over k, respectively by §2.2.4, by §1.4 and by Proposition 1.1. It follows
that SK¢,x//,- is represented by a group scheme locally of finite type over k. So is SK¢ /.7,
by (3.8) and Lemma 1.17.

Let x’ € X'(k) be a general point, and let x € X(k) and y € P3(k) be its images
by h and by p1 o --- o py. Then h*[Ox] = [Ox] = py o -+ 0 py[Oy] € SKo,x//k,c (k).
Consequently, h* o vy : Z — SKg x//k,r and py o---0 pj o vp3 Z — SKo x//k both
send 1 € Z(k) to [Oy] € SKO,X//k,,(E). For n # 0, the class Vp3 (n) does not belong to
the identity component of SKo,Pz koo by §2.2.4. We deduce from the above and from (3.7)
that n[Ox] ¢ (SKo,x'/k.c)° (k), hence that vy (1) ¢ (SKo x/x.)°(k). Lemma 1.18 then shows
that CH)2( /k.7 1s represented by a group scheme locally of finite type over k.

Applying the above with t = fppf and combining (3.7), (3.8) and the equality
h*ovy = pyo---opfo Vp3 yields isomorphisms

(3.9) CH} i x G = CH, ) <= CHG, | x [ Piez, i x [ 2z,
cj=2 cj=3

of smooth group schemes over k, where G denotes the group scheme representing the
fppf sheafification of Ker (h* : SKo,x7/k — SKo, X/k) (whose representability follows from
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Lemma 1.17) and where CH}Z(/ sk denotes the group scheme representing the presheaf
cokernel Coker (h* o vy : Z — SKo x//k,mpr) (Whose representability follows from
Lemma 1.18).

3.2.3. Representability if X is k-rational. — In §3.2.3, we prove Theorem 3.1 (i)—(iii) for a
smooth projective k-rational threefold X over k.

Choose t € {Zar, ét, fppf} and assume thatk = kift = Zarand thatk = kpif T = ét. Let
[ be a finite extension of k such that X is/-rational. Then SK x, /; . is represented by a group
scheme locally of finite type over /, by the arguments of §3.2.2 applied to the [-variety X;.
By Lemma 1.19, it follows that SK¢ x/,; is represented by a group scheme locally of finite
type over k. As explained in §3.2.2, the morphism vy : Z — SKy x/k,. defined in §2.3.2 has
the property that vy (n) ¢ (SKO,X/kJ)O(E) for all n # 0. It now follows from Lemma 1.18
that CHf( /k.z 18 represented by a group scheme locally of finite type over k.

Proof of Theorem 3.1 (1)—(ii1). — Applying the above argument to the k-variety X with
t = fppf, to the kp,-variety Xj, with T = ét, and to the k-variety Xz with r = Zar shows that
the three functors CH% J ke fppf> CH)szp [kt and_ CH)2(Z T zar 4T€ represented by group schemes
locally of finite type over k, over k, and over k, respectively. In particular, the latter two are
sheaves for the fppf topology, which proves Theorem 3.1 (iii). In addition, the arguments

of §3.2.2 applied to the k-variety X7 show that (CH)ZF /E)O is a direct factor of a product
k

of Jacobians of smooth projective curves over k (see (3.9)), hence is an abelian variety; in
particular, it is smooth. As ((CH% / D05 = (CH)ZF /E)O’ Theorem 3.1 (i)—(ii) follows. O
k

3.2.4. Relation with Murre’s work. — We now prove Theorem 3.1 (iv)—(vi).

Proof of Theorem 3.1 (iv). — That ¥} (CH*(Xp)ag) < ((CHZ,;)°(k)), and that the
resulting morphism y2 : CH*(Xp)a; — (CH% / )0 (k) is a regular homomorphism follow
at once from Lemma 2.12 (i). It remains to show that (3.2) is surjective.

. 2 2
Since CHX; & represents CHXZ T Zar

Zariski neighborhood T of the identity in (C

by Theorem 3.1 (iii), we can choose a connected

H;f /;)0 and a class B € SKo(X7) inducing
k Jr—
the natural inclusion 7" — CH?F T Lemma 2.12 (ii) then implies that 7'(k) is contained in
k [— [—
the image of (3.2). Since (CHf( / )0 (k) is generated by T'(k) as a group, we have proved the
surjectivity of (3.2). O

Proof of Theorem 3.1 (v). — That the étale k-group scheme (CH}z( / )/ (CH}Z( / )0 corre-
sponds to the I'x-module NS? (X%) follows at once from (3.1) and (3.2).

Applying the discussion of §3.2.2, and more precisely identity (3.9), to the k-variety Xz
shows, in view of the isomorphism CH;3 e Z (see §2.2.4), that NS> (X%) isa free Z-module

3

of finite rank, being a direct factor of such a module. O

Proof of Theorem 3.1 (vi). — The regular homomorphism (3.2) induces a morphism
g Abz(XE) — (CH)ZF /E)O' Since (3.2) is I'y-equivariant, and in view of the definition

k
of Ab?(Xy ,) recalled in §1.6, this morphism descends by Galois descent to a morphism
Xy, :Abz(ka) — (CH)Z(k /kp)o of abelian varieties over k,. To prove that Xy, is an
P
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isomorphism, it suffices to prove that tx, is an isomorphism. From now on, we may thus
assume that k = k.

By Proposition 3.3, there exists a diagram (3.3). Since k = k, all the varieties Z ;i and Y
that appear in it are smooth over k. Consider the diagram

Ab*(P?) x | Pic%j ke —— Ab*(X')

(3.10) LGy 10 |
) ~
(CHf’z/k)o X l_[C_,'=2 Pchj/k _— (CH?(//k)O,

where the lower horizontal isomorphism is induced by (3.7) and the upper horizontal isomor-

phism is the one provided by [7, Lemma 2.10]. Since CH? (Pi)alg = 0, one has Ab? (P,3€) =

(CH;:;/k)O = 0 and the left vertical arrow of (3.10) is an isomorphism. We claim that (3.10)
k

commutes. Since k = k, it suffices to verify that it commutes at the level of k-points, which
follows from unwinding the definitions and making use of Lemma 2.1. A glance at (3.10)
now shows that ¢y is an isomorphism.

Now, consider the diagram

AB?(X) —" s ABP (X — s AR (X)
(311) J/LX leX/ \LLX

h* hs
(CH§/k)° - (CH§(,/k)° — (CH}Z(/k)O,

whose lower horizontal arrows are induced by (3.8) and hence satisfy i, o h* = 1Id,
and whose upper horizontal arrows are given by the functoriality of Murre’s interme-
diate Jacobians (see [7, §2.2.1]) and satisfy h, o k™ = Id as a consequence of the identity
hy o h* =1d : CH?(X) - CH?(X) stemming from the projection formula [31, Proposi-
tion 8.3(c)]. To show that (3.11) commutes, it suffices to check that it commutes at the level
of k-points, since k = k. This follows from Lemma 2.1 for the left-hand square, and from the
fact that the morphisms ¢¢ considered in §2.1.5 are compatible with proper push-forwards
[31, Example 15.1.5] for the right-hand square. A diagram chase in (3.11) shows that ¢y is
an isomorphism since ty- is one, which concludes the proof. O

3.2.5. Further analysis of k-rational varieties. — We resume the discussion of §3.2.2 with
t = fppf, and keep the notation introduced there. Since CHf,3 = Z by §2.2.4, identity
k

(3.9) reads:
(3.12) CH}, x G = CHy, ), <= Zx [] Piez, /i x [ Zz, -
cj=2 c;j=3
The identity component of the right-hand side is isomorphic to ch - PicOZ/_ /k» hence it

carries a natural principal polarization (see §1.4.2). Via (3.12), we thus obtain a principal
polarization on CHy, /i 1n the sense of §1.2.

PROPOSITION 3.5. — The isomorphism (3.12) realizes CH)2(/k and G as principally polar-
ized direct factors, in the sense of §1.2, of CH?W /k» and the induced polarization on CH?K Jk
coincides with the one defined in Theorem 3.1 (vi).
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Proof. — We fix once and for all a prime number £ invertible in k and start with a few
recollections about (Borel-Moore) £-adic étale homology. If V is a variety over k, the
i-th étale homology group of V' with coefficients in Qg () is defined by H; (V,Q(j)) =
H™(V, Re'Qq(j)), where & : V — Spec(k) denotes the structural morphism (see [63, Défi-
nition 2]). This group is covariantly functorial with respect to proper morphisms (loc. cit., §4)
and comes with a cap product operation H*(V, Q¢())x H; (V,Q¢(j)) = Hi—s(V, Q¢ (j +1))
(loc. cit., p. VIII-09), and with a cycle class map cl : CH; (V) — H,; (V, Q¢ (—i)) (loc. cit.,
§6), for any i, j, s, t. If V is of pure dimension n, we denote by [V] the fundamental cycle
of V (see [31, §1.5]), so that cl([V]) € Hy, (V, Qy(—n)). For all i, j, the map

(3.13) K5 HA N (V,Qu(j +n)) — Hi (V. Qe(j))

defined by K‘é/t(x) = x N cl([V]) is an isomorphism if in addition V' is smooth (see [63,
Prop. 3.2]). Thus, given a proper morphism f : V' — V from a variety V' of pure
dimension n’ to a smooth variety V of pure dimension n over k, one can define a push-
forward in étale cohomology

(3.14) Ffo i HS(V,Qq(t)) = H P22 (V. Qu(t +n—n'))

as the composition (Kf})*l o fx o Kf}/. When V is a proper variety over k of pure odd
dimension n, we will speak of the “cup product pairing on H"(V, Q;((n + 1)/2))” to refer
to the pairing H"(V, Q¢((n + 1)/2)) x H*(V,Q¢((n + 1)/2)) — Q¢ (1) induced by the cup
product and by the push-forward map H?"(V,Q¢(n + 1)) — Q(1) along the structural
morphism V — Spec(k) (see (3.14)).

LEMMA 3.6. — Let f : D — V be a morphism between projective varieties over k,
where D has pure dimension d and V has pure dimension d + 1, for some integer d. Suppose
that V is smooth.

Let A' : Pic(D){t} => H'(D.Qu/Zy(1)) and A> : CH*(V){{} — H3(V,.Qq/Z¢(2))
respectively denote the Kummer isomorphism and Bloch’s L-adic Abel-Jacobi map. Then the
diagram

Vi(F2Ko (V) —22 Ly cm2vy) — %) 131, Qu(2))

(3.15) 1 I
Ve(Ko(D)) —2Y Ly, Pic(D))) — 4 5 (D, Qu(1))

commutes, where the right-hand side vertical arrow is the map (3.14) and the left-hand side
vertical arrow is induced by the composition of the canonical map Ko(D) — Go(D), which
sends the rank 0 subgroup of Ko(D) to Fz_1Go(D) (see [38, X, Corollaire 1.3.3]), with
S 1 Fa—1Go(D) — Fg-1Go(V).

We stress that D is not assumed to be reduced in Lemma 3.6.

Proof. — Let Ko(D) = Ker(tk : Ko(D) — Z) and Gr}, Ko(D) = Ko(D)/SKo(D)
(a piece of notation justified by the fact that SKy(D) and IF(VO(D) form the beginning
of the y-filtration on Ky(D)). As the canonical map Ko(D) — Go(D) sends IZ:,(D)
to Fy_1Go(D) and SKo(D) to Fz_»,Go(D) (see[38, X, Corollaire 1.3.3]), there is an induced
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map fx: V@(GI')II Ko(D)) = Vg (Gr% Ko(V)) and it suffices to prove the commutativity of
the diagram

—Vie(c2) VE(AZ)

Ve(Grg Ko(V)) ———— Vi(CH*(V)) —————— H3(V,Q,(2))
(3.16) I T 15
1 Vi (det) Ve 1
V¢(Gr), Ko(D)) —— V¢ (Pic(D))) H'(D,Qq(1)),

without the dotted arrow. We note that the leftmost horizontal arrows of (3.16) are isomor-
phisms; their inverses are induced by the map ¢2? : CH*(V) — Gr% Ko (V) of (2.4) and by
the map Pic(D) — Gr)l, Ko(D) sending the class of a Cartier divisor Z on D to the class
of [0p(2)] - [Op] € Ko(D).

Let us complete this diagram with a dotted arrow induced by the composition of the
canonical map Pic(D) - CHy_1(D) (see [31, §2.1]) with the push-forward
S+« :CHg—1(D) — CHg—1(V).

When D is smooth, the right half of (3.16) commutes by [10, Proposition 3.3, Propo-
sition 3.6] and the left half by the description of the inverses of the horizontal arrows.
Thus (3.16) commutes in this case.

In general, let us choose a family (D;);es of smooth projective varieties of pure dimen-
sion d, and for each j € J,amorphismv; : D; — D and an element n; € Z;, such that the
equality of d-cycles with coefficients in Z
(3.17) [D] =) njvj«[D)]

jeJ
holds. When dim(D) < 2 (which will be the case when we apply the lemma), one can choose
the D; to be desingularisations of the irreducible components of D™ and the n; to be the
multiplicities, in D, of these irreducible components. In arbitrary dimension, such D;, v;
and n; exist by the Gabber—de Jong alteration theorem [48, Theorem 2.1] applied to the
irreducible components of D4,

For jeJ,let f; = fov;:D; = V. As D; is smooth, we have already seen that the
outer square of (3.16) with D and f replaced with D; and f; commutes. In order to show
that the outer square of (3.16) itself commutes, it therefore suffices, by the contravariant
functoriality of the lower row of (3.16), to check the equality fi = Zj ey fixo v]’.‘ of
maps V; (Grll, Ko(D)) =V, (Gr% Ko(VV)) and the same equality of maps
HY(D,Qu(1)) - H3*(V,Qq(2)). Let us set Grf Go(D) = F;Go(D)/F;—1Go(D) and
denote by kp : Gr}l, Ko(D) — Glrg_1 Go(D) the map induced by the canonical map
Ko(D) — Go(D). Coming back to the definition of f; in the two contexts, we now see that
it is enough to check the equalities

(3.18) kp =Y njvjxokp; ov} : Vy(Gr) Ko(D)) — Vi(Gr}_, Go(D))
jeJ
and
(3.19) KéDt = Zn_,- Vi oxlé)tj ovr: HY(D,Qu(1)) > Hyg—1(D,Qu(1 —d)).
jeJ

The Ko(D)-module structure of Go(D) induces for any i a cap product operation
Gr} Ko(D) x Grf Go(D) — GrlF_1 Go(D) (see [38, X, Corollaire 1.3.3]). Letting [Op]
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denote the class of Op in GrfiF Go(D), we have kp(x) = x N [Op] for any x € Grll, Ko(D);
moreover (3.17) implies the equality [Op] = Zjej n;jv;«[Op;] in Gr('lv Go(D) ®z Zy (see
[31, Example 15.1.5]). In view of the projection formula [38, IV, (2.11.1.2)], we deduce (3.18).
Similarly, the definition of KéDt, the equality obtained by applying cl to (3.17) and the projec-
tion formula [63, Proposition 4.2] together imply (3.19). O

Let us finally start the proof of Proposition 3.5. As X is smooth over k, the morphism &
gives rise to a push-forward map hy : H3(X%, Q/(2) — H3(Xz, Q¢(2) (see (3.14)),
satisfying i, o h* = Id on H3(XF, Q¢ (2)), since hy(h*x N cl([X;;])) =xN cl(h*[Xé]) =
x Ncl([Xz]) for x € H3(XE, Q¢ (2)) (see [63, Proposition 4.2]).

Let K = Ker (hy : H*(X2, Q¢(2)) = H?(Xz. Q¢(2))). We obtain a decomposition

(3.20) H (X, Qe(2) ® K = H>(X;, Qu(2)).

A second decomposition of the right-hand side can be obtained using the formula for the
¢tale cohomology of the blow-up of a regularly immersed closed subscheme [75, Proposi-
tion 2.2.2.1] applied to the blow-ups appearing in diagram (3.3). This yields a canonical
isomorphism

(3.21) P H'(Zj)r Q1) = H* (XL Qu(2))
cj=2
even though both Xé and (Z; )z may fail to be regular.

Let Z ]' denote the normalization of (Z; )%ed andv; : Z ]’ — (Z;)z the natural morphism.

The normality of Z; implies that (Z;) is geometrically unibranch and hence that v; is
universally bijective (see [35, Proposition 6.15.6, Proposition 6.15.5]). We deduce that
vj’.k tHY((Z)), Qe(1)) — HY(Z,Qq(1)) is an isomorphism (see [39, VIII, Corollaire 1.2]).

Letting L =V, (A(Gg)), we now consider the diagram of isomorphisms

H3 (X7, Qe(2) ® K —— H (X[, Qu(2)) «—— D H' (Zj)5, Qu(1))

cj=2 v;-klz

(3.22) Ve((CHE )% & L P H'(Z}.Qu1))

le ¢j=2 lz

Ve(A((CHE )2) & L = V(A(CHE,;)2) <~ D Ve(A((Pic, )0,

cj=2

whose upper horizontal arrows are (3.20) and (3.21), whose lower horizontal arrows
stem from (3.12), whose left vertical isomorphism results from Theorem 3.1 (ii)) and
whose lower right vertical isomorphism is the composition of the canonical isomorphism
Vg(Pic(Z]’.)) =V (A((Pic%j/k);)) coming from §1.4 and (1.4) with the Kummer isomor-
phism H'(Z}, Q(1)) = V¢(Pic(Z})).

Let m; denote the multiplicity of (Z;)g,, i.e., the length of its generic local ring, and 6;
the canonical principal polarization of Pic%j /i (see §1.4.2).
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LemMma 3.7. — 1. Diagram (3.22) transports the opposite of the cup product pairing
on H3 (Xé, Q¢ (2)) to the pairing on @c_,» W (A((Pic%j /1)) defined as the orthogonal
sum of the Qg (1)-valued Weil pairings associated with the polarizations m;6; .

2. Diagram (3.22) transports H3(X+, Q¢(2)) to V; ((CH)zf/k)%) and K to L.
3. The isomorphism H3(Xz,Q¢(2)) = Vi ((CHy / k)%) resulting from (ii) coincides with

the one induced by Bloch’s L-adic Abel-Jacobi map and by the identification between
Ve((CHf( / k)%) and Vy(CH? (X%)) that stems from Theorem 3.1 (iv), (v).

Proof. — Let us consider the commutative diagram

.
vj

P H' (Z)r Q1)) P H'(Z;.Qu1)

c;=2 Zl c;=2 J/z
*

P vePic((Z)p) P vi(Pic(z)))
62 o= il
P vePicz, /1) ——— P Ve(Pic, ;i) — D Ve(A((PicT, 7))

cj=2 ” cj=2 ” =2 ||
Ve(CHg, ) «——— Vi((CH, ;)°) —— VZ(A((CHJZ(//k)%))’

in which the unlabeled horizontal arrows are the obvious ones (the bottom leftward arrow
being an isomorphism in view of (3.12)), the top vertical arrows are the Kummer isomor-
phisms, the middle vertical isomorphisms come from §1.4 and (1.4), and the bottom vertical
isomorphisms are induced by (3.12).

Since the top horizontal arrow of this diagram is an isomorphism, all of the maps
appearing in (3.23) have to be isomorphisms.

We note that as a consequence of the projection formula [63, Proposition 4.2] and of the
equality of cycles [(Z;)z] = mjvj«[Z j/.], the top horizontal isomorphism of (3.23) transports
the cup product pairing on H'! ((Zj)z, Qe(1)) to the cup product pairing on H Y(Z%,Qqu(1))
multiplied by m;.

As on the other hand (3.23) transports the Weil pairing on V; (A((Pic%j P =

Vg(Pic024 /E) (see (1.4)) to the cup product pairing on H'(Z’),Q¢(1)), we see that
Lemmaj3.7 (i) amounts to the assertion that (3.21) transports the orthogonal sum of
the cup product pairings on H'((Z )% Qe(1)) to the opposite of the cup product pairing
on H3(X.,Q¢(2)). When the Z; are smooth, this is shown in [7, (2.9)]; the same argument
applies in our setting.

Thus, it only remains to prove Lemma 3.7 (i) and (iii). For this, it suffices to check the

commutativity of the squares

Ve(A(CH)0) — H (X2, Qu(2))
(3.24) h*T Th*
Ve(A((CHE )%) —— H?(Xg, Qe(2))

4¢ SERIE - TOME 56 — 2023 — N° 4



INTERMEDIATE JACOBIANS AND RATIONALITY OVER ARBITRARY FIELDS 1061

and

Ve(A((CHE, 0)2) — B3 (X2, Qu(2)
(3.25) h*l lh*
Ve(A((CHY D) —— H*(X, Qe(2)),

where y is the isomorphism constructed from Bloch’s ¢-adic Abel-Jacobi map for the
smooth variety X (see the statement of Lemma 3.7 (iii)) and y’ is the isomorphism extracted
from (3.21) and (3.23), and where the vertical arrows are those appearing in the upper and
lower rows of (3.22).

The square (3.25) fits into a larger diagram

P VeKo((Z))p)) “ P VePic((Z))p) = B H' (Zj)r Qu(1))

cj=2 la cj=2 || cj=2 H

’ ’

(326)  Vi(SKo(X)) — Ve(CHE, )™ Vi(A(CHE, )0) —L~ H3 (XL Qu(2)

lh* lh* 2 lh*

Ve(SKo(Xp)) — Ve(CHE, ) = Vi(A(CHE )0) — H3 (X Qu2),

in which the map « is induced by (3.6) (see also (3.7)), the map B’ comes from the bottom
row of (3.23), the map B is constructed in the same way as S’ (legitimate thanks to
Theorem 3.1 (v)) and the isomorphisms of the square of the top right corner all come
from (3.21) and (3.23).

In order for the square in the bottom right corner to commute, it suffices that the outer
square of the diagram commutes, since the other inner squares clearly commute. That is,
fixing j such that ¢; = 2 and letting o; and oz_fft respectively denote the j-th component
of a and of (3.21), we need only prove that the square

Ve(Ko((Zj)g) —— H'((Zj)z. Qe(1))
(3.27) l”*""‘-’ lh*oaj:‘
Vi(SKo(Xg)) —— H3(X7.Qc(2)),

whose horizontal arrows are extracted from (3.26), commutes.

Set Dj = Z;j xy; X" and Ej = Z; xy, Yj+1, where the Y; are the varieties appearing in
diagram (3.3). Letg; : D; — Zj and p; : E; — Zj denote the projections. Lety; : Z; < Y},
t; + E; = Yj41and §; © Dj < X' be the inclusions, so that ¢;, i}, §; are regular closed
immersions of codimensions ¢;, 1, 1, respectively. Recall that ozje.t = (pj+10-+-opN)*ol; op¥,
where t}* denotes the map given by cup product with the class of the Cartier divisor (E;)z

in H(zEj)z((Y./H)E’ Qy (1)) (see [75, §2.1]) composed with the map

Hig ) (Y45 Q) = H (Y417 Qu(2)
forgetting the support. As E; pulls back, as a Cartier divisor, to D;, we deduce that
(3.28) a5t =8 047,
where §; is again defined as in loc. cit., §2.1.
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Similarly, recall that ¢; is given by x > (pj41 0+ 0 pn)* (), pj*x ® [Oy, , (E))]) =
((pj+10°+-0pN)* 1, P;"X)®[Ox/(D;)]) (see (2.3)). Noting that the morphisms pj+10---0pn
and L} are Tor-independent (indeed one has Tor;‘1 (A/fA,B) = 0 for any i > 0, any
commutative ring 4, any A-algebra B and any f € A such that neither f noritsimagein B is
a zero divisor), the base change theorem [64, Theorem 3.10.3] allows us to rewrite this as

(3.29) aj(x) = (8jx 0 q;)(x) ® [Ox/(D;)]
for any x € Vy(Ko((Z;)))-

Let o : Ve(Ko((Z))p)) — Vg(SKo(Xi)) be given by o (x) = (8« o ¢;)(x). In view
of (3.28) and of the contravariant functoriality of the first row of (3.26), we deduce from
Lemma 3.6 applied to h o §; : D; — X that the square obtained by replacing, in (3.27),
the left-hand side vertical arrow A o a; with /i, o o commutes. On the other hand, it
follows from (3.29) that the map hy o o; — hy © a} takes its values in VZ(F3K0(XE)),
since tk([Ox/(D;)] — [Ox’]) = 0 (see [38, X, Corollaire 1.3.3]). Now the lower horizontal
map of (3.27) vanishes on V¢ (F3*Ko(X7)) since it factors through ¢,; we conclude that the
square (3.27) itself commutes, and therefore so does (3.25).

Let us turn to (3.24). We introduce a desingularisation 7 : X” — Xé of Xé (which exists
by Cossart and Piltant [23]) and consider the square

Ve(A(CHE,/)%) —— H3 (XL, Q¢(2))
(3.30) n*l lr:*
Ve(A((CHE, 1)) —— H (X", Qu(2)),
where y” is constructed from Bloch’s £-adic Abel-Jacobi map for the smooth variety X" in
the same way as y for X. One verifies the commutativity of the square (3.30) by proceeding
exactly as we did with (3.25), that is, by reducing to Lemma 3.6 using the diagram obtained
by replacing, in (3.26), all occurrences of X with X and all occurrences of i, with 7*, and
using the equalities obtained by replacing, in (3.28) and (3.29) and in their proofs, «; and aft
with 7* orj and 7* oaft, and Dj, g;, §; with Dj’.’, qj’.’, 81’.’, where D]’.’ = Z; xy; X" and where
q] : D} — Zjand §] : D7 — X" denote the projections.

All the k-varieties in sight and all the k-morphisms between them are defined over a
common subfield of k that is finitely generated over the prime field. Their ¢-adic coho-
mology groups are thus endowed with a weight filtration (see [51, §2]). As the Z ]’ are smooth
and projective, the groups H'(Z’, Q.(1)) are pure of weight —1. In view of the isomor-
phisms (3.22), we deduce that the group H 3(Xé, Q¢ (2)) is pure of weight —1 as well. On the
other hand, the kernel of the right-hand side vertical map of (3.30) has weights < —1, as
follows from cohomological descent and Deligne’s theorem on the Weil conjectures (op. cit.,
§9; proper smooth hypercoverings of Xé that start with 7 exist by [52, Theorem 4.1]). Hence
the right-hand side vertical map of (3.30) is injective.
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This injectivity, the commutativity of (3.30) and the commutativity of the square

Ve(A(CHE, 1)) 2 H3(X". Qu(2)
(3.31) — Tﬂ*oh*
Ve(A((CHE,)%) —— H3(Xg, Qe(2))

(which holds by functoriality of Bloch’s Abel-Jacobi map [10, Proposition 3.5]) together
imply that (3.24) commutes. This concludes the proof of Lemma 3.7. O

We resume the proof of Proposition 3.5. Consider the diagram

(3.32) (CHE, )Y x A(GY) = A((CHg, ;)Y < [ A(®ic%; 000
cj=2

of isomorphisms of abelian varieties stemming from (3.12) and whose £-adic Tate modules
appear on the bottom line of (3.22). The product of the polarizations m;6; on the right-hand
side of (3.32) induces a polarization A on the left-hand side (CH)2( / k)% X A(Gg) of (3.32). Let
us view the Weil pairing of A as a Qg (1)-valued pairing on H3 (X%, Q¢(2)) thanksto (3.22). By
Lemma 3.7 (i), it is equal to the opposite of the cup product pairing on H3 (X]’? Q¢ (2)). Since,
by the projection formula [63, Proposition 4.2], the decomposition (3.20) is orthogonal with
respect to the cup product, it follows from Lemma 3.7 (ii) that A is a product polarization
on (CH)Z( / k)% X A(Gg). Since the restriction of the cup product pairing on H 3(Xi, Q¢ (2))
to H3 (X% Q¢(2)) coincides with the cup product pairing on H 3 (X%, Q¢(2)), it follows from
Lemma 3.7 (iii) that the restriction of A to (CH}2( / k)% is the canonical principal polarization
defined in Theorem 3.1 (vi).

By a theorem of Debarre [24, Corollary 2], polarized abelian varieties can be written
in a unique way as a product of indecomposable polarized abelian varieties. As the
(A((Pic%j /k)%),mj0;) are indecomposable or trivial (since so are the (A((Pic%j /%) 00)),
we deduce the existence of a partition {j|c¢; = 2} = J U J’ such that (3.32) induces isomor-
phisms []; ¢, A((Pic%j WE) — (CHE, WY and [Tie) A((PicOZj /00 = A(GY). Since
A restricts to a principal polarization on (CHy / k)%, we see that m; = 1forallthe j € J
such that A((Pic%j /k)F) 18 non-zero.

Thus, the product of the polarizations 6; on the right-hand side of (3.32) induces
on (CH)2( / k)% X A(Gg) a polarization which is at the same time a principal polarization
and the product of two polarizations, and which is therefore the product of two principal
polarizations; moreover, the first of these coincides with the canonical principal polarization
of Theorem 3.1 (vi). Proposition 3.5 is proved. O

Now that Proposition 3.5 is proved, we let J; (resp. J,, resp. J3) be the set of indices j
such that ¢; = 2 and the curve Z; is smooth over k (resp. such that ¢; = 2 and Z; is not
smooth over k, resp. such that ¢; = 3), and we proceed to show that the (Z;);cs, do not
contribute to (CHy,;)°.

LemMMA 3.8. — The map 1_[ Pic%j/k — (CHff/k)0 induced by (3.12) vanishes.
JEJ2
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Proof. — Wefix j € J,. Leta : Pic%/_/k — (CHg ;) and b : Pic%/_/k — G denote the
maps induced by (3.12). Let us assume that a # 0 and derive a contradiction. When a # 0,
we claim that Pic%j sk = Ker(a) x Ker(b), that Ker(a) is affine and that Ker()) is a non-
trivial abelian variety; Corollary 1.8 then provides the desired contradiction. It thus suffices
to prove the claim. To this end, it is enough to check that

(Pic%j 1k, = Ker(ag,) x Ker(by,),
that Ker(ak,) is affine and that Ker(bg,) is a non-trivial abelian variety, as these three
properties descend to k.
By functoriality, the map b induces maps A(bx,) : A((Pic%i Jiky) = A(G,‘gp) and

L(bg,) : L((Pic%/_ k) = L(G,‘c’p). As (CH} / k)gp is an abelian variety (see Theorem 3.1 (ii)),
we have L(ag,) = 0 and the map A(ax,) can be viewed as a map

Alag,) : A((Pic%j/k)kp) - (CH§(/k),2p

through which g, factors, so that our assumption that ax, # 0 implies that A(ak,) # 0. On
the other hand, the map L(by,,) is a closed immersion since a x b is one and L(ag,) = 0.

Proposition 3.5 allows us to view A((Picozj /k)k,) as a principally polarized direct factor of
the product of principally polarized abelian varieties (CH)Z( / k),‘gp X A(G,?p) over kp, through
A(ag,)x A(bg,). As the decomposition of a principally polarized abelian variety into its inde-
composable factors is unique, as A((PiC%j /k)kp) 18 itself indecomposable (see §1.4.2), and
as A(ag,) # 0, necessarily A(bx,) = 0and A(ag,) is a closed immersion, so that Ker(ak,) =
L((PicZ, /), (see (1.1)).

All in all, the exact sequences (1.1) fit into a commutative diagram

0 — Ker(ax,) — (Picy, ;p)k, — A((Picy, /1 )x,) — 0

(3.33) f lbkp lo
0— L(G}) G? AG ) ——0.

An isomorphism Ker(b,) — A((Picozj /k)k,) and then all of the desired statements now
result from this diagram, in view of the remark that the snake homomorphism is trivial since
it goes from an abelian variety to an affine group. O

REMARK 3.9. — At the end of the proof of Proposition 3.5 (penultimate paragraph), we
had seen, as a by-product of [24], that for any j € {1,..., N} such that ¢; = 2, if the
map A((Pic%j JE) — (CH; / k)% induced by (3.12) does not vanish, then the curve Z; is
geometrically reduced. Lemma 3.8 reproves this fact by other means, in the course of showing
that Z; is even smooth. Instead of reproving it, it would have been possible to use the
geometric reducedness of Z; to simplify the proof of Lemma 3.8, inasmuch as Corollary 1.8
could have been applied over k.

Proof of Theorem 3.1 (vii). — Inview of Lemma 3.8, we may consider the quotient H of G
by its subgroup scheme [[; ¢, Picozj Jk-
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Thanks to the exact sequences 0 — Pic%j k> Picz,/x — Zz,;x — 0 given by
Proposition 1.6 for j € J,, we deduce from (3.12) an isomorphism

(3.34) CH},, x H < Zx ]‘[ Picz, /i x ]‘[ Z7, k.
jedi jeJoUJ3
Let B be the disjoint union of P!, of the curves P;O(Z//k) for all j € J, U J3, and of the

curves Z; for all j € Jy. It is a smooth projective curve over k, and it has the property that

Picp/x ~ Z x l_[ Picz; /i x H Zz,/k
J€JN jeJoUJ3

since Picp1 o~
Proz, 10/ k

isomorphism Picg/, — CHj /k < H deduced from (3.34) realizes CH; /k as a principally
polarized direct factor of Picg,x by Proposition 3.5, as desired. O

Reszy(z;/k)/ k(L) =~ Lz, i for j € Jo U J3 by Proposition 1.1. The

The proof of Theorem 3.1 is now complete.

3.3. Blow-ups

The next proposition, which relies on arguments already used in the proof of Theorem 3.1,
allows one to compute CHy /& 1n concrete situations.

PROPOSITION 3.10. — Let X be a smooth projective k-rational threefold over k, let
i:Y — X be the inclusion of a smooth closed subvariety of pure codimension c, and let
p: X' — X beits blow-up. Then the formula (2.8) induces an isomorphism
CHj ;, x Picy;y = CHR,,,  ifc=2

(3.35) ) - N ‘
(resp. CHy ), xZy/x — CHy/ ifc=3),

respecting the principal polarizations furnished by Theorem 3.1 (applied to X and to X') and
by §1.4.2 (applied to Y ).

Proof. — The isomorphism (2.8), Corollary 1.5 and Remark 1.2 (ii) yield canon-
ical isomorphisms Ko x/x X K(c),_Yl/k - Ko x//k, Picx/x xZy;x —> Picy/j, and
Zxx — Zx k. Identifying (rk,det) : Ko x//x — Zx//k x Picy//x in terms of these
decompositions and using Proposition 2.4, we obtain an isomorphism

(3.36) SKo,x/k.tppt X Picy/ k. tppt — SKo,x7/k ppt ife =2
) (resp. SKo.x/k.tppr X Zy/k —> SKox/kfopr  if ¢ = 3).

If [/ k is a finite extension and x € (X \ Y)(/), one has p*[Ox] = [O,-1(,)] € Ko(X)). It
follows that p*vx (1) = vx/(1) € SKo,x7/k,fppr(k) S SKo x/k,ippr(/). We thus deduce from
(3.36) the required isomorphism (3.35) of k-group schemes.

If ¢ = 2, considering the commutative diagram

Ab*(Xg,) x Pic‘}kp Jly — AbZ(X,gp)

(3.37) 12 |¢

2 0 ) ~ 2 0
(CHka/kp) X PlcYkp/kp e (CHX]/(p/kP)
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whose vertical arrows stem from Theorem 3.1 (vi), whose lower horizontal arrow is
the above constructed isomorphism and whose upper horizontal arrow is that of [7,
Lemma 2.10] concludes the proof, as the latter arrow respects the principal polarizations by
[7, Lemma 2.10]. If ¢ = 3, one can argue in the same way, using a diagram similar to (3.37)
in which Pic(l),kp /k, does not appear. O

3.4. Obstructions to k-rationality

The most general obstruction to the k-rationality of a smooth projective k-rational three-
fold obtained in this article is Theorem 3.1 (vii). In this subsection, we spell out concrete
consequences of this theorem.

We recall that a I'y-module M is a permutation Ty-module if it is free of finite rank
as a Z-module and admits a Z-basis that is permuted by the action of T'x, and that it is
stably of permutation if there exists a I'y-equivariant isomorphism M & N; ~ N, for some
permutation I'y-modules Ny and N;.

If X is a smooth projective k-rational threefold, we associate with any class « €
NSZ(XE)F’C = (CH)Z( Jk / (CH}Z( / ) (k) (see Theorem 3.1 (v)) its inverse image (CH,Z( / P
in CHg ;. It is an fppf torsor under (CH%,;)°, hence an étale torsor under (CHy,;)° by
[68, 111, Corollary 4.7, Remark 4.8 (a)]. We let [(CH}Zf/k)“] e H(k, (CH)Z(/,C)O) be its Galois
cohomology class.

THEOREM 3.11. — Let X be a smooth projective k-rational threefold over k. Then:
(1) The T'y-module NSz(XE) is a direct factor of a permutation Ty-module.

(1) There exists an isomorphism (CH)Z( /k)o ~ Pic% Jk of principally polarized abelian
varieties over k for some smooth projective curve C over k.

(ii1) For all smooth projective geometrically connected curves D of genus > 2 over k, all
morphisms (CH)Z(/k)0 — PicOD/k identifying PicOD/k with a principally polar-
ized direct factor of (CH)Z(/,C)0 and all o € NSZ(X;)Fk, there exists d € Z such
that w*[(CH)Z(/k)“] = [PicdD/k] € Hl(k,Pic%/k).

(iv) For all elliptic curves E over k and all morphisms v (CH§( / ) — E identifying E with
a principally polarized direct factor of (CH)2( / )0, there exists a classn € H'(k, E) such
that for all @ € NS2(XE)F’<, there exists d € Z with W*[(CHi/k)“] =dne H (k. E).

Proof. — Theorem 3.1 (vii) shows the existence of a smooth projective curve B over k such
that CHy /k 1s a principally polarized direct factor of Picp,.

We denote by g : Picg/r — CH§, /x the projection onto this direct factor and by
r : CHg, — Picg,; the inclusion of this direct factor.

Passing to the groups of connected components shows that NSZ(XE) is a direct factor
of Zp/x (k), which is a permutation I'x-module, thus proving (i).

Passing to the identity components shows that (CH}ZK / )° is a principally polarized direct
factor of Picy /k- In view of the uniqueness of the decomposition of a principally polarized
abelian variety as a product of indecomposable ones, and in view of the description of
the indecomposable factors of PicOB /i (see [7, §2.1]), there exists a union C of connected
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components of B such that (CH)Z( / 00~ PicOC /k as principally polarized abelian varieties
over k, thus proving (ii).

Let us now fix D, ¥ and « as in (iii). The composition p := ¥ 0 g% : PicOB k™ Pic% Jk
realizes PicOD /k as a principally polarized direct factor of PicOB /k- All indecomposable prin-
cipally polarized direct factors of Pic% sk are of the form Pic%, /k for some connected
component B’ of B (as the connected components of B are in bijection with those
of By,, this statement reduces to the case of a perfect field, for which see [7, §2.1]). Let
B’ be the connected component of B corresponding to Pic%/k. Since D is geometri-
cally connected of genus > 2, we see that Pic, /k» hence also Pic}, Jk» 1 geometrically
indecomposable of dimension > 2, and it follows that B’ is geometrically connected
of genus > 2. By the precise form of the Torelli theorem [77, Théorémes 1 et 2], after
possibly replacing g with —g (and p with —p) if D is not hyperelliptic, we can iden-
tify D and B’ in such a way that p is the pull-back by the inclusion i : D ~ B’ — B.
Since g : Picg/x — CH)Z(/k realizes CH)Z(/k as a direct factor of Picg/x, one can find
B € NS'(Bp)T* with ¢(B) = o € NS*(Xp)T*. Letting d := i*B € NS!(Dy) ~ Z, we obtain
w*[(CH)z(/k)“] = p*[Picg/k] = [PicdD/k] € Hl(k,Pic%/k), which proves (iii).

Fix E and v as in (iv). Arguing as above shows that p := ¢ 0% : PicOB sk — E identifies
E with PicOB/ sk for some connected component i : B’ < B of B which is geometrically
connected of genus 1. The genus 1 curve B’ has a natural structure of Picy, /-torsor, and
weset n = [B'] € H'(k,Picy ) = H'(k.E) its class. Let @ € NS*(Xp)'*. Setting
s:=i%*or: CHf(/k — Picp//p and d = s.0 € NSl(B]'?) ~ Z, we get w*[(CH)Z(/k)“] =
s*[(CH)zf/k)“] = [Picf;,/k] =dne Hl(k,Pic%,/k) = H'(k, E), which completes the proof
of (iv). O

REMARKS 3.12. — (i) If X is a smooth projective k-rational variety and if k& has charac-
teristic 0, one can apply the weak factorization theorem [2, Theorem 0.3.1] to show that the
I'x-module NSZ(X;) is stably of permutation. This statement is stronger than Theorem 3.11
(i). We do not know if it holds if £ has characteristic p > 0 and X has dimension > 3. We do
not know either whether Theorem 3.11 (i) holds for smooth projective k-rational varieties of
dimension > 4.

(ii) The geometric Néron-Severi group NS! (Xz) of a smooth projective k-rational
variety X is stably of permutation (see [66, Theorem 2.2] if X is a surface and [16, Proposi-
tion 2.A.1] in general). Theorem 3.11 (i) and Remark 3.12 (i) may be viewed as analogues of
this classical statement for codimension 2 cycles.

(iii) To obtain a variant of Theorem 3.11 (iii) in the case where D is connected but not
geometrically connected, one can apply Theorem 3.11 (iii) to the /-rational variety X; over/,
where [ is the algebraic extension I := H%(D,Op) of k. The same remark applies to
Theorem 3.11 (iv).

4. Smooth complete intersections of two quadrics

In this last section, we apply the above results to k-varieties X that are three-dimensional
smooth complete intersections of two quadrics, computing the variety CH)Z( /k (in Theorem 4.5)
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and providing a necessary and sufficient criterion for their k-rationality (in Theorem 4.7).
A more classical necessary and sufficient criterion for their (separable) k-unirationality
(Theorem 4.8) allows us to give examples, for any algebraically closed field «, of such vari-
eties over k((¢)) that are separably « ((z))-unirational but not «((¢))-rational (Theorem 4.14).

Many of the geometric results that we need along the way are available in the literature
only in characteristic 0 or in characteristic # 2 [74, 27, 82], and we extend them to arbitrary
characteristic.

4.1. Lines in a complete intersection of two quadrics

Let X C P,Sc be a three-dimensional smooth complete intersection of two quadrics over k.
We let F be the Hilbert scheme of lines in X (also called the Fano variety of lines of X).

LEMMA 4.1. — The following assertions hold:

(1) The variety X does not contain any plane.
(ii) The normal bundle Np;x of a line L C X is isomorphic either to (’)?2 orto Op(1) ® Op(-1).

(ii1) The variety F is a non-empty geometrically connected smooth projective surface with
trivial canonical bundle. Its tangent space at a k-point corresponding to a line L C X is
naturally isomorphic to H*(X, N /x).

Proof of (). — By the Lefschetz hyperplane theorem [42, XII, Corollary 3.7], Pic(X) is
generated by Ox (1). If X contained a plane P, we would have Ox (P) >~ Ox (/) for some
| € Z, hence an equality of intersection numbers

1=0p(1)-0Op(1) =0x(P)-Ox(1)-Ox(1) =4,

which is a contradiction.

Proof of (ii). — Since L and X are complete intersections in Pi, the normal exact
sequence 0 — Npjx — NL/P,% — NX/P15{|L — 0 of the inclusions L ¢ X C P}
reads:

@.1) 0— N jx — O0L(1)® — 0,.(2)%? - 0.

It follows that Ny, x is a rank 2 vector bundle of degree 0 on L, hence is of the form Or (/) ®
Op (1) for some [ > 0 (see [47]). Since it admits an injective morphism to Oy, (1)®4, one has
[ €{0,1}.

Proof of (ii1). — The computation of the tangent space is [59, Chapter I, Theorem 2.8.1].
To prove that F is smooth, geometrically connected and non-empty, we may work over k.
Forall L € F(k), one has h'(L, Np/x.) = 0and h°(L, Np/x,) = 2 by (ii). The variety Fy is
thus smooth of dimension 2 at L by [59, Chapter I, Theorem 2.8.3]. That Fy is non-empty
and connected follows from [25, Théoréme 2.1 b) ¢)]. To compute the canonical bundle of F,
we let G be the Grassmannian of linesin P2 and 0 - S — 026 — @ — 0 be the short
exact sequence of tautological bundles on G, where S and Q respectively have rank 4 and
rank 2. The variety of lines F is defined in G by the vanishing of a section of (Sym? Q)®2.
Since F is smooth of the expected dimension, the normal short exact sequence reads
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0— Tp — Tg|, = Nr/G — 0, where Np/g = (Sym? Q)@2|F and Tg|, ~ (SY ® Q)|
We deduce that

KFr ~ (det((Sym? Q)%?) ® det(S ® QV))|F o~ det(Q)@6 ® det(Q)@_6 ~ OF. O

We will later show that Fy is actually an abelian surface (see Theorem 4.5).

Let Z C X x F be the universal line in X. If A C X is a line, the second projection
Z N (A x(F\{A}) — F\ {A}isaclosed immersion by [36, Proposition 8.11.5]. Its image
is a subscheme W(A) C F \ {A} parametrizing the lines of X that are distinct from A and
that intersect A. If L € W(A)(k) and x = L N A, then T, W(A) € T F = H°(X, Ny x) is
the subset of those 0 € HO(X, Np,x) suchthatoy € (TxL,TxA)/Tx L (as can be seen using
[76, Remark 4.5.4 (ii)]).

LEMMA 4.2. — If L and A are two distinct lines in X that intersect, the inclusion of tangent
spaces Ty W(A) C T F is strict.

Proof. — Inview of Lemma 4.1 (ii), we may distinguish two cases according to the isomor-
phism class of the normal bundle Ny ,x. Suppose first that Ny /x =~ sz . Consider the
pointx = LNA. Since Ny /x is globally generated, we can choose a sectiono € H°(L, Nz x)
such that o, ¢ (TxL,TxA)/TyL. Then, the tangent vector of F at L associated to o by
Lemma 4.1 (iii) is not tangent to W(A).

Assume now that Ny ;x >~ O (1)®@0Of (—1). Choose homogeneous coordinates Xy, ..., X5
on Pi such that L = {X¢ = --- = X3 = 0} and use Xy, ..., X3 to identify NL/PZ with
Op(1)®* After a coordinate change, we may assume that the composition
Op(1) = Or(1) ® Op(—1) — Or(1)®* of the inclusion of the first factor and of the first
arrow of (4.1) is the inclusion of the first factor. In such coordinates,

{X0+8X4=X1=X2=X3=0}and{X0+8X5=X1=X2=X3=O}

are two k[e]/(¢?)-points of F. Assuming for contradiction that Ty W(A) = T F and using
the characterization recalled above of T, W(A) viewed as a subspace of H(X, Nz, x), we see
that A C P := {X; = X» = X3 = 0}. Since X contains L, the monomials X2, X4 X5 and
X2 do not appear in the equations of X. Since X also contains the above two infinitesimal
deformations of L, neither do the monomials X X4 and X X5. It follows that the intersection
of X with the plane P is equal either to P or to the double line {X§ = 0} C P. Since
A C XN Pbut A # L, wededuce that P C X, which contradicts Lemma 4.1 (1). O

4.2. Projecting from a line

We keep the notation of §4.1.

Assume that X contains a line A C X, which we fix. We denote by u : X’ — X and
7 (P) — P3 the blow-ups of A in X and in P}, and by v : X' — P} and V': (P}) — P;
the morphisms obtained by projecting away from A.

PROPOSITION 4.3. — There exists a smooth projective geometrically connected curve
AC Pi of genus 2 such that v can be identified with the blow-up of A in Pz.
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Proof. — Write A = {Xo = --- = X3 = 0} in appropriate homogeneous coordi-
nates Xy, ..., Xs of P;. The morphism v : (P7)" — P realizes (P})’ as the projectivization
(in Grothendieck’s sense) of the vector bundle £ = OPi <) OP?( &) OP?( (1) on Pi. In a natural
way, we use homogeneous coordinates Xy, ..., X3 on Pz, and we let X4, X5 (resp. X) denote
the global sections of & (resp. of £(—1)) on P,3c corresponding to the direct sum decompo-
sition of £. If X has equations {L1X4 + L>Xs + O = 0} and {L| X4 + L, X5 + Q' = 0}
in P}, with Ly, Ly, L), L), (resp. Q, Q') linear (resp. quadratic) in X, ..., X3, then X’ has
equations {L1 X4 + L2Xs + OXe = 0} and {L| X4 + L, X5 + Q' X = 0} in (P})’.

The fibers of v : X' — P13< are defined by two linear equations in a 2-dimensional
projective space, hence are isomorphic to P?, to P! or to P2, The determinantal subscheme
A C Pi defined by the vanishing of the maximal minors of the matrix

4.2) (Ll Ly Q)
L1, '

endows the subset of Pi over which the fibers of v are positive-dimensional with a schematic
structure. We claim that V-1a) - v71(A) — A is a flat family of lines in the projective
bundle Vh_l @ 771(A) — A. To see it, we work on an affine open subset of A with
coordinate ring R. One has to show that the cokernel M of the linear map R? — R? given
by the transpose of the matrix (4.2) is free of rank 2. This follows from [28, Proposition 20.8§]
since Fitt; (M) = 0 by the definition of A and Fitt,(M) = R by Lemma 4.1 (i).

Let us show that A is smooth of the expected dimension (equal to 1). To this end, we fix
x € A(k) such that T, Az has dimension > 2 and derive a contradiction.

We first assume that v=!(x) is the line {Xs = 0} C 7' (x). Then the linear forms Ly, L,, L}
and L), vanish at x. As TxAg has dimension > 2, the differentials at x of the cubic
forms L1Q’ — L0 and L,Q" — L, Q are linearly dependent. After replacing (L, L))
and (L, L)) with suitable k-linear combinations of (L1, L’) and (L, L)) (which is possible
by a change of coordinates), we may therefore assume that the cubic {L; Q" — L] Q = 0} is
singular at x. Since Q and Q" do not both vanish at x (otherwise Xz would contain the
plane (! (x)), contradicting Lemma 4.1 (i) over k), and since L; and L/ vanish at x,
we deduce that L; and L) are linearly dependent. Consequently, an appropriate k-linear
combination of the degree 2 equations defining X7 is of the form L) X5 4+ Q”, where L and
Q" are respectively linear and quadratic in Xy, ..., X3. Since V := {LJXs + Q" = 0} is
singularat p :=[0:0:0:0:1:0]and Xz C V is a Cartier divisor containing p, we see
that Xz is also singular at p, which is absurd.

Thus the line v=!(x) is not equal to {Xe = 0} C 7~!(x). In other words, its image by u is
aline L C X distinct from A. We note that the open subset of the relative Hilbert scheme
of lines of V" : (Pi)’ — Pi consisting of those lines that are not defined by the equation
{Xe = 0} in a fiber of V'is naturally isomorphic to the scheme parametrizing the lines in Pi
that are distinct from A but intersect A. Since moreover v l—1(a) ° v 1(A) — Aisafamily of
lines over A, two independent tangent vectors of A at x give rise to two independent tangent
vectors of W(A) at L. As F is smooth of dimension 2 at L by Lemma 4.1 (iii), this contradicts

Lemma 4.2 and finishes the proof that A is a smooth curve.
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It then follows from [29, Theorem A2.60, Example A2.67] that O is resolved by the
Eagon-Northcott complex

0— OPi (-4)%% - 01’2 (-2)® O,,i (-3)%%2 > (9,,2 — Op — 0,

where the first arrow is given by the matrix (4.2) and the second one by its maximal minors.
Using it allows one to compute that h1°(A,Oa) = 1 and h'(A,Oa) = 2, hence that the
smooth projective curve A is geometrically connected of genus 2.

To conclude, we denote by A : ¥ — Pz the blow-up of A in P13<-

Since Vp-1ay v1(A) — A is a flat family of lines, hence a smooth morphism, the
subscheme v™!(A) C X’ is a smooth divisor. Since X’ is smooth, v™!(A) is a Cartier divisor
in X', and the universal property of a blow-up yields a morphism ¢ : X’ — Y such
that A o ¢ = v. Both A and v are birational (the latter because the generic fiber of v is a
0-dimensional projective space), hence so is ¢p. We deduce that ¢ is an isomorphism, as is any
birational morphism between smooth projective varieties with the same Picard number. [

REMARK 4.4. — By Lemma 4.1 (iii), a smooth complete intersection of two quadrics
in P,SC contains a line over k, hence is k-rational by Proposition 4.3.

4.3. The intermediate Jacobian

In Theorem 4.5, we compute CHy /i for threefolds X that are smooth complete inter-
sections of two quadrics. Note that such varieties are k-rational by Remark 4.4, so that
Theorem 3.1 applies to them.

Theorem 4.5 (iv) will be used in a crucial manner in the proof of Theorem 4.7. In charac-
teristic # 2, it goes back to the work of Wang [82].

In the statement of Theorem 4.5 (ii), we denote by Alb?, /k (resp. Alb%, /i) the Albanese
variety (resp. torsor) of a smooth proper geometrically connected variety V over k. This
is the abelian variety over k (resp. torsor under Alb?,/ ) which underlies the solution of
the universal problem of morphisms from V to torsors under abelian varieties over k.
We recall that AlbY, /k 1s canonically dual to the abelian variety (Pic?,/ )¢ and that the
formation of Alb?,/ « 1s compatible with arbitrary extensions of scalars (see [33, Exp. 236,
Théoréme 3.3 (iii)], in which the geometric fibers of X — S should be assumed to be
connected). We also recall that Alb), k= Pic), /i and Alb%,/ . = Picy, /i if in addition V' is a
curve.

By a conic on X we mean a 1-dimensional closed subscheme of X which, when viewed as
a subscheme of P, is the intersection of a quadric and a plane.

THEOREM 4.5. — Let X C P,5( be a smooth complete intersection of two quadrics, let F be
its variety of lines, and let Z C X x F be the universal line.
Denote by y% - CH? (Xp) = CH}Z( / k(E) the isomorphism of Theorem 3.1 (iv). Then:

(1) The degree map deg : CHZ(XE) — Z induces, via 1//)%, a short exact sequence
)
0— (CHJZ(/k)0 — CH)Z(/k — Z. — 0 of k-group schemes.

(ii) The class [Oz] € Ko(XF) induces isomorphisms F —> (CH)Zf/k)l = §71(1) and
AlbY. ;. = (CHE )"
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(iii) Let 8 c CH? (X%) be the subset of classes represented by a conic on X¢. There exists a
unique reduced closed subscheme D C (CHg;)? := §71(2) such that Y} (E) = D(k).
The scheme D is a smooth projective geometrically connected curve of genus 2 over k.

(iv) Via the identifications Pic%/k = Alb%/k and Picb/k = Albb/k, the inclusion
D C (CH)ZI / ¢)? induces isomorphisms of principally polarized abelian varieties
Pic%/k = (CH}Z(/k)O and of torsors Picb/k = (CH}Z(/,{)Z.

Proof. — The sheaf Oz induces a class [0z] € F3Go(XF) = F?Ko(XF) = SKo(XF) by
§2.1.5 (as F is smooth by Lemma 4.1 (iii)). It therefore induces a morphism F — CH)2( Jk-
This morphism factors through (CH} / )} because it sends a point x € F (k) to the class
in CH / k(%) = CH? (X%) of the line in X7 associated with x (as Z is flat over F'), which has
degree 1.

A morphisma : F — (CH)2( / ) having been constructed, we are now free to extend
the scalars from k to any finite Galois extension of k: indeed, the existence, unicity and
smoothness of D can be tested over such an extension, and all other conclusions of the

theorem can even be tested over k. As F is smooth, we may therefore, and will, assume
that F(k) # @ (see [12, 2.2/13]).
)

Let us fix a line A C X defined over k. Proposition 4.3 yields a diagram X Lx L Pi,
where p is the blow-up of A and v is the blow-up of a smooth projective geometrically
connected curve A C P,3c of genus 2. Our knowledge of the Chow groups of a blow-
up [31, Proposition 6.7 (¢)] shows the existence of a I'x-equivariant short exact sequence

di
0 — CH?(Xg)aig — CH(Xg) —> Z — 0. Assertion (i) now follows from (3.1) and (3.2).

Let f @ Albz, — Albio ) = (CH3,;)° denote the morphism between Albanese
X/k

varieties induced by @ : F — (CH% / )!. The morphism b : A — F associating with x € A
the line ;(v~"(x)) induces a morphism g : Pic Jk AlbY, /i between Albanese varieties.

The composition fog : Picg e (CH}Z( / )° is an isomorphism of principally polarized
abelian varieties. Indeed, it coincides at the level of k-points with the principally polarized
isomorphism Pic& Jk = (CH)2( / .)° obtained by applying Proposition 3.10 to  and v, hence
isequal to it. It follows that the kernel of g is trivial and that Alb% /i has dimension > 2, hence
that the first Betti number of Fy is > 4. Lemma 4.1 (iii) and the classification of surfaces with
Kodaira dimension 0 (see [11, Table p.25 and Theorem 6]) now show that F is an abelian
surface. We deduce that g is an isomorphism as its kernel is trivial and as Picy /k and Alb% Jk
are both abelian surfaces. It follows that f is an isomorphism.

The variety F isisomorphic to an abelian variety since so is Fy and since F(k) # 0. Thusa
and f can be identified; hence « is an isomorphism as well, and (ii) is proved.

Letc : A — (CH}Z(/,C)2 be defined by c(x) = a(b(x)) + a(A), where A denotes the
rational point of F corresponding to A. Passing to Albanese torsors yields a morphism
PiclA Jk > (CH)2( / ©)? which is an isomorphism since the underlying morphism of abelian
varieties is the (principally polarized) isomorphism f o g. It follows, in particular, that ¢ is a
closed immersion.

Let us set D = ¢(A) and check that D(k) = %%(E), where 8 € CH? (X%) is the subset
appearing in (iii). The theorem will then be proved.
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We take up the notation 1, vV of §4.2 and the notation introduced in the proof of
Proposition 4.3. The subvariety 7~1(X) C (PZ)’ is given by the system of equations
{(L1 X4+ Ly X5 + 0Xe) X6 = 0} and {(L/IX4 + L/2X5 + Q/X6)X6 = 0} If Xo,..., X5 are
the homogeneous coordinates of x € A(k), this system of equations defines a conic in the
plane 7! (x) since the matrix (4.2) has rank < 1. Thus, for any x € A(k), we have exhibited
a (singular) conic on Xz whose class in CH? (Xp) is visibly equal to [ (v (x))] + [A], that
is, to (¥2)~'(c(x)). Hence D(k) C yZ(E).

Let us now fix a conic C on X3 and prove that %%([C ) € D(k). There exist a (unique)
plane P C P% such that C = Xz N P and a (unique) quadric ¥ C P% containing
Xz U P. As X is smooth, the singular locus of Y is disjoint from X7 and has dimension < 0.
Lemma 4.6 below provides a plane P’ C Y containing A such that [P] = [P’] € CHz(Y).
As Xz is an effective Cartier divisor on Y and as X7 contains neither P nor P’ (see
Lemma 4.1 (1)), it follows that [C] = [Xz N P] = [Xy N P'] € CHZ(X;) [31, Proposi-
tion 2.6(a)]. Now P’ = Z(¥~'(x)) for a unique x € P3(k); as X; N P’ is a conic in P’, a
glance at the equations of =1 (X) N7~ (x) shows that (4.2) has rank < 1, hence x € A(k)
and [Xz N P'] = [u(v™'(x))] + [Ag], so that Y2 ([C]) = c(x) € D(k), as desired. O

LEMMA 4.6. — Let Y C P% be a quadric whose singular locus has dimension < 0. Let
P C Y beaplane. Let A C Y be a line along which Y is smooth. There exists a (unique)
plane P’ C Y rationally equivalent to P on'Y such that A C P’.

Proof. — Let Xo,..., X5 denote the homogeneous coordinates of P%. After a linear
change of coordinates, we may assume that A is the line Xog = X, = X4 = X5 = 0 and
that Y is defined by the equation XoX; + X2 X3 + X4X5 = 0 (if Y is smooth) or by the
equation XoX; + X>X3 + X? = 0 (otherwise). Indeed, letting H C P% be a hyperplane
containing A and avoiding the singular locus of Y, if Y is singular (so that Y is in this case
a cone over the quadric Y N H, which is smooth), and setting H = P% otherwise, one
can use A to split off two hyperbolic planes from a quadratic form defining the smooth
quadric Y N H [30, Proposition 7.13, Lemma 7.12]; the remaining regular quadratic form
of dimension 1 or 2 has the desired shape since the ground field is algebraically closed.

If Y is smooth, the intersection of Y with the linear subspace { Xy = X, = 0} is the union
of two planes containing A. According to op. cit., Proposition 68.2, one of them is rationally
equivalentto P on Y.

If Y issingular, let P’ be the plane that contains A and the singular point of Y. The smooth
quadric Y N H cannot contain a plane (op. cit., Lemma 8.10), therefore P N H is a line. The
two lines PN H and A are rationally equivalent on Y N H (op. cit., Proposition 68.2); hence P
and P’, being the cones over P N H and over A inside Y, are rationally equivalent on Y [31,
Example 2.6.2]. 0

4.4. Rationality

We can now prove a necessary and sufficient criterion for the k-rationality of three-
dimensional smooth complete intersections of two quadrics.

THEOREM 4.7. — Let X C PISC be a smooth complete intersection of two quadrics. Then X is
k-rational if and only if it contains a line defined over k.
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Proof. — If X contains a line A, then projecting from A induces a birational map
X - Pi (see the more precise Proposition 4.3).

Assume, conversely, that X is k-rational. Let D be as in Theorem 4.5 (iii).

Let ¢ : (CH}Z( / )0 = PicOD sk be the inverse of the isomorphism of Theorem 4.5 (iv).
Using Theorem 4.5 (ii), we identify the variety of lines F' of X with the torsor (CH)z( / !
under (CHg,;)°.

Theorem 3.11 (iii) shows the existence of d € Z such that ¥.[F] = [PicdD ) EH (k, Pic,oj /k)
and Theorem 4.5 (iv) yields the identity [Picy, ;] = 2.[F] € H'(k, Pic},;). Combining
these two equalities shows that
43) Y+[F] = [Picp, ] = [Picp 5] € H' (k. Picp, ).

Noting that Kp € Pics, /k (k) since D has genus 2, we see that the Pic) /-torsor Pic}, Jk 18
trivial. As one of d and 1 — d is even, it follows from (4.3) that ¥, [F] = 0 € H!(k, Pic%/k).
Consequently, F (k) # @ and X contains a line defined over k. O

4.5. Unirationality

We now study the k-unirationality and the separable k-unirationality of smooth complete
intersections of two quadrics.

THEOREM 4.8. — Fix N > 4, and let X C P,ICV be a smooth complete intersection of two
quadrics. The following assertions are equivalent:

(1) The variety X is separably k-unirational.
(1) The variety X is k-unirational.
(iii) Ome has X (k) # 0.

If N = 4, Theorem 4.8 (i)« (iii) is due to Manin [67, Theorems 29.4 and 30.1] and
Knecht [57, Theorem 2.1]. Over infinite perfect fields of characteristic not 2, Theorem 4.8
can be found in [17, Remark 3.28.3]. The counterpart of Theorem 4.8 (ii)<>(iii) for cubic
hypersurfaces is due to Kollar [60, Theorem 1.1], and we verify, in Theorem 4.13 below, that
the equivalence with (i) holds for cubic hypersurfaces as well.

We start with a few lemmas. The first one is an analogue for separable k-unirationality of
a statement proved by Kollar [60, Lemma 2.3] for k-unirationality.

LeEMMA 4.9. — Let X be an integral variety over k. The following are equivalent:
(i) The variety X is separably k-unirational.
(i) The variety Xy () is separably k(t)-unirational.
(iii) There exists a separable dominant rational map A}' --» X for some m > 0.
Proof. — The implications (i1)=(i1)=>(iii) are immediate. To prove (iii)= (i), we adapt [60,
Lemma 2.3]. We argue by induction on m. Let ¢ : A}' --» X be a separable dominant
rational map with m > dim(X), and let U C A}’ be a dense open subset such that Py isa

smooth morphism. If k is infinite, set X’ = k. If k is finite, choose a prime number £ invertible
in k and a Zg-extension k’ of k.
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As k' is infinite, one can choose a point u = (uy,...,u,) € U(k’). After renumbering
the u;, we may assume that k(u,,) C k(uy), so that there exists P; € k[X ] withu,, = P;(uy).
The ideal I(v) C k[X1,..., Xm] of u viewed as a closed point in A}* is then generated
by X, — P1(X1) and by elements of k[ X1, ..., X;—1]. It is thus generated by polynomials of
the form X,,— P (X1, ..., Xm—1). Since u is étale over k, the zero locus Z C A}’ of one of these
polynomials intersects the fiber of Py through u transversally at u. Then P, Z->X is
smooth at u, hence it is dominant and separable. As Z ~ A%~!, the induction hypothesis
applies. O

LEMMA 4.10. — Let X be either a smooth complete intersection of two quadrics in P% ora

smooth cubic surface in P2. In the cubic case, assume that the characteristic of k is not 2. Then
there exists a hyperplane section of X that contains an ordinary double point.

Proof. — Set N = 4 if X is an intersection of two quadrics in P% and N = 3if X isa
cubic surface in P%. By [67, Theorem 24.4], the variety X is isomorphic to a blow-up of P%
in 9 — N points py,...,po—n € P2?(k), no three of which lie on the same line. As the
embedding X C Pg is given by the anticanonical bundle of X, the hyperplane sections of X
correspond bijectively to the cubic curves in P% through the p;. When N = 4, the hyperplane
section associated with the union of the lines (p; p») and (p3 p4) and of a general line through
ps has the required property. When N = 5 and the characteristic of k is not 2, the hyperplane

section associated with the union of the unique conic through py,..., ps and of a general
line through p¢ has the required property. (If k£ had characteristic 2, it could happen that a
general line through pg is tangent to this conic.) O

LEmMMA 4.11. — Fix N >4, let X C PIFV be a smooth complete intersection of two quadrics,

and let x € X (k). Then, if H C Pg is a general hyperplane containing x, the variety X N H is
smooth of dimension N — 3.

Proof. — Suppose for contradiction that the conclusion of the lemma does not hold. It
follows that for every hyperplane H C P%’ containing x, there exists a quadric 0 C PI%V
in the pencil defining X such that Q N H is not smooth of dimension N — 2 along some
point of X . Consequently, the projective variety W C P(H° (P%’, 0(2))) x P(HO(PIFV, O(1)))
parametrizing such pairs (Q, H) is at least (N — 1)-dimensional.

Let Qo C P;cl’ be any singular quadric in the pencil defining X. (Such a Qy exists since
the locus of quadrics with a unique singular point has codimension 1 in the projective space
of quadrics in PIEV , so that its closure contains an ample divisor.) Note that x € X C Q.
As X is smooth, the singular locus of Qg is zero-dimensional, hence Qy is a cone over a
smooth quadric Qy, and X does not contain the vertex of this cone. The projective dual
(Q0)Y of Qg can be naturally identified with the projective dual of Qf. By Lemma 4.12
below, the variety (Qo)Y has dimension N — 2 and is either a smooth quadric or a linear
space whose dual is a line that meets Qg in its vertex and nowhere else. In both cases, the
subset of (Qp)" consisting of the hyperplanes that contain x is a non-trivial hyperplane
section of (Qp)V, hence is (N — 3)-dimensional. It follows that the variety parametrizing
the hyperplanes H C Pg with (Qg, H) € W is at most (N — 3)-dimensional.
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Letm : W — Pll? c P(H 0(PII;V ,0(2))) be the projection of W to the pencil of quadrics
defining X. The fibers of 7 over singular quadrics have dimension < N — 3, and there
exist such fibers. As dim(W) > N — 1, some fiber of 7= over a smooth quadric must have
dimension > N — 1. In other words, there exists a smooth quadric Q C Pg in the pencil
defining X such that (Q, H) € W for all hyperplanes H C P;?V containing x. Consequently,
the projective dual of Q is the hyperplane dual to the point x. This contradicts Lemma 4.12
below since x € X C Q. O

LEmMA 4.12. — Fix N > landlet Q C PI%V be a smooth quadric. Then the projective dual
of Q is a smooth quadric if k has characteristic # 2 or if N is odd, otherwise it is a hyperplane
whose dual is a point not contained in Q.

Proof. — In appropriate homogeneous coordinates, the quadric Q is defined by the equa-
tion {XoX; + --- + Xy—1 Xy = 0} if N is odd, and by {X§ + X1 X2 + -+ + Xn_1 Xy = 0}
if N is even (see [40, XII, Proposition 1.2]). The lemma follows by a direct computation. [J

We finally reach the goal of this subsection.

Proof of Theorem 4.8. — That (i) implies (ii) is clear. Since projective k-unirational vari-
eties always have k-points, (ii) implies (iii). It remains to show that (iii) implies (i). In view of
Lemma 4.9, we may replace k with k(¢) to prove this implication. We thus assume from now
on that k is infinite.

We argue by induction on N > 4. Suppose first that N = 4. Since k is infinite, [67,
Theorems 29.4 and 30.1 (i)] shows that X is k-unirational. (The hypothesis that k is perfect
is not used in the proof of [67, Theorem 30.1 (1)] for degree 4 del Pezzo surfaces. One only
needs to notice that the variety of lines in a degree 4 del Pezzo surface over k is étale over k.) In
particular, again because k is infinite, we see that X (k) is Zariski dense in X. Choose x € X (k)
general. Let v : X — X be the blow- -up of X at x, with exceptional divisor £ C X. By [67,
Theorems 24.4 and 24.5] applied to X7 and Xr %> the linear system |- K g b | yields an embedding
of X in P3 as a cubic surface, the image of E being a line. Let 7 : X > P1 be the conic
bundle obtamed by projecting X away from the line E. Choose y € Pl(k) general. The
scheme 7~ 1(y) N E can be identified with the exceptional divisor of the blow-up at x of a
hyperplane section of X that contains x and is singular at x. In view of Lemma 4.10, since x
and y have been chosen general, the singularity at x of this hyperplane section is an ordinary
double point (see [40, X VII, (4.1)]). We deduce that 7~ (y) N E is smooth over k, hence that
the morphism 7|, : £ — P} is separable. The base change Y := =X Xp! E — Eofn

by | is a conic bundle over E with a section, hence is birational to Pl x E = P1 X P1
The projection ¥ — X is dominant and separable because so is 7 | p- The variety )7 is thus
separably k-unirational. This concludes the proof since X is birational to X.

If N > 5, choose x € X(k), and consider the space B of hyperplanes in P,ICv that contain x.
Let Z = {(w,b) € X xB;w € blandletp : Z —- Bandqg : Z — Xbethenatural
projections. The generic fiber of p is a smooth complete intersection of two quadrics in Pk( )
by Lemma 4.11, and has a k(B)-point induced by x, hence is separably k(B)-unirational
by the induction hypothesis. Since B is a projective space, it follows that Z is separably
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k-unirational. As the generic fiber of the dominant map ¢ is a projective space, hence is
smooth, Lemma 4.9 shows that X is also separably k-unirational. O

The strategy of the proof of Theorem 4.8 can also be applied to smooth cubic hypersur-
faces, as we now briefly explain. Theorem 4.13 generalizes a theorem of Kollar, who proved
the equivalence between (ii) and (iii) in [60, Theorem 1.1].

THEOREM 4.13. — Fix N > 3, and let X C Pllcv be a smooth cubic hypersurface. The
following assertions are equivalent:

(1) The variety X is separably k-unirational.
(1) The variety X is k-unirational.

(iii) Omne has X (k) # 0.

Proof. — The implication (i) = (ii) is trivial, and the equivalence (ii) < (iii) is [60,
Theorem 1.1]. We prove (ii) = (i). By Lemma 4.9, we may assume that k is infinite. By (i1),
one can thus choose (x,y) € (X x X)(k) general. We argue by induction on N > 3. The
induction step is identical to the one in the proof of Theorem 4.8, replacing Lemma 4.11
with Bertini’s theorem, which can be applied as x is general.

We now suppose that N = 3. Let Cy (resp. C,) be the hyperplane section of X that is
singular at x (resp. at y). By [60, First unirationality construction of §2, Proposition 3.1,
Lemma 3.2], the curves Cx and C, are k-rational, and the third intersection point map
¢ : Cx x C, --» X is dominant. As the map ¢ has degree 9, it is separable unless k has
characteristic 3. Hence we may assume that k has characteristic # 2. Since (x, y) is general,
one has y ¢ T, X, and the planes Ty X and 7, X intersect along a line D not containing y.
If x’ € Cy(k) is general, T,»C, meets D at a unique point z # y. By Lemma 4.10 and [40,
XVII, (4.1)], the curve Cy, is nodal at y. One of the two tangent lines to C, at y avoids z. We
deduce that for y’ € C, (k) general, the line 7}, Cy avoids z, hence does not meet Ty Cy. This
exactly means that ¢ is étale at (x’, y), hence separable. O

4.6. Examples over fields of Laurent series

Here are examples of smooth complete intersections of two quadrics in Pi ) which are

not « (¢))-rational. The equations we use in characteristic 2 are borrowed from Bhosle [8].

THEOREM 4.14. — Let «k be an algebraically closed field. If the characteristic of k is # 2,
let ay,...,as € Kk be pairwise distinct elements, and consider the smooth projective variety
X C Pi((t)) with equations

tXg+1XT+ X5+ +X2=0,
tapXg +ta1 X? +axX? +---+asX2 =0.

If k has characteristic 2, let a, b, ¢ € k be pairwise distinct elements and consider the smooth
projective variety X C Pi((t)) with equations

tXoX1 + X2 X3+ X4 X5 =0,
1(X3 +aXoX1 + XP) + (X7 +bX2 X3+ X3) + (X7 + cXaXs+ X3) =0.

Then X is separably k(t))-unirational, k (t %))—rational, but not k (t))-rational.
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Proof. — In view of Theorem 4.7 and Theorem 4.8, the conclusion of the theorem is
equivalent to the assertion that X contains a point over «((¢)), a line over « (¢ 2 )), but no line
over «((t)), and this is what we shall now prove.

Let Y C P} be the subvariety with equations {)_; X? = Y ;a;X? = 0} if « has
characteristic # 2, with equations

XoX1 + XoX3 + X4X5 =0,
(XZ +aXoX1 + X))+ (X2 +bXoXs + X2) + (X7 +cX4Xs+X2) =0

if k has characteristic 2. Let «(t)) C «(u)) be the quadratic extension with u?> = ¢ and
¢ Xeq) = Yiequ) the isomorphism (X, ..., Xs) — (uXo, uX1, Xo,..., Xs).

As k is algebraically closed, the variety X has a « (¢))-point in the subspace { Xy = X; = 0}.
The variety Y contains a line (by Lemma 4.1 (iii)), so that X, () contains a line as well. Let
us now assume that X itself contains a line L C X, and derive a contradiction.

We denote by 7 : p, x P2 — P2 the action of the k-group scheme w, on P2, via its
non-trivial character on Xy and X; and trivially on X,, X3, X4 and X5. The subvariety
Y C P3 is t-invariant. Let o : p, x Spec(k (1)) — Spec(k () be the u,-action endowing
Spec(k (u))) with its natural structure of u,-torsor over Spec(k (¢))). It extends to an action
of w, on Spec(k[[u]]) for which the closed point is an invariant subscheme.

Let us regard the line L’ := ¢(Lic(u)) C Yeq) as a k(u))-point of the variety of lines F
of Y. In view of the equation defining ¢ and since L is defined over «((z)), the morphisms
I, x Spec(k(u))) — F given by the orbits of L’ with respect to the actions of u, on Fy(u)
induced by t and by o coincide. It follows that the specialization L” C Y of L’ with respect to
the u-adic valuation of « (u)) is T-invariant. Since Y does not meet the projectivization of the
subspace of k® where ., acts via its non-trivial character, the line L” must be contained in the
projectivization {Xo = X1 = 0} of the subspace where u, acts trivially. But the intersection
of Y with {Xo = X; = 0} is an elliptic curve, which contains no line. This is the required
contradiction, and the proposition is proved. O

REMARKS 4.15. — (i) We do not know whether the variety X appearing in Proposi-
tion 4.14 is stably rational over «((z)), even when ¥ = C.

(i1) If x has characteristic 2, the variety X considered in Proposition 4.14 is not
Kk ((t))-rational, but it becomes rational over the perfect closure « ((¢)), of «(¢)). It follows that
one cannot prove Proposition 4.14 by applying Theorem 4.7 over x((¢)),. A theory of inter-
mediate Jacobians over imperfect fields is therefore crucial for our proof of Theorem 4.14.

(ii1) The variety X appearing in Proposition 4.14 when « has characteristic 2 is the first
example of a smooth projective variety over a field k which is kp-rational, which has a
k-point, but which is not k-rational. There are no such examples in dimension < 2 (see
Proposition 4.16 below).

(iv) Over fields k of characteristic p > 2, smooth complete intersections of two quadrics
X C P,ﬁ cannot satisfy the conditions of Remark 4.15 (iii). Indeed, if X is k,-rational, then
the period of the variety of lines on X, viewed as a torsor under the intermediate Jacobian
of X, must be a power of p, by Theorem 4.7 and [62, Proposition 5]; on the other hand,
it divides 4 (see the proof of Theorem 4.7), hence it is equal to 1, so that X contains a line
defined over k and is therefore k-rational. Adapting to imperfect fields the work of Kuznetsov
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and Prokhorov [61] on prime Fano threefolds of genus 10 might lead to examples, over fields
of characteristic 3, of smooth projective varieties that are kp-rational, have a k-point, but
are not k-rational. It remains a completely open problem whether varieties (resp. threefolds)
satisfying these conditions exist in all characteristics p > 5.

(v) We do not know whether there exists a smooth projective variety over a separably
closed field k which is k-rational but not k-rational.

We include the following proposition, which generalizes [20, Theorem 1], to justify
Remark 4.15 (iii).

PROPOSITION 4.16 (Segre, Manin, Iskovskikh). — Let X be a smooth projective k-rational
surface over k. The following assertions are equivalent:

(1) X is k-rational,
(i) X is kp-rational and X (k) # 0.
If X is minimal, they are also equivalent to

(ii) K2 > 5and X(k) # 0.

Proof. — To prove the proposition, we may assume that X is minimal, from which it
follows that X, is minimal (see [73, Corollary 9.3.7]). That (i) implies (ii) is obvious. That (ii)
and the minimality of X imply (iii) results from the birational classification of geometrically
rational surfaces over perfect fields, due to Segre, Manin and Iskovskikh (see [50, p. 642]). It
remains to prove that (iii) implies (i). If X is a del Pezzo surface, this is [81, Theorem 2.1].
Suppose now that X is not a del Pezzo surface. Then X belongs to the family II described
in [49, Theorem 1]. Since 5 < K3 < 8 by [49, Theorem 3 (2)~(3)], one has K3 = 8 by [49,
Theorem 35]. It then follows from [49, Theorem 3 (2)] that X is either a product of curves of
genus 0, or a projective bundle over a curve of genus 0. As X (k) # @, these curves of genus 0
are isomorphic to P}{, and X is k-rational. O
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