Preface

This bookis basedon one-semestagraduatecoursed gave at Michiganin 1994
and1998,andatHarvardin 1999. A partof thebookis borrovedfrom anearlier
versionof my lecturenoteswhich were publishedby the SeoulNationalUniver-
sity [22]. The main changesonsistof including several chapterson algebraic
invarianttheory simplifying and correctingproofs, and addingmore examples
from classicalalgebraicgeometry ThelastLectureof [22] which containssome
applicationgo constructionof moduli spacesasbeenomitted. The bookis lit-
erally intendedto be a first coursein the subjectto motivatea beginnerto study
more.A new editionof D. Mumford’s book Geometridnvariant Theorywith ap-
pendicedy J. FogartyandF. Kirwan[73] aswell asa surwey article of V. Popo
andE. Vinberg [89] will helpthereaderto navigatein this broadandold subject
of mathematicsMost of theresultsandtheir proofsdiscussedn the presenbook
canbefoundin theliterature. We includesomeof the extensie bibliographyof
the subject(with no claim for completeness)The main purposeof this bookis
to give a shortandself-containedxpositionof the mainideasof thetheory The
solenovelty is including mary examplesillustrating the dependencef the quo-
tienton alinearizationof theactionaswell asincludingsomebasicconstructions
in toric geometryasexamplesof torusactionson affine space We alsogive mary
examplesrelatedto classicalalgebraicgeometry Eachchapterendswith a setof
exercisesand bibliographicalnotes. We assumeonly minimal prerequisitegor
students:a basicknowledgeof algebraicgeometrycoveredin the first two chap-
tersof Shafrevich’sbook[102] and/orHartshornesbook[46], agoodknowledge
of multilinearalgebraandsomerudimentsof the theoryof linearrepresentations
of groups. Although we often usesomeof the theoryof affine algebraicgroups,
theknowledgeof thegroupGL,, is enoughfor our purpose.

| am gratefulto someof my studentsfor critical remarksand catchingnu-
merousmistakesin my lecturenotes. Specialthanksgo to Ana-MariaCastraet,
MihneaPopaandJanisStipins.
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Intr oduction

Geometricinvarianttheory arisesin an attemptto constructa quotientof an al-
gebraicvariety X by analgebraicactionof alinearalgebraicgroupG. In mary
applicationsX is the parametrizingspaceof certaingeometricobjects(algebraic
curves,vectorbundlesetc.) andthe equivalencerelationon the objectsis defined
by a groupaction. The main problemhereis thatthe quotientspaceX/G may
not exist in the cateyory of algebraicvarieties.Thereasons rathersimple. Since
oneexpectsthatthe canonicalprojectionf : X — X/G is aregularmapof al-
gebraicvarietiesandso hasclosedfibers,all orbits mustbe closedsubsetsn the
Zariskitopologyof X. ThisrarelyhappensvhenG is not afinite group. A pos-
sible solutionto this problemis to restrictthe actionto aninvariantopenZariski
subset, aslarge aspossiblesothatU — U/G exists. The geometridnvariant
theory(GIT) suggestsa methodfor choosingsucha setsothatthe quotientis a
quasi-projectie algebraicvariety Theideagoesbackto David Hilbert. Suppose
X = Vis alinearspaceand is a linear algebraicgroupactingon V' via its
linearrepresentationThesetof polynomialfunctionson V' invariantwith respect
to thisactionis acommutatvealgebrad overthegroundfield. Hilbert provesthat
A is finitely generatedf G = SL,, or GL,, andary setof generatorsfy, ..., fx
of A definesaninvariantregularmapfrom X to someaffine algebraicvariety Y
containedn affine spaceA” whosering of polynomialfunctionsis isomorphic
to A. By atheoremof Nagatathe sameis true for ary reductve linear algebraic
group. Themap f : X — Y hasa universalpropertyfor G-invariantmapsof
X andis calledthe categorical quotient. The inverseimageof the origin is the
closedsubvariety definedby all invarianthomogeneougolynomialsof positive
degree. It is calledthe null-cone. Its points cannotbe distinguishedy invariant
functions;they arecalledunstablepoints. The remainingpointsare calledsemi-
stablepoints. Whenwe passto the projective spaceP(V') associatedo V, the
imagesof semi-stablgointsform an invariantopensubsetP(1) andthe map
f inducesaregularmap f : P(V)% — Y, whereY (denotedby P(V)%$/G) is

Vii



viii INTRODUCTION

a projectve algebraicvariety with the projective coordinatealgebraisomorphic
to A. In applicationsconsideredy Hilbert, P(V') parametrizeprojective hyper
surfacesof certaindegreeanddimension,andthe projective algebraicvariety Y
is the “moduli space”of thesehypersuréces. The hypersurécesrepresentedby
unstablepointsareleft out from the moduli spacethey are“too degenerate”. A
nonsingulahypersuréceis alwaysrepresentetly a semi-stablgoint. SinceY is
a projective variety it is consideredasa “compactification”of the moduli space
of nonsingularhypersuréces. The fibers of the mapP(V)% — P(V)%/G are
not orbitsin general;however, eachfiber containsa uniqueclosedorbit so that
P(V)%%) G parametrizeslosedorbitsin the setof semi-stablgoints.

Sincethe equationf the null-conearehardto find without computingexpli-
citly thering of invariantpolynomials,oneusesanotherapproachThis approach
is to describethe setof semi-stablgointsby usingthe Hilbert—-Mumfordnumer
ical criterion of stability. In mary casest allows oneto determinethe setP(1)ss
very explicitly andto distinguishstablepointsamongsemi-stabl@nes.Theseare
the pointswhoseorbits are closedin P(17)S andwhosestabilizersubgroupsare
finite. Therestrictionof themapP (V)% — P(V)%5//G to the setof stablepoints
P(V)sis anorbitmapP(V')* — P(V)$/G. It is calledageometrioquotient.

More generallyif G is areductve algebraicgroupactingon a projectve al-
gebraicvariety X, the GIT approacho constructingthe quotientconsistsof the
following steps. First one chooses linearizationof the action,a G-equvariant
embeddingf X into a projective spaceP(V') with alinearactionof G asabove.
The choiceof a linearizationis a parametenf the construction;it is definedby
a G-linearizedampleline bundleon X. ThenonesetsX®* = X N P(V)% and
defineghe categyoricalquotientXs* — X5/G astherestrictionof the categorical
quotientP(V)%* — P(V)%S/G. Theimagevariety X°5/G is a closedsubvariety
of P(V)3%/G.

Let usgive a brief commenton the contentof thebook.

In Chaptersl and2 we considerthe classicalexampleof invarianttheoryin
which the generallinear groupGL (V') of a vectorspacel’ of dimensionn over
afield k£ actsnaturallyon the spaceof homogeneneousolynomialsPol; (V') of
somedegreed. We explain the classicalsymbolic methodwhich allows oneto
identify aninvariantpolynomialfunction of degreem on this spacewith anele-
mentof the projective coordinatealgebrak|[Gr(n, m)] on the Grassmanwariety
Gr(n, m) of n-dimensionalinearsubspacem £™ in its PluckerembeddingThis
interpretations basedntheFirstFundamentalheorenof InvariantTheory The
proof of this theoremusesarathertechnicalalgebraictool, the so-calledClebsch
omega-operataWe chooseahislessconceptuabpproactio show theflavor of the
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invarianttheoryof the nineteentlcentury More detailedexpositionsof the clas-
sicalinvarianttheory([64], [121]) give a conceptuakxplanationof this operator
via representatiotheory The Second~undamental heoremof InvariantTheory
is just a statementboutthe relationsbetweenthe Plicker coordinateknown in
algebraicgeometryasthe Pliicker equations.We usethe availablecomputations
of invariantsin later chaptergo give an explicit descriptionof someof the GIT
quotientsarisingin classicaklgebraicgeometry

In Chapter3 we discusghe problemof finite generatedness the algebraof
invariantpolynomialson the spaceof a linear rationalrepresentationf analge-
braicgroup. We begin with the Gordan—Hilbertheoremandexplain the “unitary
trick” dueto Adolf Hurwitz and HermannWeyl which allows oneto prove the
finite generatedness thecaseof asemisimpleor, moregenerallyreductve com-
plex algebraicgroup. Thenwe introducethe notion of a geometricallyreductive
algebraicgroupandprove Nagatas theoremon finite generatedness the alge-
bra of invariantpolynomialson the spaceof a linear rationalrepresentationf a
reductve algebraiogroup.

In Chapted we discusghe caseof alinearrationalrepresentatioof a nonre-
ductive algebraiayroup.We prove alemmadueto Grosshansvhich allows oneto
prove finite generatednedsr therestrictionof arepresentatioonf areductve al-
gebraicgroupG to asubgroupH providedthealgebraof regularfunctionsonthe
homogeneouspaces/ H is finitely generatedA corollaryof thisresultis aclas-
sicaltheoremof Weitzenlick aboutinvariantsof the additive group. The central
partof this chapteris Nagatas counter@ampleto Hilbert's FourteenthProblem.
It asksaboutfinite generatedness the algebraof invariantsfor an arbitraryal-
gebraicgroup of linear transformations.We follow the original constructionof
Nagatawith somesimplificationsdueto R. Steinbeg.

Chapter5 is devotedto covariantsof an action. A covariantof an affine al-
gebraicgroupG actingon analgebraicvariety X is a G-equivariantregularmap
from X to anaffine spaceonwhichthegroupactsviaits linearrepresentationrhe
covariantsform analgebraandthe mainresultof thetheoryis thatthis algebrais
finitely generated G isreductve. Theproofdependfieavily onthetheoryof lin-
earrepresentationsf reductve algebraiagroupswhich we review in this chapter
As anapplicationof this theorywe prove the classicalCayley/-Sylvesterformula
for thedimensionof the space®f covariantsandalsothe Hermitereciprocity

In Chapter6 we discusscateyorical and geometricquotientsof an algebraic
varietyunderaregularactionof analgebraiggroup. Thematerialis fairly standard
andfollows Mumford’s book.

Chapter7 is devotedto linearizationsof actions. The mainresultis thatarny
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algebraicactionof alinearalgebraiogroupon a normalquasi-projectie algebraic
variety X is isomorphicto therestrictionof a linearactionon a projectve space
in which X is equivariantly embedded.The proof follows the expositionof the
theoryof linearizationdrom [65].

Chapter8 is devotedto the conceptof stability of algebraicactionsandthe
constructiorof catgyoricalandgeometricquotients.The materialof this chapter
is ratherstandardandcanbe foundin Mumford’s book aswell asin mary other
books.We includemary examplesllustratingthe dependencef the quotientson
thelinearization.

Chaptem containgheproof of Hilbert—-Mumford’'s numericalcriterion of sta-
bility. The only novelty hereis that we alsoinclude Kempf's notion of stability
andgive anexampleof its applicationto thetheoryof moduli of abelianvarieties.

TheremainingChaptersl0—12aredevotedto someexamplesvherethecom-
pletedescriptionof stablepointsis available. In Chapterl0 we discussthe case
of hypersurcesin projective space.We give explicit descriptionsof the moduli
space®f binaryformsof degree< 5, planecurvesof degree3 andcubicsurfaces.
In Chapterl1we discussnodulispace®f orderedcollectionsof linearsubspaces
in projective space,n particularof pointsin P* or of linesin P?. The examp-
lesdiscussedn this chapterarerelatedto someof the beautifulconstructionf
classicalalgebraicgeometry In Chapterl2 we introducetoric varietiesas GIT
guotientsof an opensubsebf affine space.Someof the constructionsliscussed
in the precedingchaptersadmita nice interpretationin termsof the geometryof
toric varieties.This approacho toric varietiesis basedn somerecentwork of D.
Cox([16]) andM. Audin ([3]).

We will be working over an algebraicallyclosedfield £ sometimesassumed
to beof characteristizero.



Chapter 1

The symbolic method

1.1 First examples

The notion of aninvariantis one of the mostgeneralconceptsof mathematics.
Whenever a group G actson a setS we look for elementss € S which do not
changeundertheaction,i.e.,which satisfyg - s = s for ary g € G. For example,
if S isasetof functionsfrom asetX toasetY, andG actson S viaits actionon
X andits actiononY” by theformula

(9- @) =g-flg7" ),
thenanequivariantfunctionis afunction f : X — Y satisfyingg - f = f, i.e.,
flg-z)=g-f(z), VgeqG,VzeX.

In thecasewhen(G actstrivially onY, anequiariantfunctionis calledaninvari-
antfunction It satisfies

flg-z) = f(z), Vge€G,VzelX.

Amongall invariantfunctionsthereexistsa universalfunction,theprojectionmap
p: X — X/G fromthesetX to thesetof orbits X/G. It satisfieshe property
thatfor ary invariantfunction f : X — Y thereexistsauniquemapf : X/G —

Y suchthat f = f op. Soif we know the setof orbits X/G, we know all

invariantfunctionson X . We will beconcernedvith invariantsarisingin algebra
andalgebraicgeometry Our setsandour groupG will bealgebraicvarietiesand
ourinvariantfunctionswill beregularmaps.

Let usstartwith someexamples.
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Examplel.l Let A beafinitely generatedlgebraover afield £ andlet G bea
groupof its automorphismsThe subset

A% ={a e A:g(a) =a,Vg € G} (1.1)

is a k-subalgebraof A. It is calledthe algebra of invariants This definition
fits the generalsettingif we let X = SpecnfA) be the affine algebraicvariety
over k with coordinatering equalto 4, andlet Y = A} be the affine line over
k. Thenelementsof A canbe viewed asregular functionsa : X — A; be-
tweenalgebraicvarieties. A moregeneralinvariantfunctionis aninvariantmap
f : X — Y betweenalgebraicvarieties. If Y is affine with coordinatering B,
sucha mapis definedby a homomorphisnof k-algebrasf* : B — A satisfying
g(f*(b)) = f*(b) forary g € G,b € B. It is clearthatsucha homomorphisnis
equalto the compositionof a homomorphismB — A% andthe naturalinclusion
mapA¢ — A. Thusif wetake Z = SpecnfA®) we obtainthatthemapX — Z
definedby theinclusion A% — A playstherole of the universalfunction. Soit is
naturalto assumehat A“ is thecoordinateing of theorbit spaceX/G. However,
we shallquickly corvince oursehesthattheremustbe someproblemshere. The
first oneis thatthe algebrad® may not be finitely generatedver k£ andsodoes
not defineanalgebraicvariety. This problemcanbeeasilyresohedby extending
the category of algebraicvarietiesto the category of schemesFor ary (not nec-
essarilyfinitely generatedalgebrad over k&, we maystill considerthe subringof
invariants A“ andview ary homomorphisnof rings B — A asa morphismof
affine schemesSpe¢A) — Spe¢B) . ThenthemorphismSpe¢A) — Spe¢A®)
is theuniversalinvariantfunction. However, it is preferableo dealwith algebraic
varietiesratherthanto dealwith arbitraryschemesandwe will latershav that A¢
is alwaysfinitely generatedf the groupG is a reductve algebraicgroupwhich
actsalgebraicallyon SpecnfA). The secondproblemis moreserious.The affine
algebraicvariety Specni A%) rarely coincideswith the setof orbits (unlessG is a
finite group).For example thestandardactionof thegeneralineargroupGL,, (k)
onthespacet™ hastwo orbitsbut no invariantnonconstantunctions.
Thefollowing is amoreinterestingexample.

Examplel.2 Let G = GL, (k) actby automorphismen the polynomialalgebra
A = k[Xi11,...,Xun] in n? variablesX;;,4,7 = 1,...,n, asfollows. For ary
g = (a;;) € G thepolynomialg(X;;) is equalto the:jth entry of thematrix

Y=g¢g"X-yg, (1.2)

where X = (Xj;) is the matrix with the entries X;;. Then, the affine variety
SpecnfA) is the affine spaceMat, of dimensionn?. Its k-pointscanbe inter-
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pretedasn x n matriceswith entriesin £ andwe canview elementsof A as

polynomialfunctionson the spaceof matrices.We know from linearalgebrathat

ary suchmatrix canbe reducedo its Jordanform by meansof a transformation
(1.2) for an appropriateg. Thusary invariantfunction is uniquely determined
by its valueson Jordanmatrices. Let D be the subspacef diagonalmatrices
identified with linear spacek™ andlet k[A4, ..., A,] be the algebraof polyno-

mial functionson D. Sincethe setof matriceswith diagonalJordanform is a

Zariski densesubsetin the setof all matrices,we seethatan invariantfunction

is uniquelydeterminedoy its valueson diagonalmatrices.Thereforethe restric-

tion homomorphismA® — k[A,, ..., A,] is injective. Sincetwo diagonalma-

triceswith permuteddiagonalentriesare equivalent,an invariantfunction must
be a symmetricpolynomialin A;. By the Fundamentallheoremon Symmetric
Functionssucha functioncanbewritten uniquelyasa polynomialin elementary
symmetricfunctionss; in thevariablesAq, ..., A,. Ontheotherhand,let ¢; be

the coeficientsof the characteristigpolynomial

det(X —tl,) = (=1)"t" + cl(—t)”_l +--+e,

considereaspolynomialfunctionson Mat,, i.e., elementf thering A. Clearly,
therestrictionof ¢; to D is equalto theith elementarysymmetricfunctions;. So
we seethattheimageof A% in k[A4, ..., A,] coincideswith the polynomialsub-
algebrak[si, . .., s,]. Thisimpliesthat A€ is freely generatedby the functionsc;.
Sowe canidentify SpecniA“) with affine spacek™. Now considerthe universal
mapSpecni4) — SpecnfA%). Its fiber over the point (0, . . ., 0) definedby the
maximalideal (¢, . .., ¢,) is equalto the setof matricesM with characteristic
polynomialdet(M — tI,,) = (—t)™. Clearly, this setdoesnot consistof oneorbit,
ary Jordammatrix with zerodiagonalvaluesbelongsto this set. ThusSpecn A%)
is nottheorbit setSpecniA)/G.

We shall discusdater how to remedythe problemof the constructionof the
spaceof orbitsin the cateyory of algebraicvarieties.Thisis the subjectof the ge-
ometricinvarianttheory(GIT) with whichwe will bedealinglater Now we shall
discusssomeexampleswherethe algebraof invariantscanbe found explicitly.

Let E beafinite-dimensionalectorspaceover afield £ andlet

p: G — GL(E)

bealinearrepresentationf agroupG in E. We consideitheassociate@ctionof
G onthe spacePol,,(E) of degreem homogeneoupolynomialfunctionson E.
Thisactionis obviouslylinear. Thevalueof f € Pol,,(E) atavectorv is given,in
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termsof the coordinatesty, . . ., ¢,) of v with respecto somebasis(&i, ..., &,),
by thefollowing expression:

flt,.. ) = Z M A A
15y >0
L1+t =m
or in thevectornotation,
f&)= > ait'. (1.3)
A
lil=m
The direct sum of the vector spacedsPol,,(E) is equalto the gradedalgebraof
polynomialfunctionsPol( E). Sincek isinfinite (weassumedt to bealgebraically
closed),Pol(E) is isomorphicto the polynomialalgebrak [T, ..., T,]. In more
sophisticatedanguage Pol,,(E) is naturallyisomorphicto the mth symmetric
product S™(E*) of the dual vector spaceE* and Pol(F) is isomorphicto the
symmetricalgebraS(E*).

We will considerthecasewhenE = Pol,(V) andG = SL(V') bethe special
linear groupwith its linearactionon E describedabove. Let A = Pol(Pol;(V)).
We cantake for coordinaten the spacePol; (V') the functions A; which assign
to ahomogeneoutorm (1.3)its coeficienta;. Soary elementrom A is apoly-
nomialin the 4;. We wantto describethe subalgebraf invariantsA¢.

The problemof finding A¢ is almosttwo centuriesold. Many famousmathe-
maticiansof thenineteentltenturymadea contributionto thisproblem.Complete
results,however, were obtainedonly in a few cases.The mostcompleteresults
areknown in thecasedim V' = 2, the casewhere E' consistsof binary formsof
degreed. We write a binaryform as

p(to, 1) = agtd + artdt, + - - + aqté.

In this casewe have d + 1 coeficients,andhenceelementf A arepolynomials
P(Ay,...,Aq) Ind+ 1 variables.

1.2 Polarization and restitution

To describethe ring Pol(Pol;(V))S") one usesthe symbolic expressionof a
polynomial,which we now explain. We assumehatchark) = 0.

A homogeneougpolynomial of degree2 on a vectorspaceF is a quadratic
form. Recallits coordinate-frealefinition: amap(@ : E — k is aquadraticform
if thefollowing two propertiesaresatisfied:
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(i) Q(tv) =t?Q(v),foranyv € E andary t € k;

(i) themapQ : E x E — k definedby theformula

Qv,w) =Qv+w) —Q(v) — Q(w)
is bilinear.

A homogeneoupolynomial P € Pol,,(FE) of degreem canbedefinedn asimilar
way by thefollowing properties:

(i) P(tv) =t™P(v),foraryv € E andary t € k;

(i) themappol(P) : E™ — k definedby theformula

pOI(P) (11, -, vm) = 3 (1) # (3 wi)

IC[m] iel
is multilinear.

Hereandthroughoutwe use[m] to denotetheset{1, ..., m}.
As in the caseof quadraticforms, we immediatelyseethatthe mappol(P) is
a symmetricmultilinear form andalsothat P canbe reconstructedrom pol(P)
by theformula
m!P(v) = pol(P)(v,...,v).

The symmetricmultilinear form pol(P) is calledthe polarizationof P. For ary
symmetricmultilinearfrom F' : E™ — k thefunctionreq F') : E — k definedby

reF)(v) = F(v,...,v)

is calledthe restitutionof F. It is immediatelychecledthatreq F) € Pol,, (V)
and
pol(reg F')) = m!F.

Sincewe assumedhatchar k) = 0, we obtainthateachP € Pol,,(E) is equalto
therestitutionof a uniguesymmetricm-multilinearform, namely%pol(P).
Assumethat P is equalto the productof linearforms P = L;---L,,. We

have
POIP) (w1, vm) = 3 (<1 1Ly L (3 01)

IC[m] i€l
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- Y () (Z %)+ I (Z ) (1.4)

IC[m)]

> (_Umf#f(z Ll(vi)) (Z Lm(vi))
IC[m] i€l i€l

= Z Ll(va(l) : Uo m) Z La(l Ul a(m) (Um)
0EXm 0EXm

HereX,, denoteghe permutatiorgrouponm letters.

Let (&, ...,&,) beabasisof E and(¢4,...,t,) bethedualbasisof E*. Any
v € E canbewrittenin auniquewayasv = Y .., t;(v)&;. Let Sym, (E) bethe
vectorspaceof symmetricm-multilinearformson E™. For ary vq,...,v, € E
andary F € Sym, (E), we have

Floi,...,vm) = F(iti(vl)@,...,iti(vm)§i>

= Y )t ) P66

815yt =1

Takingv, = - - - = v,,, = v, we obtainthat

n

redF)(v) = Z tiy (V) -+ tiy (V) F (s - - i)

= ( Z ail...imtil"'tim>(v)'

8150 fm=1

Thusary polynomial P € Pol,(E) canbe written uniquelyasa sumof mono-
mialst;, ---¢; .. Thisis the coordinate-dependenlefinition of a homogeneous
polynomial. Sincethe polarizationmap

pol : Pol,,(E) — Sym, (E)

is obviously linear, we obtainthat Sym,, (E') hasa basisformedby the polariza-
tionsof monomialst;, - - - ¢; . Applying (1.4), we have

POI(ti, £, ) (V1 -, um) = ) o o(m) (V)

TEXm
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If we denoteby (tgj), ce tﬁf)) a jth copy of the basis(ty, ..., t,) in E*, we can
rewrite the previous expressioras

POI(ti,  «  Li ) (V1 - - -, Um) = Z t,(fl()l) o 't((,.T,ZL)(Uh Cees Um).

TEYm

Here,we considerthe productof m linearformson V' asanm-multilinearform
on E™. We have

POI(t:, -~ i) (s - -+ Ei) = #{0 € St (s Gim) = (io(1)s - - b)) }-
(1.5)
If wewrite t;, ---t;, = t&* -- -tk thentheright-handsideis equalto k! - - - k!
if {i1,...,%m} = {41, .., Jm} @ndzerootherwise.
Note thatthe polarizationallows us to identify Pol,,(E) with the dualto the
spacePol, (E*). To seethis, choosea basisof Pol,,(E*) formedby the monomi-
alsg;, ---¢&,,. Forary F € Sym, (E) we canset

F(fﬂ é.zm) = F(gin"'agim)

andthenextendthe domainof F' to all homogeneousgegreem polynomialsby
linearity. Applying (1.5),we get

kile-kpl if (koo kn) = (Lo 1)
0 otherwise.

pol(ty" - -ty) (&1 -+ &) = {
This shows thatthe mapfrom Pol,,(E) x Pol,(E*) to k definedby

1
(P,Q) = —pol(P)(Q) (1.6)
is a perfectduality, i.e., it definessomorphisms
Pol,,(E)* = Pol,(E*), Pol,(E*)* = Pol,(E). (1.7)

Moreover, the monomialbasis (&) = (£ ---&F) of Pol,(E*) is dual to the

Remarkl.l Notethatthecoeficientsa, of apolynomial

P=Y" %!aktk € Pol,(E) (1.8)

|k|=m
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areequalto thevalueof Ay, = ¢k = fl ---&knon P. We canview theexpression
Pyeneral= Z‘k m !’Aktk asa “general”’homogeneoupolynomialof degreem.
Thuswe getastrange‘ormula

PgeneraI: Z FAkt Z ktk (Z gz )

[k=m =

This explainsthe classicahotationof ahomogeneoupolynomialasa power of a
linearpolynomial.

Remarkl.2 Onecanview a basisvector¢; asa linear differential operatoron
Pol(E') which actson linearfunctionsby &;(¢;) = ¢;;. It actson ary polynomial
P =", axt* asthe partial derivative 9; = a%' Thuswe canidentify any poly-
nomial D(ti,...,t,) € Pol(E*) with the differentialoperatorD(d;, . . ., d,) by
replacingthevariableg; with 0;. In thiswaytheduality Pol,,(E*) x Pol,(E) — k
is definedby theformula

(D, P) = %D(P).

Remarkl.3. For thereaderwith a deepeiknowledgeof multilinear algebra,we
recallthatthereis a naturalisomorphismbetweerthe linear spacePol,,(£) and
the mth symmetricpower S™(E*) of thedualspaceFE*. Thepolarizationmapis
alinearmapfrom S™(E*) to S™(E)* whichis bijectivewhen(char(k), m!) = 1.
Theuniversalpropertyof tensomproductallows oneto identify thespaces™ (F)*
andSym,, (E).

Let usnow considerthecasewhenE = Pol,(V'), wheredim V' = r.

Firstrecallthata multihoma@eneoudunctionof multi-degree(d;, . . ., d,,) on
V is afunctionon V™ which is ahomogeneoupolynomialfunctionof degreed;
in eachvariable;wheneachd; = 1, we getthe usualdefinition of a multilinear
function. We denotethe linear spaceof multihomogeneousunctionsof multi-
degree(dy, ..., dy,) by Pol, . 4. (V). The symmetricgroup,, actsnaturally
on the spacePol; . 4(V) by permutingthe variables. The subspacef invariant
(symmetric)functionswill bedenotedby Sym, (V). In particulay

Sym (V) = Sym, (V).

Lemma 1.1. We havea natural isomorphisnof linear spaces

symb: Pol,, (Poly(V)) — Sym, ,(V*).

.....
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Proof. Thepolarizationmapdefinesanisomorphism

Pol,,(Poly(V)) = Sym,,(Pol(V)).

Using the polarizationagainwe obtainan isomorphismPol;(V')* = Pol,(V*).
Thusary linear function on Pol,(V') is a homogeneougolynomial function of
degreed on V*. Thusa multilinearfunctionon Pol;(V') canbeidentifiedwith a
multihomogeneoutinctionon V* of multi-degree(d, . . ., d). O

Let us make the isomorphismfrom the precedinglemmamore explicit by
usingabasis(éy, ..., &) in V andits dualbasis(ti, . .., t,) in V*. Let Ay, k| =
d, bethe coordinatefunctionson Pol,(V'), wherewe write eachP € Pol (V') as
in (1.8) with m replacedby d, sothat Ax(P) = ax. Any F' € Pol,(Pol(V))
is a polynomial expressionin the Ay of degreem. Let (A,(j)), Ce (Al({m)) be
the coordinatefunctionsin eachcopy of Pol;(V). The polarizationpol(F') is a
multilinearexpressiorin the AZ. Now, if we replaceA!”’ with themonomialg )k
in abasis(¢Y, ..., &) of the jth copy of V, we obtainthe symbolicexpression
of F

symb(F) (€W, ..., ¢™) € Pol,_4(V*).

Remarkl1.4. The mathematician®f the nineteenthcenturydid not like super
scriptsandpreferredto usedifferentlettersfor vectorsin differentcopiesof the
samespace. Thusthey would write a generalpolynomial P = ", %’Aktk of

degreed as , ,
P = (zi:aiti) = (z;ﬂztz) =,

and the symbolic expressionof a function F(..., Ag,...) asan expressionin
&, Biy - -

Examplel.3 Letr = 2,d = 2. In thiscasePoh (V') consistof quadratidormsin
two variablesP = agx3 + 2a1197; + apx?. ThediscriminantD = AgyAg, — A2,
is anobviousinvariantof SL (k). We have

pol(D) = Ay Bye + Ag2B2g — 2411 By,
symh(D) = of B + ai B — 200016001 = (0Pt — 1 f0)® = (e, B)?,

where
. Gy QO
(o, B) = det <ﬁ0 ﬁl) :
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Examplel.4. Letr = 2,d = 4. Thedeterminan{calledthe Hankel determinany

Gy a1 Qg
det | a1 as a3
Gz a3z Q4

in coeficientsof abinaryquartic
f= aoa:al + 4a1x3$1 + 6a2x§xf + 4a3x0x‘1’ + a4x§

definesafunctionC € Pok(Pol,(k?)) onthespaceof binaryquartics.It is called
the catalecticant We leave asan exerciseto verify thatits symbolicexpressions
equalto

symiC) = (a, 8)*(c, 7)*(8,7)*.
It isimmediateto seethatthegroupGL, (k) actson klay, - . ., as4] Viaits actionon

o, 3,7 by
o a b\ (o 19
o e g a ) (1.9)

Thisimpliesthatthe catalecticants invariantwith respecto thegroupSL; (k).

1.3 Bracketfunctions

It is corvenientto organizethevariablest!, ..., &M, ... ¢ . &™) asama-

trix of sizer x m;:
5(1) (m)
1 - .. 1

A= : . :
gl ogm

First, we identify the spacePol; . .(V*) with the subspaceof the polynomial
algebrak[¢M, ... ¢M: €™ ™) consistingof polynomialswhich are
homogeneousf degreed in eachsetof variableﬁj), ce ). Next, we identify
the algebrak[el”, ..., & :ef™ . &™) with the algebraPol(Mat,,,) of
polynomialfunctionsonthespaceof matricesMat, ,,,. Thevalueof avariablegi(j)

ata matrix A is the (ij)-entry of the matrix. The group (¥*)™ actsnaturallyon
thespaceMat,,,, by

()\1, .. :/\m) N [Cl, .. ;Cm] == [/\101, .. .,/\mCm],
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wherewe write a matrix A asa collectionof its columns. In a similar way the
group(k*)" actson Mat, ,,, by row multiplication. We saythata polynomial P €
Pol(Mat, ,,,) is multihom@eneouf multi-degree(d,, . . ., d,,) if for ary A € £*,
andary A = [C4,...,Cp] € Mat, ,,

P([Ch,...,Ci—1,7C;,Cis1, ..., Cp]) = X9 P([Cy, ..., Cf, ..., Ci]).

We say that P is multiisobaric of multi-weight (wy, . .., w,) if the polynomial
function A — P(A*) onthe spaceMat, ,,, is multihomogeneousf multi-degree
(wi,...,w,). Let Pol(Mat, ) a.....dpswn,....w, denotethe linear spaceof polyno-
mial functionson the spaceMat, ,,, which aremultihomogeneousf multi-degree
(dy, . ..,dy,) andmultisobaricof multi-weight (w1, ...,w,). If dy = --- =d,, =
d wewrite d™ = (dy, .. ., d,,); we usesimilar notationfor the weights.

It follows from the definition that the symbolic expressionof ary invariant
polynomialfrom Pol,,(Pol,(V')) is multilinear. Let usshow thatit is alsomulti-
isobaric:

Proposition 1.1.
symi(Pol,, (Poly(V))3-()) c Pol(Mat, ;) gr

whee
rw = md.

Proof. We shallconsiderary F' € Pol,(Pol,(V')) asapolynomialin coeficients
A; of thegeneralpolynomial }; (¢) A;t! from Pol,(V). Forary g € GL, (k) we
canwrite
9" = (det g)g,

whereg € SL. (k). It is clearthatthe scalarmatrix AZ,. actson eachelement; of
thebasisof V' by multiplying it by A. Henceit actson the coordinatefunctiont;
by multiplying it by A=! andon Pol;(V') via multiplicationby A=¢. Henceit acts
onPol,, (Pol;(V)) by multiplicationby A™¢ (recallthat(g- F)(P) = F(g™ - P)).
Thereforewe get

g" - F = (det )™ - F = (det g)™F.

Sinceary ¢’ € GL,(k) canbewritten asanrth power, we obtainthatg - F' =
x(g)F for somehomomorphismy : GL,(k) — k*. Notice that whenwe fix
F andP € Pol(V), thefunctiong — g - F(P) is a polynomial function in
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entriesof the matrix g which is homogeneousf degreemd. Also, we know that
x(g9)" = (det g)™. Sincedet g is anirreduciblepolynomialof degreer in entries
of thematrix, we obtainthatx(¢) is anonneative powerof det g. Comparingthe
degreeswe get,for ary g € GL,(k),

g-F = (det g)"F.

Sincethe mapsymb: Pol,,(Pol,(V')) — Pol(Mat,,,) is GL,(k)-equivariant,we
seethat
g-SYymh(F) = (det g)“F, Vg € GL,(k).

If we take ¢ to be the diagonalmatrix of the form diag1,...,1,\,1,...,1] we
immediatelyobtainthat syml( F') is multiisobaricof multi-weightw”. Also, by
definition of the symbolic expression,symhbF') is multihomogeneousf multi-
degreed™. This provestheassertion. O

Corollary 1.1. Assume { md. Then,for m > 0,
Pol, (Pol(1))*:") = {0}

An exampleof a function from Pol(Mat, ,),- - is the determinantfunction
D, : A — det A. More generallywe definethe bracket functiondet; on Mat, ,,,
whosevalueon amatrix A is equalto the maximalminor formedby the columns
from asubset] of [m] := {1,...,m}. If J = {jo,...,jn} Wewill oftenuseits
classicahotationfor theminors

dety = (Jo---Jin) = o, - - - Jn)-

It is isobaricof weight1 but not multihomogeneous m > r. Usingthesefunc-
tions one can constructfunctionsfrom Pol(Mat, ,;,)4m .,» Wheneer md = rw.
Thisis doneasfollows.

Definition. A (rectangular}ableauontheset[m| = {1,2,...,m} of sizew x r
IS amatrix
™1 --- Tir
(1.10)
Twl -+ Twr

with entriesin [m| satisfyingtheinequalitiesr;; < 7;;+1. We saythatthetableau
is homaeneousf degreed if eachi, 1 < i < m, occursexactly d times;clearly
d mustsatisfytherelationmd = wr.
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An exampleof atableauontheset[4] of size2 x 2 anddegree2 is

— ) N
NG NGICI )

For eachtableaur asabove we definethetableaufunctiony., on Mat, ,,, by

w
Hr = H[Til, s 7Ti7"]'
i=1

We saythat ., is hom@eneousf degreed if 7 is of degreed. It is clearthatany
suchfunctionbelonggo Pol(Mat,.,,,) = .- . FOr example thesymbolicexpression
of thedeterminanbf a binary quadraticform from Examplel.3is equalto [12]%.
The symbolicexpression(12)?(23)2(13)? of the catalecticantorrespondso the
function y,, where

W W W WMo N

\]
Il
o= NN

Noticetheway atableaufunction ., changesvhenwe applyatransformation
g € GL,(k): eachbracletfunction|iy, . .., ,] is multiplied by det g. Sofor each
tableaur ontheset[m] of sizew x r thefunction ., is multiplied by det(g)™. In
particular eachsuchfunctionis aninvariantfor thegroupG = SL,.(k) of matrices
with determinanequalto 1. Takinglinearcombinationof homogeneoudegree
d tableaufunctionsthatareinvariantwith respecto permutatiornof columns,we
geta lot of examplesof elementsn Pol(Poly(V))SXY). In the next chapterwe
will provethatary elementrom thisring is obtainedn this way.

Bibliographical notes

The symbolicmethodfor expressiorof invariantsgoesbackto the earlierdaysof
theoryof algebraidnvariantswhich originatesn thework of A. Cayley of 1846.
It canbefoundin mary classicabooksoninvarianttheory([28], [38], [39], [47],
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[96]). A modernexpositionof thesymbolicmethodcanbefoundin [18], [64], [83].

Thetheoryof polarizationof homogeneourmsis abasisof mary constructions
in projective algebraicgeometry;seefor example[14], [39], [97], [98]. For a

moderntreatmenbf someof the geometricapplicationswve referto [24], [53].

Exercises

1.1Shaw thatPol(Mat, ,,,) 4, ... dmsws,...w. = {0} UNlessy " d; = Z;:1 w;.

1.2Let W = Poh(V) be the spaceof quadraticforms on a vectorspacel” of
dimensionr.

(i) Assumethatchai(k) # 2 or r is odd. Shav that Pol( E)SX") is generated
(asa k-algebra)by the discriminantfunction whosevalue at a quadraticform is
equalto thedeterminanbf the matrix definingits polarbilinearform.

(i) Which level setsof the discriminantfunctionareorbitsof SL(V') in W?

1.3Let F' € Poly(V). Forarny w € V andt € k* considerthefunctiononV x k*

definedby (v,t) — ¢t *(F(v + tw) — F(v)). Shawv thatthis function extendsto

V x k andlet P, (F') denotetherestrictionof theextendedfunctionto V' x {0}.
(i) Show that P,,(F') € Pol,_; (V') andthe pairing

V x Po(V) = Poly_1(V), (w,F)w P,(F),

is bilinear.
(i) Assumed! # 0in k. Let P, : Pol,(V) — Pol,—1 (V) bethelinearmap
F — P,(F). Shav thatthefunctionV? — £ definedby

(wl,...,wm)+—>—

coincideswith pol(F).
(i) ShavthatP,(F) = Y7, a;5-, where(a,, . . ., a,) arethecoordinatef
w with respecto somebasis(y, . . ., &,).

1.4LetP(V) betheprojective spaceassociatedo a vectorspacel” of dimension
r. We considereachnonzerov € V asa pointv in P(V). The hypersuréace
P; : P,(F) = 0in P(V) is calledthe polar hypesurfaceof the hypersurace
Hp : F = 0 with respecto the pointv. Shaw thatfor ary + € Hrp N P; the
tangenthyperplaneof Hy atz containshe point.
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1.5 Considerthe bilinear pairing betweenPol,,(V') andPol,,(V*) definedasin
(1.6). Forary F' € Pol,(V),® € Pol(V*) denotethe value of this pairing at
(F, ®) by Ps(F). Shaw that

(i) for fixed F' theassignmen® — Py (F') definesalinearmap

ap, : Pol(V*) — Pol,_s(V),

(ii) forary ® € Pol,,_;(V"), Poor (F) = Po(Po (F)),

(i) Po(F) = P,, o---0 P, (F) if ® is the productof linear polynomials
vy € V= (V)2
1.6 In the notationof the precedingexercise,® € Pol,(V*) is calledapolar to a
homogeneouform F' € Pol, (V) if Ps(F) = 0. Show that

(i) O, ai&)™ isapolarto F' if andonly if F(a,...,a,) =0,

(i) (O°i_, a;&)™ ! is apolarto F' if andonly if all partial derivativesof F
vanishata = (a4, ..., a,).
1.7 Considerthe linear mapap, definedin Exercisel.5. The matrix of this map
with respecto the basisin Pol,,(V*) definedby the monomialst¢' andthe basis
in Pol,, (V) definedby the monomialst’ is calledthe catalecticantmatrix. Shav
that

() Shaw thatif m = 2dim V' the determinanbf the catalecticantnatrix is an
invariantonthe spacePol,, (V) (it is calledthe catalecticaninvariant) .

(i) Shaw that,if dim V' = 2 andm = 4, the catalecticaninvariantcoincides
with the onedefinedin Examplel.4.

(i) Findthe degreeof the catalecticaninvariant.

(iv) Shav thatthe catalecticaninvarianton the spacePok (V') coincideswith
thediscriminantinvariant.

(v) Computethe catalecticanmatrixin thecasedimV =3, m = 4,s = 2.

1.8Let P € Pol, (V). Forary vy,...,v, € Vandary Ay,..., \,, € k write

P()\101+"'+)\m’l)m) = Z )\ill ...)\gnmpdl,___,dm(’ljl,...,Um).

d1+-+dm=m

(i) Shav thatthefunction Py, . 4, : (v1,...,Um) = P4, (V1,...,0m) IS
multihomogeneousf multi-degree(ds, . . ., dp,).

(i) Shaw that P, . ; = pol(P).
1.9Find the symbolicexpressiorfor the polynomial F = aga, — 4aia3 + 3a2 on
the spaceof binary quarticsPol,(£?). Shaw thatit is aninvariantfor the group
SLy (k).
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1.10Find the polarizationof the determinanpolynomialD,..

1.11Let x : GL.(k) — k* beahomomorphisnof groups. Assumethat y is
given by a polynomialin the entriesof ¢ € GL,(k). Prove thatthereexistsa
nonngative integert suchthat,for all g € GL.(k), x(g) = (det g)*.



Chapter 2

The First Fundamental Theorem

2.1 The omega-operator

We saw in theprecedingchapteithatthe symbolicexpression®f thediscriminant
of abinary quadraticform andof the catalecticanbf a binary quarticarepolyno-
mialsin the braclet functions. The theoremfrom the title of this chaptershowvs
that this is the generalcasefor invariantsof homogeneou$orms of any degree
andin any numberof variables.In factwe will shov more:the braclet functions
generatehe algebraPol(Mat, ,,)S(*). Recallthatthe groupSL, (k) actson this
ring via its actionon matricesby left multiplication.

We startwith sometechnicallemmas.

For ary polynomial P(X1, .. ., X) let P denotethe (differential)operatoon
k[ X1, ..., Xy] obtainedby replacingeachunknovn X; with thepartialderivative
operatorz%- (cf. Remarkl.2).

In this sectionwe will useonly aspecialoperatoof thissort. Wetake N = r?
with unknovns X;;, 4,5 = 1,...,r, andlet P be the determinanfunctionD, of
the matrix with entriesX;;. We denotethe correspondingperatorP by Q. It is
calledthe omaya-opeator or the Cayley operator.

Lemma2.1.
QD) =s(s+1)...(s+r—1)D:7 1.

T

Proof. Firstobsene thatfor any permutations € X, we have

or
aXh,(l) ce 8XTU(T)

(D) = €(0), (2.1)

17



18 CHAPTERZ2. THE FIRSTFUNDAMENTAL THEOREM

wheree(o) is thesignof thepermutatiors. ThisimmediatelygivesthatQ(D,) =
rl. Forary subset/ = {ji, ..., jx} of [r] set

ak
8Xj10(j1) e anko'(jk) ’
A(J,0) = Q(J,0)(Dy).

QJ,0) =

Analogouslyto (2.1) we get
A(Ja 0) (DT‘) = 6(‘]7 O-)Mjma (22)

wherefor ary two subsetd<, L of [r] of thesamecardinalitywe denoteby Mg i
theminor of the matrix (X;;) formedby therows correspondingo thesetK and
the columnscorrespondingo the set L. The bardenoteghe complementarget

and
e(J,0) = sign( H (o(a) — 0(b))) :

a,beJ
a<b

Now applyingthe chainrule we get
oDs

([r], 0)(Dy) = Q([r — 1], 0) X o)

50Dy A({r}, 0)
8X7'—10’('l‘—1)

= - 2),0) (s(s = VDI 2A({r}, 0)A{r — 1},0) + 5Dy A({r — 1,7},0) )

= Q(fr —1],0)(sD} " A({r},0)) = Q([r — 2],0)

T

_ 3(3—1)(s—k+1)Dﬁ_’“< 3 A(Jl,o)...A(Jk,o)).
k=1 JiUeUJp=[r]

Now recalla well-known formula from multilinear algebrawhich relatesthe
minorsof a matrix A andtheminorsof its adjoint(alsocalledadjugatein classic
literature)matrix A = adj(A) (see[8], Chapter3, §11, exerciselO0):

Ap i = det(A) 71 A5 £. (2.3)
Applying (2.3) we obtain

k
A(J1,0) ... Ay, 0) = DE T e(i, 0) My o-

=1
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Now recall the Laplaceformula for the determinanpf a squarematrix A of
sizer:

det(A) = e(Jr,...,Jk) > €L, )My p, ... My g, (2.4)

Ilu---l_llk:[r}

where
rl=JiU---UJg

is afixed partition of the setof rows of A ande(/4, ..., I;) is equalto the sign of
the permutation(/; . .. I;) wherewe assumehatthe elementf eachset; are
listedin theincreasingorder Applying thisformulato M we find

Z 6(0')6(J1,0') .. .G(Jk, O-)AJl,U(h) ce AJk,U'(Jk) = ]1' .. .jk!D:_l,

oEY,
wherej; = #J;,i = 1,..., k. Thus,letting o runthroughthe set3,, we sumup
theexpressions(o)Q2([r], o)(Dr) to get

QD) =) s(s—1)...(s—k)p(r,k)Ds ! = ¢(r,s)Ds !,

where

p(rk) = > qlel

J1|_|...L|Jk:[T]

We leave to thereaderasan exerciseto verify that
c(r,s)=s(s+1)...(s+r—1).
Theprecisevalueof thenonzeraconstant(r, s) isirrelevantfor whatfollows. [

Lemma?2.2.LetF =P, -- b€ k[ X1, - - X,m], whee eat P; is equalto the
productof m; linearformsLY) =37 X, j =1,...,m;. Then

s=1 s

o .. )

QF) =Y det | . | (P/LPY) - (B/LEY),

agl) ... a?}r)

wheee thesumis takenoverthesetS = {(ji,---, ) : 1 < ji < m;}.
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Proof. By thechainrule,

o'F G1) .. g -
= . (P LJI (P, /LU,
TR . = 2 G ran (/LYY (R /L)

(jlr“:jr)es
After multiplying by the sign of the permutation(is, . ..,4,) and summingup
over the setof permutationsye getthe desiredformulafrom the assertiorof the
lemma. O

2.2 The proof

Now we arereadyto prove the First Fundamental' heoremof InvariantTheory:

Theorem 2.1. The algebra of invariants Pol(Mat, ,,,)S(¥) is geneated by the
bradket functionsji, . . ., jr|.

Proof. Let Pol(Mat, )., bethe subspacef polynomialswhich aremultiisobaric
of multi-weightw". It is clearthat

Pol(Mat, ,,,)S"*) = @Pol (Mat, ), 5t 8.

w>0

Sowe mayassumehataninvariantpolynomial ' € Pol(Mat, ,,,)S"*) belongsto
Pol(Mat, ,,),,. FixamatrixA € Mat, ,,, andconsidetheassignmeng — F(g-A)
asafunctiononMat, ,. It follows from the proof of Propositionl.1 that

F(g- A) = det(g)*F(A).

Since F' is multiisobaric,it is easyto seethat F'(g - A) canbe written asa sum
of productsof linear polynomialsasin Lemmaz2.2, with m; = w. Applying the
omega-operatoto theleft-handsideof theidentity w timeswe will beableto get
rid of the variablesg;; andgeta polynomialin braclet functions. On the other
hand,by Lemma2.1we geta scalarmultiple of F'. This provesthetheorem. [

Let Tab,. ,,(w) denotethe subspacef Pol,(Mat, ,,) spannedy tableaufunc-
tionson[m] of sizew x r andlet Tab, ,,, (w)nom beits subspacepannedy homo-
geneougableaufunctionsof degreed. Recallthat,asfollows from the definition
of a tableau,rw = md. The symmetricgroup X, actslinearly on the space
Tab. ., (w) via its actionon tableauxby permutingthe elementf theset[m]. We
denoteby Tah. ,,(w)*™ thesubspacef invariantelementsClearly,

Tab. (w)™ C Tab. ., (w)hom-
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Corollary 2.1. Letw = ¢, We have

PoI(Matr )dm,w'r Tab, ( )hom-

By Propositionl. 1 the symbolic expressionof ary invariantpolynomial F’
from Pol,,(Pol(V))S® belongsto Pol(Mat, )5+, andhencemustbe a lin-
earcombinationof tableaufunctlonsfrom Tab.,,(w). ThegroupX,, actsnatu-
rally onMat, ., by permutingthecolumnsandhenceactsnaturallyon Pol(Mat, ,.,)
leaving the subspaceBol(Mat, ,, ) 4m ,,» invariant. Applying Lemmal.1, we get

Corollary 2.2.

symb(Pol,,(Poly (V) *)) = Taby (w)pin,

whee rw = md.

2.3 Grassmannvarieties

Thering Pol(Mat, ,,)S*®*) hasa nice geometricinterpretation.Let Gr(r, m) be
the Grassmanmwariety of r-dimensionalinear subspacem £™ (or, equivalently,
(r — 1)-dimensionalinearprojective subspacesf P™!). UsingthePlicker map
L — A'(L), we canembedGr(r,m) in P(A" (k™)) = P(7) 1. The projective
coordinatesn this projective spacearethe Plucker coordinate;, ;.,1 < i; <

-+ < i, < m. ConsidethesetA(r, m) of orderedr-tuplesin [m]. Let k[A(r, m)]
be the polynomialring whosevariablesare the Plucker coordinateg; indexed
by elementsof the setA(r,m). We view it asthe projective coordinatering of
P(A"(k™)). Considerthe naturalhomomorphism

¢ : k[A(r,m)] — Pol(Mat, ,,)
which assigngo p;, ;. the braclet polynomial[iy, ..., ,]. By Theorem2.1,the
imageof thishomomorphisnis equalto thesubringPol(Mat, ,,,) St ) of invariant

polynomials.

Theorem2.2. Thekernell, ,,, of ¢ is equalto thehomaeneousdeal of theGrass-
mannvariety Gr(r, m) in its Pludker embedding
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Proof. Let Mat, ,,, be the denseopensubsetof the affine spaceMat, ,, formed

by matricesof maximal rank . Considerthe map f : Maf,,m = Al =
Spe¢k[A(r,m)]) given by assigningto A € Mat, , the valuesof the braclet
functionsliy, ..., i,] on A. Clearly, the correspondingnap f* of therings of reg-
ular functionscoincideswith ¢. Also it is clearthattheimageZ of f is contained
in the affine coneGr(r, m) over Gr(r, m). The compositionof f andthe canoni-
cal projectionGr(r, m) \ {0} — Gr(r,m) is surjective. Let F beahomogeneous
polynomialfrom Ker(¢). Thenits restrictionto Z is zero,andhence sinceit is
homogeneousits restrictionto the whole of Gr(r, m) is zero. Thus F belongs
to I, ,,. Corverselyif F' belongsto I, ,,, its restrictionto Z is zero,andhence
f*(F) = 0 becausef : Mat,,, — Z is surjectve. SinceGr(r, m) is a projective
subvariety, I, ,, is ahomogeneougleal (i.e. generatedy homogeneoupolyno-
mials). Thusit wasenoughto assumehat F' is homogeneous. O

Corollary 2.3.
Pol(Mat, ,,,)S"®) = k[Gr(r, m)].

The symmetricgroup,, actsnaturallyon Gr(r, m) by permutingthe coor
dinatesin the spacek™. This correspondso theactionof ¥, onthe columnsof
matricesfrom Mat, ,,,. LetT" bethe subgroupof diagonalmatricesin SL,,, (k). It
actsnaturallyon Gr(r, m) by scalarmultiplication of columns.Let £[Gr(r, m)],
be the subspacegeneratedy the cosetsof homogeneoupolynomialsof degree
w. Applying Corollary2.1andCorollary2.2,we obtain

Corollary 2.4. Letrw = md. Then
Pol, (Poly(k"))S®) = k[Gr(r, m)] 2T

2.4 The straightening algorithm

We now describea simplealgorithmwhich allows oneto constructa basisof the
spaceTab,. ,, (w).

Definition. A tableauwntheset[m] of sizew x s

T11 ... Tip

Twl -+ Twr

is calledstandad if ;; < 7;4,); for everyi andj.
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For example, )
1 3
2 4]
is standardut i
1 4
2 3
is not.

Theorem 2.3. Thetableaufunctionsy., correspondingo standad tableauxform
a basisof thespaceTab, ,,, (w).

Proof. Wewill describehe straighteninglaw dueto A. Young.It is analgorithm
which allows oneto write arny tableaufunctionasa linearcombinationof tableau
functionscorrespondindo standardableaux.

We will usethefollowing relationbetweerthe bracletfunctions:

r+1
Z(_]‘)s[ila .. air—lajs][jla s ajs—laj8+1a .- 7j’l‘+1] =0. (25)
s=1
Here(i,...,i,—1) and(ji, - . ., jro1) aretwo fixedincreasingsequencesf num-
bersfrom the set[m| andwe assumehatin the bracletfunction|iy, . .., 4,_1, js],

the sequencdi, .. ., 4,1, js) is rearrangedo bein increasingorderor equalto
zeroif two of thenumbersareequal.

This relationfollows from the obsenation that the left-handside, considered
as a function on the subspace.”)"*! of Mat,,, formed by the columnswith
indicesjy, .. ., jr11, IS (r+1)-multilinearandalternating.Sincetheexterior power
N (k") equalszero,thefunctionmustbe equalto zero.

Supposea tableaufunction p., is not standard.By permutingthe rows of
we canassumehat7;; < 7,1y, for all 5. Let j bethe smallestindex suchthat
Tij > Tav1); TOr somei. We assumehatr,; < 7(;41); for k < 4. We call the pair
(1) with this propertythe mark of 7. Considerequation(2.5) correspondingo
thesequences

(i1a s ,ir—l) = (T(z'+1)1, <y T41)(G—=1) s T(+1)(G+1)5 - - - aT(i—I—l)'r):

(jl: s aj?"Jrl) = (Tila <o Tigy e e aTiTaT(i+1)j)-
Herewe assumeéhatthe secondsequences putin increasingorder It allows us
to expressiTi, - . ., Tir|[Tiig1)15 - - - » T(i41)r] @s@sumof the products

[Tity s Tisy - -+ Tirs T(i—|—1)j][7_(z'+1)17 <o TG0 - - -0 T(i+1)rs Tis)-
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Substitutingthis in the producty., of the bracket functionscorrespondingo the
rows of 7, we expressu, asa sumof the p,» suchthatthe mark of eachr’ is
greaterthanthe mark of 7 (with respecto the lexicographicorder). Continuing
in thisway we will beableto write 1., asa sumof standardableaufunctions.
This shows thatthe standardableaufunctionsspanthe spacerab, ,,, (w). We
skiptheproof of theirlinearindependencésee for example,[48], p. 381). [

Corollary 2.5. Thehom@eneousdeal I, ,, definingGr(r, m) in its Plicker em-
beddingis geneatedby the quadratic polynomials
n+2
Pry= Z(_]‘)5pi1---ir—l;jspjl---,js—ljs+1,---;jr+17
s=1
whee! = (i,...,4-1),J = (j1,-- -, Jr+1) Areincreasingsequencesf numbes
fromtheset[m].

Proof. It is enoughto shav thatary homogeneoupolynomial F' from I, ,, can
be expressedasa polynomialin the Py ;. Let I}, betheideal generatedy the
polynomialsthe P; ;. It follows from the straighteningalgorithm that, modulo
I ., the polynomial F' is equalto a linear combinationof monomialswhich are
mappedto standardableaufunctionsin the ring £[Mat, ,,,]. Sincethe standard
tableaufunctionsarelinearly independentwe obtainthatF' € I, .. O

Remark2.1 The equationsP;; = 0 defining the GrassmanniatGr(r, m) are
calledthe Plucker equations Corollary 2.3impliesthatthe Pliicker equationsle-
scribethe basicrelationsbetweenrnthe braclet functions. This resultis sometimes
referredto asthe Second~undamentallheoemof InvariantTheory.

Now we arein businessandfinally cancomputesomething\We startwith the
caser = 2. Letuswrite arny degreed homogeneoustandardableaun theform

ai @
ay  al
T = :
1 2
Up—1 O

wherea! denotesa columnvectorwith coordinatesequalto i. Let |o!| be the
lengthof thisvector It is clearthat

la;| = |aZ|=d, laj|+]a}|=d, 1<i<m,

m—1
Y lail = D el =w—d=(m—2)d/2.
=2
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Soif weset|a;| = a;_1,7 = 2,...,m — 1, thena standardableauis determined
by a point with integer coordinatesnside of the corvex polytopelIl(1, d, m) in
R™-2 definedby theinequalities

m—2
0<o; <d, Zai:w—d.
i=1

Example2.1 Letd = 3. We have

m—2

I1(1,3,m) = {(al,...,am_g) ER"?:0< q; < 3,20@- = 3(m—2)/2}.

=1

Thefirst nontrivial caseis m = 2. We have the uniquesolution (0, 0) for which
the correspondingtandardableauis

1 2
T=11 2
1 2
Theonly nontrivial permutatiorof two letterschange$:, to —u... Thus
Poh(Pok(k%))5-®) = {0}.
Next is thecasem = 4. We have thefollowing solutions:

((1/1, 012) = (0, 3), (3, 0), (1, 2), (2, 1)

The correspondingtandardableauxare

T = To = T3 = T4 =

W W wWwrF = =
R RN NN
NN DN ===
= R Ww
W W N~ = =
=R 0NN
W NN ==
=R R W W N

Let us seehow the group X, actson the spaceTab, 4(6)nom- The group X, is
generatedby thetranspositiong23), (12), (14). We have

(23)ory = fryy  (23)ry = piry (2.6)
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By the straighteningalgorithm,
[23][14] = [13][24] — [12][34],
sothat

(12)pry, = —finy,
(12)pr, = ([13][24] - [12][34])°
= Mr, — My — 3/1'74 + 3IU'T3,

(12)pr, = [12]°[23][14][34]*
= [12°[13][24][34]* — [12P°[34]° = pir, — piry
(12)pr, = —[12][23][14][34],

= —[12][34][13]?[24]* + 2[12][34][13][24][12][34] — [12][34][12]*[34]*
= —Ug + 2/1'1'3 = Hry-

Similarly, we get

(13)/1’71 = THn + 3/,674 - 3/1'73 + Moy 5
(13)Nm = T Hn
(13)pry = —pry + 2hry — iy

Thisimpliesthatary ¥ 4-invariantcombinationof the standardableaufunctions
mustbeequalto F' = ap,, + biir, + cpiry + dp,,, Where

a=b, ¢c=d, 2c+3a=0.
This givesthatTab, 4(6)* is spannedy
F==2pr — 2z, + 3piry + 3pir,
= —2[12]*[34] — 2[13]*[24]* + 3[12]?[13][24][34]* + 3[12][13]*[24]*[34].
We leave to thereadetto verify thatthis expressionis equalto symb( D), where
D = 6agaiaza3 + 3a3a; — 4atas — dagay — alas. (2.7)
This is thediscriminantof the cubic polynomial

3 2 2 3
[ = aoxy + 3a1x5x1 + 3asxox] + asxy.
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Bibliographical notes

Our proof of the First Fundamentallheorembasedon the use of the omega-

operator(the Cayley Q2-proces$ is borroved from [108]. The Q2-processs also
discussedn [7], [83], [113]. A proof basedon the Capelliidentity (seethe ex-

ercisesbelon) canbe foundin [64], [121]. Another proof usingthe theory of

representationsf the group GL(V') canbe found in [18] and [64]. Theorem
2.1is concernedwith invariant polynomial functionson m-vectorsin a vector
spaceV with respectto the naturalrepresentatiomf SL(V') in V¥™. Onecan
generalizat by consideringpolynomialfunctionsin m vectorsin V andm’ cov-

ectors,i.e. vectorsin thedualspacel’*. The First Fundamental’heoremasserts
that the algebraof SL(V')-invariant polynomialson V™ & (V*)®™' is gener

atedby the braclet functionson the spaceV ®™, braclet functionson the space
(V)@ andthe functions[i|j],1 < i < m,1 < j < m/, whosevalue at

(V1 -y U D1y e ooy ) € VE™ @ (V)™ is equalto ¢;(v;). The proof can
befoundin [18], [64], [121]. Onecanalsofind therea generalizatiorof Theorem
2.1to invariantswith respecto othersubgroup®f GL,, (k).

Thereis avastamountof literaturedevotedto the straighteninglgorithmand
its variousgeneralizationgsee,for example,[17]). We followed the exposition
from [48]. It is not difficult to seethatthe Pliicker equationdefinesettheoreti-
cally the Grassmannarietiesin their Pluckerembeddindsee for example,[40]).
Corollary 2.5 describeghe homogeneougleal of the GrassmannianAs far asl|
know the only textbookin algebraiocgeometrywhich containsa proof of this fact
is [48]. Wereferto [33] for anotherproof basedon therepresentatiotheory

Exercises

2.1ProvethatQ; o Q, = Qy, for ary two polynomialsf, g € k[X,..., Xn].

2.2Let Q) betheomega-operatom the polynomialring k[Mat, ,|. Provethat
HQUD?) =s(s+1)...(s+r — 1)D:~ for negativeintegerss,
(i) (1 -D,)") =r!(1 - D),
(iii) thefunctionf =>"", 12|D7(Z+1), is a solutionof the differentialequation

Qf = f in thering of formal power seriesk[[(X;;)]].

2.3 For eachi, j € [m] definethe operatorD;; actingin Pol(Mat, ,,) by the for-
mUlaDZ’jf = Z::l X of

519 X,;
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(i) Prove thatthe operatorsD;; commutewith eachotherandcommutewith
Qif i # 7.
(i) Checkthefollowing identity (the Capelliidentity):

Dy + (m — 1)Id Dm(m—l) . D,
D(m—l)m D(m—l)(m—l) + (m - 2)Id ce D11
det : : :
Dy, e Dy +id Dy
Dy, e Dy, Dy

_J0 if m>r,

CD.Q ifm=r.
2.4 Using the Capelli identity shav that the operatorQ : Pol.(Poly(V)) —
Pol.(Pol,—1(V)) definedby QF = F', wheresyml(F"') = Q(symi(F)), is well-
definedandtransformsanSL(V)-invariantto anSL(V)-invariant.
2.5 Shaw thatPok(Pol,(k?))S2(*) is spannedy the catalecticaninvariantfrom
Examplel.4in Chapterl.
2.6Shaw thatPol(Pok(k?))S2(*) is generatedasa k-algebra)py thediscriminant
invariantfrom Example2.1.
2.7 Shaw thatPol(Pok(V))SHV) is equalto k[ D], whereD : Poh(V) — k is the
discriminantof quadratidorm. Find symh( D).
2.8Let G = O, (k) betheorthogonalgroupof the vectorspacek” equippedwith
the standardnner product. Considerthe actionof G' on Mat, ,,, by left multipli-
cation. Shaw thatPol(Mat, ,,,)° ) is generatedby the functions[ij] whosevalue
onamatrix A is equalto thedot-producif theith andjth columns.
2.9 With the notationfrom the precedingexerciselet O (k) = O, (k) N SL, (k).
Shaw thatPol(Mat, ,,)°* *) is generatedby thefunctionsi;] andthebracletfunc-
tions.

2.10Shaw thatthefield of fractionsof thering Pol(Mat, ,,)S*) is a purelytran-
scendentagxtensionof £ of transcendenceegreer(m — r) + 1.



Chapter 3

Reductive algebraic groups

3.1 The Gordan—Hilbert Theorem

In this chaptemwe considera classof lineargroupactionson avectorspaceF for
whichthealgebraof invariantpolynomialsPol( E)¢ is finitely generatedWe start
with the caseof finite groupactions.

Theorem 3.1. Let G be a finite group of automorphism®f a finitely generated
k-algebra A. Thenthesubalgebra A% is finitely geneatedover .

Proof. This follows easilyfrom standardactsfrom commutatve algebra. First
weobsenethatA isintegralover B = A%, Letz,...,z, begeneratorsf A. Let
B’ bethesubalgebraf A generatedby the coeficientsof the monicpolynomials
pi(t) € BJt] suchthatp;(x;) = 0. ThenA = B'[z4, ..., z,] is afinite B’-module.
SinceB’ is noetherianB is alsoafinite B’-module.SinceB’ is finitely generated
over k, B mustbefinitely generatedver k. ]

Let us give anotherproof of this theoremin the specialcasewhenthe order
d of G is prime to the characteristioof £ andG actson A = Pol(F) via its
linearactionon E. In this caseG leavesinvariantthe subspacef homogeneous
polynomialsof degreem sothat

Pol(E)? = @ Pol(E)S.
m=0
Let I betheidealin A generatedy invariant polynomialsvanishingat 0 (or,
equialently, by invarianthomogeneoupolynomialsof positive degree). Apply-
ing the Hilbert BasisTheoremwe obtainthattheideal I is finitely generatedy

29
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afinite setof polynomialsFi, .. ., F,, in A9. We may assumehateachF; is ho-
mogeneousf degreem; > 0. Thenfor ary homogeneou$’ € A“ of degreem
we canwrite

F=PF+---+P,F, (3.1)

for somehomogeneoupolynomials P; of degreem — m;. Now considerthe
operatorav : A — A definedby the formula

a(P)= 23" g(P).

Clearly,
av|AY =id, av(A) = A°.

Applying the operatorav to bothsidesof (3.1) we get
F=a(P)F, +---+av(P,)F,.

By inductionwe canassumehateachinvarianthomogeneoupolynomialof de-
gree< m canbeexpressedisapolynomialin F;'s. Sinceav(F;) is homogeneous
of degree< m, we aredone.

Let us give anotherapplicationof the Hilbert BasisTheorem(it wasproven
by Hilbert exactly for this purpose):

Theorem 3.2. (Gordan—Hilbert) The algebra of invariants Pol(Pol;(V))S4V) is
finitely geneatedover k.

Proof. Let E = Pol;(V). The proof usesthe sameideaasthe oneusedin the
secondproof of Theorem3.1. Insteadof the averagingoperatorav we usethe
omega-operatof). Let F € Pol,,(E)S<"). Write

for someP; € Pol(E),,_,, andF; € Pol,,.(E)SXY). By the proof of Proposition
1.1thereexistsanintegere suchthat,for any v € FE,

F(g-v) = (det g)°F(v).

Thenumbere is calledtheweightof F'.
Now, for ageneralmatrix g, we have theidentity of functionson GL(V):

n

F(g-v) = (detg)*F(v) = Y (det g)“P;(g - v)Fy(v).

=1
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Now let usapplythe omega-operatof? to bothsidese times.We get
cF(v) =Y Q((det )“Pi(g - v)) Fi(v),
=1

wherec is a nonzeroconstant. Now the assertionfollows by shaving that the
valueof Q¢((det g)% P;(g - v)) atg = 0 is aninvariantandusinginductionon the
degreeof the polynomial. O

Lemma 3.1. For any P € Pol(E) let
F(g,v) = Q"((det )?P(g - v)).
ThenF (0, v) is eitherzeo or aninvariantof weightr — q.

Proof. Thisis nothingmorethanthe changeof variablesin differentiation.Let ¢
beagenerakquarematrix of size N. We have

F(g,t-v) = Q((detg)'P(gt-v))
= (det )~ (det(gt)"P(gt - v))
= (det )7 det(£) ey (g1 (det(gt) P (gt - v))
= (dett)" ?F(gt,v).

HereQqet (o) denotegshe omega-operatoin thering &. .. X5, ..., Yj;,...] corre-
spondingto the determinanbf the matrix (Z;;) whereZ;; = > X,,Y;;. We use
theformula

Q(@(Z)) = det(Yi) aer(gr) (B(2)) (3.2)

for ary polynomial®(Z) in thevariablesZ;;. This easilyfollows from the differ-
entiationrulesandwe leaveits proofto thereader Now pluggingin g = 0in (3.2)
(althoughit is notin GL(V) theleft-handside extendsto the whole polynomial
ring in the matrix entries)we obtain

F(0,t-v) = (dett)" 9F(0,v).
This provestheassertion. O

Remark3.1 In fact, the sameproof appliesto a more generalsituationwhen
GL, (k) actsonavectorspaceE by meansof arationallinearrepresentatiofsee
thedefinitionof arationalrepresentatiom the next section).We have to usethat
in thiscaseg - F' = det(g)°F for ary g € GL, (k) andF € Pol(E)St=(k),
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Remark3.2 The proof shawvs thatthe algebraof invariantsPol( E)S-(*) is gen-
eratedby a finite generatingset 1, . . . , F,, of theideal I generatedy invariant
homogeneoupolynomialsof positive degree.Let Z = V(I) C E bethe subset
of commonzerosof Fi, ..., F,. Let J betheidealin Pol(E)S-®*) of all polyno-
mials vanishingon Z. By Hilbert’s Nullstellensatzfor each: = 1,...,n, there
exists a positive integer p; suchthat /* € J. LetGy,...,Gy behomogeneous
generatoref J. Let d bethelargestof thedegreesof the F; andr bethelargestof
thenumbersy;. Thenit is easyto seethatany invarianthomogeneoupolynomial
of degree> drn canbe expressedasa polynomialin G, ..., Gy. Thisimplies
that the ring Pol(E)St+(®) is integral over the subringk[G,, . . ., G x| generated
by Gi,...,GyN. In fact,it canbe shown thatit coincideswith the integral clo-
sureof k[G, ..., Gy] in thefield of fractionsof Pol(E') (see for example,[113],
Corollary4.6.2). In Chapterd we will learnhow to describethe setZ (it will be
identifiedwith the null-cone)without explicitly computingthering of invariants.
This givesa constructve approacho finding the algebraof invariants.

3.2 The unitary trick

Let us give anotherproof of the Gordan—HilbertTheoremusing anotherdevice
replacingthe averagingoperatorav dueto A. Hurwitz (later calledthe *unitary
trick” by H. Weyl). We assumehatk = C.

Let G = SL,(C) and K = SU(n) beits subgroupof unitary matrices.Let G
actonPol(E) viaits linearrepresentatiop : G — GL(FE).

Lemma 3.2. (Unitary trick)
Pol(E)“ = Pol(E)¥

Proof. Let ' € Pol(E). Forary M € Mat, considerthe functiononR x E
definedby
d(t;v) = F(e™ - v).

Let (M, F') bethefunctionon E definedby

de(z;
(v, F)(w) = 0 )
Since¢(t + a;v) = ¢(t;e*M - v) we seethat (M, F)(v) = 0 for all v € E if and

only if %(a) = (0foralle € R andall v € E. Thelatteris equivalentto the
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conditionthat F(¢™ - v) = F(v) forallt € R andall v € E. Let denotethe
spaceof complex matricesof sizen x n with zerotrace. Sinceary g € SL,(C)
canbewrittenasg = eV for someM ¢ s, (C), we seethatthe condition

(M,F)y=0, VM €sl, (3.3)

is equivalentto F' beinginvariant. Next we easily corvince oursehes(by using
thechainrule) thatthemapM — (M, F) is linear, soit is enoughto check(3.3)
for the setof the M which spanss(,,(C). Considera basisof s, (C) formedby
thematrices

Eij — Eji, V=UEy+ Ej), V-1(Eq— Ej),

wherel < i < j < n. Obsenrethatthe samematricesform a basisoverR of the
subspaceu(n) of sl,(C) formedby skew-hermitianmatricesM (i.e. satisfying
‘M = —M). Now we repeatthe argumentreplacingG by K = SU(n). We use
thatary g € K canbewrittenin theform eV for someM € su(n). We find that
F € Pol(E)¥X if andonly if (M, F) = 0 for all M € su(n). Sincethe properties
(M, F) =0forall M € su(n) and(M, F)) = 0 forall M € sl,(C) areequivalent
we aredone. O

ThegroupK = SU(n) is acompactsmoothmanifold. If ¢ = (g¢;;) € K and

9i; = 9i; + vV —1gi;, whereg;,, g arereal, then K is a closedand a bounded

submanifoldof R?"* definedby the equations
> GejGhi = 0w, 1 <a<b<n, det(g)=1,
j=1

whered,;, is the Kronecler symbol. This allows one to integrateover it. We
considerary polynomialcomplec valuedfunctionon K asarestrictionof a poly-
nomialfunctionon GL,,(C). For eachsuchfunction¢(g) set

autg) = L%

wheredg = [, ; .y dg;;dg;;.
Lemma 3.3. For any F' € Pol(E) thefunctionF definecby
F(v) = av(F(g-v))

is K-invariant.
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Proof. For ary matrix g = (g;;) € K letg’ = (gj;) andg” = (gj;). Forary
s,g,u € K withu = g - swehave

s g
(u' u") = (g' g") : (S” s ) .

Herewe useblock-expression®f thesematrices.It is easyto seethat

s g
S = " /
S S

is an orthogonalreal matrix of size 2n x 2n. Thusthe jacobianof the change
of variablesg — u = ¢ - s is equalto det S = +1. SinceK is known to bea
connectednanifold, the function s — det S is constant;it takesthe value1l at
s = I,, sodet S = 1. Applying the formulafor the changeof variablesin the
integrationwe get

| Flos-ido = [ Pla-(s-0)dlg9) = [ Flu- e

hence

F(s-v) = av(F(gs-v))

fK (gs-v)d :fKFuvdu
deg deg

=av(F(u-v)) = F(v).

O

One cangeneralizethe precedingproof to a larger classof groupsof com-
plex matrices. Whatis importantin the proof is thatsucha groupG containsa
compacisubgroupk” suchthatthecomplex Lie algebraof G is isomorphicto the
compleification of therealLie algebraof K. Hereareexamplesof suchgroups,
their compactsubgroupsandtheir correspondingd.ie algebras:

= GL,(C), Lie(G) =gl,(C) = Mat,(C),

),  Lie(K) =u(n) Nsl,(C).

= 0,(C), Lie(G) ={A € gl,(C) : 'A = —A},
K =0,(R), Lie(K)={A¢cgl,(R):'A=—-A}.
Thesegroupssatisfythefollowing property
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(LR) Letp : G — GL(V) beahomomorphisnof comple Lie groups,andv €
V' &\ {0}. Thenthereexistsaninvariantsubspacél’ suchthatV = CoW.
Or, in otherwords,thereexists a G-invariantlinear function f on V' such

that f (v) # 0.

Onecheckshis propertyby first replacingG with its compacisubgroupk” as
above. Takingary linearfunction f with f(v) > 0 we averageit by integration
over K to find a nonzeroK-invariantfunction with the sameproperty Thenwe
applyLemma3.3to ensurehat f is G-invariant.

3.3 Affine algebraicgroups

Next we obsene thatproperty(LR) from the precedingsectioncanbe statedover
ary algebraicallyclosedfield . Insteadof complex Lie groupswewill bedealing
with affine algebraiogroupsG overk.

Definition. An affinealgebraic groupG overafield & is anaffine algebraiovariety
over k with thestructureof agrouponits setof pointssuchthatthe multiplication
mapu : G x G — G andtheinversionmapg : G — G areregularmaps.

Althoughwe assumehatthe readers familiar with somerudimentsof alge-
braicgeometrywe have to fix someterminologywhich may be slightly different
from the standardextbooks(for example,[102]). We shall usean embedding-
free definition of an affine algebraicvariety over an algebraicallyclosedfield &

. Namely asetX := Specnj4) of homomorphism®f a finitely generated-
algebraA without zerodvisorsto k. ThealgebraA is calledthe coodinatealge-
braof X andis denotedby O(X) (or k[ X]). An elements € A canbeconsidered
asa k-valuedfunctionon X whosevalueatapointz : A — k is equalto z(a).
Functionson X of this form are calledregular functions A point z is uniquely
determinedby the maximalideal m, of functionsvanishingat . A choiceof
generators, . . ., z,, of O(X) definesabijectionfrom X to asubsebf theaffine
spaceA™ = Specntk|[T1, . .., T,]) identifiednaturallywith thesetk™. Thissubset
is equalto the setof commonzerosof the ideal of relationsbetweenthe gener
ators. A regularmap(or morphism)f : X — Y of affine algebraicvarietiesis
definedasa mapgiven by compositionwith a homomorphisnof the coordinate
algebrasf* : O(Y) — O(X). This makesa cateyory of affine algebraicvarieties
overk whichis equialentto thedualof thecateyory of finitely generatedomains
over k. This latter categgory hasdirect productsdefinedby the tensorproductof
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k-algebras.A subsetl/(I) of X of homomorphismsanishingon anideal I of
O(X) is calledaclosedsubsetlt canbeidentifiedwith anaffine algebraiovariety
SpecntA/J), whereJ = rad[ is theradicalof I. A pointz € X isaclosedsub-
setcorrespondingo themaximalidealm, of A. Closedsubsetslefineatopology
on X, the Zariski topology OpensubsetsD(f) = X \ V((f)),f € A, forma
basisof thetopology EachsubsetD(f) canbeidentifiedwith anaffine algebraic
variety SpecntA[1/ f]).

A choiceof n generatorof the k-algebraO(X) definesan isomorphism
from X to a closedsubsetof the affine spaceA™. A morphismof affine va-
rieties Specn4) — SpecniB) correspondingo a surjectve homomorphism
B — A of k-algebrasiefinesanisomorphismfrom Specn{B) to a closedsubset
of SpecntA). It is calledaclosedembedding.

The multiplication andthe inversionmorphismsu, 8 definingan affine alge-
braicgroupG canequialentlybe givenby homomorphismsef k-algebras

1 O(G) = OG) @ OG), B : 0G) = O(G),

which arecalledthe comultiplicationandthe coinverse

For ary k-algebrak” we definethesetX (K) of K-pointsof X to bethesetof
homomorphismsf k£-algebrasO(X) — K. In particularif K = O(Y) for some
affine algebraiovariety Y, thesetX (K') canbeidentifiednaturallywith the setof
morphismsfrom Y to X.

Herearesomeexamplesof affine algebraicgroupswhich we will be usingin
thebook.

(@) GL,., = Specntk]. .., X;;,...][det((X;;))""]) (a generl linear group over
k):

GLoi(K) =GL(n,K), p*(Xyy) =) Xis Xy, B7(Xy) = XY,
s=1

whereX % is equalto the (ij)th entry of theinverseof the matrix (X;;).

(b) Gy = GL1x = Specnik[T, T~1]) (themultiplicativegroupover k):
Gui(K)=K*, p(T)=TT, pT)=T"

(€) G, = Specntk[T]) (theadditivegroupover k):

Gui(K)=K*, p(T)=T®1+1eT, B(T)=-T.
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Otherexamplesof affine algebraiogroupscanbe realizedby taking direct prod-

uctsor by taking a closedsubvariety which is an affine algebraicgroupwith re-
spectto therestrictionof the multiplication andthe inversemorphismga closed
subgoup). For example,we have

(d) Ty} = G, ;. (anaffinetorusover k),

(e) SL,, . (aspeciallinear groupover k).

Affine algebraiagroupsover k. form a category. Its morphismsaremorphisms
of affine algebraicvarietieswhich inducehomomorphism®f the corresponding
groupstructures.Onecanprove thatary affine algebraicgroupG admitsa mor-
phismto thegroupGL,, ; suchthatit is aclosedembeddingln otherwords,G is
isomorphicto a linear algebraic group, i.e., a closedsubvariety of GL,, , whose
K-pointsfor ary k-algebraK form asubgroumf GL, (K). If noconfusionarises,
wewill alsodropthesubscriptt in thenotationof groupsGL, x, G, ., andsoon.

Fromnow on all of our groupswill belinearalgebraicgroupsandall of our
mapswill be morphismsof algebraicvarieties.

We defineanactionof G onavariety X to bearegularmapa : G x X — X
satisfyingtheusualaxiomsof anaction(which canbeexpressedy thecommuta-
tivity of somenaturaldiagrams) We call suchanactionarationalactionor, better
aregular action In particular alinearrepresentatiop : G — GL(V) = GL, (k)
will beassumedo be givenby regularfunctionsontheaffine algebraicvarietyG.
Suchlinearrepresentationarecalledrational representations

Let anaffine algebraiogroupG acton anaffine variety X = SpecnfA). This
actioncanbedescribedn termsof the coactionhomomorphism

o' A— OG)® A,

whereO(G) is thecoordinateing of G. It satisfiesabunchof axiomswhich are
“dual” to the usualaxiomsof anaction;we leave their statementso the reader
Forarny a € A wehave

a*(a) = Zfi ® aj;,

where f; € O(G),a; € A. An elementg € G is ahomomorphismO(G) —
k, f — f(g), andwe set

g(a):==(g®@1)oa*(a) = Zfi(g)ai. (3.4)

Thisdefinesarationalactionof G onak-algebraA, thatis, amorphisma : G —
Aut(A). Wewill continueto denotethe subalgebraf invariantelementsy A%,
An importantpropertyof arationalactionis thefollowing.
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Lemma3.4. Foranya € A, thelinear subspacef A spannedythe“tr anslates”
g(a), g € G, isfinite-dimensional.

Proof. This followsimmediatelyfrom equation(3.4). The setof elementsy; is a
spanningset. O

Note that not every homomorphismof groupsG — Aut(A) arisesfrom a
rationalactionof G on X.

Example3.1 LetG = G,, actonanaffinealgebraicvariety X = SpecnfA). Let
af: A— O(G)® A= k[T, T '] ® Abethecorrespondingoactionhomomor
phism.For ary a € A we canwrite

o (a) = ZTi ® a;. (3.5)
1E€EZ
It is easyto see,usingtheaxiomsof anaction,thatthemapsp; : A — A,a — a;
aretheprojectionoperatorsi.e., p;(a;) = a;. Denotingtheimagep;(A) by A; we
ha/EAZAJ C Ai+j and
A=A (3.6)
i€z
This definesa gradingon A. Corversely givena gradingof A, we definea* by
o*(a) = X, T ®a;, whereg; is theith gradedbartof a. Thisgivesageometric
interpretatiorof agradingof acommutatve k-algebra.

Assumenow thatgrading(3.5)on A satisfies4; = {0} fori < 0 andA4, = k.
Suchagradingis calledageometriogradingandthecorrespondingctionis called
agoodGy,-action In thiscasetheidealm, = )., A; is amaximalideal of A
andhencedefinesapointp, of X, calledthevertex. We set

X* = Specm(A) = SpecnfA) \ {po}.

ThegroupG,, actson the openset X*; the quotientsetis denotedby Projm(A)
andis calledthe projectivespectrumof A. Assumethat A is a finitely generated
k-algebrawith a geometricgrading. Choosea setof its homogeneougenerators
{zo,...,zs}. If z; € A, for someg; > 0, thenary t € G,, actson A by sending
x; to t%z;. Usethegeneratorso identify X with a closedsubsebf A"*! defined
by the homogeneougleal I of relationsbetweenxg, ..., z,. The vertex of X
becomesheorigin 0 in A"*!. We obtaina naturalbijectionfrom Projm(A) to the
set{(aq, - ..,a,) € SpecnA) \ {0}}/k*, wherek* actsby

t-(ag,...,a,) = (tPaq,...,t"a,). (3.7)
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In the specialcasewhenz,, . . ., x,, arealgebraicallyindependeni.e.,I = {0}),
sothatA = k[Ty, . .., T,] with gradingdefinedby 7; € A,,, theset

P(do, - - 4a) = Proim(4) = (A"*1\ {0}) /"

is calledthe weightedprojectivespacewith weightsgqy, . . ., ¢,. Whenall the g;
areequatto 1, we obtaintheusualdefinitionof then-dimensionaprojectve space
P (k).

Let u,, be the closedsubgroupof G,, = Specnik[T,T~']) definedby the
ideal (T™ — 1). As anabstractgroupit is isomorphicto the group of nth roots
of 1in k. Let A beagradedk-algebraandG,, — Aut(A) bethe corresponding
action.It follows from the definitionthat

At = A =3 " Ay

1EZ

The inclusion A™ C A definesa naturalmap Specni(4) — Specni(A™)
which coincideswith the quotientmapfor the actionof y,, on Specni(A) (use
thatz” € A™ for ary x € A). LetG,, acton Specni(A™ with respecto the
gradingdefinedby

A = 4, (3.8)

Then

Projm(4) = Specm(A)/k* = (Specm(A)/uy,)/k"
= Specmi(A™)/k* = Projm(A™).

It is known thatfor ary finitely generatedjeometricallygradedk-algebraA there
existsanumberm suchthat A™ is generatedy elementf degreel with respect
to thegradingdefinedby (3.8) (se€[9], Chap.lll, §1). ThisimpliesthatProjm(A)
is bijective to a subsetof someP” (k) equalto the setof commonzerosof a
homogeneougeal in the ring of polynomialsk[Ty, ..., Tx| with the standard
grading.

Onecanmalke this statemenmorepreciseby definingthe cateyory of projec-
tive varieties. First of all we noticethatfor any honzerohomogeneouslement
f ¢ my, thesubsetD(f) of SpecnfA) of all pointsnot vanishingon f doesnot
containthe vertex andis invariantwith respecto the actionof G,, definingthe
grading.Sinceary idealin A is containedn ahomogeneouslealof A, theunion
of thesetsD( f) is equalto Specni(A). SoProjm(A) is equalto theunionof the
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subsetD(f)™ = D(f)/k*. If weidentify D(f) with Specn{A[1/f]), theaction
of G,,, on D(f) correspondso the (not necessarilgeometricgradingdefinedby

AL/ f)i = {a/f* 0 € Avvsan)-

Let Ais) = A[l/f]o = A[1/f]%. It is calledthe homa@eneoudocalization of

thegradedring A with respecto f. Any elementof A[1/f]§deg<f” canbewritten
uniquelyin theform f*A ;. Thisimpliesthattheimageof ary pointz € D(f)
in D(f)* is determinedoy its restrictionto A[1/f]o. Thus,ary pointin D(f)*
is uniquely determinedoy a homomorphismd ;) — k. This shavs thatwe can
identify D(f)* with SpecniA;). Sincetheunionof setsof theform D(f)* is
thewholesetProjm(A), we candefineatopologyon Projm(A) in whichanopen
setis a setwhoseintersectionwith ary setD(f)" is an opensetin its Zariski
topology The opensubsetd)(f)* form abasisof thetopology

A quasi-pojectivealgebraic variety over k is definedto be a locally closed
subset(i.e., the intersectionof an opensubsetwith a closedsubset)of some
Projm(A). A closedsubsets calleda projectivevarietyover k. For ary opensub-
setU of Projm(A) wedefinearegularfunctiononU asafunctionf : U — k such
thatits restrictionto ary subsetD(f)"™ C U is aregularfunction. Regularfunc-
tionson U form a k-algebrawhich we will denoteby O(U). Let X C Projm(A)
andY C Projm(B) betwo quasi-projectie algebraicvarietiesover k. A mor-
phism® : X — Y is definedto be a continuousmapfrom X to Y (with respect
to theinducedZariski topologies)suchthatfor any opensubset/ C Y andary
é € O(U), thecompositionp o ® is aregularfunctionon f=*(U).

For example,ary surjectve homomorphisnof gradedalgebrasy : A — B
preservinghegrading(thelatterwill bealwaysassumedglefinesaclosedembed-
ding® : SpecntiB) C SpecntA) whoserestrictionto ary subsetD( f) is aclosed
embeddingf affine varieties.It correspondso thehomomorphism : A[1/f] —
B[1/a(f)]. Thisdefinesaclosedembeddingrom D(f)* to D(a(f))* andamor-
phism® : Projm(B) — Projm(A4). In particular a choiceof homogeneougen-
eratorsof degreesyy, . . . , g, of A definesamorphismProjm(A4) — P(qo, . . ., gn)
which is a closedembedding(i.e., an isomorphismonto a closedsubsetof the
targetspace).

Onecanshaov (seeExercise3.6) thatarny projective algebraicvariety is iso-
morphicto someProjm(A). Any affine algebraicvarietyis isomorphicto a quasi-
projective algebraicvariety becausehe affine spaceA™ is isomorphicto anopen
subsetU; of P* = Projm k[T, ...,T,]) whosecomplements the closedsub-
setdefinedby theideal (7;). Thusary locally closedsubseif an affine variety
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is a quasi-projectre algebraicvariety. We will employ topologicalterminology
dealingwith the Zariski topologyof a quasi-projectre variety For example,we
canspeakaboutirreducible,connectedjuasi-projectie algebraicvarieties. We
referthereaderto textbooksin algebraiocgeometryfor the notionof a nonsingular
guasi-projectie variety.

Note thatan algebraicgroupis irreducibleif andonly if it is connectedthis
follows from Exercise3.2.

Evenwhenwe studyrationalactionsof analgebraicgroupon an affine alge-
braicvarietieswe have to dealwith nonafine quasi-projectie algebraicvarieties.

Example3.2 Leta : G x X — X bearationalactionof an affine algebraic
groupG onanaffine algebraicvariety X. For ary pointz € X, we have aregular
mapa, : G — X definedby «,(9) = a(g,z). Thefiber of this mapover the
point z is a closedsubgroupof G, calledthe stabilizer subgoup of z. It is an
affine algebraicgroup. TheimageO(x) of this mapis a subsef X, calledthe
orbit of x, whichis not necessarilglosed.However, if G is irreducible,the orbit

O(z) is alocally closedsubsetof X, andhenceis a quasi-projectre algebraic
variety It followsfrom the Chevalley Theorem(seg[46], p. 94), thattheimageof

aregularmapis adisjointfinite unionof locally closedsubsetsHowever, sinceG

is irreducible theimageis irreducibleandhencemustbe a locally closedsubset,
i.e., a quasi-projectre variety Of course,the imageof an affine variety is not
alwaysaffine.

Example3.3. Let H beaclosedsubgroupof analgebraiogroupG. Considerthe
spacel spannedy the G-translateof generator®f theideal I defining H. By
Lemma3.4V is finite-dimensionabf somedimensionN. LetW = V N [ and
n = dimW. ThenG actsrationally on the Grassmanniawnariety Gr(n, N) of
n-dimensionabubspacesf W. Onecanshaow that H is the subgroupof G which
fixesW € Gr(n, N). Thuswe canidentify the quasi-projectie algebraicvariety
O(W) c Gr(n, N) with thesetof conjugay classes7/H.

3.4 Nagata's Theorem

Ourgoalis to prove thefollowing theoremof M. Nagata

Theorem 3.3. Let G bea geometricallyreductivegroupwhich actsrationally on
an affinevariety SpecnfA). ThenA¢ is afinitely geneatedk-algebra.

Let usfirst explainthe notionof a geometricallyreductie group.
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Definition. A linearalgebraicgroup is calledlinearly reductiveif for ary ra-
tional representatiop : G — GL(V') andary nonzeroinvariantvectorv there
existsalinear G-invariantfunction f on V' suchthat f (v) # 0.

Theunitarytrick shovs that GL,, andSL,, andtheir productsarelinearly re-
ductive groupsover C. Thisis nottruearnymorefor the samegroupsdefinedover
afield of characteristipp > 0. In fact,evenafinite groupis notlinearly reductve
if its orderis not coprimeto the characteristicHowever, it turnsout (Haboush$

Theoem [44]) thatall thesegroupsare geometricallyreductve in the following
sense.

Definition. A linearalgebraiagroupG is calledgeometricallyreductivef for ary
rationalrepresentatiop : G — GL(V') andary nonzeroinvariantvectorv there
existsahomogeneoué&-invariantpolynomial f on' V' suchthat f (v) # 0.

In fact,onecandefinethe notionof areductivealgebraic groupoverary field
which will include the groupsGL,, SL,, O, andtheir productsand Haboushs
Theoremassertghatary reductve groupis geometricallyreductve. We arenot
going into the proof of Haboushs Theorem,but let us give the definition of a
reductve affine algebraiogroup(overanalgebraicallyclosedfield) without going
into details.

A linear algebraicgroup T is called an algebraic torus (or simply a torus)
if it is isomorphicto G!,. An algebraicgroupis called solvableif it admitsa
compositionseriesof closednormal subgroupsvhosesuccessie quotientsare
abeliangroups. Eachalgebraicgroup G containsa maximalconnectedsolvable
normalsubgrouplt is calledtheradical of G. A groupG is calledreductivef its
radicalis atorus.A connectedinearalgebraiogroupd is calledsemisimplef its
radicalis trivial.

Eachsemisimplegroupis isomorphicto thedirectproductof simplealgebraic
groups.A simplealgebraiogroupis characterizetby the propertythatit doesnot
containproperclosednormalsubgroup®f positive dimension.

Thereis a completeclassificatiorof semisimpleaffine algebraicgroups. Ex-
amplesof simplegroupsarethe classicalgroups

SL,41 (type A,), SOyt (type B,), Sp,, (type C), SOy, (type D).

Therearealsosomesimplegroupsof exceptionaltypeof typesFy, G, Fs, Er, Fs.
Every simple algebraicgroup is isogeneousto one of thesegroups(i.e., there
existsa surjectve homomorphisnirom oneto anothemwith afinite kernel).

We shallstartthe proof of Nagatas Theoremwith thefollowing.
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Lemma 3.5. Leta geometricallyreductivealgebraic group G actrationallyona
k-algebra A leavinganideal I invariant. ConsiderA®/I'n A% asa subalgbra of
(A/I)¢ by meansof theinjectivehomomorphisnnducedby theinclusion A¢ c
A. Foranya € (A/I)€ ther existsd > 0 suc thata? € A%/IT N A, If G is
linearly reductivethend canbetakento be1l.

Proof. Let a beanonzeroelementfrom (A/I)¢, let a beits representatie in A
andlet u*(a) = >, o; ® a;. Let V bethe G-invariantsubspacef A spannedy
the G-translate®f a. By Lemma3.4V is finite-dimensionabndis containedn
thesubspacspannedy theq;’s. Letv = ¢'(a) € V. Wehave g(v) = g(¢'(a)) =
99'(a) = a + w, wherew € W = InV. Thisshovsthatary v € V canbe
writtenin theform

v= Ao+ w

for some)\ € k andw € W. Letl : V — k bethelinearmapdefinedby v +— .
We have

9(v) = g(l(v)a+w) =l(v)g(a) + g(w) = l(v)a+ v’ =l(g(v))a+ w"

for somew, w’,w" € W. Thisimpliesthati(g(v)) = I(v),w’ = w", and,in
particular thelinearmap! : V' — k is G-invariant. Considerit asanelementof
thedualspacé/*. ThegroupG actslinearlyonV* andl is a G-invariantelement.
Choosea basis(vy, ..., v,) of V with v; = a, andv; € W for i > 2. Then
we canidentify V* with the affine spaceA™ by usingthe dual basis,sothat! =
(1,0,...,0). By definitionof geometricateductvenessye canfind aG-invariant
homogeneoupolynomial F(Z1, . .., Z,) of degreed suchthat F'(1,0,...,0) #
0. We mayassumehatF' = Z¢ + --.. Now we canidentify v; with the linear
polynomial Z;, hence(F — Z%)(v1,...,v,) = F(vy,...,v,) — a belongsto the
idealJ of A generatetby v, ..., v,. Sinceeachgeneratoof .J belongdo W C I,
we seethata? = F(vy,...,v,) modulo!. SinceF (vi,...,v,) € A% (because”
is G-invariant),we aredone. O

Now we are readyto finish the proof of Nagatas Theorem. To begin, by
noetherianinduction,we may assumehatfor any nontrivial G-invariantideal /
thealgebra(A/I)¢ is finitely generated.

Assumefirstthat A = ) ., A, is a geometricallygradedk-algebra(i.e.,
Ay = k) andthattheactionof GG preseresthe grading.For example,A couldbe
a polynomialalgebraon which G' actslinearly. The subalgebrad® inheritsthe
grading.Supposed ¢ is anintegraldomain.Take ahomogeneouslementf ¢ A%
of positive degree.Wehave fAN A% = fA% sinceforary z € A, g(xf) —xf =
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z(g(z) — ) = 0 impliesthatz € A®. Since(A/fA) is finitely generatecénd
integralover A9/ fAS = A%/ fAN A% (Lemma3.5),we obtainthat A9/ f A% is
finitely generated Henceits maximalideal (A%/f A%), generatedy elements
of positive degreeis finitely generatedIf we take the setof representatiesof its
generatorandadd f to this set,we obtaina setof generatoref theideal (A%),
in A¢. But now, usingthe sameinductive (on degree)argumentasin the second
proof of Theorem3.1, we obtainthat A¢ is afinitely generatedilgebra.

Now assumehat A9 containsa zero-dvisor f. Then f A andthe annihilator
idealR = (0 : f) := {a € A : fa = 0} arenonzeroG-invariantideals. As
above, A%/ fAN A% andA% /RN AC arefinitely generatedLet B bethesubring
of A® generatedy representatiesof generator®f both algebras.It is mapped
surjectively to A9/ fAN A9 and A% /RN AC. Letecy,...,c, berepresentaties
in A of generatorof (A/R)¢ asa B/R N B-module. Sinceg(¢;) — ¢; € R
forall g € G, we get f(g(c;) — ;) = 0, i.e., fe; € A%, Let us show that
A% = Bifci,..., fca]. Thenwe will bedone. If a € A%, we canfindb € B
suchthata — b € fA (sinceB is mappedsurjectively to A%/ fA N A%). Then
a—b = frisG-invariantimpliesthatr € (4/R)“. Thusr € X; Bc;. Thisimplies
a=b+ fr=b+ fc € B[fcy,..., fc,] aswewanted.

Sowe aredonein thegradedcase.

Now let usconsiderthegeneralkcase.Let t,, ..., t, begenerator®f A. Con-
siderthe k-vectorspacel” C A spannedy G-translate®f thet;. It followsfrom
Lemma3.4 that V' is finite-dimensional.Without loss of generalitywe may as-
sumenow that(t,, . .., t,) isabasisof thisspacelLet¢ : S = k[T3,...,T,] = A
be the surjectve homomorphisndefinedby 7; — t;. The groupG actson S
linearly by ¢(7;) = " «;;T;, whereg(t;) = > ay;t;. Let I bethekernelof ¢.
It is obviously G-invariant. We obtainthat A = (S/I)¢. By Lemma3.5, A% is
integralover S¢/I N S¢. Sincewe have shavn alreadythat S¢ is finitely gener
ated,we arealmostdone(certainlydonein thecasewhend is linearly reductve).
By a previous casewe may assumehat A hasno zerodvisors. A resultfrom
commutatve algebra(see,for example,[26], Corollary 13.3) givesthatthe inte-
gral closureR of S¢/I N S¢ in thefield of fractionsQ(A%) of A¢ is afinitely
generated:-algebraprovidedthat@(A%) is afinite extensionof thefield of frac-
tionsof S¢/I N S¢. SinceR is integral over A® this would imply that A% is
finitely generatedsee[26], Exercise4.3.2). Thusit is enoughto showv thatthe
field Q(A) is afinite extensionof thefield of fractionsof S¢/I N S¢. SinceA“
is integral over thisring, it is enoughto shav that Q(A%) is finitely generatedis
afield. If A is a domainthis is obvious (a subfieldof a finitely generatedield
is finitely generated)In the generalcasewe usethe total ring of fractionsof A,
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thelocalizationAr with respecto thesetT' of nonzerodtisors. For any maximal
idealm of Ar we havem N A% = 0 sinceA¢ is adomain. This shows thatthe
field of fractionsof A is asubfieldof A7/m. Butthelatteris afinitely generated
field equalto thefield of fractionsof A/m N A. Theproofis now complete.

In the next chapterwe will give an example(dueto M. Nagata)of a ratio-
nal linear representatiop : G — GL(V) of alinear algebraicgroup suchthat
Pol(V)¢ is notfinitely generated.

Thealgebraof invariantsA“, whereG is areductie algebraicgroupand 4 is
afinitely generatedlgebrajnheritsmary algebraiqropertieof A. We shallnot
go into this interestingareaof algebraicinvarianttheory; however, we mention
thefollowing simplebut importantresult.

Proposition 3.1. Let G bea reductivealgebraic group acting algebraically on a
normal finitely geneated k-algebra A. Then A% is a normal finitely geneated
algebra.

Proof. Recallthatanormalring is adomainintegrally closedin its field of frac-
tions. Let K bethefield of fractionsof A. It is clearthatthe field of fractions
L of A% is containedn thefield K¢ of G-invariantelementsof K. We have to
checkthatthering A% is integrally closedin L. Supposer € L satisfiesamonic
equation

" +a "+ +ay=0

with coeficientsa; € A“. Sinced isnormal,z € ANKY = A® andtheassertion
is verified. O
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The proof of the Gordan—HilberfTheoremfollows the original proof of Hilbert
(see[47]). The proof usingthe unitary trick can be found in [63], [108], and
[121]. The original proof of Nagatas Theoremcanbe foundin [77]. Our proof
is rathercloseto the original one. It canbefoundin [31], [73], [80], and[109]
aswell. Haboushs Theoremwasa culminationof efforts of mary people.There
areotherproofsof Haboushs Theoremwith more constraintson a group (seea
surwey of theseresultsin [73], p. 191).

A goodintroductionto Lie groupsandLie algebrascanbe foundin [34] or
[84] and[6]; [110Q], [52] areexcellentfirst coursesn algebraiogroups.
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We referto [89], §3.9 for a surwey of resultsin the spirit of Proposition3.1.
An interestingquestionis whenthe algebraPol(V')¢, whereV is a rationallin-
earrepresentationf areductve groupG, is isomorphicto a polynomialalgebra.
Whend is afinite group,atheoremof Chevalley [11] assertshatthis happensf
andonly if therepresentationf G in V' is equialentto a unitary representation
whereG actsasa group generatedy unitary reflections. The classificationof
suchunitary representations dueto Shepharcand Todd ([105]). The classifi-
cationof pairs (G, V) with this propertywhenG is a connectedinearalgebraic
groupgroupis knovnwhend is simple,orwhendG is semisimpleandV isitsirre-
duciblerepresentationWe referto [89], §8.7 for the surwey of the corresponding
results.

Exercises

3.1For ary abstracfinite groupG constructanaffine algebraick-groupsuchthat
its groupof K-pointsis equalto G for ary K/k.

3.2 Provethatary affine algebraiagroupis a nonsingulaalgebraicvariety.

3.3Shaw thatthereareno nontrivial homomorphism&om G, . to G, x, orin the
otherdirection.

3.4Provethatafinite groupG overafield characteristip > 0 islinearlyreductve
if andonly if its orderis primeto p. Shav thatsuchG is alwaysgeometrically
reductve.

3.5 Give an exampleof a nonrationalaction of an affine algebraicgroup on an
affine space.

3.6 Provethatary closedsubsebf Projm(A) isisomorphicto Projm(A/I), where
I isahomogeneousiealof A.

3.7 Let GL,, acton Pol(E) via its linearrepresentatioim E. A polynomial F’ €
Pol(E) is called a projectiveinvariant of weightw > 0 if, for ary ¢ € G and
aryv € E, F(g-v) = (detg)*F(v). Let Pol(E)¢ be the spaceof projective
invariantsof weightw. Show thatthe gradedring

o0

Pol(E)¢

w

is finitely generated.



Chapter 4

Hilbert’ s Fourteenth Problem

4.1 The problem

The assertiongboutfinite generatedness algebrasof invariantsareall related
to oneof theHilbert Problems.Theprecisestatemenbof this problem(numberl4
in Hilbert'slist) is asfollows.

Problem 1. Let £ be a field, and let k£(¢1, ..., t,) beits purely transcendental
extension,andlet K /k be a field extensioncontainedin k(t1,...,t,). Isthe k-
algebra K N k[ty, ..., t,] finitely geneated?

Hilbert himself gave an affirmative answerto this questionin the situation
whenK = k(ty,...,t,)5®) whereSL, actslinearly on k[ty, ..., t,] (Theorem
3.2from Chapter3). Thesubalgebrd N k[ty, ..., t,] is of coursethesubalgebra
of invariantpolynomialsk(t,, ..., t,]S*). A specialcaseof his problemasks
whetherthe sameis true for an arbitrarygroup G actinglinearly on the ring of
polynomials. A first counter@amplewasgivenby M. Nagatain 1959;we shall
explain it in this chapter For the readerwith a deeperknowledgeof algebraic
geometry which we assumen this book, we give a geometricinterpretationof
Hilbert’'s FourteenthProblemdueto O. Zariski.

For ary subfieldK C (¢4, ...,t,) wecanfind anormalirreduciblealgebraic
variety X over k£ with field of rational functionsk(X) isomorphicto K. The
inclusionof thefieldsgivesriseto arationalmap

f:PP——— X.

Let Z C P" x X betheclosureof thegraphof theregularmapof thelargestopen
subsebf P* onwhich f is defined.Let H bethe hyperplanatinfinity in P* and

47
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D' = pr,(pr;'(H)). Thisis aclosedsubsebf X. By blowing up, if necessary
we mayassumehat D' is theunionof codimensioril irreduciblesubvarietiesD;.

Let D be the Weil divisor on X equalto the sumof componentsD; suchthat
pr,(pr, '(D;)) C H; notethat D could bethe zerodivisor. Thusfor ary rational
function¢ € k(X), f*(¢) is regularonP” \ H if andonly if ¢ haspolesonly

alongthe irreduciblecomponentof D. Let L(mD) be the linear subspacef

k(X)) which consistsof rational functionssuchthatdiv(f) + mD > 0. After

identifying £(X) with K andO(P™ \ H) with k[t1, ..., t,] (by meansof f*), we

seethat K N k[ty, ..., t,] isisomorphicto thesubalgebra

R(D) =) L(mD)

m=0

of k(X). Sotheproblemis reducedo the problemof finite generatednessf the
algebrask(D) whereD is ary positive Weil divisoronanormalalgebraicvariety
X.

Assumenow that X is nonsingularTheneachWeil divisoris a Cartierdivisor
andhencecanbegivenlocally by anequationg;; = 0 for somerationalfunction
¢y on X regular on someopensubsety C X. Thesefunctionsmustsatisfy
dv = guvoy onU NV for somegyy € O(U N V)*. We cantake themto bethe
transitionfunctionsof aline bundle L ,. RationalfunctionsR with polesalongD
mustsatisfyay = R}, € O(U) for somen > 0. Thisimpliesthatthefunctions
ay satisfyay = g&-av, henceform a sectionof theline bundle LE". This shavs
thatthealgebraR(D) is equalto the unionof thelinearsubspace§ (X, L%") of
thefield £(X). Let

R'(D)=ETr(x, L.
n>0
Recallthatwe canview I'( X, L$") asthe spaceof regular functionson theline
bundle L ;! whoserestrictionsto fibersare monomialsof degreen. This allows
oneto identify thealgebrak* (D) with thealgebra®(L!). Let P bethevariety
obtainedfrom L' by addingthe point at infinity in eachfiber of L,;'. More
preciselylet Ox bethetrivial line bundle. Thenthevariety P canbe constructed
asthe quotientof the rank 2 vectorbundle V(L' @ Ox) with the deletedzero
sectionby the groupG,, actingdiagonallyon fibers; herethe direct summeans
thatthetransitionfunctionsof thevectorbundlearechoserto bediagonaimatrices

guv O
0o 1)/)°
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Thenwe obtainthat R*(D) is equalto the ring R(S) whereS is the divisor at
infinity in P. In thisway we areledto the following.

Problem 2. (O. Zariski) Let X be a nonsingularalgebraic varietyandlet D be
an effectivedivisoron X . Whenis thealgebra R*(D) finitely geneated?

It canbe shavn thatNagatas counter&ampleto the Hilbert problemis of the
form R*(D) (seeExercise4.3). It turnsoutthatthe algebrask* (D) areoftennot
finitely generatedHowever, if we imposecertainconditionson D (for example,
that the completelinear systemdefinedby L, hasno basepoints)then R*(D)
is finitely generated One of the fundamentabjuestionsn algebraicgeometryis
the questionof finite generatedness thering R*(D), where D is the canonical
divisorof X. Thisis closelyrelatedto the theoryof minimal modelsof algebraic
varieties(see[69]).

4.2 The Weitzenhdock Theorem

Let usfirst discusshe caseof algebrasof invariantsof algebraicgroupsthatare
not necessarilyeductve. We will later give an exampleof Nagatawhich showvs
that A“ is not finitely generatedor somenonreductie group G. Notice that
accordingto aresultof V. Popw ([87]), if A is not finitely generatedor some
actionof G on an affine algebraicvariety X with O(X) = A, thenG is not
reductve. In fact,the proof of thisresultrelieson Nagatas countergample.

Sinceary affine algebraicgroup H is a closedsubgroupof a reductive group
G, we may askhow therings A“ and A# arerelated. First of all we have the
following (se€g[41], [89]).

Lemma4.1. Letanaffinealgebraic groupG actona finitely geneatedk-algebra
A. Then
A > (0(G)" @ A)°.

Here H actsonG byleftmultiplicationandG actsonitselfbyright multiplication.

Proof. Let X = SpecnfA) bethe affine algebraicvarietywith O(X) = A. Let
flg,7) € O(G x X) = O(G) ® A. Assumef € (O(G)” @ A)¢. This means
that f(hgg'™!, g'z) = f(g,x) forary ¢’ € G. Leté(x) = f(1,z). Then

¢(hz) = f(1,hx) = f(hh_l, h-z)=f(1,z) = ¢(z).
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Thisshawvsthatgy € A%, Corverselyif ¢ € A#, thefunction f(g,z) = ¢(g - x)
satisfies

f(hggd' =", g" - 2) = ¢(hg - z) = ¢(h - (9- 7)) = ¢(g - ) = f(9g, 2).
Thusf € (O(G)? ® A)“. Weleave to thereaderto checkthatthe maps
0@G)T @A) = AT, f(g,2) = f(1,2),

AT 5 (0@ @ A, ¢(z) —~ ¢(g- )
areinverseto eachother O

Corollary 4.1. Assumehata rational actionof H onanaffinevariety X extends
to an actionof a geometricallyreductivegroup G containingH andalsoassume
that O(G)* is finitely genemted. ThenO(X)¥ is finitely genemated.

Thealgebra®(G)* canbeinterpretedasthe algebraof regular functionson
the quasi-projectre algebraicvariety G/ H (seeExample3.3). It couldbe affine,
for examplewhenH is areductve subgroupf areductve groupG. It alsocould
beaprojectivevariety(for example whenG = GL,, andH containghesubgroup
of uppertriangularmatrices,or moregenerallywhen H is a parabolic subgoup
of a reductve group G). A closedsubgroupH of affine algebraicgroup G is
calledobservabldf G/H is quasi-afine (i.e., isomorphicto an opensubvariety
of anaffine variety). An obsenablesubgroupH is calleda Grosshansubgoup
if O(G)" isfinitely generated.

Theorem 4.1. Let H bean observablesubgioup of a connectedaffine algebraic
groupG. Thefollowing propertiesare equivalent:

(i) G isaGrosshansubgoup;

(i) thereexistarationallinear representatiorof G in a vectorspacel” of finite
dimensiorandavectorv € V suc that H = G, andtheorbit G - v of v is
of codimensiorn> 2 in its closue G - v.

Proof. (i) = (ii) Let A = O(G)" andlet X = SpecnfA). X is anirreducible
algebraiovarietyonwhich G acts(via theactionof G on A). Considetthecanoni-
cal morphism¢ : G/H — X suchthat¢* : O(X) - O(G/H) = O(G)" is
theidentity. SinceG/H is isomorphicto an opensubsef an affine variety Y,
the restrictionmap O(Y) — O(G/H) = O(X) definesa morphismof affine
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varietiesf : X — Y suchthatthe compositonfo¢ : G/H - X —» Y
is the openembeddingG/H — Y. Since¢ is dominant,this easily implies
that ¢ is an openembedding. So we may assumethat G/H is an opensubset
of X andthattherestrictionhomomorphisnO(X) — O(G/H) is bijective. Let
Z = X\(G/H). Thisisaclosedsubsebdf X. SinceG isanonsingulairreducible
algebraicvariety, X is a normalaffine variety, i.e., thering O(G) is normal. By
Proposition3.1thering O(G)# hasthe samepropertyandhenceX is a normal
affine variety In particular A is a Krull domain([9], ChapterVIl, §1) andwe
canapplythetheoryof divisors. It follows from the approximatiortheorem(loc.
cit., PropositiorQ) thatonecanfind arationalfunction R on X suchthatit hasa
poleonly at oneirreduciblecomponenbdf Z of codimensioril. Thustherational
function R is regular on G/H but not regularon X. This contradictionshavs
that eachirreduciblecomponenbf 7 is of codimension> 2. Now, by Lemma
3.5, we canembedX into affine spacein sucha way that G actson X via a
linear representationThe closureof the G-orbit of ¢(eH) is a closedsubsetof
X containingG/H, and hencethe complemenbf the orbit in its closureis of
codimensior> 2.

(i) = (i) Let X bethe closureof the orbit O = O(v). ReplacingX by its
normalizationyve mayassumehatO = G/ H isisomorphido anopensubsebf a
normalaffine algebraicvariety X with thecomplemenof O of codimensior> 2.
It remainsto usethatfor eachsuchopensubset therestrictionmapO(X) —
O(U) is bijective (see[26]). O

Example4.1 Let G = SL; and H bethe subgroupof uppertriangularmatrices
with diagonalkentriesequalto 1. Obviously, H = G, . In thenaturalrepresentation
of G in the affine plane A%, the orbit of G of the vectorv = (1,0) is equalto
A? \ {0} andthe stabilizersubgroupG, is equalto H. Thus H is a Grosshans
subgroupof G. More generally any maximal unipotentsubgroupof an affine
algebraiogroupG is a Grosshansubgroup(see[41], Thm. 5.6).

LetG = G,. We know thatG is not geometricallyreductve (Exercise4.1).
However, we have the following classicakesult.

Theorem 4.2. (Weitzenldck’s Theoem) Assumechatk) = 0. Letp : G, —
GL(V) bearationallinear representation Thenthe algebra Pol(V)® is finitely
generted.

Proof. To simplify the proof let us assumeahatk = C. We shall alsoidentify
G, with its imageG in GL,; which is isomorphicto k. This canbe donesince
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k doesnot containfinite nontrivial subgroupsn characteristizerosop is either
trivial or injective. Let ¢ € G be a nonzeroelement. Sincethereare no non-
trivial rationalhomomorphismérom £ to £*, all eigervaluesof ¢ mustbe equal
to 1. Since@ is commutatve, thereis a commoneigervectore for all g € G.
Considertheinducedactionof G on k" /ke. Let f beacommoneigervectorfor
all g € G in thisspace.Theng(f) = f + a4e for all g € G. Continuingin
this way, we find a basisof V' suchthateacht € & is representetby a unipotent
matrix A(t). Considerthe differentialof the homomorphisnmp : G — GL, (k)
at the origin. 1t is definedby a — aB, whereB = Hi’zgt) (0). ClearlyB is a
nilpotentmatrix. SinceA(t+t') = A(t)A(t'), it is easyto seethat A(t)' = BA(t)
andhenceA(t) = exp(tB). By changingbasisof V', we mayassumehatB is a
Jordanmatrix. LetV = V; & --- @ V,., whereV; correspondso a Jordanblock
B; of B of sizen;. It is easyto seethatthe representationf G in V; defined
by ¢ — exp(tB;) is isomorphicto the representationf G in Pol,,(k?) obtained
by restrictionof the naturalrepresentationf SLy(k) in Pol,, (k?). Herewe con-
siderG asasubgroupl of uppertriangularmatricesin SLy (k). ThusG actson
V' by the restrictionof the representatiof SL, (k) in the direct sumof linear
representationm Pol,, (k?). Now we canapply Lemma4.1. Obsere thatary

g = ‘cl 2 € SL,y(k) canbereducedafter multiplication by someu € U to a
matrix of theform

(2 ‘fl—l> (c£0) or (d; 2) (c=0).

Thusary U-invariantregular function on SL; is uniquelydeterminedoy its val-
ueson suchmatrices. Sincethe setof suchmatricesforms a subvariety of SL,
isomorphicto A? \ {0}, therestrictionof functionsdefinesanisomorphism

O(SLy)Y = O(A? \ {0}).

SinceO(A? \ {0}) = O(A?), we concludethat O(SL,)Y is finitely generatedSo
we canapply Lemma4.1 to the pair (G, SL;) andthe representatiof SL, on
V = @!_,Pol,, (k?) to obtainthe assertiorof thetheorem. O

4.3 Nagata’scounterexample

Now we arereadyto presentNagatas counter@ampleto the FourteenthHilbert
Problem.
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Let G’ be the subgroupof G? equalto the setof solutions(t1,...,t,) of a
systemof linearequations

Y ayz;=0, i=1,2,3. (4.1)
j=1
We will specifythe coeficientslater The groupG’ actson the affine spaceA?®

by theformula

(tla s atn) : (xlayla s axnayn) = (xl +t1y15y17 <y Tp +tnynayn)

Now let usconsiderthe subgroup

C= {(cl,...,cn) eGg:Hc,-:1}
i=1

of G",. It actson A?" by theformula

(cla .- 'acn) ' (xlayla s amnayn) - (01331,0191, e 'acnxnacnyn)

Both of thesegroupsareidentified naturallywith subgroupsf SL,,, andwe en-
large G’ by consideringhe groupG = G’ - C. ThegroupG is containedn the
subgroupf matricesof the form:

(Cl (63} 0 0
0 C1 0 0
0 0 Co Q9 0 0
0 0 0 e O 0 (4.2)
o 0 ... ... ... ... 0 ¢ o
\0 0 .. oo e i 00 )

Theorem 4.3. For an appropriate choice of the systenof linear equationg4.1)
andthe numbern thealgebra of invariants

E[X1,..., X0, Y1,..., Y% =k[X,Y]¢
is notfinitely geneiated.

We startthe proof with thefollowing:
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Lemma 4.2. Assumehat the determinantof the matrix (a;;)1<; ;<3 iS notequal
to zeo. Then
kE(X,Y)C = k(T, Zy, Zy, Zs3),

whee
& X, T

T=Y,..Y,, ZFZ%( 2 ) i=1,2,3.
7j=1

J

Moreover, 7, Z,, Z3, T are algebraically independenotver k.

Proof. Undertheactionof g, definedby the matrix (4.2) from above, we have

X; X;
(28 =X pq,, (T)=T

n
and,since) a;jo; = 0, we obtainthatg*(Z;) = Z;,7 = 1, 2, 3. This shavsthat
j=1
the right-handsideis containedin the left-handside. Using the assumptioron
the coeficientsa;;, we canwrite X,;7/Y;,i = 1,2, 3, asalinear combinationof

Zl, ZQ, Z3 to obtain

k(X7Y) = k(ZbZQaZ&X%"':Xna}/la'",Yn)
- k(T, Zl, ZQ, Zg, X4, [ ,Xn, Yl, ey Yn—l)-

Thefirst equalityshowvsthat 7, Z,, Z3, Y1, . . ., Y,, arealgebraicallyindependent
overk, henceZ,, Z,, Z3, T arealgebraicallyindependent.

Let H be the subgroupof G definedby the conditionsas = --- = «,, =
0,c; =1,i=1,...,n. Obviouslyit isisomorphicto G,. We seethat

k(XaY)G C k(TaZ1;Z21Z3aX4a'"aXn;YIa"'aYn—l)H
= k(T7Z1;Z21Z37X5""aXn;YIa"'aYn—l)-

Continuingin thisway, we eliminateXs, . .., X,, to obtain
k(Xa Y)G C k(Ta Zl; Z2> Z3> }/17 R Yn—l)-
Now we throw in the torus part C' which actson Y; by multiplying it by ¢;. It

is clearthatany C-invariantrationalfunctionin Y7, ..., Y, _; with coeficientsin
k(T, Z,, Zy, Z3) mustbeequalto a constant.This provesthelemma. O
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Considemow eachcolumn(ay;, asj, as;) of the matrix (a;;) asthe homoge-
neouscoordinate®f a point P; in the projective planeP?. Let R(m) betheideal
in k[ 71, Zs, Z3] generatedby homogeneoupolynomialsF with multiplicity > m
ateachpoint P;. If chafk) = 0, this meansthatall partialsof F' of order< m
vanishat P;. In the generalcase,it meansthe following. By a linear changeof
variableswe mayassumehat P; = (0,0, 1). ThenF hasmultiplicity > m at P;
if consideredasa polynomialin Z3 all its nonzerocoeficientsarehomogeneous
polynomialsin Z;, Z, of degree> m.

Lemma4.3.

kX, Y6 = { i Fo(Z1, 2o, Z3)T~™ : Fyy € R(m)}.

m=0

Proof. By the precedingemma,k[X, Y% = k[X,Y]| N k(Z,, Zy, Z3,T). First
noticethat,sinceX; = Z;Y;/T fori = 1,2, 3, we have

KXy, ..., X, YEL Y E = k[ 72, Zy, 73, Xa, .., X, YL, .. VL)L

The intersectionof the right-handside with thefield k(T, Z;, Z,, Zs3) is equalto
I{I[T, T_l, Z, Lo, Zg] Thus

kX, Y% = k[Z,, Zo, Z5, T, T7"].

Write ary invarianthomogeneougolynomial F' € k[ X, Y] asasumof monomi-
alsZi 72 Zir T—™, whereiy, iy, i3 > 0 andm € Z. SinceeachZ; ishomogeneous
in X of degreel andin Y of degreen—1, andT is homogeneousf degreen in Y,
we musthave (21 +19 +23) + (n— 1)(21 + 19 +Z3) —mn = n(zl +19 +7,3) —mn = d.
This impliesthatwe canwrite F' asasum) . F,,,(Z1, Z,, Z5)T~™, whereeach
F,, is homogeneoum Z1, Z,, Z; of degreei; + i, + i3 = m + £. Now write F
asa polynomialin X whosecoeficientsarepolynomialsin Y. Sincethe degree
of Fin X is equalto i; + i, + i3, we obtainthateachF,, (71, Z3, Z3)T~™ is the
X-homogeneousomponenbf F', andhenceF,,, (7, Z,, Z3)T~™ is apolynomial
in X,Y.

It remainsto shaw that F,,,(Z1, Z,, Z3)T~™ € k[X,Y] if andonly if each
F,, € R(m). Assumethatnoneof as3; is equalto zero. After a linear changeof
variableswe obtainthatF,,, € R(m) if andonly if its coeficientsasa polynomial
in A arehomogeneOUBC)lynomialSin zj = CL3]'Z1 - alng, Z; = angg — (LQng
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of degree> m. Sincez; andz; arebothdivisible by Y; in k[ X, Y], we seethat,
for ary polynomial F' € R(m), we have

FT™™ € k[X,Y].
We leave to thereadelto prove theconverse. O

Next, we needalemmafrom algebraiogeometry
Let C' : F(Ty,T1,T,) = 0 beanirreducibleplanecubic curve in the projec-
tive planeP? over an algebraicallyclosedfield &. It is known thatthe setC® of
nonsingulampointsof C' hasthe structureof analgebraicgroup(in the casewhen
C is nonsingularthis canbe found for examplein [102], Chapter3, §3). If C'is
singular thisis easyto see.ThenormalizationC of C isisomorphicto P! andthe
projectionmapC — C is anisomorphismoutsideonepoint (a cuspidalcubic)or
two points(a nodalcubic). The complemenbf onepointin P! is isomorphicto
the affine line, andhencehasa structureof analgebraicgroupisomorphicto the
additive groupG, . The complemenbf two pointsis isomorphicto A! \ {0} and
hasa structureof anaffine algebraiogroupisomorphicto themultiplicative group
G,,. For example,if cha(k) # 3, ary cuspidalcubicis isomorphicto the plane
curve givenby the equation
TiTo — T =0 4.3)

(seeChapterl0). Its singularpointis (1, 0, 0) andthe setof nonsingulaipointsis
the subseof k2 definedby the equationX® — Y = 0. Thegrouplaw is givenby
theformula
(z,9) + (@",y) = (z + 2/, (z + 2')*).

Eachirreducibleplanecubiccurve C' hasatleastonenonsingulainflectionpoint,
i.e.,apointwherethetangento the curve hasmultiplicity of intersectiorwith the
curveis equalto 3 (the only exceptionarecertaincuspidalcubicsin characteristic
3, seeChapterl0). Any of thesepointscanbechoserasthezeropointof thegroup
law. In the example(4.3), the point (0, 0, 1) is the uniqguenonsingulaiinflection
point. We denotethe sumof two pointsp, ¢ € C with respecto thegrouplaw by

PDg.

Lemma 4.4. Let C be an irreducibleplane cubic curve with a nonsingularin-

flectionpoint o takento bethe zeio of the grouplaw onthe setC*° of nonsingular
pointsof C. Letp,...,py € C°. Thentheorder of the suma?_, p; in the group
law on C° is equaltom > 0 if andonlyif there existsa homaeneougpolynomial
F of degree3m not vanishingidentically on C' with multiplicity m at ead point

Di-
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Proof. We assumeéhatC' is nonsingularihowever, everythingwe sayis valid in
the singularcasetoo. We usethefollowing geometrianterpretatiorof the group
law. Giventwo nonsingulampointsp andq in C' theline joining themintersects
the curve at the pointequalto —(p & ¢). Also, for ary point p its negative —p is
the third point of intersectionof the line joining p ando with thecurve C. This
immediatelyimpliesthatthesump & ¢ is theuniquepointr suchthatthereexists
arationalfunctionon C with divisoris equalto p + ¢ — r — o. By induction,this
impliesthatp; & ... ® p, is the uniquepoint » suchthatthereexists a rational
function f on C whosedivisordiv(f) isequaltop; + --- 4+ p, — r — (n — 1)o.
Corversely supposesuch f exists. Letr' = p; @ --- @ p,. By theabove there
existsarationalfunctiong suchthatdiv(g) = p; +-- -+ p, — ' — (n — 1)o. But
thendiv(f/g) = ' —r. Thisimpliesthatr = ' (otherwisetherationalmapfrom
C to P! definedby thefunction f is anisomorphism).

In particular we obtainthatp; @ --- & p, is an m-torsion elementif and
only if m(p1 + --- + p,) — mno is the divisor of a rational function. Let us
now take n = 9. Assumethatthereexists a polynomialGs,, asin the statement
of thelemma. Let L = 0 bethe equationof the inflection tangentat the point
o. Thenthe restrictionof the rationalfunction G,/ L>™ on P? to the curve C
definesa rational function f with div(f) = m(p, + --- + py) — 9mo. Thus
p1 D - - @ pn isanm-torsionelementin thegrouplaw. Cornversely assumehat
the latter occurs. By the above thereexists a rationalfunction f with div(f) =
m(p1 + - - -+ pg) — 9mo. By changinghe projectve coordinatesf necessarywve
may assumehatthe equationof L is T, = 0 andthatnoneof the pointsp; is the
pointwith projective coordinateg1, 0, 0). Thentherationalfunction f is regular
on the affine curve C' \ {7, = 0}. Henceit canbe representedby a polynomial
G'(Ty /Ty, T»/T,) with nonzeroconstantterm. Homogenizingthis polynomial,
we obtaina homogeneougpolynomial G which is not divisible by T suchthat
the curve G = 0 cutsout the divisor m(p; + - -- + py). By Bézouts Theorem,
the degreeof G is equalto 3m. NotethatG is not defineduniquely sincewe
canalwaysaddto it a polynomialof theform F' - H, whereH is ahomogeneous
polynomialof degree3m — 3. Therationalfunction(G + F - H) /T§™ cutsoutthe
samedivisoron C. Now we haveto shav that H canbechoserin suchaway that
G hasmultiplicity m at eachpointp;. Let O; bethelocalring of P? at the point
p; andlet m; beits maximalideal. SinceC wasassumedo be nonsingularone
canfind a systemof generators;, y of m; suchthatz = 0 is alocal equationof
C atp;. We shallidentify the formal completion®; of ©; with thering of formal
power seriesk[[X, Y]] in suchaway thatundertheinclusion®; c O; theimage
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of z is equalto X andtheimageof y is equalto Y. Let

o

9=> gu(X,Y)

n=0

be the Taylor expansionof the rational function G/T3™, whereg,(X,Y) is a
homogeneouform of degreen in X, Y. We denoteby [¢], the sth Taylor poly-
nomial}"’ _, 9,(X,Y). ThepolynomialG hasmultiplicity > m atp; if andonly
if [g]m—1 = 0. Thelocalring O;/(z) is isomorphicto thelocalring O, of C at
p;» andits completionO¢.,, is isomorphicto k[[Y]]. Theimageg of g in O¢,, is
equalto >~ ¢,(0,Y") andthefactthatthe orderof therestrictionof G/T;™ to
C atp; is equalto m givesthatg, (0,Y) = 0,n < m. Thisimpliesthat

[glm—1 = Xhi(X,Y)

for somepolynomialh;(X,Y') of degree< m —2. Now considethek-linearmap

9
¢ : k[T, T1, To)3m—3 — @k[Xa Y]gmfz

i=1

which assigngo a homogeneougolynomial H of degree3m — 3 the element
(u1, ..., uq), Whereu; is the (m — 2)th Taylor polynomialof therationalfunction
H/T;™* atthe point p;. We claim that this mapis surjectve. Computingthe
dimensionf bothspacesve find that

9
dimk[TOa T, T2]3m73 - dlm@ k‘[X, Y]SmfZ = (3";_1) _ 9(7;) - 1.

i=1

Thusit suficesto shaw thatthekernelof themapis one-dimensionalAn element
in the kerneldefinesa homogeneoupolynomial H of degree3m — 3 which has
multiplicity > m — 1 at eachpoint p;. Sincewe assumehat the order of the
sumof the pointsis exactly m, the polynomial H mustvanishon C. Dividing
H by F andcontinuingthe agument,we seethat H = ¢F™! for somec € k.
This provesthe surjectvity. Now, it remainsto chooseH in sucha way thatits
imageunderg is equalto (h, ..., hg). Thenthe (m — 1)th Taylor expansionof
(G—FH)/T§™ atp; is equalto [g],,—1 — X h; = 0. ThusG — F H hasmultiplicity
m ateachpoint p;. O
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Remark4.1l Let G3,, = 0 betheequationof the curve D cuttingout the divisor
m(p; + --- + pg). Let F = 0 bethe equationof C. Forary A\, € k, the
polynomial\Gs,, + pF™ definesacurve D(\, 1) which cutsoutthe samedivisor
m(p1 + - - - + po) onC. Whenm is equalto the orderof thepointp; & - - - & po,
the “pencil” of curves D(, 1) is calledthe Halphenpencil of index m (see[15],
Chapterb). Onecanshow thatits generalmemberis anirreduciblecurve with
m-tuplepointsatp, . .., ps. Thegenusof its normalizationis equalto 1.

Lemmad4.5. Letpy, ..., py beninedistinctnonsingularpointson an irr educible
planecubicC : F = 0. Assumehat their sumin the group law is not a torsion
element.

() AhomaeneougolynomialG of degree < 3m which hasmultiplicity > m
at ead point p; is divisibleby F™.

(i) The dimensionof the spaceV, of homaeneouspolynomialsof deggree

d > 3m which havemultiplicity > m at each p; is equalto (“t?) — 9("™}").

Proof. AssumeG is notdivisibleby F'. By Bézouts Theoremdeg G = 3m. Now
this contradictd.emma4.4, sowe may write G = F'G’ for somehomogeneous
polynomialof degree3m — 3. Clearly, the multiplicity of G’ ateachp; is equalto
m — 1. Applying thelemmaagain,we find thatthe sumof thep; in thegrouplaw
is atorsionelementunlessF' dividesG’. Continuingin this way we find that '™
dividesG. This provesthefirst assertion.

Let us prove the secondone. We may assumethat all the points p; lie in
the affine part 7, # 0. Considerthe linear functions¢},i = 1,...,9,j =
1,..., (™), onthe spaceof homogeneoupolynomialsk[Ty, 71, T3], of degree
d which assignto a polynomial P the partial derivatives of order < m of the
dehomogenizegolynomial P/T¢ at the pointp;, ¢+ = 1,...,9. Obviously, V;
is the spaceof commonzerosof the functions¢]. To checkassertion(ii) it suf-
ficesto shav that the functions ¢! are linearly independent. The subspacef
commonzerosof therestrictionof thesefunctionsto the spacel’; formedby the
polynomialsTy—*"G, whereG € k[Ty, T}, Ts]3m, is of dimensionl (by (i) it con-
sistsof polynomialsproportionalto /™, where ' = 0 is the curve (). Since
(*™*?) — 9(™}) = 1, therestrictionof thefunctionsg! to V; is alinearly inde-
pendemset.Thereforethefunctions¢{ arelinearly independent. O

Now we arereadyto prove Theorem.3.

Proof. Wetaken = 9 andin theequationg4.1)wetake (ay;, ay;, as;) to betheco-
ordinatesof the pointsp; whichlie in thenonsingulapartof anirreducibleplane
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cubic C' andwhich do not addup to anm-torsionpointfor any m > 0. Also, to

satisfyLemma4.2, we assumehatthefirst threepointsdo notlie onaline. This
canalwaysbe arrangedunlesschar(k) > 0 andC is a cuspidalcubic. Assume
that k[ X, V]9 is finitely generatedBy Lemma4.3, we canfind a generatingset
of theform F,,, /T™i,j = 1,..., N, whereF, is apolynomialof somedegreen;

which hasmultiplicity m; atthe pointsp;, ..., py. By Lemma4.5(i), n; > 3m,.

Choosem larger than every m; and prime to chark). By Lemmad.5(ii), the
dimensionof the spacels,,,, ;1 of polynomialsof degree3m + 1 which have mul-

tiplicity > m ateachp; is equalto (*4"*) — 9(™f') = 3m + 3. Ontheother
handthe dimensionof the subspacef polynomialsin V3,1 which vanishon C'

is equalto (**) — 9("") = 3m. Thusthereexistsapolynomial ' € Vs, 1 Which

doesnotvanishonthecurve C'. Let usshow that /7™ cannotbe expressedisa
polynomialin F,,/T™i. Considerary monomialU{" - - - U;{,N. After we replace
U; with F,./T™i, its degreein Zy, Z,, Z3 is equalto ) | n;d; andits degreein

T is equalto Y m;d; (herewe usethat Z,, Z,, Zs, T arealgebraicallyindepen-
dent).Suppos@urmonomialentersnto a polynomialexpressiorof F/T™ in the
generatord’, /T™i. Thend3m + 1 = Y n;d;, m = Y m;d;. Thus

Z(nj - 3mj)dj = 1.

J

SinceF' doesnotvanishon C, we mayassumehatd; = 0 if n; = 3m; (in this
casel,,, = 0 definesC’). Thusn; > 3m; for all j with d; # 0, andwe getthatthe
only possiblecaseis d; = 1, n; = 3m; + 1 for one;j andall otherd; areequalto
zero.Thusm = ) m;d, = m; for somej. This contradictgshechoiceof m. O

Remark4.2. If wetake C to bethe cuspidalcubic 72T, — T} = 0 over afield of
zerocharacteristicandthe pointsp; = (a?, a;, 1) with thefirst threepointsnoton
aline, thenthe conditionson p; will alwaysbe satisfiedunlesst:1 a; = 0. In
fact,thegrouplaw on C° hasno nonzeraorsionpoints.

Remark4.3. If we restrictthe actiononly to the groupG' = G¢ (notincluding
the torus), the algebraof invariantsis also not finitely generated.This follows
from Nagatas Theoremsincethe torusis a reductive group. One may askwhat
is the smallestr suchthatthereexists a rationalactionof G} on a polynomial
algebrafor whichthealgebraof invariantsis notfinitely generatedRecallthatby
Weitzentdck’'s Theoremy > 1. Exampleswith » = 3 and4 weregivenrecently
by S.Mukai ([70]).
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Finally we sketch Nagatas original proof of Theorem4.3, which leadsto a
very interestingconjectureon planealgebraiccurves. We keepthe previousnota-
tions.

Lemma 4.6. For anyhomaeneousdeal I C k[Z1, Z,, Z3] let deg(I) denotethe
smallestpositiveinteger d sud that I N k[Z;, Z5, Zs]q4 # {0}. Assuméhatn is
chosento be sut thatdeg(R(m)) > m+/n for all m > 0. Thenfor any natural
numberm there existsa natural numberN sud that R(m)" # R(mN).

Proof. Let R(m)y = k[Z1, Zs, Z3]a N R(m) bethe spaceof homogeneoupoly-

nomialsof degreed in R(m). As we explainedin the proof of Lemma4.5, the

dimensionof this spaceis greaterthanor equalto (d + 2)(d + 1)/2 — n(m +

1)m/2. Thuswe seethatlim,,, ., (deg(R(m))/m) < y/n. In view of ourassump-
tion we musthave lim,, ., (deg(R(m))/m) = /n. Sinceagainby assumption
deg(R(m))/m > \/n we seethatfor sufiiciently large N,

deg R(mN) < mN+/n < N deg(R(m)) = deg R(m)".
Thisimpliesthat R(mN) is strictly largerthan R(m)™. O

Lemma 4.7. Theassumption®f the previouslemmaare satisfiedwhenn = s?
whee s > 4 andthe coorinatesof the pointsp; geneate a field of suficiently
hightranscendencdegreeover k.

For the proofwereferto [78]. It is ratherhard.

Let us show that the four precedinglemmasimply the assertion. Assume
that the algebrak[X, Y] is generatedy finitely mary polynomialsP;(X,Y).
We canwrite themin theform P, = ) F; , 7™ asin Lemma4.3. Letr =
max; ., {deg F; ,,}. By Lemma4.6,we canfind F' € R(rN) for sufiiciently large
N suchthat F ¢ R(r)". Obviously P = FT-"VN cannotbe expressedas a
polynomialin the P;. This contradictionprovesthe assertion.

Theassumptiorthatn = s? wascrucialin Lemma4.7. Thefollowing conjec-
ture of Nagatais still unsohed.

Conjecture. Letp,,...,p, ben > 9 generl pointsin projectiveplane LetC
be a planecurve of degreed which passeshroughead P; with multiplicity m;.
Then

i=1

Here“n generalpoints” meanghatthe setsof points(FPy, ..., P,) for which
theassertiorin theconjecturemaybewrongform aproperclosedsubsetn (P?)".
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Bibliographical notes

The relationshipbetweenHilbert’s FourteenthProblemandthe Zariski Problem
is discussedn [71]. The materialaboutGrosshansubgroupswas taken from
[41], seealso[89]. Theoriginal proof of the Weitzenldck Theoremcanbe found
in [120]. The casechark) # 0 is discussedn a paperof A. Fauntlery [29].
The original exampleof Nagatacanbe foundin [77] (seealso[76]). We follow
R. Steinbeg ([112]) who wasableto simplify essentiallythe geometricpart of
Nagatas proof. Thegrouplaw on anirreduciblesingularplanecubicis discussed
in [46], Examples5.10.2,6.11.4andExercises5.6,6.7.

An essentiallynev exampleof a linear actionwith algebraof invariantsnot
finitely generateccanbe foundin [1]. It is basedon an exampleof P. Roberts
([92]). Nagatas conjectureon planealgebraiccurves hasnot yet beenproved.
It hasinspireda lot of researchin algebraicgeometry(see[45] andreferences
there).It hasalsoaninterestingconnectiorwith the problemof symplecticsphere
packings(see[67]). It impliesthatthe symplectic4-ball of radius1 andvolume
1 containsn disjoint symplecticallyembeddedi-ballsof total volumearbitrarily
closeto 1.

Exercises

4.1 Prove thatthe additive groupG, is notgeometricallyreductve.
4.2Let Dy, ..., D, bedivisorsonanonsingulawvariety X. Considerthealgebra

R*(D,...,Dy) = ®%,... k>0l (X, Liy Dyt kn Dy, )-

(i) Shav thatthealgebrak*(Dy, ..., D,,) isisomorphicto thealgebraR*(D)
for somedivisor D on someprojectve bundleover X.

(II) LetS = {(lﬁ, e ,kn) ez: F(X, Llel—I—---—I—knDn) 75 {0}} Shaw that S
is afinitely generatedemigroupf R*(Dy, ..., D,) isfinitely generated.

(i) Let X be anonsigularprojectve curve of genusl, leta,b € X betwo
pointssuchthatthedivisor classof a — b is notatorsionelementin the groupof
divisor classe®n X . Provethat R*(a, b) is notfinitely generated.

4.3 Shaw thatthe algebraconstructedn Nagatas counterg@ampleis isomorphic
to thealgebrak* (I, — F') wherel is theinverseimageof aline underthe blow-up
of n pointsin the projective planeandF is the exceptionaldivisor.
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4.4 Prove that the algebraR* (D) is finitely generatedf thereexists a positive
numberN suchthatthe completelinear systemdefinedby the line bundle LEY
hasno basepoints.

4.5 Shaw thatthe algebraof regularfunctionson the cosetspacez/ H is isomor
phicto thesubalgebra(G)"” whereH actson G by left multiplication.

4.6 Let H bea closedreductve subgroupof an affine algebraicgroup G which
actson G by left translations.Shav thatthe homogeneouspaceG/H is affine
andhenceO(G)" is finitely generated.

4.7Write explicitly thegrouplaw onthesetof nonsingulapointsof anodalcubic
over afield of characteristidifferentfrom 2.

4.8 Show thatthe conjectureof Nagatais nottrue withoutthe assumptiom > 9.






Chapter 5

Algebra of covariants

5.1 Examplesof covariants

Let G = SL, acton an affine algebraicvariety X = SpecnfA). Let U beits
subgroupof uppertriangularunipotentmatrices. In this chapterwe shall give a
geometricinterpretationof the algebraof invariantsAV. Its elementsarecalled
semiirvariants

Suppose&r = SL(V) actslinearly onavectorspaceV. Fix anonzerovector
ve in V andlet H be the stabilizerof vy in G. Let R € Pol(W)X. For ary
v € V' \ {0} thereexistsg € SL(V) suchthatg - v = v,. Defineafunction F on
W x V' \ {0} by

Fr(w,v) = R(g - w). (5.1)

Sinceg™! - vy = ¢'~! - vy implies ¢g'g~*(vy) = vy andhenceg’ = hg for some
h € H,wehave
R(¢'-w) = R(hg - w) = R(g - w).

This shaws that this definition doesnot dependon the choiceof ¢ andthatthe
function Fy, is well-defined.Also, for ary ¢’ € SL(V') wehave (g¢'~')g" - v = v
andhence

Fr(¢'-w,¢"-v) = R(gg"™" - (¢' - w)) = R(g - w) = Fg(w,v).
ThereforeF}y, is invariantunderthe naturaldiagonalactionof G on W x V:
g(’lU,U) = (g “w,g- ’U).

65
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It is clearthat F; is a polynomialfunctionin thefirst agument. Moreover, if R

is homogeneousf degreem, then F is homogeneousf degreem in the first

variable. Let us seethat F is alsopolynomialin the secondargument. Choose
coordinatedo assumehatwv, = (1,...,0). Letv = (xg,...,2,) € V \ {0}.

Assumer, # 0. Let

T xal 0 0

A= To 0 1 0
: : 0

z, 0 ... 0 1

Clearly, A belongsto SL(V) andA - vg = v. ThusA v = vy and Fr(w,v) =
R(A™! - w) is aregularfunctionontheopensetz, # 0. Similarly we seethat F
is regularon theopensetz; # 0. ThusFy is arationalfunctionwhich is regular
onV \ {0}. Henceit is regularonthewholeof IV andsois a polynomialfunction.

Corversely if F' is a G-invariantpolynomial functionon W x V, thenthe
functionw — F(w, vp) is an H-invariantpolynomialfunctiononW. It is easyto
seethatthis establisheanisomorphisnof vectorspaces:

Pol(W)# = (Pol(W) ® Pol(V))S-"),

Notethatthe spacePol(1V) ® Pol(V') hasanaturalbigrading,sothat

o0

Pol,,(W)" 2 @ (Pol,, (W) ® Pol,(V))S4").

p=0
Let usspecializethis constructiorby takingW = Poly (V).

Definition. A covariant of degreem andorderp onthe spacePol,(V) is anele-
mentof the spacePol,, (Pol;(V)) ® Pol,(V))SY"). We shalldenotethis spaceby
Cov(V)mp(d).

Thegeometrianeaningof acovariantF'(a, v) € Cov(V),, ,(d) isverysimple.
It canbe consideredsa polynomialmapof affine spaces

F : Pol(V) — Pol,(V)

givenby homogeneoupolynomialsof degreem. This mapis SL(V')-equiariant
with respecto the naturalactionsof SL(V') onthedomainandthetamgetspace.
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In coordinates:
d i j
F(Y Baa') = > () A,
|i|=d lil=p
whereA; arehomogeneoupolynomialsof degreem in the coeficientsq;.

On can easily definethe symbolic expressionof covariants. By polarizing,
anelemenof Cov,, ,(d) = (Pol,(Pol;(V)) ® Pol,(V))S{") becomesanSL(V)-
invariantpolynomialfunctiononthespaceof matricedMat, ,,,..; whichis homoge-
neousof degreed in eachcolumndifferentfrom thelastone,andis homogeneous
of degreep in the lastcolumn. Obsenre that eachof the first m columnscorre-
spondsto a basis( (()j), e ,.57(3)) in V. The lastone consistsof the coordinates
(zo, . . ., z,) With respecto this basis.Thereis ananalogof the First Fundamen-
tal which saysthatonecanwrite this functionasalinearcombinationof products
of r-minorstaken from the first m columnsanddot-productsof the last column
with one of the first m columns. In eachproduct,eachcolumn, exceptthe last
one,appears! times,andthe lastcolumnappear® times. This impliesthatthe
numberof minorsin eachproductmustbe equalto

md
w = max{T —p,O}.
This numberis calledtheweightof a covariant.It hasthe propertythat
F(g “a,g- U) = (det g)wF(a, U): v.g € GL(V)

The symbolicexpressiorfor the productss

w p

H(Tﬂ e Tir) H O!gsj),
j=1

=1
whereal) = 3" ¢9z,. Hereeachr;, s; € [m], andeachnumberfrom [m]
occurexactly d timesamongthem.

Example5.1 An invariantof degreem is a covariantof degreem andof order0.

Example5.2 Theidentity mapPol,(V') — Pol,(V') is acovariantof degreel and
orderd. Its weightis equalto zero. Its symbolicexpressioris a4.

Example5.3. Let F(x,...,x,) € POL(k") = k[xo, ..., z]q. Let
O*F

Fa = )
b Bxa(?mb

a,b=0,...,n.
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TheHessianof F' is thedeterminant

FOO . FOn
Hes§F)=det | : .. : |. (5.2)
Foo ... Fyu,

ThemapHess: F' — HesgF) is acovariantof degreer andorder(d — 2)r. Its
symbolicexpressioris

Hes¢F) = (d(d—1))"(12...7)% (oM ... o) 2,

We leave it to thereaderto checkthis.

More generally let (z;;) be the squarematrix with entriesz;; consideredas
avariables.Take F' asabove andconsiderthe product[ [, F(zi1, - - ., Zin) @s@
polynomialfunctionon Mat, (k). Definetherth transvectanas

(P = (f[ F(gis, - 7in) )

Tij=T;

where() is the omega-operatarThe last subscriptmeanghat we have to replace
eachunknovn z;; with z;. ThemapT” : F — (F)" is a covariantof degreer
andorderr(m — r). For example,

TOF)=F", TYF)=0, T(F)=HesgF).

Example5.4. Onecancombinecovariantsandinvariantsto getaninvariant. For
example,considerthe Hessianof a binary cubic. It is a binary quadric. Take its
discriminant. The resultmustbe aninvariantof degree4; let us computeit. If
F = ayz} + 30,7371 + 3agzoz? + azx? we have

6&0330 + 6@1371 6041'0 + 6@23’)1
HesgF) = det
6a;xg + 6agx; 6asx; + 6aszg
Discr(Hes$F)) = 36(aowo + a121)(asw; + aszo) — (@120 + aox1)?
= 36((apas — aras)? — 4(agay — a?)(aras — a3))

36(—6agaia0a3 + ajas + 4ajas + 4agay — 3aia3).

This is (up to a constantfactor) the discriminantof the binary cubic form from
Chapter2, Example2.1.
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Example5.5. For any two binaryforms F' € Poly(k?), G € Poly (k?) definetheir

Jacobian
oF OF

dzg Omy
J(F,G) = det
oG 0G

Ozo  Oxy

ThenF — J(F,HessF)) is acovariantof degree3 andorder3(d — 2).

5.2 Covariants of an action

The notion of a covariantof a homogeneouform is a specialcaseof the notion
of a covariantof anarbitraryrationalactionof anaffine algebraicgroupG on an
affine variety X = SpecntA). Letp : G — GL(W) bealinearrepresentation
of G in afinite-dimensionalectorspacel/. We call W a G-module. A covari-
ant of an actionwith valuesin W is anequiariantregularmapX — W, where
W is considerecsanaffine space Equivalently it is a G-equivarianthomomor
phismof algebrasPol(W) — A. Sinceary suchhomomorphismis determined
by the imagesof the unknowns, it is definedby alinearmap f : W* — A. Let
Hom(W*, A) = A® W bethesetof suchmaps.ThegroupG actsby theformula

g-(a®@w) = g*(a) ® p(g)(w).

This correspondso theactionon morphismsX — W givenby the formula

g-f(@)=p(9)(f(g7" - x)).

A covariantis an invariant elementof this space. In the previous sectionwe
consideredhe caseG = SL(V), X = Pol(V) = ACT) andw = Pol, (V)
with the naturalrepresentatioof SL(V). If we take W = Pol,(V*) with the
naturalactionof G' on the spaceof linear functions,we obtain the notion of a
contravariant of order k& on the spacePol;(V'). Another specialcaseis when
A = Poly, (V) ® --- ® Pol;, (V) andW = Pol,(V). In this casea covariant
is calleda concomitantof orderp. A concomitantof order0 is calleda combi-
nant For exampletheresultantR(F1, . . ., Fy) of s homogeneoupolynomialsis
acombinant.

Let Hom(W*, A)¢ = (W ® A)¢ bethe setof covariantswith valuesin a G-
moduleW . It hasanobviousstructureof an A“-module.lt is calledthemoduleof
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covariantswith valuesn . If char(k) = 0, we canidentify thespace®ol,, (W*)
andPol(W)* sothatthedirectsum

Cov(G; A, W) = éHom(Polm(W),A)G

m=0

é Pol,(W*) ® A)¢ = (Pol(W*) ® A)“

hasa naturalstructureof a k-algebra.lt is calledthe algebra of covariants Ap-
plying Nagatas Theoremwe obtain

Theorem 5.1. Assumé= is a geometricallyreductivegroup. Thenthe algebra of
covariantsCov(G; A, W) is a finitely geneatedk-algebra.

Corollary 5.1. Suppos€= is a geometricallyreductivealgebraic group acting
rationally on X = SpecnfA). Thenthe moduleof covariantsHom(W*, A)¢ is
finitely genemted.

Proof. The algebraCov(G; A, W) is a gradedfinitely generated:-algebra. We
identify A® with thesubalgebraf covariantsCov(G; A, k), wherek is thetrivial
G-module.Obviously Cov(G; A, W) is afinitely generatedd “-algebra We may
assumehatit is generatedby afinite setof homogeneouslementst, .. ., F,, of
positive degreesg, . . ., ¢,. Thusthereis a surjectve homomorphisnof graded
AC-algebrasA®[Ty, ..., T,] — Cov(G; A, W), wheredegT; = ¢;. Sinceeach
ACITy, . .., T,)n is afinite free A“-module jitsimageCov(G; A, W),, is afinitely
generatedd“-module;henceHom(W*, A)¢ = Cov(G; A, W) is finitely gener
ated. O

Hereis anotherproof of this resultin the casewhen( is linearly reductve,
for examplewhenG is reductve over C. We usethatary rationallinear linear
representatioof GG in afinite-dimensionalinearspaceF is completelyreducible
in thefollowing sense.

Theorem 5.2. Any submodulel” of E admitsa complementansubmodulel”’
(e, E=VaV).

Proof. Without lossof generality we may assumeahatV # {0} andis anirre-
ducible submodulej.e., V' doesnot containary nontriial propersubmodules.
Considerthe naturalmap of G-modulesf : Hom,(E,V) — Hom,(V,V). By
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Schurs Lemma,the subspacd. = Hom, (V, V)¢ is one-dimensionallts inverse
imageW = f~!(L) is asubmoduleof Homy (E, V'), andthe restriction f’ of f
to W is anonzerdinear G-invariantfunction. By definition of linear reductvity
thereexistsa nonzeroG-invariantvector¢ € W suchthat f'(¢) # 0. Thelinear
map¢ : E — V is G-invariantandits restrictionto V' is anonzercautomorphism
of irreducible G-module V. The kernel of the G-invariantlinear map ¢ is the
desiredcomplementargubspacef V. O

Let M = W ® A andlet M’ bethe A-submoduleof M generatedby invariant
elementsSinceA is noetheriarandW ® A is afree A-moduleof finite rank, A/ ¢
is afinitely generatedd-module.Let my, ..., m, € MY beits spanningset. For
ary m € MY we canwrite

m=ams+---+ a,my, (5.3)

for somea; € A. SinceG is linearly reductive the G-submoduledA® of A hasa
complementarynvariantsubmodulej.e., A = A @ N. Let

R:A— A¢
bethe projectionoperator(calledthe Reynoldsoperator). It hasthe property
R(ab) = bR(a), Va € A,Vbe A°.

In the casek = C we take for R the averagingoperatorover the compactform
of G. LetR : M¢ ®,4¢ A — M¢ bethe mapdefinedby m ® a — R(a)m.
By (5.3), M€ is equalto theimageunderﬁ of thefinitely generatedd“-module
> A%m; andhenceit is finitely generated.

Let p : G — GL(WW) be afinite-dimensionalinear rational representation
of a linearly reductve group. By Theorem5.2, W canbe decomposednto a
direct sumof irreduciblerepresentation$V;. WhenG is finite, thereare only
finitely mary irreduciblerepresentationéup to isomorphism);in generalG has
infinitely mary nonisomorphidrreduciblerepresentationd.et W = @7 , W, be
a decompositiorof W into a directsumof irreduciblerepresentationsWe have
anisomorphisnof G-modules:

W @ Hom(W,, )% @ W, (5.4)
pElr(QG)
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wherelrr(G) is the setof isomorphismclassef finite-dimensionalirreducible
G-modules IV, is arepresentate of theclassp, andG actstrivially onthespace
of linearmapsHom(W,, W)<. Thisisomorphismis definedby themap

> fo@w, =Y folw,y),  f, € Hom(W,, W)¢ w, € W,.
p p

Notethat, by Schurs Lemma,whenW = W, this givesHom(W,, W,)% = k if
p = p' and{0} otherwise.The dimensionof the spaceHom(W,, W) is called
themultiplicity of 1, in W andis denotedby mult,(17). It is equalto thenumber
of directirreduciblesummandgor factors)of W isomorphicto W,.

Recallthatany elementof A is containedn afinite-dimensionalz-invariant
subspacef A generatedy its G-translatefseeLemma3.4). This allows usto
apply(5.4)to the G-moduleA. We have

A= P Hom(W,, A)%® W,. (5.5)
pelrr(G)

We considerboth sidesas A%-modules. By Corollary 5.1 eachsummands a
finitely generatedd“-module. Thuswe seethatarny moduleof covariantsfor A
is containedn A asadirectsummand.

Example5.6. Let G' be a finite abeliangroup of orderprime to chafk). Then
ary irreduciblerepresentationf G is one-dimensionakndhenceis definedby a
charactery : G — G,,, = GL(1). For eachy, let

A, ={acA:g-a=x(g9)a, Vg € G}.

Then(5.5) translatesnto the equality

A= P A,

x:G—Gm,

Thesubringof invariantsA“ correspondso thetrivial character

5.3 Linear representationsof reductive groups

Let G be alinearly reductve connectedaffine algebraicgroupandletp : G —
GL(W) beits rationallinear representationLet U be a maximalunipotentsub-
groupof aconnectedinearly reductve groupG. Thereaderunfamiliar with the



5.3.LINEAR REPRESENATIONS 73

notion may assumehatG = GL, or SL,, in which caseU is a subgroupcon-
jugateto the group of unipotentuppertriangularuppetriangularmatrices. We
have seenin section5.1 thatin the caseG = SL, the algebraPol(Pol;(£?))V is
isomorphicto the algebraof covariantsCov(G; Pol;(k?), k?). In this sectionwe
shallgive a similar interpretationof the algebrad” whereG actsrationallyon a
finitely generated-algebraA.

For this we have to recall somebasicfactsaboutfinite-dimensionalinear
rational representationsf a reductive groupG. We assumethat chark) = 0.
Let p : G — GL(WW) be sucharepresentationChoosea maximaltorusT in G
(whenG = GL, it is asubgroupof diagonalmatricesor its conjugatesubgroup).
Restrictingp to T we getalinearrationalrepresentatiop : 77 — GL(W). Since
T is commutatve we candecomposéV into thedirectsumof eigenspaces

W= @ w,

XEX(T)

whereX (T') denoteghe setof rational characterof 7', i.e., homomorphism®f
algebraiogroups?” — G,,, and

Wy, ={weW:p(t)(w) =x{t)w, VteT}.

Any rationalcharacter : T' — G, isdefinedoy ahomomorphisnof thealgebras
of regularfunctions

k(2,27 = OG,) = OGn) 2 k21, 2T, ..., Ze, 271

It is easyto seethatit is givenby a LaurentmonomialZ® = Z{" - - - Z¢, where
a = (ai,...,a,) € Z". Themonomialis theimageof Z. Also it is easyto see
thatthe productof charactersorrespondso the vectorsumof the exponentsa.
This givesusanisomorphismof abeliangroups

X(T) =7

Let

Wit(p) = {x : Wy # {0}}. (5.6)
SinceW is finite-dimensionalWt(p) is afinite set. It is calledthe setof weights
of p.

pA rationalcharacter : T — G, is calledarootif thereexists a nontrivial

homomorphisnof algebraicgroupsf, : G, — G suchthat,for ary ¢t € T and
any r € k,

t fo(z) 7" = fala(t)z).
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For example,therearer(r — 1) rootsfor G = GL,. Eachis definedby the
homomorphisnwhich sendsz € k to the matrix I, + zE;;, wherel < ¢, <
ri# j.

Let R be the setof roots. Thereis the notion of a positiveroot We fix a
Borel subgroupB containing?’ (in the caseG = GL, we may take B to be
thegroupof uppertriangularmatricesor its conjugatesubgroupandrequirethat
the imageof f, is containedin B. Let R, be the setof positive roots. Then
R =R, UR_,whereR_ = {—a,a € R,} isthesetof negativeroots There
is afinite setof rootsA = {ay,...,a,} suchthatary root canbe written asa
linearcombinatiorof the «; with nonnegativeintegercoeficients. They arecalled
simpleroots Thenumberr is calledtherankof G. In thecaseSL, thesearethe
rootswith f,,(a) = I, + aEj41),¢ = 1,...,r — 1. Underthe isomorphism
X(T) =2 Z™ they correspondo the vectorse; — e; 41, Where(ey, ..., e,) is the
standardasisof Z".

Let U, denotethe imageof the homomorphismf,(G,) correspondingo a
root . Onecanshow thatthe subgroups

Ut=1] Ve U =]] Va

a€ER acR_

aremaximalunipotentsubgroup®f G. In thecaseGG = SL, thegroupU™ (resp.
U~) isthesubgroupof uppertriangular(resp.lower triangular)matrices.
We have thefollowing.

Lemmab.1. Let

W= W,

XEWH(p)
For everyroota € R, wehave

p(Ua)(Wy) C @WX-}-ia-

Proof. LetWW — k[T] ® W bethe homomorphisndefiningthe actionof U, on
W. Forary w € W, itsimageis equalto Zizo T' ® w;. Thismeanghatfor ary

r €k, .
pfa(@)(w) = a'wi. (5.7)
i>0
By definitionof aroot, we have

pfala(t)))(w) = Y alt)a'w,

i
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and

p(t)p(fal(z))(w) = Zﬁcip(t)(’wi)
= p(fala@)2)p(t))(w) = p(fala(t)z))(x(t)w)
= X(t)Za(t)ixiwi.

i

Comparinghe coeficientsof z* we getw; € W, ;... Thusequation(5.7) gives

p(Ua) () € D Wosia

i>0
O

ThesetR, definesanorderonthesetof charactersWe saythaty > x' if x —
X' is equalto alinearcombinationof positive rootswith nonneative coeficients.
Let A € Wt(p) be a maximalelement(not necessarynique)with respecto this
order Then,for ary o € Ry, we have Wy, = {0} if ¢ > 0. It follows from
(5.7)thatp(U,) actsidenticallyon W,. ThusthewholegroupU™ actsidentically
onW,. Ontheotherhand,by Lemmab5.1,we get

p(U) (W) € W,

xX<A

Sincep(T)(W,) = W,, all elementy € G of theformu™ - ¢ - u~, whereu® €
U*,t €T, leavethesubspace

W) =P w,

X<A

invariant.Sincethesubset/+-T-U~ is Zariskidensén G (checkthisfor G = SL,
or GL,, wherethis setconsistof matriceswith nonzergpivots),all elementof G
leave W (\) invariant. ThusW (\) isaG-submoduleLetv € W, \ {0}. Consider
the G-submoduld¥ ()\), generatedby ». Obviouslyit is containedn W (\) and

W()\)U N W)‘ = kv.

In fact, Ut doesnot changev, T multipliesv by a constantandU~ sendsv to

thesumov + ZXQ vy, Wherev, € W,. We considera complementargubspace
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to W(\), in W(\) andchooseagaina nonzerovectory’ in it to geta submodule
W (). Continuingin this way we will decomposéV (1)) into the directsumof
dim W), submodulesEachsummand’ hasthefollowing properties:

(i) thereexistsaweight A suchthatV = @, <,\V,,

(i) dim V, = 1 (anonzerovectorin V), is calleda highestweightvectos),

(iii) p(U™)|V, istheidentity representation.

Sucha G-module V is called a highestweight module It is determined
uniquely (up to isomorphism)y the character\ (highestweigh) andis denoted
by L()\). Thuswe infer from the above discussiorthefollowing

Theorem 5.3. Every finite-dimensionarational representationof a connected
linearly reductivegroup G is isomorphicto the directsumof highestweightrep-
resentationd. ().

Not every weightx occursasa highestweightof someL()\). Theoneswhich
occur are calleddominantweights This setis presered undertaking the dual
module,i.e., L(A\)* = L(\*) for somedominantweight \*. We will describe
dominantweightsin the next section.

Let usreturnto the situationwhena reductve group G’ actsregularly on an
affine algebraicvariety X = SpecnfA). For every dominantweight A a homo-
morphismof G-modulesL()\) — A is determinedy theimageof afixedhighest
weightvectorof L(\). The setof suchimagesforms an A%-submoduleA™ of
A. We have

(L(\) ® A)¢ = Homy (L(\*), A)¢ = AQY),

It is easyto seethat, if v is a highestweight vectorof L(\) andv’ is a highest
weight vectorof L(\'), the vectorv ® v’ is a highestweight vectorin anirre-

ducible summandof the representatior.(A) ® L(X") isomorphicto L(A + X').

This easilyimpliesthatthe subalgebraf the A%-algebrad generatedy theim-

agesof highestweightvectorsis isomorphicto thedirectsumof the A“-modules
AW where) runsthroughthe setof dominantweights.SinceU* actsidentically
onary highestweightvectorwe seethat

@ AN c AU
A

Corverselyif a € AV", by (5.4)a canbewritten uniquelyasasumzp a,, where
eacha, belongsto anirreducibleG-submoduleof A. This implies thateacha,
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is Ut -invariantand hencegenerates submoduleisomorphicto L()) for some
dominantweight A. This showvs that

PA» = 4" (5.8)
A

Sinceevery irreduciblerepresentatioms isomorphicto somehighestweightrep-
resentationl()\), we canapply (5.4) to obtainanisomorphismof A“-modules

A= @ Hom, (L(A"), A)¢ ® L(\Y).

This gives
AV = @B Hom, (L(X7), A)¢ @ LAV
A

It follows from the definition of L()\) that L(\*)V" = L(\), is spannecby a
highestweightvector andhences one-dimensionalT his gives

AV P AV @ k=AW,
A A

We will seealittle laterthat AV" is afinitely generatealgebra.

5.4 Dominant weights

Let usnow describedominantweights. For every root « thereis the dual root ¢
which is ahomomorphismy : G,, — 7. It is characterizedby the propertythat,
forary t € G, andz € G,,,

() a(t) fa(z)a ™ (t) = fa(2),

(i) aocu(t) = t2.

For example,whenG = GL(r) and U, is the subgroupof matrices’, +
aFij,a € k, whereE;; denoteshe matrix with 1 asthe (i5)th entryandO else-
where thedualrootc is givenby t — (I, + (t — 1) E;; + (¢71 — 1) Ej;).

Note that the compositionof a homomorphismf : G,, — T (calleda one-
parametersubgoup) of 7" andarationalcharactety : T — G, canbeidentified
with aninteger We denoteit by (£, x).

Let X(T')* be the setof one-parametesubgroups.An elementof X' (7)* is
givenby ahomomorphisnof algebraf functions

k(ZiE, ..., ZF | 2 O(T) = OG,,) 2 k[Z,Z7).
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It is definedby theimagesof Z;. Sinceit definesa homomorphisnof groupsit is
easyto seethattheimageof eachZ; isamonomialZ™ for somem € Z. Thusa
one-parametesubgrougs givenby avectorm = (m4, ..., m,) € Z". Sinceeach
one-parametesubgrouptakesvaluesin a commutatve group, we can multiply
them;this of coursecorrespondso the sumof vectorsin Z". The compositionof
a charactelanda one-parametesubgroupcorrespondso the dot-productin Z.
Soit is naturalto distinguishthe groupof charactersY' (7') andthe group X (7')*
of one-parametesubgroupdy identifying one of them,say X' (T'), with Z" and
the otheronewith the dualgroupHom(Z", Z) = (Z")*. Thenthe pairing (f, x)
from aboveis equalto (f, x) = f(x)-

A characten\ : T — G,, is calleda dominantweightif for any positive root
a onehas(a, A) > 0.

Finally, onedefinesa fundamentalveightasa dominantweightw; with the
property(d&;, w;) = 6;; (the Kronecler symbol). Of course ponehasto prove first
that suchvectors,which obviously exist in X(7') ® Q, arereally in X(T). In
the casewhen R spanghe groupof character®f 7' (e.g.G = SL, but notGL,),
afundamentalveightis uniquelydeterminedoy this property Let X(T"), bethe
subgroupf X' (T") which consistof characters suchthat(cd, x) = 0 for all roots
a € R. Choosea basis(w(()l), . ,w(()k)) of X(T), andletwy, ..., w, bethe setof
fundamentalootsno two of which are congruentmodulothe subgroupX (T),.
Thenary dominantweightcanbewritten uniquelyin the form

A=nwy + -+ nw, + alw(()l) +o 4 asw(()s), (5.9)
wheren; € Z>p,i =1,...,1,0; € Z,i=1,...,5.

Any dominantweight \, from X (T), definesa one-dimensionalepresenta-
tion G — G,,. We have r = rank(G) fundamentaltepresentations(w;) corre-
spondingo thefundamentalveightsw;. If Aisasin (5.9),thenL(\) isisomorphic
to anirreduciblequotientof the tensorproduct®?_, V' (w;)®"™ tensoredwith the
one-dimensionalepresentatiodefinedby thevector) _, aiw(()i).

By writing any dominantweightasa sumof fundamentalveightswe prove
theresultwhich we promisedearlier:

Theorem 5.4. Let U be a maximalunipotentgroup of a reductivegroupG. As-
sumethat G actsrationally on a finitely genertedk-algebra A. Thenthe subal-
gebra AY of U-invariant elementss finitely geneatedover k.

Proof. Sinceall maximalunipotentsubgroupsreconjugateywe mayassumehat
U = U*. We know thatfor eachdominantweight A the moduleof covariants
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(L()) ® A)¢ is finitely generatecbver A®. Let S be the union of the setsof
generatorof suchmodulesfor A = w;,i = 1,...,rw{, -, j = 1,...,s.
Usingthe equality(5.8) we seethat S generatestV asan A“-module.Since A
is finitely generatedby Nagatas Theorem AY mustbefinitely generatedoo. [

5.5 The Cayley—Syhesterformula

In this sectionwe give an explicit descriptionof irreduciblerepresentationfor
the groupGL,. We choosethe maximaltorus7 which consistsof diagonalma-
tricesdiag(ty, . . -, t,). The correspondindorel subgroupis the group of upper
triangularmatricesWe have,forary 1 <i,j5 < r,i # 7,

diagtl, ceey tr)(lr + sz])dlag(tl, C ,tr)_l =1+ (tz/t])l'E”

This shovs thatthe charactersy;; : diadgty, ..., t,] — tit].‘l areroots. Underthe
isomorphismX (T") = Z" eacha;; correspondso thevectore; — e;. Sowe have
r(r — 1) roots.Sincel, + zE;; € B if andonlyif i < j, weseethat R, consists
of rootsa;; with 7 < j. Simplerootsare

;= QiGyry, =100,

The dual roots are the homomorphismsy;; : G,, — T definedby ¢t — I, +

(t—1)E; + (t — 1) E;;. Thusall dualrootscanbeidentifiedwith linearfunctions
Z" — Z definedby e; — e; where(e7, . . ., e;) is the dual basisto the standard
basis(ey, ..., e,). A dominantweight\ = (my, ..., m,) mustsatisfy

A-(ei—eip1) >0

which translatesnto the inequalitiesm; > m;,;. Therearer — 1 fundamental
weights
wi:€1+"'+€i, izl,...,T—l,

andX(T), is generatedyy theweight
wO:€1+"'+6T.

Theirreduciblerepresentatiogorrespondingo wy is of coursethe naturalrepre-
sentation
det : GL, — G,,.
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We have
L(dwy) = Poly((k™)").
Here the highestweight is the monomial&¢, where (&4, ..., &) is the standard

basisof £". All otherweightsarei = (iy,...,4,) withi; + --- + 4, = d. The
correspondingubspacé. (dw, ); is spannedy themonomialé’. We canwrite

r—1
i = dey— Y (d—i1— - —i)(es — esp1)
s=1
= dw1—(d—il)al—---—(d—il—---—z}_l)an,
L(dw;) = Pol((A%k")*), i=2,...,n.

Herethehighestweightis (£; A - - - A )% Wheni = r — 1 weget(A™(k7))* =
(k") ® det andhence

Pol (k") = L(dw,_;) ® det ™.

Thehighestweighthereis the monomialzg.

Considethecasen = 1. LetV beatwo-dimensionalectorspace SinceA%V
is isomorphicto therepresentatiodet : GL(V') — G,,, we have anisomorphism
of representations:

V2V*®det.

In particular V' = V* asrepresentationsf SL(V'). We have one fundamen-
tal weightw; sothatary irreduciblerepresentationvith dominantweight A =
(my, mgy), my > mgy, isisomorphicto

SmMTm2(V) @ det™ = S™ M2 (V*) @ det™ = Poly, _m, (V) ® det™.

Let us considerthe representatiofPol,, (Pol;(V)). The spacehasa basisformed
by monomialsn coeficientsof agenerabinary d-form

AT + dAE  + - + Agt? = (Eoto + Et1)*

Sowe canwrite ary monomialof degreem in the A; asamonomialof degreemd
in thebasis(¢;, &) of V:

Ay Ay, = (670G () = 600,

where
W=19+- -+
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is theweightof themonomial4;, - - - A; . ThisshovsthatA4,, --- A, belongsto
theweightspacewith characte(md — w, w). Let

Pim,d,w) = {(i1,.-yim) :0<dy <+ <y < dyiy + -+ - + 0y, = W}

The cardinality p,,(m, d) of this setis equalto the numberof monomialswith
weightw. Let A = (m;, ms) be adominantweight. Suppose/ (1)) is a direct
summandf Pol,(Pol,(V)). Then(m;,ms) = (md — w, w) for somew with
md — 2w > 0. Theweightsof V()\) arethe vectors(md — w — i,w + 7),i =
0,...,md — w. ThisshovsthatPol, (Pol,(V')) contains

po(m,d) =1 summand/(md,0) = Pol,4(V) ® det™,

pi(m,d) — p(m,d) summand$’ (md — 1,1) = Pol,y_4(V) ® def™ !,
p2(m,d) —pi(m,d) summands/(md — 2,2) = Pol,y_4(V) ® det"?~2,

andsoon. It is known thatthe generatingunction for the numbersp;(m, d) is
equalto the Gaussiampolynomial

o0

>onim = [" 7,

=0

where

[a} _ (1 —2%)(1 — 2971) -« - (1 — g0t
b (1—2z)(1—22)---(1 —xb)

(see[111]). Thisgivesus

Theorem 5.5. (Plethysmdecomposition}l.etdim V' = 2. Thee is an isomor
phismof representation®f GL(V):

[md/2]
Pol, (Pol(V)) 22 €D (POlug—2u(V) ® detrd—)oN(mdu),
w=0
whee
N(m,d,w) = coeficientof z* in the polynomial(1 — z) [m; d}.
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Restrictingtherepresentatioto thesubgrouSL(V') we have anisomorphism
of SL(V')-representations

[md/2]

Pol,, (Poly(V @ POl (V) @V mdw),

As a corollary we obtainthe Cayle/-Sylvesteformulafor the dimensionof
the spaceof covariants:

Corollary 5.2.
dim Covyy, p(d) = N(m, d, (md — p)/2)

andit is zeo if md — p is odd.
We alsogetHermite’s Recipocity :
Theorem5.6. Thee is anisomorphisnof SL(V')-modules
Pol,, (Poly(V)) = Poly(Pol, (V).
Proof. Thisfollowsfrom thefollowing symmetryproperty:
Pw(m, d) = pu(d, m).

This canbechecledby definingthebijection?(m, d, w) — P(d, m, w) by send-
ing avector(iy, .. ., i,) from P(m, d, w) to thevector(ji, . . ., ja), where

=F#{t:i,>s},s=1,....d.
It follows alsofrom the following propertyof the Gaussiarpolynomials:

"=

Corollary 5.3.

dim Pol,, (Poly(V))S*") = dim Pol,(Pol,(V))S*").
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Remarks.1 Thecovariant
Pol,,(Pol(V)) — Pol,4(V) (5.10)

admitsa simple interpretationin termsof the Veronesamap. Let V' be alinear
spaceof dimensionn + 1. Recallthatthe Veronesemapof degreed in dimension
n is aregularmap

vg : P(V*) — P(Poly(V))

givenby [ — (4, wherel € V* is alinear functionon V. It is easyto see
thatthis mapis SL(V')-equivariant,whereSL(V') actsnaturallyonP(V*) andon
P(Pol;(V')). Theinverseimageundery, definesanequiariantlinearmap

vg(m)* : Pol,(Pol(V)) — Pol,q(V*).

Whenn = 1, thereis anisomorphismV’* = V' of SL(V')-modulesandthe map
vqa(m)* is the covariant(5.10). Note thatthe imageof the Veronesanap (called
the Veronesevariety) is alwaysdefinedby equationf degree2 (see[102]). The
numberof linearly independenéquationss equalto

dim Poh(Pol(V)*) — dim Poby(V) = %((Hn) 1+ (d+n)) _ (2d+n)'

n n n

Thus,if m = 2 thekernelof themap(5.10)is a SL(V')-submoduleof thedimen-
siongivenby theabove formula.

Remark5.2 Onecanstrengtherifrheorem5.6 asfollows (see[49]). Let V bea
vectorspaceof dimensionr, andlet

Sz = Pol(Pol, (V) = €D Poln(Pol(V))
m=0
bethealgebraof polynomialson thespacePol,,(V')). Let
Adr = @ Poly(Pol, (V). (5.11)
m=0

We usethe symbolicexpressiorto identify elementf Pol;(Pol,,(V)) with mul-
tihomogeneoufunctionson V¢ of multi-degree(m?) (seeLemmal.1). Theprod-
uct of functionsdefinesbilinearmaps

Pol;(Pol,,(V)) x Poly(Pol,(V)) = Poly(Pol,m(V))
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which endav A4,, with a structureof a gradedalgebra. The naturalaction of
GL(V) onV definesanactionof GL(V') on both algebrasS,, and.A,, by au-
tomorphismsof gradedalgebras. Notice that A3+ is isomorphicto the alge-
brak[G, 4> *T (Corollary 2.4). Identifying the linear spacesPol, (Pol;(V)) =
Pol(V')* andPol,(Pol, (V')) = Poly(V*) (see(1.7)), we geta GL(V')-equivariant
algebrahomomorphism:

hd,r : Sd,r — -Ad,T- (512)

Whenr = 2, the homomorphismh,, is a GL(V)-equivariantisomorphismof
gradedalgebras Hermite's Reciprocityonly stateghatall gradedpiecesareiso-
morphicasGL(V)-modules.

Example5.7. Takem = d = 2. We getpy(2,2) = p1(2,2) = 1,p2(2,2) = 2.
Thuswe have thefollowing isomorphisnof SL(V')-representations:

Pok(Pok(V)) = Poly(V) & k.

Usingthe previousremarkthis hasa simplegeometridnterpretation.n this case
the Veronesevarietyis a conic,andthe kernelof v, (2)* is one-dimensionallt is
spannedy a quadraticpolynomialvanishingon the conic.

Example5.8 Take m = 2,d = 3. Thenwe have anisomorphismof SL(V)-
modules
Pok(Pok(1)) = Pok(Pok(V)).

Thusquadricsin P> 2 Pok(V') canbe canonicallyidentifiedwith cubicsin P? &
Pok(V). The Veronesecurve C' = v3(P!) is a rational spacecurve of degree
3. It is definedby threelinearly independentuadricequations.Thusthe kernel
of the projectionPok(Pok(V)) — Pok(V) is equalto the spaceN of quadrics
vanishingon C'. Usingthe plethysmdecomposition

Poh(Pok(V)) = Pok(V) @& Poh(V)

we canidentify N/, SL(V')-equiariantly, with thespaceof binaryquadratidorms.

5.6 Standard tableauxagain

Finally let us explain the tableaufunctionsfrom the point of view of represen-
tation theory Note thatary L(w;) canbe embeddedas a representationinto
sometensorpower of somecopiesof V = k". Sowhenwe take their symmetric
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productsandtheir tensorproductswe canembedeachagaininto someV®". So
eachirreduciblerepresentatiois realizedasanirreduciblesubmoduleof V¥ for
someN. Let usfind themby decomposing’®¥ into a directsumof irreducible
representations.

Fix abasis(¢y, . . ., &) of V. Forary orderedsubsetl = (i1, ...,ix) Of [r] let
& denotethetensoré;, ® --- ® &;,,. A diagonalmatrix diagti, ...,t,| € T acts
on&; by multiplying it by the monomialt; = ¢;, - - - t;,,. Writing ary elementof
V®N asasumof tensorst; we easily seethat the weightsof our representation
arethevectorse; = ¢;, + - - - + ¢;,,. TheweightsubspacéV,, is spannedy the
tensorst;, whereJ is obtainedfrom I by a permutatiorof [/V]. A vectore; is a
dominantweightif

6['(€i—€i+1)20, i=1,...,7’—1.
This meanghat
er=(my,...,my), my>mg>--->m >0,m+---+m, = N.

Assuméor themomenthat NV = 1. Thenthehighestweightvectoris ;. Assume
that N = 2. Then¢ ® & issentby fo,(1) = I, + Fipt0 6 Q@ (& + &) =

E1®&E+ & Q& Similarly, & ® & issentto & ® & + & ® &. Soin orderthat
t= X\ ® & + pés ® & beinvariantunderU+ we musthave A + ¢ = 0, i.e.,t

mustbe proportionalto £&; ® & — & ® & = & A &. If N = 3 we musthave

=60 (E®&E—6ERE)=6ERHERE—ERELERE

or
1= R6LH®EE—-L®E6 L,

or
1=6056RL-6R&E V.

Now in the caseof arbitrary N we do thefollowing: considera matrix

1 2 N

€ € g

E = : : :

€0 €0 g

T

Eachcolumnrepresents basis((y, .. ., &). We will betaking

p1 = my — my Mminorsof orderl from thefirst row,
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p2 = mo — m3 Minorsof order2 from thefirst 2 rows,

pr =m, minorsof orderr

in sucha way thatthe minorsdo not have commoncolumns.Of coursewe com-
putethe minorsusingthe tensorproductoperation. We first take the productof
the minorsin an arbitrary order but thenwe reoiganizethe sumby permuting
the vectorsin eachdecomposabléensorin sucha way that eachsummandhas
its upperindicesin increasingorder Theseindiceswill be our highestweight
vectors.

It is corvenientto describesucha vectorby a Youngdiagram We view a
dominantvectorA = (m,...,m,) asapartitionof N. It is describeddy putting
m; boxesin theith row. It hasp; = m; — m;;; columnsof lengthj =1,...,r
(m,+1 = 0). Wefill theboxeswith differentnumbersr;; € [N]. Eachr;; indicates
which column entersinto the minor of the matrix E of the correspondingsize.
A filled Youngdiagramis called standad if eachrow andeachcolumnarein
increasingorder Hereis anexampleof a Youngdiagramfor the partition (5, 3, 1)
of N =9:

It turnsout thatthe multiplicity of eachL()) in V¥ is equalto the number
of standardilled Youngdiagramsof the shapegivenby the vector . It is given
by the hookformula

N!
mult, (V&) = -
. ) [Li<icri<jcm;(mi +7+1—1—7)

(see[66]).

Exampleb.9. We describednvariantsin Pol,, (Pol;(V')) by embeddinghis space
into V®™4 via the polarizationmap. Sincethe spaceof invariantsis contained
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in the representationlet” of GL, wherew = md/r, the correspondinglom-
inantvectoris A = (w,...,w) € Z". The representation.()) is of course
one-dimensional.The Young diagramis of rectangularshapewith r rows and
w = md/r columns. The numberof suchdiagramsis equalto the dimension
of the space(V®Y)Sk, It is not difficult to seethatthe hook formula givesthe
formula

r—1lr—-2)!--1!
(wH+r—1)-w!

dim(VEN)St = (md)! | | (

The standardableauxon the set[m] of sizew x r definedin Chapterl cor
respondto standardYoungdiagramswhich arefilled in sucha way thatif we
write the set[N] = [md] asthe disjoint union of m subsets{1,...,d}, {d +
1,...,2d}, ..., {(m — 1)d,...,md}, theneachcolumn consistsof » numbers
taken from different subsetsof [md]. Moreover, for a homogeneoustandard
tableauwe have to take exactly d numbersfrom eachsubset. The generalfor-
mulafor the dimensionof the spacePol,,,(Poly(V))St is notknown for n > 1.

Bibliographical notes

Thenotionof a covariantof aquantic(i.e.,ahomogeneouform) goesbackto A.
Cayley. It is discussedn all classicalbooksin invarianttheory The factthata
covariantof a binaryform corresponds$o a semiirvariantwasfirst discoveredby
M. Robertsin 1861([91]). It canalreadybe foundin Salmons book[97]. The
resultthatthe algebraof covariantsof a binaryform is finitely generatedavasfirst
provedby P. Gordan[38] (seealsoclassicalproofsin [28], [39]). A modernproof
canbefoundin [113]. Theorem5.4 appliedto theactionof G = SL(V') onthe
algebraPol(Pol,(V)) is a generalizatiorof Gordans Theorem. The first proof
of this theoremwasgivenby M. Khadzhie [61]. Our expositionof the modern
theory of covariantsfollows [89]. The algebraof covariantsof binary forms of
degreed was computedby P. Gordanfor d < 6 ([38]) and by F. von Gall for
degreed = 7,8 ([36], [35]) (the proof of completenessf the generatingsetfor
d = 7 may not be correct). For ternaryforms the computationsare known only
for formsof degree3 ([37], [42]) andincompletefor degree4 ([98], [19]) (athesis
of EmmyNoetherwasdevotedto suchcomputations)Combinantf two binary
forms of degrees(d;, d;) areknown in the casesi;, d; < 4 ([96]; seea modern
accountof thecased, = dy = 3 in [81]). Also known are combinantsof two
ternaryformsof degrees(dy, ds) = (2, 2), (2, 3) ([28]).
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Thetheoryof linearrepresentationsf reductive groupsis a subjectof numer
oustextbooks(see,for example,[34], [52]). For the historicalaccountwe refer
thereaderto [7]. The Cayley-Sylvesterformulawasfirst provenby Sylvesterin
1878(seehistoricalnotesin [109]). Otherproofsof the Cayley-Sylvesterformula
canbefoundin [108], [109], [113]. Hermite's Reciprocitygoesbackto 1854.
Onecanfind moreaboutplethysmdor representationsf GL,, in [34]. Therela-
tionshipbetweenyoungdiagramsandstandardableauxs discussed numerous
books(see[64], [113], [121]).

Exercises

51Let® : Poly(F) — Pol,(V) be a covariantof degreem andorderp and
I € Pol,, (Pol,(V))SX") beaninvariant. Considerthe compositionandcompute
its degreeandweight.

5.2LetHess: Pok(k?*) — Pok(k?) betheHessiarcovariant. Shaw thatit defines
a rational map of degree 3 from the projective spaceof plane cubic curvesto
itself. [Hint: By a projectve transformatiomreducea planecubicto a Hessgorm
3 + 23 + 13 + axoz122 = 0 andevaluatethe covariant.]

5.3 Usingthe symbolicexpressiorof covariantsdescribeall covariantsof degree
r onthespacePol(k").

5.4 Find a covariantof degree2 andorder2 on the spacePol, (k?). Describethe
locusof indeterminayg for the correspondingationalmapP*— — P2.

5.5Find thesymbolicexpressiorfor thetrans\ectant7™.
5.6 Find all covariantsof degree3 for binaryforms.

5.7 Definethe rth transwectant(f, .. ., ) of » homogeneoufrmsin r vari-
ablesby generalizinghedefinitionof thecovariant?™. Provethatit is aconcomi-
tantandfind its multi-degreeandorder

5.8 Considerthe operationof taking the dual hypersurécein projectve space.
Shaw thatit definesa contravariant on the spacePol;(V). Find its order and
degreefor n < 2.

5.9 Let FF = 0 bea planecurve of degree4. Considerthe setof lines which
intersectt in four pointswhich make ananharmoniqor a harmonic)cross-ratio.
Shaw the setof suchlinesforms a planecurve in the dual plane. Find its degree
andshaw thatthis constructiordefinesa contravariantonthespacePol, (£?). Find
its degree.
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5.10Let G be afinite groupwhich actson a finitely generateddlomain A. As-
sumethat the actionis faithful (i.e., only ¢ = 1 actsidentically). Showv that
for ary irreduciblerepresentatioV, of G' the rank of the moduleof covariants
Hom(W, A)¢is equalto dim W,. [Hint: Usethefactthateachirreduciblerepre-
sentations containedn theregularrepresentatiofirealizedin the groupalgebra
k[G] of G) with multiplicity equalto its dimension.]

5.11Let M beafinitely generate@beliangroupandlet k[M] beits groupalgebra
overafield k. Shov

(i) D(M) = Specnfk[M]) is anaffine algebraicgroup.

(i) D(M) = G, if andonlyif M is free.

(ii) Thegroupof rationalhomomorphism® (M) — G, is naturallyisomor
phicto M, andthegroupof rationalhomomorphism&s,,, — D(M) isisomorphic
to M* = Homy (M, Z).

(iv) Eachclosedsubgroupof D(M) is isomorphicto D(M') whereM' is a
factorgroupof M.

(v) Thereis abijective correspondendeetweerclosedsubgroupsdd of D(M)
andsubgroup®f M.

5.12 Find the roots, dual roots, dominantweights,and fundamentalweightsfor
thegroupG = SL..
5.13Let L(\) bearepresentatioof G with highestweightvectorw.

(i) Let! = kv betheline spannedy v. Show thatthe stabilizerG, = {g €
G : g-1 =1} isaparabolicsubgroupP (i.e.,aclosedsubgroupcontaininga Borel
subgroup).

(i) Shaw thatthemapg — ¢ - v definesa projectve embeddingf the homo-
geneouspaces /P — P(L())).

(iii) Considethecasez = GL, and\ = w; is oneof thefundamentalveights.
Shaw thatG/ P is isomorphicto the Grassmanwariety Gr; , andthe mapdefined
in (ii) is the Plucker embedding.
5.14In thenotationof section5.1shaw thatV = L(w;) for thegroupG = SL(V).
Shaw thatthereis anisomorphisnof Pol(W)%-modules

Pol(W)*" = € Pol(W) ).
p=0

5.15Let H beasubgroupof G = SL, which containsthe subgrouplU of upper
triangularmatrices.
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(i) Shaw thatfor any highestweight module L()\) onehasdim, L(\)# < 1
andthe equality takes placeif andonly if H is containedin the stabilizerof a
highestweightvector

(i) Let A(H) bethe setof A for which the equality holds. Shaw that for
ary actionof G on X = SpecniA) thereis an isomorphismof A%-modules
AH =~ @,\EA(H)A(/\)'

(iii) Considertheexampleof H from the previousproblemandfind A(H).
5.16 Let dimV = 2 andchark) = 0. Show thatthereis anisomorphismof
SL(V)-modules

Pok(Pol(V)) = € Pob,—_ui(V).

i>0

5.17Let V beasin the previousexercise.Find the decompositiorof the GL(V')-
modulePol, (V') ® Pol,, (V) into irreduciblesummandgthe Clebsti—-Goidande-
composition.

5.18Find anirreduciblerepresentationf GL; with highestweightequalto w; +
wWa.



Chapter 6

Quotients

6.1 Categoricaland geometricquotients

Let G be anaffine algebraicgroupacting (rationally, asalways)on an algebraic
variety X overanalgebraicallyclosedfield £. Wewouldlik eto definethequotient
variety X /G whosepoints are orbits. As we explainedin Chapterl this is a
hopelesgaskdueto the existenceof nonclosedrbits. Sowe needto modify the
definition of X/G; for this we look first at the categorical notion of a quotient
objectwith respecto anequvalencerelation.

Let (X, R) be asettogetherwith anequivalencerelationR C X x X. The
canonicaimapp : X — X/R hastheuniversalpropertywith respecto all maps
f: X = YsuchthatR ¢ X xy X = (f x f)'(Ay). Alsowe have R =
X xx/r X = (p x p)”'(Ax/g). This equality expresseshe propertythat the
fibersof the mapp arethe equivalenceclassesl et us expressthisin categorical
languagel et C beary catgyory with fiberedproducts.We defineanequivalence
relation on an object X asa subobjectR € X x X (or moregenerallyjust a
morphismR — X x X) satisfyingthe obvious axioms(expressedy meansof
commutatve diagrams). Thenwe definea quotient.X/R asan objectin C for
which thereis a morphismp : X — X/R having the universalpropertywith
respecto morphismsX — Y suchthatR — X x X factorsthrougha morphism
R — X xy X. By definitionthereis a canonicaimorphism

Note that, in generalthereis no reasonto expectthatin generalthe morphism
(6.1) will beanisomorphismor anepimorphism.

91
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Leto : G x X — X beanalgebraicaction. We saythatthe pair (X, o) is
a G-variety andoftendrop o from thenotation.Let ¥ : G x X — X x X be
the morphism(o, pr,). This morphismshouldbe thoughtof asan equivalence
relationon X definedby the action. A G-equivariantmorphismof G-varieties
corresponds$o a morphismof setswith anequivalencerelation. The definition of
a G-equvariantmorphismf : X — Y canberephrasedy sayingthatthe map
¥ factorsthroughthe naturalmorphismX xy X — X x X; this correspond$o
theproperty(f, f)(R) C A. Thissuggestshefollowing definition.

Definition. A categorical quotientof a G-variety X is a G-invariantmorphism
p : X — Y suchthatfor ary G-invariantmorphismg : X — Z thereexists
auniquemorphismg : Y — Z satisfyingg o p = g. A cateorical quotientis
calleda geometricquotientif theimageof themorphism¥ equalsX xy X. We
shalldenotethe categoricalquotient(resp.geometricquotient)by p : X — X /G
(resp.p: X — X/G). It is defineduniquelyup to isomorphism.

A differentapproachto defininga geometricquotientis asfollows. We know
how to definea geometricquotientasa set; we next discusstopologicalspaces.
We put the structureof a topologicalspaceon X/G so that the canonicalpro-
jectionp : X — X/G is continuous.The wealesttopologyon X /G for which
this will betrueis thetopologyin which asubset/ C X/R is openif andonly
if p~1(U) is open. Thenwe examineringed spaceswhosedefinition is given
in termsof choosinga classof functionson X (e.g. regular functions,smooth
functions, analyticfunctions). If ¢ € O(U) is afunctiononU C X/R, then
the compositionp*(¢) = ¢ o p mustbe a functionon p=!(U). It is obviously a
G-invariantfunction. Using this remarkwe candefinethe structureof a ringed
spaceon X/R by settingO(U) = O(p '(U))¢. Thismakesp : X — X/R a
categorical quotientin the catayory of ringedspacesFinally, we wantthe fibers
of p to beorbits;thisis the conditionthatthe morphism(6.1) is anisomorphism.

Definition. A good geometricquotientof a G-variety X is a G-invariantmor-
phismp : X — Y satisfyingthefollowing properties:

(i) pissurjectve;
(i) for any opensubset of Y, theinverseimagep~! (U) is openif andonly if
U is open;

(iii) for ary opensubsetU of Y, the naturalhomomorphisnp* : O(U) —
O(p~!(U)) is anisomorphisnontothesubringO(p~*(U))¢ of G-invariant
functions;
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(iv) theimageof ¥ : G x X — X x X isequalto X xy X.
Proposition 6.1. A goodgeometricquotientis a categorical quotient.

Proof Letq : X — Z bea G-invariantmorphism. Pick ary affine opencover
{Vi}ier of Z. For ary V; theinverseimageq=!(V;) will be an openG-invariant
subsetof X. Thenwe have the obvious inclusiong='(V;) < p~(U;), where
U; = p(¢~t(V;)). Comparingthe fibersover pointsy € Y andusing property
(iv) (which saysthatthefibersof p areorbits),we concludethatin factq=*(V;) =
p~1(U;). By property(ii), U; is openin Y. Sincep is surjective we getanopen
cover {U; }scr of Y. Themapq *(V;) — V; is definedby ahomomorphism

a;: O(V;) = O(g ' (Vi) = O(p 1 (L)).

Sincegq is a G-invariantmorphism,the imageof «; is containedin the subring
O(p~H(;))¢ of O(U;). This definesa uniguehomomorphismO(V;) — O(U;),
andhenceauniquemorphismyg; : U; — V; (becausé’; is affine). It isimmediately
checled thatthe mapsp; agreeon the intersectiond/; N U;, andhencedefinea
uniquemorphismg : Y — Z satisfyingg = g o p. O

Proposition 6.2. Letp : X — Y bea G-equivariantmorphismsatisfyingthe
following properties:

(i) for any opensubsetU of Y, the homomorphisnof rings p* : O(U) —
O(p~1(U)) isanisomorphismontothesubringO(p~*(U))¢ of G-invariant
functions;

(i) if W is aclosedG-invariantsubsebf X thenp(1V) is a closedsubsedf Y

(iii) if Wy, W, areclosednvariantsubset®f X with W, NW, = ), thenp(W1)N
p(Ws) = 0.

Undertheseconditionsp is a categorical quotient.It is a goodgeometricquotient
if additionally

(iv) theimageof ¥ : G x X —» X x X isequalto X xy X.
Corversely a goodgeometricquotientsatisfiegproperties(i)—(iv).
Proof. Thisis similarto the previousproof. With the samenotation,let

Wi=X\qg (V).
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This is a closedG-invariantsubsetof X, hence,by (i), U; = Y \ p(W;) is an
opensubsetof Y. Clearly, p~'(U;) C ¢~'(V;). Since(),W; = 0, by (i) we
have N, p(W;) = 0, henceY = J,U;. Now composingthe homomorphisms
a; : O(V;) = O(¢g71(V;))¢ with therestrictionhomomorphismO (¢~ (V;))¢ —
O(p Y(U;))¢ = O(U;) we geta homomorphismO(V;) — O(U;). SinceV; is
affine thisdefinesamorphismlU; — V; whosecompositiorwith p : p~1(U;) — U;
isthemapgq : p~'(U;) — V;. Gluing togetherthesemorphismswe construct
Y — Z asin the proof of Proposition6.1. This shavs thatY is a categorical
quotient.

Let us checkthatundercondition(iv) p : X — Y is agoodgeometricquo-
tient. Firstwe seethatp is surjectve. Indeed,(i) impliesthatp is dominantand
(iii) impliesthatp(X) is closed.Also property(ii) impliesproperty(ii) of thedef-
inition of agoodgeometricquotient.In fact,if p~'(U) is open,thenX \ p~*(U)
is closedandG-invariant.Sincep is surjectve, its imageis equalto Y — U andis
closed.Thereforel is open.This checksthe definition.

Corversely assumep : X — Y is agoodgeometricquotient. Properties(i)
and (iv) follow from the definition. Let us checkproperties(ii) and (iii). The
setU = X \ W is openandinvariant. Sincethe fibersof p areorbits, U =
p~'(p(U)) andhencep(U) is open. For the samereasonV = p~'(p(W)) and
hencep(W) = Y \ p(W) is closed. Furthermore W, N W, = p~!(p(W,)) N
p Hp(Wa)) = p~ 1 (p(Wh) N p(W2)). This checksproperty(iii). O

Corollary 6.1. Underthe assumptiongromthe precedingProposition,the map
p: X — Y satisfieghefollowing properties:

() twopointsz, 2’ € X havethesamdmagein Y if andonlyif G - xNG - 2’ #
0;

(i) foreathy € Y thefiberp=!(y) containsa uniqueclosedorbit.

Proof. In fact, the closuresof orbits are closedG-invariantsubsetsn X. Soif
G-zNG-2 =0, p(G-z)Nnp(G-2) = 0. But both setscontainthe point
p(z) = p(x'). Corverselyif p(z) # p(z'), we getthatG - z andG - 2’ lie in
differentfibers. Sincethefibersareclosedsubsets - + andG - 2’ lie in different
fibers,andhencethey aredisjoint. This proves(i). To prove (ii) we noticethatby
(i) two closedorbitsin the samefiber musthave nonemptyintersectionput thisis
absurd.Sinceeachfiber containsat leastoneclosedorbit, we aredone. O

Definition. A cateyorical quotient satisfying properties(i), (i) and (iii) from
Proposition6.2is calleda goodcategorical quotient
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Remarks6.1 1. Note that condition (ii) in the definition of a good geometric
quotientis satisfiedf we require

(i)’ for ary closedG-invariantsubset”Z of X, theimagep(7) is closed.Also,
togetherwith condition (iii) this impliesthe surjectvity of the factormapp. In
fact, condition(iii) ensureghatthe mapp is dominant,.e., its imageis densen
Y. Butby (i), theimageof p mustbeclosed.

2. SupposeX is anirreduciblenormal G-variety over analgebraicallyclosed
field of characteristi®, andp : X — Y isasurjectve G-invariantmorphismsuch
thatits fiber over ary pointy € Y isanorbit. Thenp : X — Y is ageometric
quotient.The proofis rathertechnicalandwe omit it (see[73], Proposition0.2).

3. Thedefinitionsof categoricalandgeometriqquotientsareobviously “local”
in thefollowing senself p : X — Y is a G-equivariantmorphism,and{U;} is
anopencover of Y with the propertythateachp; : p~'(U;) — U, is a cateyorical
(resp.geometric)quotient,thenp is a cateyorical (resp.geometric)juotient.

6.2 Examples

Let usgive someexamples.

Example6.1 Let G be a finite group consideredas an algebraicgroup over a
field k. Assumethat X is quasi-projectie. Thenthe geometricquotientX/G
alwaysexists. In fact,assumdirst that X is affine. By Theorem3.1,the algebra
O(X)¢ is finitely generatecbver k. Let Y be an affine algebraicvariety with
O(Y) = O(X)%. By thetheoremn lifting of idealsin integral extensionsthe
mapp : X — Y = X/G satisfiespropertieg(ii) and(iii) from Proposition6.2.
Also, the groupG actstransitively on the setof primeidealsin O(X) which lie
over afixedprimeideal of O(Y') (see,for example,[9], ChapterV, §2, Theorem
2). Thisshonvsthat¥ : G x X — X xy X isanisomorphism.

Now let X c P" be quasi-projectie but not necessarilaffine. Let X bethe
closureof X. Let O C X beanorbit andlet F' be a homogeneoupolynomial
vanishingon X \ X but notvanishingat ary point of O. ThusQ is containedn
anaffine subseU = X \ V(F). Recallthatthe complemenbf a hypersurcein
aprojectve spacds anopenaffine subsetThisimpliesthatU, beingclosedin an
affine set,is affine. Let U(O) = (1, (g - U). Thisis anopenG-invariantaffine
subsetf X containingO. By letting O vary, we getanopenaffine G-invariant
covering{U;} of X. We alreadyknow thateachquotientp; : U; — U;/G = V;
exists. Wewill gluetheV; togethetto obtainthegeometriqquotientp : X — X/G
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(wereferto thegluing constructiorof algebricvarietiesin section8.2). To do this
we obsere first thatU; N U; is affine andU; N U;/G is openin V; andVj; this
follows from consideringthe affine case. Thuswe canglue V; andV; together
alongthe opensubset;; = U; N U;/G; we dothisfor all ¢ andj. Theresulting
algebraicvariety Y is separatedin factwe usethatin the affine situation

(X1 X _XQ)/(Gl X Gg) gXl/Gl X XQ/GQ,

whereG; x G, actson X; x X, by the Cartesiarproductof the actions. Thus
theimageof Ax N (U; x U;) in (U; x U,) /(G x G) =2 U;/G x U;/G is closed,
and, asis easyto see,coincideswith Ay N (V; x V;). This shows that Ay is

closed. It remainsto prove that X/G is quasi-projectie; we shall do this later.

Notethat,if X is nota quasi-projectie algebraicvariety, X/G may not exist in

the category of algebraicvarietiesevenin the simplestcasewhen is of order
2. The first exampleof suchan actionwas constructecoy M. Nagata([75]) in

1956 and later a simpler constructionwas given by H. Hironaka(unpublished).
However, if we assumehateachorbit is containedn a G-invariantopenaffine

subsetthe previous constructionworksand X /G exists.

Examples.2 Let A = B;° A, beafinitely generated-algebrawith ageometric
grading(seeExample3.1). Considerthe correspondingctionof G,, on X =
SpecntA). Let z, bethe vertex of X definedby the maximalideal ;°, A;.
ThentheopensubsetX’ = X \ z, is invariantandthe geometricquotientX /G,
existsandis isomorphicto the projective variety Projm(A). We leave the details
to thereader

Examples.3. Let H beaclosedsubgroupf anaffinealgebraigroupG andG/H
be the cosetspace(seeExample3.3). The canonicalprojectionG — G/H is a
goodgeometricquotient. We omit the proof, referringthe readerto [52], IV, 12,
whereall conditionsof the definitionareverified.

Letusshav now thatthecateyoricalquotientof anaffine varietyalwaysexists.
We will needthefollowing lemma.

Lemma 6.1. Let X bean affine G-variety, andlet Z; and Z; be two closedG-
invariant subsetsvith 7, N Z, = (). Assume&7 is geometricallyreductive Then
there existsa G-invariantfunctiong € O(X)% sudthat$(Z;) = 0, ¢(Z,) # 0.

Proof. Firstchooseafunctiony € O(X), not necessarilyG-invariant,suchthat
©(Zy) = 0,9(Z,) = 1. Thisis easy:sincethe sumof theidealsdefining Z; and
Z, is the unit ideal, we canfind afunctiona € I(Z;) andafunction € 1(Z,)
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suchthatl = a+ . Thenwetake ¢ = «. Let W bethelinearsubspacef O(X)
spannedy the translatey*(¢),g € G. We know thatit is finite-dimensional
(Lemma3.4); let ¢4,..., ¢, be abasis. Considerthemap f : X — A" de-
fined by thesefunctions. Clearly, f(Z;) = (0,...,0), f(Z2) = (1,...,1). The
groupd actslinearly onthe affine spacedefiningalinearrepresentatiorBy def-
inition of geometricallyreductve groups,we canfind a nonconstan&-invariant
homogeneoupolynomial F' € k[Z,...,Z,] suchthat F'(1,...,1) # 0. Then
¢ = f*(F) = F(pu,...,pn) satisfiegheassertiorof thelemma. O

Now we arereadyto prove thefollowing mainresultof this chapter:

Theorem6.1. LetG bea geometricallyreductivegroupactingonanaffinevariety
X. Thenthe subalgbra O(X)¢ is finitely geneatedover k, and the canonical
morphisnp : X — Y = SpecnfO(X)%) is a goodcategorical quotient.

Proof. Thefirst statemenis Nagatas Theorenprovenin Chapter3. To show that
p is a good categgorical quotient,we apply Proposition6.2. First of all, property
(i) easilyfollowsfrom thefactthattakinginvariantscommuteswith localizations.
More precisely if f € O(X)¢, then(O(X);)¢ = (O(X)%);; thisis easyand
we skip the proof. Next let Z be a closedG-invariantsubsetof X. Suppose
p(Z) is notclosed.Lety € p(Z) \ p(Z). ThenW; = Z andW, = p~1(y) are
two closedG-invariantsubsetof X with emptyintersection.By the preceding
Lemma,thereexistsa function¢ € O(X)“ suchthaté(Z) = 0,6(p~'(y)) = 1.
Since¢g = p*(¢) for somep € O(Y'), weobtaing(p(Z)) = 0, ¢(y) = 1. Butthis
is absurdsincey belongsto the closureof p(Z). This verifiescondition(ii). Now
let Z; andZ, betwo disjoint G-invariantclosedsubset®f X. As aborewefind a
functiony € O(Y') with ¢(p(W1)) = 0, ¢(W>) = 1. This obviously impliesthat
p(Z1) N p(Zy) = 0. This verifies(iii). O

Example6.4. We have alreadydiscussedhis examplein Chapterl. LetG = GL,,
actonitself by theadjointaction,i.e. g- = = gxg—!. For eachmatrix g € GL,, we
considerthe characteristipolynomial

det(g — tl,) = (=t)" + c1(g) (=) + - - + calg)-

Define a regular G-equivariantmapc¢ : GL, — A™ by the formula c(g) =
(c1(g),---,cn(g))- We claim that this is a categyorical quotient. To checkthis it
is enoughto verify that O(G)¢ = klci, ..., cn)] 2 k[Z4, ..., Z,]; thisis whatwe
did in Chapterl. It is clearthatthefiber of ¢ doesnot consistof oneorbit, sothe
quotientis nota geometricquotient.
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6.3 Rational quotients

We know that neither X/G nor X /G exists in general. So a natural problem
is to find all possibleopensubsetof X for which the categyorical or geometric
quotientexists. Geometridnvarianttheorygivesa solutionto this problemwhen
we additionallyassumehatthe quotientis a quasi-projecire algebraicvariety.

Let usfirst shav thatany opensubsetU for which a geometricquotientU/G
exists must be containedin a certainopensubsetX,s. We will assumen the
sequelthatG is connected Otherwise we considerits connecteccomponentz®
containingthe identity element. It is a normal closedsubgroupof G andthe
quotientG/G° is afinite group. It is easyto see(seeExercise6.11)thatwe can
divide by G in two steps:first divide by G°, andthendivide the quotientby the
finite groupG/G°.

For ary pointz € X we have aregularmap

0, G—=>X, gr—o(g,z):=g-x.

Clearlytheimageof this mapis the G-orbit O(z) of thepointz.

Thesettheoreticafiber of thismapata pointz is denotedy G, andis called
the isotropy subgoup of z in the actiono. It is a closedsubgroupof GG, hence
anaffine algebraiogroup. If chark) = 0, the settheoreticafiber of o, coincides
with the schemeheoreticafiber (or, in otherwords,thelatteris areducecclosed
subschemef G). We arenot goingto prove this; to do sowe would have to go
into the theory of group schemesandprove the fundamentatesultof the theory
thatevery groupschemeover afield of characteristizerois reduced.

Sinceall fibersof o, over pointsin O(x) areisomorphic(they areconjugate
subgroup®f G,), thetheoremon the dimensionof fibers(see[102]) gives

dim O(z) = dim G — dim G,. (6.2)

If O(x) # O(z), thecomplemenO(x) \ O(x) is aproperclosedsubseof O(z),
henceits dimensionis strictly lessthandim O(z). Takeary y € O(z) \ O(x) and

considerits orbit O(y). Sincedim O(y) < dim O(z), applying(6.2)to y we see
that

dimG, < dimG,,. (6.3)

Let
I=d"'Ax)={(9,7) € G x X :0(g,2) = z}.

Thisis aclosedsubsef G x X. Considerthe secondprojectionpr, : I — X.
Its fiber over a pointx € X is isomorphicto the isotropy subgroupG,. By the
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theoremon thedimensionof fibersappliedto pr,, thereexistsanopensubsetX
of X suchthatdim G, = d for all z € X,y anddim G, > dforall z ¢ Xg.

Applying (6.2) we obtainthatfor ary « € X,g theorbit O(z) is closedin X
andhasdimensionequalto dim G — d. Also, ary otherorbitin X hasdimension
strictly lessthandim G — d. Let U beary G-invariantopensubsebf X for which
a geometricquotientU — U/G exists. We assumethat X is irreducible. So
pu : UN Xy # 0 andhencesomeof the orbitsin U mustbe of dimension
dim G — d. By thetheoremon dimensionof fibersall fibersof p;; have dimension
greatethanor equalto dim G — d andhenceall fibersof p;; have dimensiorequal
to dim G — d. Thereforethey arecontainedn X, andhencel C X .

Thuswe get a necessaryonditionfor the existenceof U/G: U mustbe an
opensubsedf X .

Theorem 6.2. (M. Rosenlitit) AssumeX is irreducible ThenX,s containsan
opensubset/ sud thata goodgeometricquotientU — U/G existswith quasi-
projectiveU/G. Thefield of rational functionson U/G is isomorphicto the sub-
field k(X)¢ of G-invariantrational functionson X.

Proof. Theproofis easyif we assumedditionallythatG is geometricallyreduc-
tiveand X is affine. Let Y beanalgebraicvarietywith field of rationalfunctions
isomorphicto £(X)%; suchaY alwaysexists sincek(X)¢ is of finite transcen-
dencedegreeover k. ConsidetherationaldominantmapX,, — Y definedoy the
inclusionof thefieldsk(X)¢ C k(X). By deletingsomesubsefrom X,¢ we find
aG-invariantopensubselU C X andaregularmapfrom f : U — Y. Replac-
ing Y by anopensubsetve mayassumehat f is surjectve. Thisis condition(i)
from the definition of agoodgeometrioquotient.For any opensubsetl’” C U we
have aninclusionO(V) C k(Y) = k(X)¢. Sincef*(O(V)) c O(f~1(V)) we
seethat f*(O(V)) c O(f~1(V))¢. CorverselyO(f~1(V))¢ C k(X)% = k(Y)
andhenceO(f~1(V))¢ c O(V). Thuswe have checled condition(i) of Propo-
sition 6.2. SinceU is G-invariant,thefibersof f areunionsof orbits. Sinceary
orbitin X ¢ is closedin X, it is closedin U. By Lemma6.1 we canseparate
closedinvariantsubsetdy functionsfrom O(V). This shavs thatthefibersof f
areorbits. This checkscondition(iv). The conditions(ii) and(iii) of Proposition
6.2 arechecledby usingtheargumentfrom the proof of Theoremg.1.

Let usgive anideafor the proofin the generalcase.For the detailswe refer
to the original paperof Rosenlicht([93]; seealso[89], 2.3). Sincewe do not
assumehat X is affine, evenif GG is geometricallyreductve we cannotseparate
the closedorbits containedin the fibersof themap f : U — Y. Considerthe
genericfiber of f asanalgebraicvariety U, overthefield K = k(Y) = k(X)C.
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Let K bethealgebraicclosureof K. ThegroupG(K) actsonU,(K) andthefield
of invariantrationalfunctionsis isomorphicto K. All orbits of G(K) have the
samedimension.Supposehata groupG actson anirreduciblequasi-projectie
variety X C PV suchthatall orbits are of the samedimensionand closed. We
defineamapfrom X to the Chow variety parametrizingclosedsubsetf P of
thesamedimensiond (seg[73], Chapterd, §6) by assigningo apointz € X the
closureof theorbit G - z. If theimageis of positve dimensionwe canconstruct
a nonconstaninvariantfunctionon X by taking the inverseimageof a rational
function on the image. Otherwisethe imageis one point, andwe obtainthat X
consistsof oneorbit. Applying this agumentto Un(f{) we seethatit consists
of oneorbit. Thisimpliesthatthereis anopensubsetf Y suchthateachfiber
consistf oneorbit. Again deletinga closedsubsefrom Y we mayassumehat
Y is nonsingularSincethe dimensionof all orbitsis the samethemorphismf is
open;thisis calledChevalley’s criterion (see[6], p. 44). This verifiescondition
(ii) of thedefinitionof agoodgeometricquotient. Theremainingconditionshave
beenchecledalready O

Corollary 6.2. Thetranscendenceegreeof k(X )¢ is equalto dim X —dim G+d,
whee d = min,e x{dim G, }.

Any modelof k£(X)¢ is calleda rational quotientof X by G. We seethat
X containsan opensubsetsuchthat a good geometricquotientlU /G exists and
coincideswith arationalquotient.

Bibliographical notes

The notionsof a categoricalandgeometricquotientsare originally dueto Mum-
ford ([73]). Many booksdiscussdifferent versionsof thesenotions (see[63],
[80]). Many interestingresultsaboutthe structureof fibersof the quotientmaps
have beenomitted;we referto [89] for asurwey of theseresults.

Exercises

6.1Let G, acton A? by the formulat - (z1,22) = (21,22 + tz1). Considerthe
mapA? — Al, (z1,2) — 2. ISit acateyoricalquotient?If so,is it ageometric
guotient?
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6.2LetG,, acton A" by theformulat- (z1, ..., 2z,) = (t%2,...,t%"z,) for some
positive integersgq, . . ., g, coprimeto cha(k). Let A = k[Ty,...,T,] with the
correspondinggeometricgradingdefinedby the action. Show thatthe geometric
quotient (A” \ {0}) /G,, (seeExample6.2)is isomorphicto a quotientof Pm~1

by afinite group.

6.3Let A = @,., A; be a gradedfinitely generatedck-algebra,and A©) =

@D, Aei- Shaw that, if e is coprimeto chark), A© = A% whereG is acyclic

groupof ordere.

6.4Construcacountergampleto Lemma6.1whenG = G, istheadditvegroup.

6.5In thenotationof Nagatas Theorenshaow thatfor any opensubset of Y, the
restrictionmapp~'(U) — U is acategorical quotientwith respecto theinduced
actionof G.

6.6 Describethe orbitsandthefibersof the cateyoricalquotientfrom Example6.4
whenn = 2.

6.7 Show thatthe cateyorical quotientof Pol(Pok(k?)) by SL, is isomorphicto
Al. Describethe orbitsandthefibersof the categorical quotient.

6.8 Let G acton anirreducibleaffine variety X andlet f : X — Y beaG-
invariantmorphismto anormalaffine variety Assumehatcodim(Y'\ f(X),Y) >
2 andthat thereexists an opensubsetU of Y suchthatfor all y € U the fiber
/(y) containsadenseorbit. Shav thatY & X /G.

6.9 Let G beafinite groupof automorphismf anirreduciblealgebraicvariety.
Provethatk(X/G) = k(X)C¢.

6.10Shav by examplethatin generathefield of fractionsQ(A%) of thering of
invariantsA“ is notequalto Q(A4)¢. ProvethatQ(A%) = Q(A)% if AisaUFD
andary rationalhomomorphisnG — G,, is trivial.

6.11Let G beanalgebraicgroupactingregularly on analgebraicvariety X and
let H beaclosedinvariantsubgroupof finite index. Supposéhatageometriaquo-
tientY = X/G exists. Shav thatgeometricquotientsX/H and(X/H)/(G/H)
existandX/G = (X/H)/(G/H). s thesameruewithoutassuminghat H is of
finite index?






Chapter 7

Linearization of actions

7.1 Linearized line bundles

We have seemalreadyin the proof of Lemma3.5thatarationalactionof anaffine
algebraicgroup G on an affine variety X canbe “linearized”. This meansthat
we canG-equivariantlyembedX in affine spaceA™ onwhich G actsvia alinear
representationWe provedthis by consideringhelinearspacespannedy the G-
translateof generatoref thealgebraO(X). In this chaptewe will do asimilar
constructiorfor a normalprojectve algebraicvariety. Thiswill be our maintool
for constructingyuotients.

Recallthataregularmapof a projective variety X to the projectve spaceP™
is definedby choosinga line bundle L (or equivalently an invertible sheaf( of
O x-modulespr a Cartierdivisor D) anda setof its sectionss, .. ., s,. Themap
is definedby sendingr € X to the point (so(x), ..., sn(z)) € P*. This pointis
well-definedif for ary z € X thereis a sections; suchthats;(z) # 0. Often
we will betakingfor (so,...,s,) abasisof the spaceof sectionsl'(X, L) of L.
The conditionabove saysin this casethatfor ary x € X thereexists a section
s € T'(X, L) suchthats(z) # 0. We sayin this casethat L is base-point-fee
Let¢;, : X — P™ beamapdefinedby abase-point-fred.. Of coursejt depends
on the choiceof a basis;differentchoicesdefinemapswhich arethe sameup to
compositionwith a projective transformatiorof P". If ¢;, is aclosedembedding,
L is calledveryample If LY := L®V is very amplefor someN > 0, thenL is
calledample

We will oftenidentify L with its total spaceV(L) , which comeswith a pro-
jectiont : V(L) — X; locally V(L) is the productof X andthe affine line

103
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Al.
Definition. A G-linearizationof L is anactiong : G x L — L suchthat

(i) thediagram
GxL —25 L

idxwl Wl
GxX 25 X
iS commutatve,

(i) thezerosectionof L is G-invariant.

A G-linearizedline bundle(or a line G-bundle over a G-variety X is a pair
(L, &) consistingof aline bundle L over X andits linearization.A morphismof
G-linearizedline bundlesis a G-equivariantmorphismof line bundles.

It follows from the definitionthatfor ary ¢ € G andary x € X theinduced
mapof thefibers

0:(9) : Ly = Lgy

is alinearisomorphism.
We canview the setof suchisomorphismssanisomorphisnof line bundles

o(g): L — g*(L),

wherewe considerg € G asanautomorphismz — ¢ - = of X. Theaxiomsof the
actionstranslatanto thefollowing 1-cocyclecondition

a(g9') =a(g")og"(3(9)) : L — ¢g""(L) — ¢"(g" (L)) = (9¢")"(L). (7.1)

The collectionof theisomorphismss(g) canalsobe viewed asanisomorphism
of vectorbundles

®:pry(L) = o*(L).

The cogycle condition(7.1) is translatednto a conditionon & which canbe ex-
pressedy somecommutatve diagramsthisis left to thereader

Usingthe definition of linearizationby meansof anisomorphism it is easy
to defineanabeliangroupstructureonthe setof line G-bundles.If @ : pr;(L) —
o*(L) and®’ : pry(L') — o*(L') aretwo line G-bundles,we definetheir tensor
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productastheline bundle L ® L' with the G-linearizationgiven by the isomor
phism:

e :pr(Le L) =pr(L)@pr(Ll) = o (L®L)=0"(L)®c" (L)
Herewe usethe obviouspropertyof theinverseimage
ffiLel)=f(L)®f (L)

Thezeroelemenin thisgroupis thetrivial line bundle X x A' whoseélinearization
is given by the producto x id : G x X x A! — X x Al. Thisis calledthe
trivial linearization Theinverse(L, ®) is equalto (L=, ®') with &' definedas
theinverseof thetransposef ®. Onechecksthatthis againsatisfieshe cogycle
condition. The structureof anabeliangroupwhich we have just definedinduces
an abeliangroup structureon the setof isomorphismclassef line G-bundles.
We denotethis groupby Pic® (X). It comeswith the naturalhomomorphism

a : Pic?(X) — Pig(X)

whichis definedby forgettingthelinearization.

Let us now describethe kernel of the homomorphism. Obsene first that
if f: L — L'isanisomorphismof line bundlesand® : prs(L) — o*(L)
is a G-linearizationof L, thenwe candefinea G-linearizationof L' by setting
@' =og*(f) ' o ®opr;(f). Thus,if a((L, o)) isisomorphicto thetrivial bundle,
we canreplacet by anisomorphicline G-bundleto assumehat L is trivial. This
shows thatKer(«) consistof isomorphisnclasse®f linearizationson thetrivial
line bundleL = X x Al.

We denoteapointof X x A! by (z,t). Forary g € G,

a(9)(z,t) = (92, ¥(g,2)t),

where¥(g, ) € k*. ThefunctionV : (g, z) — ¥(g, z) mustbearegularfunction
on X x A' whichis nowherevanishing.In otherwords,¥ € O(G x X)*. The
axiomsof theactiongive usthat

U(gg',z) =¥(g,9' - 2)¥(d, x). (7.2)

Let us seewhentwo functions ¥, ¥’ defineisomorphiclinearizations. Let a :
X x A! — X x A! beanautomorphisnof thetrivial bundle. It is definedby
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aformula(z,t) — (z, ¢(x)t), wheregp € O(X)*. It commuteswith the actions
definedby ¥ andV¥’ if andonly if

d(g-2)¥(g,7) = ¢(x)¥'(g, ).

Or, equialently, for ary g € G,

V' (g,z) = V(g,x)p(g-x)/d(x).

Let Zglg(G, O(X)*) denotethegroupof functions¥ satisfying(7.2)considere@s
asubgroupof thegroupO(G x X)* andlet By, (G, O(X)*) beits subgroupcon-
sistingof functionsof theform g*(¢) /¢ for somep € O(X)*. It followsfrom the
definition of the groupstructureon Pic®(X) thatthe productin Zao(G, O(X)*)
correspondso thetensorproductof linearizedline G-bundles.Sothe above dis-

cussionprovesthefollowing.

Theorem 7.1. Thekernelof theforgetful homomorphisna: : Pic”(X) — Pic(X)
is isomorphicto thegroup

Hyo(G, O(X)") == Zyo(G, 0(X)*)/ Bag(G, O(X)").
Notethespecialcasewhenfor ary integral k-algebrak
(OX)@y K)"=K*®1.

This happensfor example,when X is affine spacepr when X is connectecand
properover k. Then
O(G x X)" =pri(0(G))

and(7.2) givesthat
Za4(G, O(X)") = Homay(G, G ) := X(G),

the subscriptindicatingthat we are consideringrationalhomomorphism®f al-
gebraicgroup. The latter groupis calledthe group of rational characters of G.
We studiedthis groupwhenG wasatorus. Also we have g*(¢) = ¢ andhence
Bj4(G,O(X)*) = 0. Thuswe obtain

Corollary 7.1. Assum&)(G x X)* = pri(O(G)*). Then

Ker(a) =2 X(G).
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Remark7.1 Accordingto atheoremof Rosenlicht([93]), for any two irreducible
algebraicvarietiesX andY over analgebraicallyclosedfield &, the naturalho-
momorphism

OX)e0(Y) - 0(X xY)*
is surjectve. Let usgive asketchof theproof. Firstwe usethatfor ary irreducible
algebraicvariety the group O(X)*/k* is finitely generated(This is not difficult
to prove by reducingto the caseof a normalvariety andthenfinding a complete
normalvariety X containingX suchthat D = X \ X is a divisor. Thenfor
ary f € O(X)* thedivisor of f is containedin the supportof D and hence
is equalto a linear combinationof irreduciblecomponent®f D. This definesan
injective homomorphisnifrom thegroupO(X)*/k* to afinitely generate@dbelian
group.)Now assumeve have aninvertiblefunction¢(z, y) on X x Y. For afixed
z € X we have afunction ¢,(y) = ¢(z,y) € O(Y)*. SinceO(Y)*/k* is a
finitely generatedyroup,themap X — O(Y)*/k*,x — ¢,(y) modulok* must
be constant.Of courseto justify this we have to shaw thatthis mapis given by
analgebraicfunction; this canbe done. Soassuminghis, we obtainthat ¢(z, y)
is equalto a function(y) up to a multiplicative factorc(z) dependingonz. So
o(z,y) = c(x)(y) asasserted.

7.2 The existenceof linearization

To find conditionsfor theexistenceof a G-linearizationof aline bundlewe haveto

studytheimageof the forgetful homomorphismy. This consistof isomorphism
classe®f line bundleson X which admitsomeG-linearization.We startwith the
following lemma.

Lemma 7.1. Let G bea connectediffine algebraic group,andlet X bean alge-
braic G-variety A line bundle L over X admitsa G-linearizationif and only if
there existsan isomorphisnof line bundles® : pri(L) — o*(L).

Proof. We alreadyknow thatthis conditionis necessarysowe shaw thatit is suf-
ficient. Assumethat suchanisomorphismexists. The problemis thatit may not
satisfythe cogycle condition(7.1). Let usinterpret® asa collectionof isomor
phisms®, : L — ¢*(L). Wheng = e, theunity elementwe getanautomorphism
®, : L — L. Itisgivenby afunction¢ € O(X)*. Composingall ®, with @, *,
we may assumehat ®, = id,. Now the isomorphismsp,, andg"™(®,) o @,
differ by anautomorphisnof L. Denoteit by F'(g, ¢') sothatwe have

gy 0 F(g, 9,) = gl*(q)g) oDy
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The cogycle condition meansthat F'(g,¢') = id;. So far we have only that
F(e,g) = F(g,e) = idy for ary ¢ € G. Let usidentify the automorphism
F(g, ¢') with aninvertiblefunctionon G x G x X . By Rosenlichts Theoremwhich
we cited in Remark7.1, we canwrite F'(g,¢')(z) = Fi(g)F»(¢')F5(z). Since
F(e,g',x) =1andF(g,e,x) = 1, thefunctionsF,(g) F3(z) andF (g) F3(z) are
constantsThusF;(z) is constanandhenceF; andF; areconstantsThisimplies
thatF' = 1. This provesthe assertion. O

Remark7.2 Theexistenceof anisomorphism® : pri(L) — o*(L) meanghat L
is aG-invariantline bundle. Sothe precedindemmaassertshatany G-invariant
line bundle admitsa G-linearizationprovided that G is a connectedalgebraic
group. The assertionis not true if G is not connected. For example,assume
thatG is afinite group. The functionsF'(g, ¢g') which we consideredn the pre-
cedingproof form a 2-cog/cle of G with valuesin £* (with trivial actionof G in
k*). Theobstructionfor the existenceof a G-linearizationliesin thecohomology
group H?(G, k*). Thelattergroupis calledthe groupof Scur multipliers of G.
It hasbeencomputedor mary groupsG and,of coursejt is nottrivial in general.
If we denotethe subgroupof G-invariantline bundlesby Pic(X)“, thenonehas
anexactsequencef abeliangroups

0 — Hom(G, k*) — Pic“(X) — Pig(X)Y — H*(G, k). (7.3)

Lemma 7.2. Assumehat X is normal (for example nonsingular)and G is a
connectedaffinealgebraic group. Letz, € X. For anyline bundleL onG x X
wehave

L =pri(L|G x zo) ® pry(Lle x X).

Proof. It is enoughto shawv that L = pr;(L;) ® pry(Ls) for someL; € Pic(G)
and L, € Pic(X); thenit isimmediatelychecledthat; = L|G x xy and Ly =
L|e x X. To dothiswe usethefollowing factaboutalgebraiayroups:G contains
anopenZariski subset/ isomorphicto (A' \ {0})". For GL, this follows from
thefactthatany matrix with nonzeropivots canbe reducedo triangularform by
elementaryow transformationsWe alsousethefactthatthehomomorphisnpr;, :
Pic(X) — Pic(A! \ {0} x X) is anisomorphisn(see[46], Chaptel2, Proposition
6.6). Thesetwo factsimply that L|U x X = pr;(L,) for someline bundle L, on
X. Let D bea Cartierdivisoron G x X representind. (i.e., L = Ogxx(D)).
Thenthe precedingsomorphismmpliesthatthereexistsa Cartierdivisor D, on
X suchthatD’ = D — prs(D2)|U x X = 0. For everyirreduciblecomponentD;
of D' itsimagein G is containedn theclosedsubset” = G'\ U. By thetheorem
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onthedimensiorof fibers,thefibersof pr; : D} — Z mustbeof dimensiorequal
to dim X. This easilyimpliesthat D} = pri(D;), whereD; C Z. ThusD' =
pri(D;) for someWeil (andhenceCartierbecausé is nonsingulardivisoronG.
Sowe havetheequalityof CartierdivisorsD = pri(D;)+prs(Ds). Thistranslates
into anisomorphisnof line bundlesL 2 pri(Oq(Dy)) @ pry(Ox(D,)). O

Definenow ahomomorphisnd : Pic(X) — Pic(G) by
S(L) = (prs(L) ® o*(L™1)|G x zo,

wherez, is achosemointin X. Supposé (L) is trivial. By the precedindemma
appliedto M = pr;(L) ® o*(L ') we obtainthat M = prj(M|e x X). Butthe
restrictionof o andpr, to e x X areequal. Thisimpliesthat M is trivial, hence
thereexists anisomorphism® : pri(L) — o*(L). By Lemma 7.1, L admitsa
G-linearization.This proves

Theorem 7.2. Let G be a connectedhffine algebraic group actingon a normal
variety X. Thenthefollowing sequencef groupsis exact

0 = Ker(a) = Pic%(X) 2 Pic(X) 2 Pic(G).

Corollary 7.2. Under the assumptiorof the theolem, the image of Pic®(X) in
Pic(X) is of finite index. In particular, for anyline bundle L on X there existsa
numbern sud that L®" admitsa G-linearization.

Proof. Use the fact that for ary affine algebraick-group G the Picard group
Pic(Q) is finite (see[65], p.74). O

Remark7.3. Theassertiorthat Pic(G) is finite canbe checled directly for mary
groups.For example thegroupis trivial for G = GL,,, G!,, G, sincethesegroups
areopensubset®f affine space To computePic(G) for G = PGL,, SL,, we use
thefollowing facts.Let V beanirreduciblehypersuréceof degreed in PV . Then

Pic(PY \ V) = Z/dZ. (7.4)

Thisisomorphismis definedby restrictingasheafto anopensubset Anotherfact,
whichis nottrivial, is that
Pic(V) = Zh, (7.5)

whereh is the classof a hyperplanesectionof V, provided N > 4. Thisis called
the LefshietzTheoemon hyperplanesectiongsee[40], p. 169).
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Now noticethatG = PGL, is isomorphicto P’ \ V, whereV is givenby
thedeterminanequationdet(z;;) = 0. This gives

Pic(PGL,) = Z/nZ.

Ontheotherhand,SL, is isomorphicto the complemenbf a hyperplanesection
zgo = 0 of thehypersuréce

det((2s)1<ij<n) — 200 =0
in P*. Sowhenn > 2 we canapply(7.4)to obtain

Pic(SL,) £ 0.

Thereis anotionof asimply connectealgebraiogroup(which makessenseover
anarbitraryalgebraicallyclosedfield). For all suchgroupsPic(G) is trivial. Any
G is isomorphicto aquotientG' /A, whereG is simply connectecind A is afinite
abeliangroupwhosedual abeliangroupis isomorphicto Pic(G). For example,
G = SL, for G = PGL,. For simplealgebraicgroupsPic(G) is a subgroupof
the abeliangroup A(D) definedby the Cartanmatrix of the root systemof the
Lie algebraof G. Herearethe valuesof A(D) for differenttypesof simpleLie
algebras:

An Bn Cn D2k D2k+1 F4 GZ E6 E7 ES
Z)(n+1)Z 7)27 7./27 (Z)2Z)* ZJAZ 1 1 ZJ37 727 1

We referto [86] for a descriptionof the Picardgroupof any homogeneouspace
G/H.

7.3 Linearization of an action

Now we arereadyto prove thatany algebraicactionon a normalquasi-projectre
variety canbe linearized.Let L be a G-linearizedline bundle,letV = I'(X, L)
beits spaceof sectionsandlet G beanaffine algebraiogroup. ThegroupG acts
naturallyandlinearlyon V' by theformula

p(9)(s)(z) = a(g,5(a (97", 2))),
or, in simplified notation,

“l.a). (7.6)
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We know that ary finite-dimensionalsubspacé?’ of V' is containedin a G-
invariant finite-dimensionalsubspacéV generatedy the translatesof a basis
of W. Thuswe obtainalinearrepresentation

p:G— GL(W).

Assumethat the linear systemWV is base-point-fee(i.e., for ary x € X there
existss € W suchthats(z) # 0). ThenW definesaregularmap¢y : X —
P(W*) by theformula

ow(z) ={s € W:s(z)=0}.

Herewe identify a pointin P(W*) with a hyperplanen W. Notethatalthough
“s(z)” doesnot make sensg(sinceit dependsn a local trivialization of L), the
equalitys(z) = 0 is well-defined.Therepresentatiof7.6) in W definesarepre-
sentationin W* andthe inducedprojective representatiom P(WW*). It is given
by theformula

g- H = g_l(H)7

whereH is ahyperplanen W. Now

dw(g-z) = {seW:s(g-z)=0}
={seW:97's(g-2)=0} = {seW:(g7' s)(z) =0}

=9 (dw(z)) = g-dw().

This shavsthatthemapg¢y, is G-equiariant.
Choosingabasis(sy, - . ., s,) in W we obtaina G-equiariantrationalmap

f: X =P z-(so(x),...,s.(x)).

If the rational map definedby a basisof W’ is an embeddingthenthis mapis
an embeddingoo. Now leti : X — PV be anembeddingof X asa locally
closedsubvariety of projectve space We take L = i*(Opn~(1)). Whenn is large
enough L®" = ¢*(Opn~(n)) admitsaG-linearization.LetW’ C I'(X, L®") bethe
imageof I'(PY, Op~(n)) underthe canonicalrestrictionmapT' (PN, Opn(n)) —
['(X, L®™). Obviously, W' is afinite-dimensionabase-point-fredinear system.
It definesan embeddingof X into projective spacewhich is the compositionof
i anda Veronesemapuv,, : PV — p("a")- (obtainedfrom the Veronesemap
vg : P(KNT1) — P(Pol,(k¥*!) by choosingbases). ReplacingiV’ with a G-
invariantlinear systemi? asabove, we obtaina linearizationof the actionof G
onX.
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Theorem 7.3. Let X bea quasi-pojectivenormalalgebraic variety, actedon by
an irreduciblealgebraic group G. Thenthere existsa G-equivariantembedding
X — P", whee G actsonP” viaits linear representationrG — GL,, 1.

Example7.1 Let G = PGL,,; acton X = P" in the naturalway. Let ussee
thattheline bundleOp. (1) is not G-linearizablebut Opn(n + 1) = Opa(1)C+1

is. We view G asan opensubsetof the projective spaceP” (N = n? + 2n =

dim G) whosecomplements the determinantypersuréceA givenby theequa-
tiondet((7;;)) = 0. Theactiono: G x X — X istherestrictionto G x X of the
rationalmapo’: PV x P"— — P" givenby theformula

n n
o' (i), (@0, 20)) = (3 a5, D angay).
j=0 j=0

Notethatthis mapis notdefinedatary point (4, z) suchthatdet(4) =0, A-z =
0. Therestrictionof the projectionP? x X — P¥ to thesetZ of suchpointsis
abirationalmapontothe determinanhypersuréce(it is anisomorphisnoverthe
subsebf matricesof corankequatto 1). SinceZ is of codimension> 2 in PY xP»
the line bundle o*(Op~ (1)) is the restrictionof aline bundleon PY x P". The
formulafor theactionshownsthatthis bundlemustbepr; (Opn~ (1)) @ prs(Opn(1)).
Thuso*(Opx(1)) restrictedto (PY \ A) x {z,} is isomorphicto the restriction
of Opn(1) to PV \ Z. If Opa(1) admitsa linearization,we have o*(Opx (1)) =
pr;(Opx (1)), andhencethe latterline bundlemustbe trivial. However, by (7.4),
it is ageneratoof thegroupPic(PY \ A) £ Z/(n+ 1)Z.

Bibliographical notes

Theexistenceof alinearizationof somepower of aline bundleonanormalcom-
pletealgebraicvarietywasfirst provenin [73] by usingthetheoryof Picardvari-

etiesfor completenormalvarieties.Our proof, whichis borravedfrom [65], does
not usethe theoryof Picardvarietiesandappliesto any normalquasi-projectie
varieties. One canalso considervector G-bundlesof arbitraryrank (seefor ex-

ample[99]); however, no generalizatiorof Corollary 7.2 to this caseis known to

me.
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Exercises

7.1Let L bealine bundleover a connectedffine algebraiogroup. Show thatthe
complementL* of the zerosectionof L hasthe structureof an algebraicgroup
suchthatthe projectionmap~« : L* — G is a homomorphisnof groupswith
kernelisomorphicto G,, .

7.2Let G beaconnectedfiine algebraicgroup. Shaw that Hy (G, O(X)*) is a
homomorphiédmageof thegroupX (G). In particularit istrivial if X is connected
andcomplete.

7.3UseRosenlichts Theoremfrom Remark7.1to show thatary invertibleregular
function f € O(G)* onaconnectedffine algebraicgroupG with valuel atthe
unity e € G definesarationalcharacteof G.

7.4 Let X beanonsingularalgebraicvariety andlet G beits finite groupof au-
tomorphisms. Shav that the group Pic®(X) is isomorphicto the group of G-
invariantWeil divisorsmodulolinearequialencedefinedby G-invariantrational
functions. [Hint: UseHilbert's Theorem90 which assertshat H'(G, k(X)*) =
0.]

7.5LetG,, actonanaffinealgebraiovariety X definingthecorrespondingrading
of O(X). Let M bea projective moduleof rank 1 over O(X) andlet L bethe
associatetine bundleon X. Show thatthereis anaturalbijective correspondence
betweenG-linearizationsof L andstructuref O(X)-gradedmoduleson M.

7.6 Shaw thatary line bundleon a normalirreduciblevariety X on which SL,
actsadmitsa uniqueSL,,-linearization.

7.7Let f : X — P(V) beaG-equivariantmap,whereG actson P(V') via its
linearrepresentationShow that L = f*(Op(yy(1)) admitsa G-linearizationand
themapf is themapgivenby theline bundle L.

7.8 Shaw thatthetotal spaceof theline bundle L = Op-(1) is isomorphicto the
complemenbf a pointin P**!. Describethe uniqueSL,, . -linearizationof L in
termsof anactionof thegroupSL, ;; onthetotal space.






Chapter 8
Stability

8.1 Stablepoints

From now on we will assumeéhatG is areductve algebraicgroupactingon an
irreduciblealgebraicvariety X. In this chapterwe will explain a generalcon-
structionof quotientsdueto D. Mumford. Theideais to cover X by openaffine
G-invariantsetsU; andthento constructthe cateyorical quotientX /G by gluing
togetherthe quotientslU; /G. The latter quotientsaredefinedby Nagatas Theo-
rem. Unfortunately sucha cover doesnot exist in general.Insteadwe find sucha
cover of someopensubsebf X. Sowe candefineonly a“partial” quotientU //G.
Theconstructiorof U will dependon a parametera choiceof aG-linearizedline
bundle L.

Definition. Let L beaG-linearizedline bundleon X andz € X;

(i) z is calledsemi-stablgwith respecto L) if thereexistsm > 0 ands €
['(X, L™)% suchthat X, = {y € X : s(y) # 0} is affine andcontains.

(i) =z iscalledstable(with respecto L) if thereexistss asin (i) andadditionally
G, isfinite andall orbitsof G in X, areclosed.

(i) =z is calledunstable(with respecto L) if it is notsemi-stable.
We shalldenotethe setof semi-stabldrespectiely stable unstablepointsby

XS(L), XS(L), X“(L).

115
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Remark8.1 1. Obviously X*%(L) and X5(L) are openG-invariantsubsetgbut
couldbe empty).

2. If L is ampleand X is projectve, the sets X are always affine, so this
conditionin the definition of semi-stablgyointscanbe dropped.In fact, for any
n > 0, X; = X, sowe mayassumethat L is very ample. Let f : X — PY
be a closedembeddingdefinedby somecompletelinear systemassociatedo L.
ThenX, is equalto theinverseimageof anaffine opensubsein PY whichis the
complemento somehyperplane.Sincea closedsubsef an affine setis affine
we obtainthe assertion.

3. Therestrictionof L to X3 L) is ample. This is a consequencef the
following criterion of amplenessZ is ampleon a variety X if andonly if there
existsanaffine opencoverof X formedby thesetsX,, wheres is aglobalsection
of sometensorpower of L. For the proofwe referto [46], p. 155.

4. The definitions of the sets X*(L), X3(L), X"“$(L) do not changeif we
replaceL by apositivetensompower (asa G-linearizedine bundle).

5. AssumelL is ample.Letz € X5 L) beapointwhoseorbit G - z is closed
andwhoseisotropy subgroupG, is finite. | claimthatz € XS5(L). In factlet
z € X, beasin thedefinition of semi-stablgoints. ThenthesetZ = {y € X, :
dim G, > 0} is closedin X, anddoesnotintersectG - z. Sinced is reductie,
thereexistsa function¢ € O(X,)% suchthate(G - z) # 0,¢(Z) = 0. Onecan
shawv thatthereexists somenumberr > 0 suchthat ¢s®" extendsto a sections’
of sometensorpower of L (see[46], Chapter2, 5.14). Since X is irreducible,
this sectionmustbe G-invariant. Thusz € X, C X, andall pointsin X, have
zero-dimensionastabilizer This implies that the orbits of all pointsin X, are
closedin X,.. Thischeckshatz is stable.

6. In [73] a stablepointis calledproperly stableandin the definition of sta-
bility thefinitenesf G, is omitted.

Let us explain the definition of stability in more down-to-earthterms. As-
sumethat L is very ample,andembedX equiariantlyin P(V'). We have a G-
equiariantisomorphisnof vectorspaces

I(X, L™) = Pol (V) /I,

wherel,, is thesubspacef Pol,, (V') which consistof polynomialsvanishingon
X. Passingo invariants,we obtain

D(X, L™)¢ 22 POk, (V) /).

Let z* denotea pointin V suchthatkz* = z € P(V). Everys € I'(X, L™)¢
canberepresentethy a polynomial F; € Pol, (V) which is G-invariantmodulo
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I,,. In particular F is constanton the orbit of z* for ary pointz € X. Clearly
s(z) # 0if andonly if F; doesnotvanishon z*. Sothe setof unstablepointsis
equalto theimagein P(V) of theset

N(G;V)={v eV :F(v)=0,YF € @ Pol,(V)°}.

m>0

This setis calledthenull-coneof thelinearactionof G in V. It is anaffine variety
givenby asystenof homogeneousquationganaffinecong. Letv € ¥V andO(v)
beits orbitin V. Supposé € O(v). Thenfor ary G-invariantpolynomial F' we
have F(v) = F(O(v)) = F(0) = 0. Thusthe correspondingointz = kv in
X is unstable.Conversely if z is unstable0 € O(v). In fact, otherwisewe can
apply Lemmaé6.1 andfind an invariantpolynomial P suchthat P(v) # 0 but
P(0) = 0. If we write P asa sumof homogeneoupolynomialsP,, of positive
degree,we find someP,, which doesnotvanishatv. Thenz is semi-stableThis
interpretatiorof stability goesbackto the original work of D. Hilbert ([47]).

8.2 The existenceof a quotient

Let usshaw thatthe opensubsebf semi-stablérespectrely stable)pointsadmits
a cateorical (respectrely geometric)quotient.

First we have to recall the definition of the gluing constructionof algebraic
varieties.Let { X; };c; beafinite setof affine algebraicvarieties. Thegluing data
is achoiceof anopenaffine subset;; C X, for eachj € I, andanisomorphism
¢ji : Ui — Uj; for eachpair (4, j) € I x 1. It is requiredthat

() U; = X;, andg,; is theidentity for eachi € I,

(i) forary i, j, k € I, ¢;:(U;; N Uy) C Uy and

(¢kj © ¢ji)|UijﬁUik = ¢ki‘UijnUik'

Let R beanequialencerelationontheset| |,., X; definedby = ~ y if and
only if thereexistsapair (i, j) € I x I suchthatz € Uy;,y € U;; andy = ¢;;(z).
The assumptiongi) and (ii) show thatit is indeedan equivalencerelation. Let
X be the correspondindactorsetandlet p : | |,., X; — X be the canonical
projection. We equip X with the topologyfor which a subsetV is openif and
only if p~*(V) is openin the Zariski topology The restrictionp; of p to X;
definesahomeomorphisnof X; with anopensubset’; of X sothatX = | J,., V;
andp;(U;;) = V; N'V;. We alsointroducethe notion of a regular functionon an
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opensubsetl’ C X. By definition, this is a collection of regular functions f;

onp; (V) C X; suchthat(f;|v,,) © ¢js = filu, foranyi,j € I. Let Ox(V)

be the k-algebraof regular functionson V. The assignment/ — Ox (V) is
a sheafof k-algebrasgcalledthe structule sheafof X. The pair (X, Ox) is an
example of a ringed space i.e., a topological spaceequippedwith a sheafof

rings. Ringedspaced$orm a category. A morphismof ringedspaces X, Ox) —

(Y, Oy) is acontinuousmap f : X — Y suchthatfor any opensubsetl” C YV

and¢ € Oy (V), thecompositiong o f € Ox(f~'(V)). Eachopensubsetl” of

X is equippedwith the structureof a ringed spacewhosestructuresheafOy, is

equalto therestrictionof Ox to V. Eachquasi-projecire algebraicvarietycanbe
consideredhsaringedspacethe structuresheafis the sheafof regularfunctions.
It follows from the definition that the ringed space(X, Ox) obtainedby gluing
of affine varietiesis locally isomorphicto anaffine variety; i.e., it admitsanopen
cover by subsetsvhich areisomorphicto affine varietiesasringedspacesin the
notationfrom above eachopensetV; is isomorphicto X;. Thuswe areledto the
notionof anabstractalgebraic varietywhichis aringedspacdocally isomorphic
to an affine algebraicvariety Oneusuallyaddsa separatednegzropertywhich
ensureghat the intersectionof two openaffine subsetss an affine variety, An

abstractlgebraicvariety X is isomorphicto a quasi-projectie algebraicvariety
if andonly if thereexistsanampleline bundle L over X whichis usedto embed
X into projective space.We leave it to the readerto definethe notion of a line

bundleoveranabstractlgebraicvariety. A usefulcriterionof amplenessf aline

bundlewasgivenin Remark8.1.3.

Theorem 8.1. Thek existsa goodcategorical quotient
7w X(L) - X°(L)/G.

Thee is an opensubsetU in X(L)/G sud that X5(L) = =~}(U) and the
restrictionof 7 to X5(L) is a geometricquotientof X(L) by G. Moreover there
existsan ampleline bundle M on X3%(L)//G sud that7*(M) = L®", restricted
to XSS(L), for somen > 0. In particular, X55(L) /G is a quasi-pojectivevariety.

Proof. Sinceary opensubsetof X is quasi-compacin the Zariski topologywe
canfind afinite set{s, ..., s, } of invariantsectionsof sometensorpower of L
suchthat X*%(L) is coveredby the setsX;.. Obviously we may assumehatall
the s; belongto I'(X, L®N)¢ for somesuficiently large N. Let U; = X,,,i =
1,...,r. Forevery U;, we considerthering O(U;)¢ of G—invariantregularfunc-
tionsandlet ; : U; — Y; := U; /G with O(Y;) = O(U;)¢ asconstructedn
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Nagata$ Theorem. For eachi, j we canconsiders;/s; asa regular G-invariant
functionon U;. Let ¢;; € O(Y;) bethe correspondingegular function on the
quotient.Considerthe opensubsetD(¢;;) C Y;. Obviously

;1 (D(¢y)) = m; {(D(65) = Ui N Uj.

This easily implies that both sets D(¢;;) and D(¢;;) are cateyorical quotients
of U; N U;. By the uniquenes®f catgorical quotientthereis anisomorphism
a;; © D(¢ij) = D(¢;i). It is easyto seethat the setof isomorphisms{c;;}
satisfiesthe conditionsof gluing. So we canglue togetherthe quotientsY; and
the mapsr; to obtainamorphismr : X3%(L) — Y, whereY = X5XL)/G. To
show thatY is separatedt is enougho obsenethatit admitsanaffine opencover
by the setsY; which satisfieghe following properties:Y; NY; = U; N U, /G are
affine and O(Y; N Y;) is generatedy restrictionsof functionsfrom O(Y;) and
O(Y;). Thelatter propertyfollows from thefactthatO(U; N U,) is generatedby
restrictionsof functionsfrom O(U;) andO(U;). In fact, the separatednessso
follows from the assertiorthat Y is quasi-projecite. So let us concentrateon
proving thelatter.

Note that the cover {U;}i—1 .., of X3%L) is atrivializing cover for the line
bundle L' obtainedby restrictionof L to X3 L). In fact,by Remark8.1.3,L' is
ample; hencewe may assumethat sometensorpower L'®? is very ample. This
impliesthat L'®" is equalto theline bundle f*(Op-(1)) for someembeddingf :
XS(L) — P". Thesections?" of L'®* is equalto the sectionf* (k) whereh is
a sectionof Op~(1). Thusthe opensubsetl; is equalto f~!(V;) whereV; is an
opensubsef P" isomorphicto affine space.This showvs that I’ restrictedto U;
is equalto (f|y,)*(Opn(1)|V;). However, Op~(1)|V is isomorphicto the trivial
line bundle sinceary line bundle over affine spaceis isomorphicto the trivial
bundle. By fixing sometrivializing isomorphismsve canidentify the functions
(si/55)|vinu; With the transitionfunctionsg;; of L'. As we have shovn before,
si/s; = m*(¢;;) for somefunctionse;; € O(Y;). We usethetransitionfunctions
hij = ¢i;]Y; N'Y; to definealine bundleM onY. Olviously7*(M) = L'. Letus
shawv that M is ample. First we definesomesectionst; by settingt;|y, = ¢;; for
afixedj andvariablei. Sincefor ary i1, is

Pinj = PirjPizia
thet;ly, ny;, differ by thetransitionfunction of A, hencet; is in facta section
of M. Clearlyr*(t;) = s; andY;, = Y. As above, sinceall Y; areaffine, we

obtainthat M is ample. Sincer : X°(L) — Y is obtainedby gluing together
goodcatayoricalquotientsthe morphismsr is agoodcateyoricalquotient.



120 CHAPTERS. STABILITY

It remainsto shawv thattherestrictionof 7 to X3(L) is a geometricquotient.
By definition X5(L) is coveredby affine openG-invariantsetswhereG actswith
closedorbits. Sincer is agoodcategoricalquotient,for ary = € X3(L) thefiber
n (7 (z)) consistof oneorbit. Thusn|xs(,) is agoodgeometricquotient. [

In thecasewhenL is ampleand X is projective,thefollowing constructiorof
the categoricalquotientXs(L) /G is equivalentto the previousone.

Proposition 8.1. Assumehat X is projectiveand L is ample Let

R=@r(x, L.

n>0

Then
XS(L) /G = Proj(R®).

In particular, the quotientXs%(L) /G is a projectivevariety.

Proof. Firstof all, we obsenethatby Nagatas TheorenthealgebraR® is finitely
generated. It also hasa natural grading, inducedby the gradingof R. Re-
placing L by L®¢ we may assumehat R¢ is generatedy elementss,, ..., s,
of degreel. Let Y = Projm(R“) be the projective subvariety of P* corre-
spondingto the homogeneousgleal I equalto the kernelof the homomorphism
k[Ty, ..., T, — R%,T; — s;. (Thereadershouldgo backto Chapter3 to recall
the definition of Projm(A) for ary finitely generatedyradedk-algebraAd.) The
elementss; generateheidealm = RY generatecdy homogeneouslementsof
positive degree. Thusthe affine opensetsU; = X, cover X*%(L). Ontheother
handthe opensetsY; = Y N {T; # 0} form anopencover of Y with the prop-
ertythat O(Y;) = O(U;)¢. ThemapsU; — Y; definea morphismXSS(L) — Y
which coincideswith the cateyoricalquotientdefinedn theproofof thepreceding
theorem. O

Remark8.2 If we assumehat L is very ample,andembedsX in the projectve
spaceP(I'(X, L)*) = P(V), thenwe caninterpretthe null-coneasfollows. The
sectionss; from the proof of the precedingpropositiondefinea G-equivariant
rationalmap X — P" z +— (so(z),...,s.(z)). Theclosedsubsetof X where
thismapis notdefineds exactlytheclosedsubvarietyof X equalto X NN (G; V),
wherethe bar denotesthe image of the null-cone N (G; V) in P(V). Sodele-
ting this closedsubsetfrom X we obtainthe set X% L) andthe quotientmap

XS(L) — X(L)/G.
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Remark8.3. NotethatthemorphismXs(L) — X*(L)/G is affine,i.e.,inverse
imageof anaffine opensetis affine. Thereis alsothe following corverseof the
precedingproposition. Let U be a G-invariantopensubsetof X suchthatthe
geometricquotientr : U — U/G existsandis an affine map. AssumeU/G is
guasi-projectre. Thenthereexists a G-linearizedline bundle L suchthatU C
X*(L). For theproofwe referto [73], p. 41.

8.3 Examples

Example8.1 Let X = P" andG = SL,,; actingon P" naturallyvia its linear
representationWe know that . = Opx(1) admitsa uniqueSL,; linearization
(Exercise7.7). We alsoknow from Chapter5 that Pol, (k") is anirreducible
representatiofor G. Thereforefor ary m > 0,

['(X, Opn(m))€ = Pol, (k"¢ = {0}.

This shovsthat Xs(L) = ().
Example8.2 Let X = P", G = G,, with actiondefinedby theformula

t-(zo,...,T,) = (tPxo,...,t"x,).

Heregqy, ..., g, aresomeintegers. We assumdhatqgy < ¢; < --- < ¢,. Since

Pic(P") = ZOp-(1) and X(G,,,) = Z we have Pic”(P*) = 72, A G-linearized

bundlemustbe of the form Op«(m); it definesa G-equivariant\Veroneseembed-
dingP® — PV(™, whereN(m) = dimk[Tp, ..., Tu)m — 1 = ("/™) — 1. The

groupG,, actsonPV(™ py theformulat : z;, ; > t%at +mg, . where

x4 .4, 1S the coordinatein the Veronesespacecorrespondingo the monomial

Ty .- Ti,, 01 < -+ < i, NOw thelinearizationis givenby alinearrepresenta-
tion of G, in thespacd [Ty, . . ., T,]»)* whichlifts theactionin thecorrespond-
ing projective space Obviouslyit is definedby theformula

t: Tiy gy, > AT g, (8.1)

for someinteger a. Thusthe G-linearizedbundlescan be indexed by the pairs
(m,a) € Z*. Denotethe correspondindine bundleby L, ,. RaisingL,, , to the
rth powerasaG-linearizedoundlecorrespond$o replacing(m, a) with (rm, ra).

We know that X3%(L) doesnot changeif we replaceL by L®". Sowe may
assumehatL = L, ,/,, whereby definition H°(P", L?j)‘;q)G is definedonly for N
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divisible by ¢ and HO (P", L®N/q) HO(P", L, npq)¢- In otherwordswe permit
a to bearationalnumberin formula (8.1) and considerinvariantpolynomialsof
degreea multiple of thedenominatoof a. Heretheinvariancemeanghatfor any
t e k*,

F(t=*t g, ... t7% 0 g,) = F(zo, ..., Tn)-
Assumenow thatg, < 0. It is obviousthatI'(P", LYY)“ = 0 forall N > 0 if

a < qoOra > g,. Thisimpliesthat XL, ,) = 0if a & [qo, gn]-
Whena = gy, we have

@HO(P“,Lﬁg)G = k[Ty, ..., Thl,
N=0

if go="-+=gm < gm+1. HENCE
XSS(LLa) :Pn\{.IO = =Ty = 0}

and
X(L1,4) )G = Projmk[Ty, . .., T,]) = P™.

In particularif ¢; > qo, thequotientis the point.

Next, we increasethe parametets. If ¢, < a < gny1, We have further
invariantpolynomials. For example,if a = s/d, the monomiaIT(fq’”+1 ST%& y
belongsto @y_, H*(P", L{Y)“. Sothe setX*Y(L,,) becomedarger andthe
cateyoricalquotientchangesin factonecanshaw thatthequotientsddonotchange
whena staysstrictly betweertwo differentweightsg; anddo changeotherwise.

ExampleB8.3. Considetthespecialcaseof thepreviousexamplewhereg, = 0 and
g1 = --- = q, = 1. Therestrictionof theactionto A" is givenby theformula

t-(21,ny2n) =(t- 21,0 .5t 2p).

If wetake L = L, , fora = 1/2 weget

e, LM = kLT, . .., ToT,).

m=0

This shaws that X“S(L) = V(Tp) U V(11,...,T,). In otherwords, the setof
semi-stablgointsis equalto thecomplementf the hyperplanetinfinity 7, = 0
andthe point (1,0, ...,0). Soit canbeidentifiedwith A™ \ {0}. The quotient
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is of courseP"~!. SincethegroupG actson this setwith trivial stabilizers,we
obtainthatall orbitsareclosedandthe quotientis agoodgeometricquotient.
Similar conclusionsanbemadefor ary rationala € (0,1). If a = 1, wehave

PreE, LC = k[T, ..., T,.
m=0

Thus

XS(L)=P"\V(Ty,...,T,) =P"\ {(1,0,...,0)}.
The categyorical quotientis the sameP™ but the setof semi-stablegointsis differ-
ent.

Example8.4. Let X = A" andG = G,,. Everyline bundleis isomorphicto the
trivial bundleL = X x A'. Aswesawv in Chapter7, its G-linearizationis defined
by theformula
t-(zv) = (t- 2z, x(t)v),

wherey : G,, — G,, is ahomomorphisnof algebraicgroups.It is easyto see
thatany suchhomomorphisnis given by the formulat — t* for someinteger
a. Infactx* : k[T, T7] — k[T, T7'] is definedby the imageof 7', andthe
conditionthatthis mapis a homomorphismmplies thattheimageis a power of
T. Solet L, denotethe G-linearizedline bundlewhich s trivial asa bundleand
whoselinearizationis givenby theformula

t-(z,v) = (t-z,t%).
A sections : X — L, of L, is givenby theformula
s(z) = (2, F(2))

for somepolynomial F(Z) € k[Z] = O(A™). ThegroupG actson the spaceof
sectionsby theformulas +— s, where

's(z) = (2,t*- F(t ' 2)).
Thuss € T'(X, L&™)¢ if andonly if
F(t-z)=t""-F(z) forallz € k" tek*.

Whena = 0, the constanfpolynomiall definesaninvariantsectionof L&™ for
ary m. ThusX*%(Ly) = X and

X /G = SpecnfO(X)%) = Specntk[Zy,. .., Z,]°™).
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Recallthata G,, -actionon anaffine varietyis equivalentto a Z-gradingof its ring
of regular functions;the ring of invariantsis the subringof elementf degree0
(seeExample3.1).In ourcaseO(X) = k[Z4, .. ., Z,] butthevariablesZ; arenot
necessarijhomogeneouslf we canmale a linear changeof variablessuchthat
they arehomogeneoughenthe actionis givenby aformula

(21, oy 2n) = (Y21, .., 1% 2,).

In this casewe saythattheactionof G,, on A" is linearizable. It isanopenprob-
lem (averydifficult one)whetherary actionof G,, onaffine spaces linearizable.
It is known to betruefor n < 3.

Assumenow thata > 0. Sincewe know thatthe setof semi-stablepoints
andthe quotientdo not changewhenwe replaceL by its tensorpower, we may
assumehata = 1. Then

o

@FXL@”” =@ k2, ..., Znlm =kl 21, ..., Zn]o.

m=0

Thesubringk[Z:, ..., Z,]>¢ is afinitely generatedilgebraover k[Z, . .., Z,]o.
Thus

Prx, LE™ o = k2, ..., Zu]so
m>0

is afinitely generateddealin k[Z1, . . ., Z,,|>o. Let fy, ..., f,, beitshomogeneous
generatorsThen

X¥La) = D(fi)U---UD(fm),
XN L) G = Dy(f1)U---U Dy (fm),

whereD_ (f;) = Specnik[Z1, ..., Z,]s,)) (SeeExample3.1).
Similar conclusioncanbereachedn thecasex < 0.

Example8.5. A specialcaseof the previous exampleis whenG,, actson A" by
theformula

t- (21, oy 2n) = (t%21,..., 7 2,),

whereg; > 0. If « = 0, we getk[Zi, ..., Z,]o = k sothe quotientis onepoint.
If « < 0,wegetk[Z, ..., Z,)<o = {0}, sothesetof semi-stablgointsis empty
Finally, if o > 0, we get

X=D(Z)U---UD(Z,) = A"\ {0},
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andthe constructionof the cateyorical quotientcoincideswith the construction
of theweightedprojectve spaceP(q,, .. ., ¢,) (SeeExample3.1). Sowe seetwo
differentwaysto definelP”: asa quotientof P**! andasa quotientof A?*!,

ExampleB.6. Let G beagainG,, andX = A* with theactiongivenby theformula
t- (21, 20, 23, 24) = (tzn, tzg, t™  2g, 1 2y).

As in the previous example,eachG-linearizedline bundleis isomorphicto the
trivial line bundlewith the G-linearizationdefinedby anintegera. We have

(X, L)Y = k[Z],4.

However, thistime thegradingis weightedtheweightsare(1,1, -1, —1).
Assumea = 0. Thenforary r > 0,1 € I'(X, L§")¢ = I'(X, Ly)¢. Hence
X = X(L),and

OX)¢ =k[Z)o = k[Z1Z3, 2\ Zy, Zy Z3, Zo Z4) C K[Z].

We have a surjectionk[T}, Ty, Ts, Ty] — O(X)¢, definedby Ty — 7,75, Ty —
WLy, Ty ZyZs, Ty — ZyZ,. Thisshowsthat

O(X)C = k[Ty, T, Ts, Tu] /(T\ Ty — Ty Ts).

Thus X L) /G, is isomorphicto the closedsubvariety Y, of A* given by the
equation
T1T4 - T2T3 = 0

Thisis aquadriccone.It hasonesingularpoint atthe origin.
Assumea > 0. Again, without lossof generalitywe maytake o = 1. It is
easyto seethat

@k[Z]r = k[Z]s0 = Z1k[Z] 0 + Z2k[Z]50.

Thus
X(Ly) = A*\ V(Zy, Zy).

This setis coveredby U; = D(Z;) andU, = D(Z,). We have

OW)® = klZ)z) = klZ]o[22/Z1],
OL)® = kl[Z)(zy) = klZ]o[Z1/Z5).
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Weclaimthat X*%(L,)/G isisomorphicto aclosedsubvarietyY” of A* x P; given
by theequations

leg - T3Z1 = 0, T2Z2 - T4Z1 = 0, T1T4 - T2T3 = 0

Here we use(Z,, Z,) for homogeneousoordinatesn P'. In fact, this variety
is coveredby the two affine opensetsY, givenby Z; # 0,7 = 1,2. It is easy
to seethat O(Y;) = O(U;)“. We also verify thatthesetwo setsare gluedto-
getherasthey shouldbeaccordingto our constructiorof the categoricalquotient.
Thuswe obtainanisomorphismY”’ = Y, := X%%(L,)/G,,. In fact, we have
X*Y(Ly) = X*(L,) sothatY’, isageometricquotient.Notethatwe have acanon-
ical morphism
[+ Y =Y

which is given by the inclusionof therings k[Z], ¢ O(U;)¢. Geometricallyit
is inducedby the projectionA* x P! — A*. Overtheopensubset, \ {0} this
morphismis anisomorphism.In fact, Y, \ {0} is coveredby the opensubsets
Ui = YyND(T),i = 1,...,4. TheinverseimageU, = f;'(U,) is contained
in theopensubsewhereZ; # 0. SinceZ,/Z; = T3/T; we seethat f, induces
anisomorphismO(U;) — O(U,). Similarly we treatthe otherpiecesU;. Over
the origin, the fiber of f, is isomorphicto P*. Also, we immediatelycheckthat
Y, isanonsingulavariety Thusf, : Y, — Y; is aresolutionof singularitiesof
Y. It is calleda small resolutionbecauseahe exceptionalsetis of codimension
> 1. The readerfamiliar with the notion of the blowing up will recognizeY,
asthe variety obtainedby blowing up the closedsubvariety of Y definedby the
equationsl; = T3 = 0.

Assumex < 0. Similar agumentsshow thatY_ = X*(L_;)/G,, is isomor
phicto theclosedsubvarietyof A* x Pi givenby theequations

T1Z4 - T2Z3 = 0, T3Z4 - T4Z3 = 0, T1T4 - T2T3 = O

We have amorphism
fo:Y_>Y,

whichis anisomorphisnmoverY; \ {0} andwhosefiber over {0} is isomorphicto
P!. Thediagram
Y, Y.
f+ ™ v f-
Y
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represents type of birationaltransformation®etweeralgebraicvarietieswhich
nowadaysis calleda “flip”. NotethatY, is notisomorphicto Y, but they are
isomorphicoutsidethefibers f1'(0) = P!,

Bibliographical notes

Thetheoryof stablepointswith respecto an algebraicactionwasdevelopedin
[73]. Thereis nothingoriginalin our exposition. Theexampleggivenin thechap-
ter shav thedependencef the setsof stablepointson the choiceof linearization
of theaction. Althoughthis factwasimplicitly acknavledgedin [73], the serious
studyof this dependencbeganonly recently;see[23], [115] andthereferences
there.Oneof themainresultsof thetheorydevelopedin thesepaperds thefinite-
nessof the setof opensubsetsvhich canbe realizedasthe setof semi-stable
pointsfor somelinearization.

Exercises

8.1Let X beahomogeneouspacewith respecto anactionof anaffine algebraic
groupG. AssumeX is notaffine. Shaw thatfor ary L € Pic®(X) thesetX (L)
is empty

8.2 A G-linearizedline bundleis called G-effectiveif X°5L) # (). Show that
L ® L' is G-effectiveif both L andL’ areG-effective.

8.3 Let G,, acton an affine algebraicvariety X andlet O(X) = 6p,., O(X);

be the correspondinggrading. Define Ay = O(X)o, A>o = P,~, O(X); and
similarly A<, Ao, Aco. Let L € Pic®(X) be trivial asa line bundle. Shav

that thereare only three possibilities(up to isomorphism): X5(L) = X, X \

V(I;),X \ V(I-), wherel, (resp.l_) is theidealin O(X) generatedy A,

(resp.A_). Show thatin thefirst caseX L)/ G, is isomorphicto SpecntA,),

in thesecondrespthethird) caseX*%(L) /G,, isisomorphicto Projm(A>,) (resp.
Projm(A<o)).

8.4In ExampIeS.GshONthatthefiberedproduct}N/ =Y, xy, Y_isanonsingular
variety. Its projectionto Y; is anisomorphismoutsidethe origin, andthe inverse
imageF of theorigin is isomorphicto P! x P'. Shaw thatthe restrictionsof the
projectionsfrom Y to Y. to E coincidewith thetwo projectionmapsP* x P! —

P!.
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8.5Let G bealfinite groupactingregularlyon X. Shaw thatfor ary L € Pic“(X),
X5(L) = X3(L). Also X5(L) = X if L is ample.Shaow thatthe assumptiorof
amplenesss essentialevenfor thetrivial group!).

8.6 Let G = SL, actby conjugationon the affine spaceM,, of n x n matrices.
Considetthecorrespondingctionof G ontheprojectve spaceX = P(M,,). Find
thesetsX(L), XS(L) whereL € Pic“(X).

8.7Leti : Y — X beaclosedG-invariantembeddingandlet Ly = i*(L) where
L is anampleG-linearizedine bundleon X. Assumethat X is projectve andG
is linearly reductve, e.g.char§) = 0. Provethat,forary y € Y,

yeY(*(L) & ily) € X3D),
y €Y' (L))o & i(y) € X*(L)).

8.8 ConsiderExample8.1with n = 3 andgy = 0,91 = 2,¢2 = 2,93 = 3. Find all
possiblecateyoricalquotients.



Chapter 9

Numerical criterion of stability

9.1 Thefunction u(z, \)

In this chapterwe shall prove a numericalcriterion of stability due to David

Hilbert and David Mumford. It is statedin termsof the restrictionof the action
to one-parametesubgroups.The ideaof the criterionis asfollows. Supposean

affinealgebraiggroupG actsonaprojectvevariety X C P" viaalinearrepresen-
tationp : G — GL,,.;. Thiscanbeachievedby takingaveryampleG-linearized
line bundle L on X. As in Chapter8, we denoteby z* arepresentatie in k" t!

of apointz € X. We know thatz € XY(L) if andonlyif 0 € G-z*. If H is

a subgroupof G, thenH - z* C G - z*, so onemay detectan unstablepoint by

checkingthat0 € H - z* for somesubgroupH of G. Let ustake for H theimage
of aregularhomomorphism\ : G,, — G (a one-paametersubgoupof G). In

appropriatecoordinatest actsby theformula

At) - 2" = (t™xg, ..., t""x,).
Supposall m; for which z; # 0 arestrictly positve. Thenthemap
Ag t AP\ {0} — A"t (1) - 2*

canbeextendedo aregularmap),- : A' — A**! by sendingtheorigin of A! to
the origin of A"*1. It is clearthatthe latter belongsto the closureof the orbit of
x*, henceour point z is unstable Similarly, if all m; arenegative,we change\ to
A~! definedby theformula)~'(¢) = A(¢t~') to reachthe sameconclusion.Let us
set

p(z, A) = miin{mi tx; # 0}

129
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Sowe canrestatethe precedingemarkby sayingthatif thereexists A in the set
X (G)* of one-parametesubgroupof G suchthat u(z, ) > 0 or p(z, A7) >
0, thenz is unstable. In otherwords, we have a necessarygonditionfor semi-
stability:

z € X(L) = p(z,\) <0, Ve X(G)". (9.1)

Assumethe precedingconditionis satisfiedand u(z, A) = 0 for some). Let us
show thatx is not stable.In the precedingnotation,let I = {i : z; # 0, m; > 0},
andlety = (yo,...,yn), Wherey;, = z; if i ¢ I, andy; = 0if i € I. Obviously,
y belongsto the closureof the orbit of = underthe actionof the subgrouph\ (G, ).
If = werestable,thenby definition of stability, y mustbe in this orbit. However,
obviously (G, ) fixesy, sothaty cannotbe stable. Thuswe obtaina necessary
conditionfor stablepoints:

z € X3(L) = pu(z,\) <0, Ve X(QG). 9.2)

We have to show first that the numbersu(z, \) areindependentf a choice of
coordinatesn A"*!, andalsothatthe previous conditionis sufiicient for semi-
stability. Let usstartwith theformertaskanddothelatteronein the next section.

Letz € X andz* € A™'! be asabose. Take a one-parametesubgroup
A: G, — G;foraryt € k* the correspondingoint \(¢) - z is equalto the
point with projective coordinategt™ox,, . .., ™z, ), wherem! = m; — u(z, \)
if x; # 0 andarnything otherwise.Thuswhenwe let ¢ goto 0, we obtaina point
in X with coordinates; = (yo, - - -, yn), Wherey; # 0 if andonly if z; # 0 and
m; = p(z, A). Theprecisemeaningof “let ¢ goto 0” is thefollowing. We have a
map

Ao i AN\ {0} = X, t= A1)

SinceX is projectie this mapcanbe extendedo a uniqueregularmap

APt X
We set B B
11_1)13 A(t) -z := A;(0), tliglo A(t) -z := Ag(00).
Obviously

. e — T -1
lim A(¢) -z P_I)r&/\(t) x.

t—o0

Soourpointy is equalto lim; o A() - z. Now it is clearthatforary ¢ € k

At) -y =y,
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thatis, y is afixed pointfor the subgroup\(G,, ) of G. Also thedefinitionof y is
coordinate-freeFurthermorefor any vectory* overy,

A2) -y = tH@N gy, (9.3)

This can be interpretedas follows. Restrictthe action of G on X to the ac-
tion of G,, definedby A\. Then L hasa natural G,,-linearizationand, since
y is a fixed point, G,,, actson the fiber L,; this definesa linear representation
py : Gy, — GL; = Gy, We know the geometridnterpretationof the total space
V(Opr(—1)) of theline bundle Op~(—1). It follows from this thatthefiber of the
canonicalprojectionA”™! \ {0} — P" overapointz € X canbeidentifiedwith
V(Opn (1)), \ {0}. Thusfrom (9.3) we getthatG,, actson thefiber L' by
the charactert — ¢*(=:»). Henceit actson thefiber L, by the rationalcharacter
t — t=#@Y This givesus a coordinate-frealefinition of x(z, ). In fact, this
allows oneto definethe numberu®(x, \) for ary G-linearizedline bundle L as
follows. Lety = lim; ,o A(¢) - z. Then\(G,,) C G, and,asabove, thereis a
representatioof G,, onthefiber L,,. It is givenby anintegerwhichis takento be

_/'LL (33, /\)

In the casewhen u(z, A) > 0, we cangive anothercoordinate-freeyeomet-
ric interpretationof u(z, A). Let Ix C k[T, ..., T, bethe homogeneougleal
defining X in P* andA = k[Ty, ..., T,]/Ix bethehomogeneousoordinateing
of X. Wehave X = Projm(A). Let Cx = SpecnfA) C A" betheaffine cone
over X. Letx andz* beasabove. A one-parametesubgroup\ asabove defines
amorphism

Xx* : Al — CX
Let ¢ : A — k[t] bethe correspondindhomomorphisnof the rings of regular
functions.Theimageof the maximalidealm definingthevertex of C'x generates
aprincipalideal (t™™) C k[t]. | claimthat

m(A) = u(z, N). (9.4)

In fact, the compositionof ¢ : A — k[t] with the canonicalhomomorphism
k(To, ..., T,] — Aisgivenby theformulaT; — t™, where

Ao+ (1) = (t™ayg, ..., t"™a,), x* = (ag,...,a,).

Sincem is generatedby the cosetsf the 7, we seethat ¢(m) is generatedy the
monomialst™ suchthata; # 0. Now theassertiorfollows from thedefinition of

p(z, A).
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9.2 The numerical criterion

Now we are readyto prove the sufficiency of conditions(9.1) and (9.2). The
following is the mainresultof this chapter

Theorem9.1. LetG beareductivegroupactingon a projectivealgebraic variety
X. Let L beanampleG-linearizedline bundleon X andletz € X. Then

€ X¥L) & pF(z,N) <0 forall Xe X(G),

v € X3L) & pt(z,A) <0 forall e X(G).

Beforestartingthe proof of thetheoremJet usrecallthe notionof properness
of amapbetweeralgebraicvarieties.We referto [46] for the details.

Definition. A regularmapf : X — Y of algebraicvarietiesoveranalgebraically
closedfield & is calledproperif for any variety Z overk themapf xid : X xZ —

Y x Z isclosed(i.e.,theimageof aclosedsubsets closed).A variety X is proper
(or completg over k if theconstanmapX — Specnfk) is proper

We shallusethevaluativecriterion of propernesgsee46]). For ary algebraic
variety X overk, andary k-algebrak, thesetof morphismf algebraicvarieties
SpecniK) — X canbeviewedasthesetX (K) of pointswith valuesin K. If X
is affine, X (K) = Hom,(O(X), K), aswasdefinedin section3.3. If X is glued
togetherfrom affine varieties X;, and K is afield, then X (K) is gluedtogether
fromthe X, (K).

Let R beadiscretevaluationalgebreaover k£ with residuek-algebrasomorphic
to £ (e.g.,R = k[[t]] is the algebraof formal power seriesover k) andlet ) be
its field of fractions. If X is gluedtogetherfrom affine varietiesX;, thenit is
separated andonly if thenaturalmap X (R) — X (Q) is injective (thevaluative
criterion of sepaatednesk In particular it is alwaysinjective for quasi-projectie
algebraicvarieties,with which we aredealing. A regularmap f : X — Y of
varietiesover k£ definesamap fx : X(K) — Y(K) of K-points. In particular
the residuehomomorphismk — & inducesa map X(R) — X(k), whichis
calledthe residuemap. Thenthe valuative criterion of propernessssertdhata
regularmapf : X — Y is properif for ary y € Y(R) C Y (K), thenaturalmap

(fr)~'(y) = (fo)~'(y) is bijective.
Example9.1 Any closedsubvariety X of P" is properover k. Firstof all P™ is
properover k. Any @-pointof P* comesfrom a unique R-point aftermultiplying
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its projective coordinategz,, - . ., x,) by somepower of ageneratot of themax-
imal ideal of R. Now, it follows immediatelyfrom the definition of properness
thata closedsubvariety of a propervarietyis proper Onthe otherhand,anaffine
variety is obviously not proper Let us showv that X = P" \ {(1,0,...,0)} is
notcomplete.First noticethatthepoint (¢, ..., t) € A"(Q) = Q" is a@-point of
A"\{0} = D(z;)U---UD(x,). Infact,it belonggto any opensubsetD(zx;) since
it corresponds ahomomorphism®, : O(D(x;)) = k[z1, ..., x|, — Q defined
by z; — t. However, this point doesnot comefrom ary R-pointof A® \ {0}. In
facte;(z; ') =t~' ¢ Rforaryi=1,...,n. Now A"\ {0} c P"\{(1,0,...,0)}
and(1,¢,...,t) € X(Q) but(1,¢,...,t) € X(R).

We will needthefollowing fact.

Lemma 9.1. (Cartan-lwahori-Matsumoto).et R = k[[T]] bethering of formal

power serieswith coeficientsin k£ andlet Q = k((7")) beits field of fractions.
For any reductivealgebraic group G, any elementof the set of double cosets
G(R)\G(Q)/G(R) canberepresentedy a one-paametersubgoup A : G,, —

G in the following sense Oneconsides A asa k(7')-point of G and identifies
k(T) with a subfieldof £((T")) by consideringthe Laurent expansionof rational

functionsat theorigin of A!.

Proof. We provethisonly for thecaseG = GL,,; we referto theoriginal paperof
lwahoriandMatsumotdor thecasechar(k) = 0 (se€[55]). In thecaseof positive
characteristionehasto modify thelemma(seeAppendixto Chapterl of [73] by
J.Fogarty).

A @Q-pointof G is amatrix A with entriesin Q. We canwrite it asa matrix
Tr A, whereA € GL(n, R). SinceR is a principalidealdomain,we canreduce
the matrix A to diagonalform sothat A = C,DC,, whereC; € G(R), and D
is the diagonalmatrix diag7™, ...,T"]. Now we candefinea one-parameter
subgroupof G by

A(t) = diagt™, ..., t"™].

Then representshedoublecosetof thepoint A € G(Q) asasserted. O

9.3 The proof

Letusprove Theorend.1. We have alreadyprovedthenecessityf theconditions.
First of all, by replacingL with a sufficiently high tensorpower, we canplace
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ourselesin thefollowing situation: G actson a projective spacaP™ by meansof
alinearrepresentatiop : G — GL, 1, X is a G-invariantclosedsubvariety of
P™. We haveto prove thefollowing.

Letz € X andz € X \ X3(L). Thenthereexists A € X(G)* suchthat
pt(z, ) > 0. Moreover, if z € XY(L) thenthereexists A € X (G)* suchthat
pt(x, A) > 0.

From now on we drop L from the notationy”(z, \), rememberinghat L =
i*(Opr(n +1)).

Assumep(z,\) < 0 forall A € X(G)*. We have to shaw thatz € X*.
Supposer ¢ X°. Choosea point z* over z. Thenthemapa : G — V =
A" g — ¢ - z*, is not proper In fact, if it is proper G - z* is closedandthe
fiber of a over z* is properover k (Exercise9.4). Sincethe fiber is a closed
subvariety of an affine variety, it mustconsistof finitely mary points (Exercise
9.3). This easilyimpliesthatG,, is finite andG - x is closed,sothatz is a stable
point,contradictingheassumptionBy thevaluativecriterionof propernesghere
exists an R-point of V' which, viewed asa @-point of V', hasa inverseimage
underag : G(Q) — V(Q) but doesnot arisefrom ary R-point of G. In other
words, thereexists an elementg € G(Q) \ G(R) suchthatg - z* € V(R) =
R™'. By Lemma9.1 we canwrite ¢ = g;[)\]g., Whereg;, g, € G(R), and
[A] € G(Q) which comesfrom a one-parametesubgroup\. Let g, betheimage
of g, underthe “reduction” homomorphisnG(R) — G(k) correspondingo the
naturalhomomorphismk — &, > ", a; T — ay. We canwrite

92 919 = (92 [\g2)g2 ' ge.
The expressionin the parenthesess a -point of G definedby a one-parameter

subgroup\ = g, '\g, of G. Choosea basis(ey, ..., e,) in k"*! suchthatthe
actionof \'(G,, ) is diagonalizedThatis, we mayassumehat

N(t)-e;=t"e;, i=0,...,n.
Thisis equialentto
N]-e;=Tre;, 1=0,...,n.
Thus,if wewrite z* = zieq + - - - + },e,, We Obtain
(9297 g-2")i = (N]- (92792 - 2))i = T" (95 g2 - *)ic
Sinceg - * € R**!, thistells usthat

(g;lgg -Tr); = T‘”(g;lgflg -z*); € T""R. (9.5)
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Thisimpliesthatr; > 0 if ¥ # 0. In fact, the elementg; * g, is reducedto the
identity modulo (T'), hence(g, g, - *); modulo (T) areconstantequalto ;.
Ontheotherhand,they areequalto 7~"ia; modulo(T") for somea; € R. This of
coursempliesthatr; > 0 if z7 # 0.

Recallingour definitionof x(x, \') we seethat u(x, \') > 0. This contradic-
tion shavsthatz € X3 if u(x, \) < 0 for all \.

Assumenow that u(z, A) < 0 for all A\. We have to shawv thatz € X5 If
x is unstablep € G - z* andhencewe canchoosey € G(K) \ G(R) suchthat
g-z* € R""!isreducedo zeromodulo(T) (this follows immediatelyfrom the
proof of the valuatve criterion of properness).Thereforethe left-handside of
(9.5) belongsto T-"i*! R andhencewe getr; > 0 if 7 # 0. Thusu(z, \') > 0.
This contradictionprovesthetheorem.

9.4 The weight polytope

Recallfrom Chapter5 thata linearrepresentatioof atorus? = GJ, in avector
spacéeV splitsinto thedirectsumof eigensubspaces

V= Vi,
(T)

XEX

where
Vi={veV:t-v=uv}

Also recall from Chapter5 thatthereis a naturalidentificationbetweerthe sets
X(T) andZ" which preseres the naturalstructuresof abeliangroupson both
sets.We definetheweightsetof therepresentatiospacel” by setting

wt(V) = {x € X(T) : Vy # {0}}.

Thisis afinite subsebf Z". Its corvex hull in R" is calledtheweightpolytopeand
is denotedby wt(V'). Let uschoosea basisof V whichis the sumof the basesf
theweightspaces/,, x € wt(V'). In this basisour representatiors definedby a

homomorphisnp : T'— GL,, givenby aformula

t™ 0 ... ... 0
0O t=™ 0 ... 0
ol =] . (9.6
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wherewe usethevectornotationfor amonomialt™ = ¢7"* - - - t".

Now let A : G,, — T be aone-parametesubgroupof 7. It is givenby a
formulat — (t*,...,t%) for somea = (a4,...,a,) € Z". Composingthe
representatiop with A\ we have arepresentatiopo A : G,, — GL,, givenby the
formula

tam 0 0
0 t2m2 0 ... 0
t— ) ) .. , . (9.7)
0 . ... 0 A

Letz € P(V) withz* = ) vy, v, € V5. We definethe weightsetof = by
setting

wt(z) = {x € X(G) : v, # 0}. (9.8)
We definetheweightpolytopeof x by setting
wt(z) = corvex hull of wt(z) in X(G) ® R = R". (9.9)

If we choosecoordinatesn V' asin (9.7) andwrite z* = («, - . ., a,,) then
wt(z) = {m; : a; # 0}.
SinceA(t) - z* = (t*™ay, ..., *™q,), we obtainthat

pX(z,\) = min{a-m; : a; # 0} = min (\ x).
XEWH(z)

(Recallthatthenaturalbilinearpairing (X, x) — (A, x) betweenX (T")* and X (T)
is definedby thecompositiony o A € X(G,,) = Z. Whenweidentify X' (T')* and
X (T) with Z", it correspondso the usualdot-product.)

Example9.2 Let T bethe subgroupof diagonalmatricesin GL,,. Considerits
naturalrepresentatiom V- = k™. Thenwt(V) = {es,...,e,}, wheree; arethe
unit basisvectors.Eache; correspondso thecharactely; : diagti, . .., t,] — t;.
TheweightspaceV,, is the coordinateaxis ke;. Theweightpolytopeof V' is the
standardsimplex

A, = {(ml,...,xn) eRn:ogxingxi:l},
=1

Theweightsetof apointz € P"~! with projectve coordinategas, . . ., a,) is the
set{e; : a; # 0}. Its weightpolytopeis thesubsimple {z € A, : z; # 0}. If Ais
givenby m = (m,,...,m,) € Z™ correspondingo ¢ — diagt™,...,t™], then

pCrn=1 W) (2 \) = min{m, : oy # 0}.
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Clearly, onecanalwaysfind m suchthatthis numberis positive,soall pointsare
unstable.

In thecasewhen( is atoruswe canrestatelTheoren®.1in thefollowing way.

Theorem 9.2. Let G bea torusandlet L be an ampleG-linearizedline bundle
ona projectiveG-variety X. Then

r € X¥NL) & 0e€wt(z),

€ X(L) < 0 ¢ interior(wt(z)).
Proof. We usea well-known fact from the theory of corvex sets. Let A be a
closedcorvex subsetof R*. For ary pointa € R" \ interior(A) (resp. a €
R™ \ A) thereexists an affine function¢ : R* — R suchthat¢(a) < 0 (resp.
#(a) < 0),andg(A) C Rsy. Moreover, the proof of this factshovs thatonecan
choosep with integral coeficientsif A is the corvex hull of a setof pointswith
integral coordinates We referfor the proofsto ary textbook on cornvex sets(see
for example[82]). Theresultfollows. O

Now let G beary reductve groupactinglinearly on a projectve variety X C
P, and L betherestrictionto X of somepositive tensorpower of Op-(1). We
know thatany one-parametesubgroupof G hasits imagein amaximaltorus? of
G, andhencecanbeconsideredsaone-parametesubgroupf 7. Now, applying
Theorem9.1,we obtain

XSL)= (] XALr),
maximaltori T
X(L)= () X3l

maximaltori T'
HereT runsover the setof all maximaltori of G, andthe subscriptT” indicates
therestrictionof theaction(andthelinearization)to 7'.

Let usfix onemaximaltorus?'. Thenfor any othermaximaltorus7”, we can
find ¢ € G suchthatgT’g~! = T. Fromthe precedingchapterwe know that z
is semi-stablgresp. stable)with respecto A\(G,, ) if andonly if 0 ¢ A(G,,) - z*
(resp.\(Gy, ) - z* is closedandthestabilizerof z* in A(G,,) is finite). It immedi-
atelyfollowsthatthis propertyis satisfiedf andonly if ¢ - = is semi-stabl€resp.
stable)with respecto g\g~!(G,,). Thisimpliesthat

z € X3 (L) & gz € X7¥Lr),

andsimilarly for stablepoints. Puttingthesetogethemwe obtain
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Theorem 9.3. LetT bea maximaltorusin G. Then
re€X¥L) & Vged, g-z€ XP(Lr),
z€XNL) & Vge@, g-ze€ X5 (Ly).

9.5 Kempf-stability

To finish this chapterwe give a very nice necessarygonditionfor a point to be
unstablan termsof its isotropy subgroup.Thisis aresultdueto G. Kempfwhich

is very importantin applicationgo constructiorof variousmodulispacesn alge-
braicgeometryLet X € P(V'), whereG actson X via alinearrepresentatiom

V. Supposer € X is unstable.Let v beits representatie in V. We know that
thereis a one-parametesubgroup) : G,, — G suchthatlim; ,o A(t) - v = 0.

We call \ a destabilizingone-paametersubgoup of z. Among all destabiliz-
ing one-parametesubgroupf x we wantto considerthosefor which p(z, A)

is maximal. Sinceu(z, A4) = du(x, \), we shouldfirst normalizeu(x, \) by di-

viding it by || A || andshow thatthe maximumis defined. Here|| A || means
the Euclideannormin R™ if we chooseto identify X'(7")* with Z"; of coursethe
imageof A could belongto differentmaximaltori, so we have to proceedmore
carefully. Firstwe canfix onemaximaltorusT'. Forary A € X(G)* we canfind

g € G suchthat\' = g='- \- g belongso X (T')*. Thenwecanset|| A ||=| ' || -

However, we have to checkthatthis definitiondoesnot dependn the choiceof g

asabove; equivalently, we haveto checkthat|| A ||=|| X' ||if g7'-T-¢g =T (i.e.,

g belongsto the normalizerNg(T') of T in G). The quotientgroup N¢(T')/T

is calledthe Weyl group of G. It is a finite groupwhich actslinearly on X' (T)*.

If G = GL, andT is the subgroupof diagonalmatrices,we easily checkthat
W = Ng(T)/T canberepresentedy the matricesf,,; (1) = I, + Ei;, where
a; is aroot. By conjugation, /W actson I’ by permutationof rows andhenceit

actson X (7)* = Z" by permutationof the coordinates.In particulay || A || is

W-invariant.In generalwe chooseanorm|| A || on X' (7)* whichis W-invariant;
thisis alwayspossiblesincelV is finite. This solvesour problemof defining|| A ||

foramy A € X(G)*. Sowe set

Forary A € X(G)* wedefine
_ T Co - M- existsi
P\ = {g €G: 11_1}13 A(t) - g - A(t)™" existsin G}.
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Lemma 9.2. P(]) is a subgoup of G which containsa Borel subgoup. More-
over, for anyg € P()),

lim Mg #) ™" € Zg(\) :={h € G : RA()h™" = A(t),Vt € k*}.

Proof. Againwe provethisonlyfor G = GL,,. Withoutlossof generalitywe may
assumehat ) is a one-parametesubgroupof the groupof diagonalmatricesand
is givenby A(t) = diagt™,...,t™]. By afurtherchangeof basiswe mayalso
assumehatm; < --- <m,. Letg = (a;;). We have

AB)gAER) ™" = (™ Miayy).

Thelimit existsif andonly if a;; = 0 whenm,; < m;. Thusg € P(}) if andonly
if a;; = 0 wheneveri > j andm,; # m;. It is easyto seethat P()\) is asubgroup;
it containsthe group B of uppertriangularmatricesandis equalto this groupif
my < -+ < my. Now thelimits lim,_,o A(¢) - g - A(¢)~%, g € P()), form asetof
matrices(a;;) € P()) suchthata;; = 0 if m; > m;. It isimmediatelychecled
thatthisis thesubgroupZgs (). O

Lemma9.3. Foranyg € P()),
p(z, g7 Ag) = p(z, A).

Proof. We have,for ary g € P()),

m(g~A(Hg) ¢ = (g ADAD ™) A1)

li
t—0

=limg ' (A(B)gA(t) A -2) = g ' LEmAE)gAE) ) -y,

wherey = lim; o A(f) - z. It is easyto seethat u(xz, \) = p(limy_o A(2) - z, A)
(seeExercise9.2(iv)). Thereforeputtingh = lim;_,o(A(¢)gA(t)~"), we obtain

p(x, 97 Ag) = u(g ™ h-y,97" Ag).
Now
wlg th-y, gt Ag) = p(h -y, A) = p(y, " Ah) = p(y, A) = p(z, A).

Herewe usethath centralizes\ andu(z, g *A\g) = u(g - z, \) (seeExercise9.2
(1)). This provestheassertion. O
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Definition. Theflag comple of G is thesetA(G) of one-parametesubgroupof
G modulothefollowing equivalencerelation:

A~ X dng,ng € Zisg, g € P()\l) suchthat )\7211 = _1)\32‘9.

It followsfrom Lemma9.2thatthefunctionv, () is well-definedasafunction
on A(G). Also thefunction A — P()) is well-definedon A(G). Now theideais
to find amaximumof v, : A(G) — R. It is achievedata point[A] representing
the one-parametesubgroupwhich is “most responsible’for the instability of z.
The existenceof sucha point A was conjecturedby J. Tits and was proven by
G. Kempf([59]) andG. Roussealf[95]). Theideais to shav thatv, is strictly
corvex onthesetof pointsin A(G) representinglestabilizingsubgroup®f = and
achievesa maximumon this set.

Theorem 9.4. Thee existsa one-paametersubgoup \, € X (G)* sud that
vz(Az) = max{r;(\) : A € X(G)*}.
All sud subgoupsrepresenthe samepointin A(G).

Definition. A one-parametesubgroup\ € X (G)* is calledadaptedor thepoint
x € XY(L) if it satisfiegheassertiorof the precedingheorem.

Let A(x) bethe setof adaptedne-parametesubgroupf z. It is anequi-
alenceclassrepresentingnepointé(z) € A(G). We canassignto it theunique
parabolicsubgroupP () whichwe denoteby P(x). Of coursewe haveto remem-
berthatall of theseobjectsdependon thelinearizationof the action.

Corollary 9.1. Assumer is unstable Then
G, C P(x).
Proof. Forary g € G, and\ € A(z) wehave g~'\g € A(z). Indeed
p(z,A) = p(g - 2,A) = plz, g~ Ag).

By Theorem9.4, we musthave P(g~'\g) = P()). It follows from the defini-
tion that P(g~'\g) = g~ 'P()\)g. However, it is known thatthe normalizerof a
parabolicsubgrougs equalto the subgroup. O

Corollary 9.2. Assumé?= is semisimplde.g. G = SL,,) and G, is notcontained
in anyproperparabolic subgoupof G. Thenz is semi-stablevith respecto any
linearization.
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Proof. We usethat P(z) # G if G is semisimple.Otherwisethereis anadapted
one-parametesubgroupwhich belongsto thecenterof G. O

In fact, onecanstrengtherthe precedingcorollary by showving thatG - z* is
closedin V if G, is notcontainedn ary properparabolicsubgroupf G. Thisis
dueto Kempf([59]). To proveit he considersa closedorbit G - y*in O(z*) and
provestheexistenceof aone-parametesubgroup\ with lim; ,o A(¢) - z* € G - y*.
Next hedefineghesetof adaptedsubgroupsvith this propertyfor whichthelimit
is reachedhefastest.Thesesubgroupslefineauniqueproperparabolicsubgroup
anddG,; is containedn this subgroup.

Definition. z € X C P(V) is calledKempf-stablef G - z* is closedin V.

This definitionis obviously independenof the choiceof z* € V representing
z. Notethat

stability = Kempf-stability=—- semi-stability

Indeed|f G -z is closedin X*°thenG - z* is olviously closedin V\ N (G; V)
(otherwisethe imagein P(V') of a pointin the closurebelongsto the closureof
G -z in X%). Also G - z* is closedin V sinceotherwisea pointin its closure
belongsto the null-coneand henceary invariantpolynomialwill vanishat z*.
Now if z is Kempf-stablethe point z* cannotbelongto the null-cone.If it does,
we canfind a one-parametesubgroup\ suchthatlim; ,o A(¢) - z* = 0. But then
0 mustbelongto G - z*, whichis absurdsince{0} is anorbit.

Thuswe cangeneralizeCorollary9.2to obtain:

Corollary 9.3. Assume is semisimpleand GG, is not containedin any proper
parabolic subgoupof G. Thenz is Kempf-stable

Example9.3. Thisis intendedfor the reademwith someknowledgeof the theory
of abelianvarieties(see[72]). Let A be anabelianvariety of dimensiong over
an algebraicallyclosedfield £ andlet L be anampledivisor on A. Onedefines
the subgroupK (L) of A which consistf all pointsa € A suchthatt’ (L) = L.
Heret, denoteghetranslationmapz — x + a. Although L is obviously K (L)-
invariant,it doesnotadmita K (L)-linearization.However, onedefinesa certain
extensiongroupG(L) — K(L) with kernelisomorphicto G,,, with respecto
which L admitsalinearization.Of coursethe subgroupG,, of G(L) actstrivially
on A. ThegroupG(L) is calledthe thetagroup of L. The linear representa-
tion of G(L) in H°(A, L) is irreducible. As an abstractgroup K (L) is isomoF
phicto K(D) = Z9/DZ° & 79/DZ?, where D = diagdy,...,d,], di|- - -|dy,
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is the type of the polarizationof L. For example,whenL = M®", where M
is a principal polarization,we have K (L) = A,, the groupof n-torsionpoints,
and K(L) = (Z/nZ)?. The vectorspaceH (A, L) is isomorphicto the vec-
tor spacek(Z¢/ DZ] of k-valuedfunctionson thefinite abeliangroupZ?/DZ.9,
andtherepresentationf G(L) on this spaceis calledthe Scdrddinger represen-
tation. If we assumethatd; > 3, then L is very ample and can be usedto
definea G(L)-equivariantembeddingof A in P(H°(A, L)*). Let usnow con-
sideranabelianvarietywith polarizationof type D andlevel structureasatriple
(A, L, ), whereA andL areasabove,and¢ : K(L) = K (D) is anisomorphism
of abeliangroups.Eachsuchtriple definesa point 24,14 in the Hilbert scheme
of closedsubschemem P, = P(k[Z?/DZ9]*). We saythattwo triples (A, L, ¢)
and(A’, L', ¢') areisomorphicif thereexistsanisomorphisnof abelianvarieties
f: A— A suchthat f*(L') = Landg o f = ¢'. It is easyto seefrom this
definitionthat (A, L, ¢) = (A', L', ¢') if andonly if ha s = g - b, fOr
someprojectve transformatiorof P,. Onecanshaw thatthereis anirreducible
componentX of the Hilbert schemewhich containsthe pointsh4,1,.4). Sincethe
spacePp, correspondso anirreduciblerepresentatiol, = k[Z9/DZ9]* of the
group K (D), theisotropy subgroupof A4 1,4 (equalto K (D)) is not contained
in ary properparabolicsubgroupof GL(Vp) (seeExercise9.10). Thush . 4) is
a Kempf-stablepointin X. It is alsoa stablepoint sinceits isotropy subgroups
finite. The setof pointsin X correspondingo smoothschemess anopensubset
U of X, andis alsoa GL(V})-invariantsubsetontainedn X . Thuswe cancon-
siderthegeometriaquotient//GL (V) whichis afine modulischemdor abelian
varietieswith polarizationof type D andalevel structure.

Bibliographical notes

Most of the materialof this chapteris taken from [73]. Our function p”(z, \)
differsby aminussignfrom theonestudiedin Mumford’sbook[73]. Thenumer
ical criterion of stability goesbackto D. Hilbert ([47]) who introducedit for the
descriptionof the null-conefor the actionof SL,, on the spaceof homogeneous
polynomials.

Onecangive acriterion of stability in termsof themomenmapm : P(V) —
Lie(K), whereK isamaximalcompacsubgroumf G (SU(n) if G = SL(n, C)).
It is definedby the formulam(v) =| v |2 dp,(1), where,for ary g € K,
po(9) =|| g - v ||*>. Herewe fixeda K-invarianthermitiannorm|| || in V. The
criterion stateshat x is semi-stablaf andonly if 0 belongsto the closureof the
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momentmapimagem(G - x) of the orbit of z (see[60]). For moreinformation
aboutthe relationshipbetweenGIT andthe theory of momentmapswe referto
[62] andChapterB of the new editionof Mumford’s book.

One canconsideru(z, \) asa functionin L. Onecanalsogetrid of the
dependencen X by shaving that the function M"(z) = sup,cx(q)- % is
well-definedand canbe extendedto a function/ — M'(z) on the vectorspace
I € Pic“(X) ® R. Thesefunctionsareusedin [23] to definewalls andchambers
in the vectorspacePic® (X) ® R which play animportantrole in the theory of

variationof GIT quotients.

Exercises

9.1 An algebraicgroup G is called diagonalizableif O(G) is generatedas k-
algebraby the charactersy : G — G,, consideredas regular functionson G.
Prove thatatorusis a diagonalizableggroupandthatevery connectedliagonaliz-
ablegroupis isomorphicto atorus. Give examplesof nonconnectediagonaliz-
ablegroups.

9.2 Checkthefollowing propertieof thefunction . (z, \):
(i) w(g-z, ) =plx,g ' Ag) forary g € G, X € X(G)*;

(i) forary z € X, )\ € X(G)*, themapPic”(X) — Z definedby the formula
L — p*(x, ) isahomomorphisnof groups;

(i) if f : X — Y is a G-equvariantmorphismof G-varieties,and L €
Pic? (v), thenu! () (z, A) = (£ (x), );

(iv) pl(x,\) = pl(limy o A(t) - 2, N).

9.3 Prove thatan affine variety over afield k£ is properif andonly if it is afinite
setof points.

9.4 Prove thata fiber of a propermapis a propervariety Give anexampleof a
nonpropemapsuchthatall its fibersarepropervarieties.

9.5ProvethatG actsproperlyon X3(L) (i.e.,themapV¥ : G x X3(L) — X3(L) x
X5(L) is proper).

9.6 Prove Lemma9.3for G' = SL,, andG = GJ,.



144 CHAPTERY9. NUMERICAL CRITERION

9.7LetT beanr-dimensionatorusactinglinearlyonaprojectve spaceP™. Shov
that Pic’ (P") = Z'+! andthe setof L € Pic’ (P") suchthat (P")S(L) # @ is a
finitely generatedemigroupof Z .

9.8In thenotationof Exercise8.6from Chaptes8, find thesetsX L) and X 3(L)
by usingthe numericalcriterion of stability.

9.9 Supposer is Kempf-stable.Shov thatits isotropy group G, is a reductve
subgroumf G. [Hint: Use,or prove,thefollowing fact: if H isaclosedsubgroup
of G with G/H affinethenH is reductive.]

9.10Let H be a subgroupof GL(V') suchthat V' is irreduciblefor the natural
actionof H in V. Shav that H is notcontainedn ary properparabolicsubgroup
of G.

9.11Let X = P(M,,) betheprojectve spaceassociatetb thespaceof squarema-
tricesof sizen. Considettheactionof thegroupSL, on X definedby conjugation
of matrices.Usingthe numericalcriterionof stability find the setsof unstableand
stablepoints.

9.12Let X C P(V) andlet G acton X viaits linearrepresentationConsiderthe
flag complex A(G). For ary pointz € X letC(z) = {§ € A(G) : v,(6) > 0}.
Shaw thatthis setis corvex.
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Projective hypersurfaces

10.1 Nonsingular hypersurfaces

LetG = SL,,, actlinearlyon A**! in thenaturalway. This actiondefinesanac-
tion of G onthesubspacé[Z,, .. ., Z,]s C O(A™!) of homogeneoupolynomi-
alsof degreed > 0. Weview thelatterastheaffine spaceA’ , whereN = ("+9).
A pointof the projective space

Hyp,(n) := P(k[Zo, - .., Znla) = PV

is calleda hypesurfaceof degreed in P". For eachnonzeroF € k[Zy, ..., Z,]q
we denotethe correspondindiypersuréceby V (F). When F' is anirreducible
polynomial,it canbe identifiedwith the setof zerosof F' in P*, whichis anir-
reducibleclosedsubvariety of P of dimensionn — 1. In general,V (F') canbe
viewedastheunionof irreduciblesubvarietiesof dimension — 1 takenwith mul-
tiplicities. In thischaptemve shalltry to describehesetsof semi-stable@ndstable
pointsfor this action. Note that thereis no choicefor a nontriial linearization,
sincePic(P¥ 1) = Z and X (G) = {1}; we musttake L = Opn-1(1).
Let
Ca(n) = Hyp,(n) /SLn 1.

This is a normal unirationalvariety. Accordingto a classicalresult of Jordan
andLie, thegroupof projective automorphismef anirreduciblehypersuréceof

degreed > 3 is finite (seea modernproofin [85]). ThisimpliesthatSL, ; acts
on anopennonemptysubsewith finite stabilizergroups.By Corollary6.2,

dim Cy(n) = dim Hyp,(n) — dim SL,1 = ("% — (n + 1) (10.1)

145
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Let n bearbitrary Recallthata hypersuriceV (F') € Hyp,(n) definesa nonsin-
gularvarietyif andonly if theequations

oF
T, —

F=0, 0, i=0,...,n,

have no commonzeros.Notethat, by the Eulerformula,

dF = ZT?—?
1=0

Soif chalk) doesnotdivide d, thefirst equationcanbeeliminated.Let D bethe

resultantof the polynomialsdF/dT;. It is ahomogeneoupolynomialof degree
(n+ 1)(d — 1)™ in the coeficientsof theform F'. It is calledthe discriminantof

F'. Itsvalueat F' is equalto zeroif andonly if thedF'/9T; haveacommonzeroin

P™. Sincethe latter propertyis independenbf the choiceof coordinatesthe hy-

persurceV (D) C Hyp,(n) is invariantwith respecto theactionof G = SL,, ;.

Thismeanghatfor ary g € G wehave g*(D) = ¢(g)D for someg(g) € k*. One
immediatelyverifiesthatthe function g — ¢(g) is a characteof SL,, ;. Since
the latter is a simple group, its group of characterss trivial. This implies that
#(g) = 1for all g, andhenceD is aninvariantpolynomial.SinceD doesnotvan-
ishonthesetof nonsingulahypersurécesof degreed primeto the characteristic,
we obtain

Theorem 10.1. Assumeshai(k) is primeto d. Anynonsingularhypesurfaceis a
semi-stablgointof Hyp,(n).

If d > 2, onecanreplace‘semi-stable”with “stable”. This follows from the
previously obsenred fact that, undertheseassumptionsthe group of projective
automorphismsef a nonsingulaihypersuréceis finite.

Examplel0.1 Assumed = 2 andcharfk) # 2. ThenHyp,(n) is the spaceof

quadrics.Thespacek[Ty, . . ., T,)» is the spaceof quadraticforms
F= Z i TiTj,
i,j=0

or equivalently, the spaceof symmetricmatrices

B = (bij)ij=0,..ns bii = 2ai;,b; = bji = aij, i # j.
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A quadricV (F) is nonsingulaif andonly if therankof thecorrespondingnatrix
is equalto n + 1. Thedeterminanfunctionon &[Ty, ..., T,], is theresultantR
from above. Thusall nonsingularquadricsare semi-stable. We know that by
a linear changeof variablesevery quadraticform canbe reducedto the sum of
squaresX? + --- + X2, wherethe numberr is equalto the rank of the matrix
B from above. In our situationwe areallowedto useonly lineartransformations
with determinantl but sincewe areconsideringnomogeneourmsonly upto a
multiplicative factor theresultis the same We have exactly n orbitsfor theaction
of SL, onHyp,(n); eachis determineddy the rank of the correspondingionzero
quadraticform. In factary invariantnonzerohomogeneoupolynomialvanishes
on an invariantsubvariety of codimensionl in Hyp,(d), which mustconsistof
all orbitsexcepttheuniqueopenonerepresentingiondegenerateuadratidorms.
By Hilbert’s Nullstellensatz this invariant polynomial must be a power of the
discriminantof the quadraticform. The stabilizerof the quadraticform 7§ +
.-+ + T2 is the specialorthogonalgroupSQO, ;. Sinceit is of positive dimension
(if n > 0), thereareno stablepoints.

10.2 Binary forms

Let usconsiderthe casen = 1. The elementf the spacek|[Z, 7|4 arebinary
formsof degreed. The correspondindnypersurbcescanbe viewedasfinite sub-
setsof pointsin P! takenwith multiplicities (or, equivalently, aseffective divisors
D =3 nyzonP!). Let

d
F =Y aZi"7Z € K|Z, Za.

1=0

Let T" be the maximaltorus of SL, which consistsof diagonalmatricesandis
equalto theimageof the one-parametegroup

At = (é tf)l) |

Let us first investigatethe stability of H = V(F') with respectto 7. For this
we will follow thelastsectionof the precedingchapter We have to computethe
weightsetwt(H). We have

(@) - (ag, - - -, aq) = (agt?, a1t 2, ... aqt™).
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Theweightsetis a subsebf theset
S={-d,—d+2,...,d—2,d} C Z=X(T).

Let ain (resp.anmg:) bethesmallesti(resp.largest)elemenif this set.
Oblviously, amin = —d + 21, where Z} is the maximumpower of Z, which
divides F. Similarly, a;,., = d — 2i, where Z¢ is the maximumpower of Z;
whichdividesF'.
By Theorem9.2,we know that H is semi-stabl€resp.stable)with respecto
T if andonly if

Qmin S 0 S AOmag (resp-amin <0< amaz)- (102)

This canbeinterpretedasfollows:
H is semi-stablgresp. properly stable)with respectto 7" if andonly if the
points(0, 1) and(1, 0) arezerosof H of multiplicity < d/2 (resp.< d/2).
Fromthis we easilydeduce

Theorem 10.2. Hyp, (1) (resp. Hyp,(1)®) is equalto the setof hypessurfaces
with no rootsof multiplicity > d/2 (resp.> d/2).

Proof. SupposeH is semi-stableandhasa root (z, z;) € P! of multiplicity >
d/2. Let g € @ take this point to the point (1,0). ThenH’ = g - H hasthe
point (1, 0) asaroot of multiplicity > d/2. This shovs that H' is unstablewith
respecto 7. HenceH is unstablewith respecto G, contradictingheassumption.
Corversely assumeH hasno rootsof multiplicity > d/2 andis unstable.Then
thereexistsamaximaltorus7” with respecto which H is unstableLet g7"¢g~! =
T for someg € G. Theng - H is unstablewith respecto 7'. But thenit hasoneof
thepoints(1,0) or (0, 1) asarootof multiplicity > d/2. ThusH hasg~! - (1,0)
andg~! - (0, 1) asarootof multiplicity > d/2.

A similar agumentprovesthe assertioraboutstability. O

Corollary 10.1. Assumel is odd. Then
Hyp,(1)*° = Hyp,(1)*.

Now assumei is evenandlet H € Hyp,(1)%\ Hyp,(1)®. This meansthat
H hasa root of multiplicity d/2 but no roots of multiplicity greaterthand/2.
Considerthe fiber of the projectionHyp,(1)%® — Hyp,(1)%%/G containingH.
Sinceour cataeyoricalquotientis good,thefiber containsa uniqueclosedorbit. H
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belongsto this orbit if andonly if its stabilizeris of positive dimension.Assume
H belongsto this orbit. Sinceary groupelementstabilizing H stabilizesits set
of roots,andit is easyto seethatary subsetof P! consistingof morethantwo
points hasa finite stabilizer Thus, H musthave only two roots. Sinceone of
theserootsis of multiplicity d/2, the otheroneis alsoof multiplicity d/2. Since
ary two-pointsetsonP* areprojectiely equivalent,this tells usthat

Hyp,(1)*°\ Hyp,(1)° = G - H,

whereH, is givenby theequation(Z,Z,)%? = 0. In particular

Hyp,(1)>/G \ Hypy(1)*/G = {zo},

wherethe singlepoint z, representshe orbit of H,.
ThevarietyC,4(1) := Hyp,(1)%%/G is anirreduciblenormalprojective variety
of dimensiond — 3: by constructiorof the categoricalquotient,

C4(1) = Projm(Pol(Poly(k?))5").

Soit canbeexplicitly computedf we know the algebraof invariantpolynomials
onthespaceof binaryformsof degreed.

Let usconsidersomespecialcasesvith smalld.

If d = 1 we have Hyp,(1)* = 0. If d = 2 we have Hyp,(2)° = 0 and
Hyp, (1) consistof subsetof two distinctpointsin P'. Thereis only oneorbit
of suchsubsets.

ThesetHyp; (1) consistof threedistinctpointsin P'. By aprojectie trans-
formationthey canbe reducedto the points {0, 1, co}. Sothe variety Cy(1) is
againone point. This also agreeswith the fact that Pol(Pok(%2))St2 = k[D],
whereD is thediscriminantinvariant(seeExercise2.6).

The setHyp, (1) consistsof subsetf four distinct pointsin P! andthe set
Hyp,(1)%° consistsof closedsubsetsl (F') where F' hasat mostdoubleroots.
SinceHyp, (1)* is anopenZariski subsebf the projective spaceP (seeExercise
10.1),andthefibersof the projectionHyp,(1)® — Hyp,(1)%/G areof dimension
3, weobtainthatC, (1) isanormal,hencenonsingularcurve. Sinceit is obviously
unirational,it mustbeisomorphicto P!. Theimageof the setof semi-stableut
not properlystablepointsis onepoint. If we considerthe map

7 Hyp, (1% = Cy(1) = P’

asa rationalfunction on Hyp,(1)® thenwe canfind its explicit expressionasa
rationalfunction R(ay, - . ., a4) in the coordinate®f a binaryform. To do thiswe
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havefirst to find the algebraof invariantsPol(Pol, (k%))St2. We alreadyknow one
invariant,the catalecticant

T = apasay — a0a§ + 2aia0a3 — a?a4 — a%

(seeExamplel.4). Its braclet expressionis (12)%(13)%(23)2. Anotherinvariantis
of degree2:
S = apas — 4aia3 + 3a§.

Its braclet expressionis (12)%. Onecanshaov thatary otherinvariantmustbe
a polynomialin S and7T. We will prove this in the next chapter This agrees
with the factthat Cf = P'. ThediscriminantD of a quartic polynomialis an

invariantwhosebraclet expressioris equalto (12)%(13)?(14)%(23)%(24)?(34)2. It

is apolynomialof degree6 in the coeficientsa; andwe have

D= 8% —27T°.

Thustherationalfunction

83

R(ao,---,az;):m

(10.3)
is invariantwith respectto SL, anddefinesa regular mapfrom Hyp,(1)® to A'.
Thisis thegeometricquotientmap. The map

Hyp,(1)**—= P!, (aq,...,a4) — (S® — 2772, S3)

is the categorical quotientmap. Its fiber over (0,1) = oc is equalto the union
of orbits of binary forms of degree4 with doubleroots (up to a nonzeroscalar
factor). Theonly closedorbitin thisfiberis representetly V (22 Z?).
Considerthe specialcasewhen F = Ty(T? + oT¢Ty + bT). If chalk) # 3
theneachorbit containsarepresentate of suchaform. Thevalueof R onV (F)

is equalto

0,3

 4a® + 2702

The expressionin the denominatoiis the discriminantof the cubic polynomial
23 +az+b. Thereadefamiliarwith thetheoryof elliptic curveswill immediately
recognizethis function; it is theabsoluteinvariant j of theelliptic curve givenin

theWeierstras$orm

J

y? =2° +ax +b.
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This coincidencas notaccidental The equatiorabove describesanelliptic curve
asadoublecoverof P! branchedver four points:theinfinity pointandthethree
rootsof the equationz® + az + b = 0. In otherwordsthey arethe zerosof the
binaryform T, (T + o TZ T +bT3). Two elliptic curvesareisomorphidf andonly
if the correspondingetsof four pointsonP! arein the sameorbit with respecto
theactionof SL.

Letd = 5. Thealgebraof invariants
A = Pol(Pok(k?))5"

canbecomputedexplicitly (se€[28]). Let uswrite agenerabinaryquinticin the
form
f = at) + 5btgt; + 10ct3t? + 10dt2t3 + Setot] + f12

(weassumehatchark) # 5). ThenA is generatedby the following invariants:

I, = (ae — 4bd + 3¢%) (bf — 4ce + 3d*) — (af — 3be + 2¢d)?,

Iy = a’b*e? 2 — 2a3e® — 20° 2 + 27b%e?,

Iy = b2e*(a®b?e® f2 — 4a3e® — 4b° f2 + 18ab®e® f — 27b%e?),

Iig = (a®e® — b f2)[(af — 5be)(a*e® + b° f3) — 10a’b>e® f2

+ 90ab*e® f2 — 2166°¢°].

Thereis alsoonebasicrelationbetweentheseinvariantswhich expressedz, as
apolynomial F'(1y, I, I15) in invariantsly, Is, andI;,. We will considerA asa
gradedalgebrawhosegradingis definedby the naturalgradingof Pol(Pok(%?))
with the degreedivided by 2. It follows thatthereis anisomorphismof graded

algebras
ATy, Ty, T, Ts] /(T3 = F(To, T1, Ts)),

wherek|[Ty, T1, T3, T3] is gradedby setting
degTy =2,degT) = 4,degT, = 6,degT3 =9,

and F is aweightedhomogeneoupolynomial. Let A®® bethe subalgebraf A
generatedy elementf evendegree. Then A® is generatedy homogeneous
elementf evendegreeTy, 71, Ty. SinceT? canbe expressedasa polynomial
in T,, Ty, T,, we seethat A® is isomorphicto the gradedpolynomial algebra
k[Ty, Ty, T5]. Thisimpliesthat

Cs(1) = Projm(A) = Projm(A®) = P(2,4,6) = P(1, 2, 3).
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In particularC; (1) is arationalsurface.
NotethatthediscriminantA of abinaryquintic canbeexpressediathebasic
invariantsasfollows:
A =15 — 1281

This shaws thatthe locusof orbits of binary quinticswith a doublerootis equal
to V(T§ — 128T}) C P(1,2,3) andhenceis isomorphicto P(1,3) = P.

Letd = 6. We will usethe explicit descriptionof the algebraof invariants
A = Pol(Pok(k?))St2 dueto A. Clebsch([12]). For amoderntreatmensee[54].
A is generatedoy invariants i, 1y, Ig, 119, 115, Wherethe subscriptdenotesthe
degree.Theonly relationbetweerthe basicinvariantsis

1125 = F(127I47]67]10);

for somepolynomial F. We will considerA asa gradedalgebrawhosegrading
is definedby the natural grading of Pol(Pok(%?)). It follows that thereis an
isomorphisnof gradedalgebras

A= k[TO,T15T25T3aT4]/(T42 - F(T05T15T25T3))a
wherek|Ty, 11, T3, T3, T4] is gradedby setting
degTy = 2,degT) = 4,degT, = 6,degT3 = 10,deg T, = 15,

and F' is a weightedhomogeneoupolynomial. Arguing asin the precedingex-
ample,we seethat

Co(1) 2 Projm(k[Ty, T1, T, T5]) & P(1,2,3, 5).

In particularCs(1) is arationalthree-dimensionalariety,

Notethattheinvariantl, is thediscriminantof a binary sextic, soit vanishes
on the locusof binary sextics with a doubleroot. The complemenbf this locus
in Cs(1) representseduceddivisors of degree6 in P'. It is isomorphicto the
moduli spaceM, of genus2 curves. The isomorphismis definedsimilarly by
assigningo agenus2 curve thesix branchpointsof its canonicadegree2 mapto
P!. Sowe obtainthat M, is isomorphicto the opensubsetD(T},) of P(1, 2, 3, 5)
wherethe last coordinateTl’, is not equalto zero. Sinceeachpointin this subset
is representeddy a point (g, t1, %0, t3) in At with 3 = 1, it follows from the
definition of weightedprojective spacehat

My = A /(Z/5),
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wherea generatopf the cyclic groupZ/5 actson A3 by the formula

(to, t1,t2) — (nto, n*t1,n°ta), n = exp(2mi/5).

The image of the origin is the unique singularpoint of M,. It representshe
isomorphismclassof the hyperellipticcurve correspondindo the binary quintic
to(t5 + t3). It admitsanautomorphisnof order5.

Finally obsenethatthelocusV (7}) of binarysextics with amultiple rootand
C5(1) arebothisomorphicto P(1, 2, 3).

10.3 Planecubics

Letn = 2 andd = 3. Every homogeneoutorm of degree3 in threevariables(a
ternary cubic) canbewrittenin theform:

F = ang + GQTOQTl + a3T02T2 =+ (1,4T0T12 =+ G5TOT1T2

+0,6T0T22 —+ G7T13 + angTz + G,ngT22 —+ (1,10T23.

Now let usrecallthe classificationof planecubic curves. First of all it is easyto
list all reduciblecurves. They areof thefollowing types:

(1) the union of anirreducibleconic and a line intersectingit at two distinct
points;

(2) theunionof anirreducibleconicandits tangentine;
(3) theunionof threenonconcurrenlines;

(4) theunionof threeconcurrentines;

(5) theunionof two lines,oneof themdouble;

(6) onetriple line.

Sinceall nonsingularconicsare projectvely equivalentto theconicC' : TyT, +
T? = 0 andthegroupof projective automorphismsf theconicC actstransitively
on the setof tangentgdo C or on the setof linesintersectingC trans\ersally we
obtainthatany curve of type (1) or (2) is projectively equivalentto the curve

(1) (TOT2 + T12)T1 = O,
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(2) (T()TQ + T12)T0 - 0,

respectiely. Sincethegroupof projectivetransformatiorof P2 actstransitively on
thesetof k lineswith £ < 4, we obtainthatany curve of type (3—6)is projectvely
equialentto the curve givenby theequation

(3) 1yT113 =0,

(4) TZTy + ToTE = 0,
(5) Tg + TgTh = 0,
(6) 75 =0,

respectrely. Now let usassumehat F' is irreducible. First let usassumehat C'
is nonsingular Choosea systemof coordinatesuchthatthe point (0,0, 1) is an
inflection pointandT; = 0 is the equationof the tangentiine at this point. It is
known thatany planecurve containsat leastoneinflection point. Thenwe can
write theequationas

TyTo + ToLo(To, Th) + La(Ty, T1) = 0,

whereL, is aform of degree2 and L3 is aform of degree3. Sincetheline T, = 0

intersectghe curve at one point, we easily seethatthe coeficient of L, at 77 is

equalto zero. Thusin affine coordinatesX = T71/T,,Y = T,/T,, the equation
takestheform

Y24+ aY X +bY +dX*+eX?+ fX +g=0. (10.4)

Oblviously d # 0, soafterscalingwe mayassumel = 1.
Assumechai(k) # 2. Replacingy” with Y + 2a.X + £, we mayassumehat
a = b= 0. If cha(k) # 3, by achangeof variablesX — X + £, we mayassume
thate = 0. Thus,we obtainthe\Weierstrassequationof anonsingulaplanecubic:
Yi4+ X3 4+aX+b = 0, cha(k) # 2,3, (10.5)
Y24+aYX+bY + X2 +cX +d = 0, chafk) =2, (10.6)
Y24+ X3 +aX?+bX +c = 0, cha(k) = 3. (10.7)
The conditionthatthe curve is nonsingulaiis expressedy A # 0, whereA is the
discriminantdefinedby

4a® + 270?, if char(k) # 2,3,
A= ¢ a®® +b* + a*(abe + 2 + a?d), if chalk) = 2, (10.8)
b + (b — ac)a?, if chai(k) = 3.
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Two curvesareisomorphicif andonly if their absolutenvariants

a®/A, if chalk) # 2,3;
Jj=<a'?/A, if chak) = 2; (10.9)
a®/A, if chalk) = 3.

areequal.
Now suppose”' is singular We may chooseg(0, 0, 1) to bethe singularpoint.
Thentheequationis of theform

TQLQ(T(), Tl) + L3(T0, Tl) == 0 (1010)

By alineartransformatiorof variablesTy, 77 we reducel, to oneof two forms:
L, = T¢ or Ly = TyT;. Considerthefirst case.The singularpointis a cusp;the
equationis

Ty + aTp + bIRT + cIyTE + dT} = 0.

ReplacingT; with Ty + oTy + bT7, we may assumdhata = b = 0. Sincethe
curwe is irreduciblewe have d # 0; by scalingwe may assumeahatd = 1 and
c=0orl.

If char(k) = 3, we seethattherearetwo orbitsof cuspidalcurves,represented
by theequations

LI +TP =0 and TyIg +TyTE+T: =0.

All nonsingulampointsof the first curve areinflection points. The secondcurve
doesnot have nonsingulatinflection points.

If char(k) # 3, thenthecurve hasonly oneinflectionpoint (1, —, —2¢) with
tangentine givenby 75 +c(%TO + %Tl) = 0. Now changehecoordinatesn such
away that (1,0, 0) is the uniguenonsingulaiinflection point, theline 7, = 0 is
thetangentine atthis pointandthe singularpointis (0, 0, 1). Then,theequation
reducego theform

Ty +T? =0.

Now we considerthe caseof nodal curves (whenthe quadraticform L, in
(10.10)is equalto Ty T;) sothatthe equationis

TTT, + aTy + bTy Ty + cTyTE + dT = 0.
Changindl; to 75, + bT, + ¢T7 we reducethe equationto theform
T2TOT1 + G,Tg’ + dTl?’ =0.
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Clearly a, d # 0, soby scaling,we reducethe equationto theform

We leave it to thereaderto find a projective isomorphismbetweerthis curve and
thecune
T;To + THTy 4+ Tp) = 0,
if chark) # 2.
Summarizingyve getthefollowing list of equation®f irreducibleplanecurves
(upto projectve transformation):

chark) # 2, 3:
(7) nonsingularcubic

Ty + TP+ aTVTE + T3 =0,  4a® + 27b* # 0;

(8) nodalcubic
T;To + TH(Ty + Tp) = 0;
(9) cuspidalcubic:
T3y + TP = 0.
chark) = 3:

(7) nonsingularcubic
TiTy + TP + aT?Ty + 6T TE + Ty =0, b+ (b* — ac)a® # 0;

(8) nodalcubic
TohTy + Ty + TP = 0;

(9) cuspidalcubic:

T22T0+T13:0, or T22T0+T12(T1+T2):0

chark) = 2:
(7) nonsingularcubic

TiTo + aTV Ty Ty + by Ty + T + T /Ty + dTy = 0,

wherea®b® + b* + a*(abc + ¢ + a?d) # 0;
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(8) nodalcubic
ToW Ty + T + T? = 0;

(9) cuspidalcubic
T3To + 17 = 0.

Let T bethediagonalmaximaltorusin SL;. It consistsof matricesof theform

tt 0 0
t= O t2 0
0 0 t7't"

The standardtorus G2, actson V' = Pok(k?) via its naturalhomomorphism
G?’n — SL3, (tl, tg) — diaqtl, to, (tltg)il). For eaChmonomiangleTZC, a +
b+ c=3,wehave

(t1,ty) - TOTITS = 14~ t5 T T TE.

Thuseachmonomial T¢'T7Ts belongsto the eigensubspack,, ,, where . is
thecharacteof G2, definedby thevector(a —c,b—c) = (2a+b—3,2b+a — 3).
It is easyto seethat V), is one-dimensionaindis spannedby the monomial
TeTPTS. Thus

wt(V)={(2a+b—-3,2b+a—-3) € Z*:a,b>0,a+b < 3}.

It is a setof 10 lattice pointsin R?:

Supposé/(F') is unstablewith respecto 7'. Thentheorigin liesoutsideof the
corvex hull of wt(F). It is easyto seethatthisis possibleonly if wt(F") consists
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of lattice pointson oneedgeof thetriangleplus onepoint nearesto the edgebut
nottheinterior point. After permutingthe coordinatesve mayassumehat

F=a\Ty + aTeTh + a3TeTy + asTyTE + a7 T},

It is clearthat (0,0, 1) is a singularpoint of V/(F)). In affine coordinatesX =
To/T2, Y = T, /T,, theequationookslike

F=a:X34+ a0 X?Y + a3 X2+ a, XY? + ;Y3

Fromthis we seethatthe singularpointis notanordinarydoublepoint.
It followsfrom theabove classificatiorof planecubiccurvesthatthefollowing
curvesareunstable:

(usl) irreduciblecuspidalcurve (two orbitsif chark) = 3);
(us2) theunionof anirreducibleconicandits tangentine;
(us3) theunionof threeconcurrentines;

(us4) theunionof two lines,oneof themdouble;

(usb) onetriple line.

By looking atthe equationsof theremainingcurvesanddrawing their weight
setswe seethatany nonsingularcubicis stableandary singularcurve not from
theabovelist is semi-stableNotethatit is enoughto checkthenumericakriterion
only for onefixedtorus. In fact,the propertyof beingnonsingulaior have at most

ordinarydoublepointsis independenbf the chosencoordinates.Thuswe have
thefollowing list of semi-stablgoints:

(ssl) nonsingularcubic(stablepoint);
(ss2) irreduciblenodalcurve;

(ss3) the union of anirreducibleconic and a line intersectingit at two distinct
points;

(ss4) theunionof threenon-concurrenlines.
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Considerthe quotientmap

7 : Hyp;(2)*° — Hyp;(2)%°/SLs.

The dimensionof its fibres containingstablecurvesis equalto 8 (= dim SL;).
Note thatin the processof the previous analysis,we found that curvesof types
(ss1),(ss2)and(ss3),eachform asingleorbit representeddy the curves

T +Tyg+T2 =0, Ty +T2 =0, TyT\T, =0,

respectrely. Moreover the curvesof types(ss2)and(ss3)have stabilizerof pos-
itive dimension.In factthetorus \(G,,), whereA(t) = (¢,1,¢'), stabilizesthe
secondcurve, and the maximal diagonaltorus stabilizesthe third curve. This
shaws that the orbits of curvesof types(ss2)and (ss3)are of dimension< 7.
Thusthey lie in the closureof someorbit of dimension8. It cannotbe a stable
orbit, hencethe only possiblecaseis thatit is the orbit of curvesof type (ssl).
Hencethis orbit is netherclosednor stable.

SinceHyp,(2) is of dimension9, we obtaindim Hyp,(2)%%/SL; = 1. It isa
normalprojective unirationalcurve, hencewe find that

Hyp;(2)%%/SL; = P'.

Sincethereis only oneclosedsemi-stabléout not stableorbit, namelythe setof
threenon-concurrenlines,we obtain

Hyp;(2)°/SL; = A'.

It is easyto seethatthe orbit of the curve T,T75 = 0 is of dimension6. In the
samefibre we find two otherorbits: of nodalirreduciblecubics(of dimension8)
andof curvesof type (ss2)(of dimension7). The secondorbit liesin the closure
of thefirst one,andthe closedorbit liesin the closureof the seconcdbne.

If chark) # 3, we have five unstableorbits: irreduciblecuspidalcubics(of
dimension8), curvesof type (us2)(of dimension6), of type (us3)(of dimension
5), of type (us4)(of dimensiord), andof type (us5)(of dimensior2). It is easyto
seethattheorbit of type (us) liesin the closureof the orbit of type (us(i-1)).

If chak) = 3 we have two unstableorbits of type (usl), and four other
unstableorbitslying in the closureof thesetwo orbits.

Onecangive the explicit formula for the quotientmap similar to (10.3). In
characteristic£ 2, 3, it canbe given by the following rationalfunction J in the
coeficientsa; (see[98], p. 189-192):

1653

1= T eage
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abcm — (bcasas + cabybs + abeyca) — m(abses + beyas + casgby)
m4 + 2m2(b101 + coa9 + a3b3) — 3m(a2b301 + agblcQ)
(abics + ac b5 + basct + beaal + chzas + cash?)

(b%c% + cgag + a%bg) + (Cga2a3b3 + a3b3b101 + blclcgag),

a’b?c? — 6abc(abscy + beras + caghy) + 12abem(bicy + coag + asbs)
36m?(bcasas + cabibs + abeicy) — 3(a*b3a3 + b*clas + c2asbi)
4(a®bc3 + a’cbs + a*chl + b caj + b%aci + ctab? + ¢*bad)
24m(beby a3 + beeias + cacobt + caasbs + abascs + abbsc?)
12(becgazas + bebsagal + cacibzb? + caazbi by + abby cac))
6abcasbico + 12m?(abica + aci1bs + bagcs + bega3 + chsas + casb?)
20abem® — 60m (abybscicy + beycaasas + cagasbbs)

12m(aasbscy + aazcybs + bbscia3 + bbiasc: + ccraght + cepbiay)
6(absca + beras + cagby)(agbser + agbice) — 6bicicoazazbs
24(abybyc; + acycab} + beacias + bagaics + cazazbs + chybial)
12(aagh; ¢y + aazci b + bbscaal + bbiasc + ccrazh? + ceobzal)
8mS + 24m* (byc; + coan + asbs) — 36m® (agbscy + asbicsy)
36m(agbsc) + asbicy)(bici + caay + asbs) + 8(b3c + c3ah + ajhl)
12(blc3coaq + b2 azbs + caasasbs + caaszbicy + azb3bicy + a3b3)
12m?(bicicaas + crazasbs + azbsbic) — 24m2(b2c2 + c2a2 + a2b3)
18(bebycazas + caczasbsby + abasbscicy) — 27(asb3c: + a3bics)

6abcagbyc, — 12m?> (abscy + beyas + caghy ).

Herewe usethefollowing dictionarybetweerour notationof coeficientsand
Salmons:

(ala a2, a3, G4, 05, 06, A7, A8, A9, a’lO) = (CL, 30/27 3(1,3, 3b1: 6m7 3617 b7 3b3: 362: C)'

In factthe algebraPol(Pok(k?))Sts is freely generatedy S and7'. If oneevalu-
atesS andT onthecurve givenin the Weierstrasgorm from above, we obtain

a 4b
S_ﬁ’ T_2—7.
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In this specialcasethe valueof thefunction.J is equalto

a3

(4a® 4 27b2)°

Thisis theabsolutenvariantof theelliptic curve. Notethatwe arrivedatthesame
functionby studyingthe orbits of binary quartics.

10.4 Cubic surfaces

Considerthecased = 3,n = 3. It correspond$o cubic surfacesin P2. Theal-
gebraof invariantsPol(Pok (k*))L+ wascomputedby G. SalmonandA. Clebsch
([97]). It is generatedy invariantsly, 11, 124, I32, 140, 1100, Wherethe subscript
indicateshedegree.The squareof thelastinvariantis expresseasa polynomial
in thefirst five invariants.In analogywith thecase(d, n) = (6, 1), wefind that

C5(3) 2 P(1,2,3,4,5).

In particular C5(3) is arationalvariety Theinvariantls;, correspondingo the
variableTs with weight4 is the discriminant. Thuswe obtainthe following iso-
morphismfor the moduli spaceM i Of nonsingularcubicsurfaces:

Mcubic = A4/(Z/4Z)’
wherea generatoof thecyclic groupZ/4 actson A* by theformula
(t1, to, ts, ta) = (1, ’t, n’ts, Mts), 1 = exp(2mi/4).

The uniquesingularpoint of M i correspondso the following cubic surface
(see[79)):

Ty(tT2 + Ty Ty + TiTy) + ToT5(T> + EE2T) = 0,
wheret = 1 + /2. Theautomorphisngroupof this surfaceis isomorphicto the
dihedralgroupof order8.

The subvariety of C5(3) definedby the equation7; = 0 is isomorphicto
P(1,2,3,5). Recallthatthelatteris isomorphicto Cs(1); thisis notanaccident.
If apointof Cs(1) representsix distinctpointsin P!, we considerthe Veronese
mapto identify themwith six pointson a nonsingulaiconicin P2. Thenthelinear
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systemof cubicsthroughthesepoints definesa rationalmapfrom P? to P3. Its
imageis a singularcubic representing point of C5(3). The singularpoint of
this cubic is the imageof the conic. Thuswe seethat the moduli spaceM, is
isomorphicto anopensubsebf thehypersurceT; = 0 in C5(3).

Thefollowing arethe othervaluesof (d, n) for which the analysisof stability
hasbeenworkedout:

(d,n) = (2,4),(2,5),(3,3)([73), (2,6)([103)
(3,4)([104), (3,5)([2], M.Y okayama(unpublished)).

Bibliographical Notes

The examplesof explicit computationof the the quotientspaces”,(n) givenin

this lecturehave beenknown sincethe nineteenthcentury(see[30], [38], [96]).

The otherknown casesare (n,d) = (1,7), (1, 8) (see[36], [35] andalso[107],

[20]). A modernproof of the completenessf the Clebsch-Salmofist of funda-
mentalinvariantsof cubic surfaceswas given by Beklemish& ([4]). Theseare
probablythe only exampleswhereonecancomputethe spaces”,;(n) explicitly.

In fact, onecanshaow thatthe numberof generatorof the algebraof invariants
on the spaceof homogeneoupolynomialsof degreed grows very rapidly with d

(se€[88]).

It is conjecturedhatall the space<’;(n) arerationalvarieties.In the caseof
binaryforms, this wasprovenby F. Bogomolos andP. Katsylo ([5]). Thespaces
C4(2) areknown to berationalonly in somecasegsee[57], [58], [106] andalso
asurwey of resultson rationalityin [21]).

Exercises

10.1Show thatHyp,(1) =2 P¢. Desribethe setsof semi-stableandstablepoints
assubsetof P4.

10.2Let (a;,b;),7 = 1,2, 3, 4, befour distinctrootsof abinaryquarticF'. Let [ij]
denotethe determinanbf the matrix with columns(a;, b;), (a;, b;). The expres-
sionr = [12][34]/[13][24] is calledthe cross-@atio of the four points. Prove that
two binaryquarticsdefinethesameorbitin Hyp, (1) if andonly if thecorrespond-
ing cross-ratioxoincideafterwe make somepermutation®f theroots.
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10.3Let X bethecomplemenbf thequarticV (D) in P?, whereD is thediscrim-
inantof abinarycubicform. Shav that X isisomorphicto ahomogeneouspace
SL,/H, whereH is asubgroupof order12.

10.4Shaow thatthereareexactly two orbitsin Hyp, (1) with non-trivial stabilizer
Shaw thattheclosuresf theseorbitsin Hyp, (1) aregivenby theequationsS = 0
and7T = 0, whereS, T arethe polynomialsof degree2 and3 definedin section
10.2.

10.5Shaw thatHyp, (1) isisomorphicto a surfaceof degree6 in P*. Its singular
setis isomorphicto a Veroneseurve of degree4.
10.6Constructarationalmapfrom Cy(1) to Cyy4 (1) whoseimageis equalto the
locusof zeroeof thediscriminantinvariant. Describethe pointsof indeterminag
of this mapandits inverse.

10.7Find the orbits of the binary quinticswhich correspondo singularpointsof
C4(5).

10.8 Find the group of projectve automorphism®f a nonsingularcubic curve
(you mayassumehatchark) # 2, 3).

10.9Find all projective automorphismef anirreduciblecuspidalcubic.

10.10Performthe analysisof stability in thecase(d, n) = (3, 3) andcomparehe
resultwith theanswerin [73].

10.11Prove thatnonsingulaquadricsaresemi-stablen all characteristics.

10.12Shawv thata planecurve of degreed is unstablef it hasa singularpoint of
multiplicity > 2d/3.






Chapter 11

Configurations of linear subspaces

11.1 Stableconfigurations

In the lasttwo chaptersfor typographicakreasonswe denotethe Grassmannian
Gr(r +1,n + 1) of r-dimensionalinearprojective subspacems P* by Gr, ,,. The
groupG = SL,., actsnaturallyon Gr,.,, via its linearrepresentatiom ™. In
this lecturewe investigatethe stability for thediagonalactionof G onthevariety

m
Xr,n = H Grm,na
i=1

wherer = (r,...,ry). Firstwe have to describethe possiblelinearizationsof
this action.

Lemmall.l.
Pic”(Gr, ,) = Pic(Gr,,,) & Z.

A geneator of this groupis the line bundle Og,, , (1) correspondingo a hyper
planesectionin the Plicker embeddingf Gr,,, in P(A™"! (k")) = PN, N =
(nr 1) - 1.

r+1
Proof. We will represenaipointiV € Gr, ,, asamatrix

Aoy Qo1 --- Qop

A=

Qro Gr1 ... Gpp

165
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Its rows form a basisof W. ThePlucker coordinate9;,..;, of W arethemaximal
minorsof this matrix formed by the columns4,,, ..., A;,. The opensubsetof
Gr,,, With p1o_ .1 # 0 is the affine spaceA+1)(»=") The restrictionof ary
L € Pic(Gr,,,) to this opensubseis trivial, so L is isomorphicto theline bundle
associatedio a divisor equalto a multiple of a hyperplanesection.Sinceary line
bundleadmitsa uniquelinearizationwith respecto SL,,. ;, theassertiorfollows.

L

We usethe notation Z;, ... ;, to denotethe projective coordinatesn PV (we
orderthem lexicographically). The value of this coordinateat ary W < Gr,,,
is equalto the Pliicker coordinatep,,..;, of W. SinceGr, , is not containedn a
linearsubspacef PV, therestrictionmap

I'(PY, Opn(1)) = T(Glyp, Oc,.,. (1))

is injective. Onecanalsoshaw thatit is surjectve.
For ary vectork = (ki, ..., kn) € Z™ we definealine bundleon X, ,,

m

Li = @ pr: (O, (1)),

=1

wherepr; : X, , — Gr,, , is thei-th projection.lt follows from Lemmall.1lthat
ary line bundleon X isisomorphico L, for somek (use[46], p. 292). Sinceeach
pr; is anSL, ;-equiariantmorphism,L, admitsa canonicalSL,, . ;-linearization.
Thus

Pic "+ (X,.,) & Z™.

Also Ly is ampleif andonly if all k; arepositive. In fact, if sometensorpower
of Ly definesa closedembeddingX,, — P, thentherestrictionof Ly to ary
subvariety isomorphicto a factoris anampleline bundle. But it is obviousthat
this restrictionis isomorphicto Og,, , (1)®*:. The latteris ampleif andonly if
k; > 0. Corversely ary L, with positive k (meaningthatall £;’'s are positive)
is very ample. It definesa projectve embeddingof X, ,, which is equalto the
composition

- : m Ntk
Xepn — (]PN)m _ HP(N;kl)fl R lP’il;Il( N )71,

=1

wherethefirst mapis the productof the Plicker embeddingsthe secondmapis
the productof the Veroneseembeddingsandthelastmapis the Segre map.
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Now we arereadyto describesemi-stableandstableconfigurationof linear
projectve subspaces
W= Wy,...,Wn) € Xpn.

Theorem 11.1. Letk = (ky,...,k,) € ZT. ThenW € X5 (L) (resp. €
(Xr,n)3(Ly)) if andonlyif for anyproperlinear subspacéV of P»

j=1 i=1
(resp.thestrict inequalityholds).

Proof. LetT" bethe maximaldiagonaltorusin SL, ;. Eachone-parametesub-
groupof T is definedby A(t) = diagt®,...,t%]|, whereqy + - - - + ¢, = 0. By
permutingcoordinatesve mayassumehat

o> q1> > g (11.1)

SupposeV = (Wy,...,W,,) is semi-stableLet E,, s = 0,...,n, bethelinear
spacespannedy theunit vectorsey, . . ., e, andlet £, bethe correspondingpro-
jective subspace.For ary W € Gr, , andary integerj,0 < j < r, thereis a
uniqueintegery; for which

dim(WNE,,) =j, dim(WNE,_1)=j—1.

To seethiswelist thenumbersy, = dim(W N E;),s = 0, ..., n, andobserethat
0<as—as_1 <1,a, =, sinceeachE,_, is ahyperplanen E; andE, = P".
Thenwe seethateach; occursamongthesenumbersandwe definer; to bethe
first s with a; = j.

With this notationwe canrepresent¥ by amatrix A of theform

agp  --- Aoy 0 0
A= aip --- cee Ay 0 0 ’ (112)
S S O R

wherea;,, # 0 for all j. It is clearfrom viewing the maximalminors of this
matrix thatp,,. ;. (W;) = 0if ¢; > v; for ary valueof j andp,,.... (W) # 0.

Now we noticethatthe projective coordinatef W = (Wi, ..., W,,) in the
embeddinglefinedby theline bundle L, areequalto the productof m monomials
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of degreek; in the Plicker coordinatesof ;. Sincefor each\ asin (11.1)we
have
Dig...i, (A(t) : W) = tqm+m+qiTpio...ir (W)a

it is easyto seethat

pE(W,A) = i ki <i CZ,,]@) :

i=1 §=0

Herez/(()i), . ,z/r(f) aredefinedfor eachW;,7 = 1,...,m, asin theabove. Using
thatdim(W; N E;) — dim(W; N E;_,) = 0if j # v, we canrewrite the previous
sumasfollows:

m

uew, ) = Yk (En: g (dim(Wi N Ej) — dim(W; N EH)))

i=1 §=0
m n—1

= Y k(4 D+ Dm0 Ey) +1)(g; — 541))
i=1 j=0

= Z ki(ri +1) + i(z ki(dim(W; N Ej) +1)(g; — Qj+1))-

Sincewe want this numberto be non-positve (resp.negative) for all A, we can
take the specialone-parametesubgroup); givenby

q0:..:qs:/n/—squ+1:--:qn:—(s—i-l),OSSSn_l

It is easyto seethatary ) satisfying(11.1)is apositivelinearcombinationof such
one-parametesubgroupsPluggingin thesevaluesof ¢;, we find

- i ki(ri+1)(s+1)+(n+1) (i ki(dim(W; N Ey) + 1)) <0 (resp.<0).

(11.3)
Sinceary s-dimensionalinearsubspacef P" is projectively equivalentto E;, we
obtainthe necessargonditionfor semi-stabilityor stability statedn thetheorem.
It is alsosuficient. In fact, if it is satisfiedbut (W7, ..., W,,) is not semi-stable,
we canfind some)\ € X*(SL, ) suchthatu™ (W, \) > 0. By choosingappro-
priatecoordinateswe mayassumehat A € X' (T)* andsatisfieq11.1) Thenwe
write \ asa positive linearcombinationof \,’sto obtainthat "< (W, \,) > 0 for
somes. Thentheabove computationshow that(11.2)doesnot hold, contradict-
ing our assumption. O



11.1. STABLE CONFIGURATIONS 169

Corollary 11.1. Assumehatthenumbes ) k;(r; + 1) andn + 1 are coprime

=1
Then
Xon (L) = X7 (Lie)-

Let usrewrite Theoreml11.1lin the casewhereall r; andk; areequal(in this
casethelinearizationis calleddemocatic). We set

XTSTS”,H XSTS”,H(L/C’")’ Xfm,n = Xfm,”(Lkm)’

Corollary 11.2.

m(r +1)
n+1

)

We XS, e (dnW;nW)+1) < (dimW + 1)
=1

for anypropersubspacéV of P". Also,

m(r + 1)

WE Xsn, & (dm(W;nW) +1) < (dim W + 1) o

=1
for anypropersubspacéV of P".

Let usconsidersomeexamples.

Examplell.l Letn = 1,k = 1™. TakingW to be a point, we getthatW can
beequalto atmostm,/2 pointsamongW = (pi,...,p,) € (P')™ if W is semi-
stablewith respecto L;~». This is similar to the stability criterion for a binary
form of degreen. This is not surprising,sinceHyp, (1) = (P')™/%,, and L;m
is equalto the inverseimageof O(1) underthe projection(P*)™ — Hyp,,(1).
Note thatif we changeL,~ to Ly, wherek, + --- + k,,_1 < k,,, we getthat
(p1, - -.,p1,pm) IS Semi-stable.

Examplell.2 Letustaken = 2,7, =0,k =(1,...,1). Then

(p1,...,pm) IS Semistable= nopointis repeatednorethan
m/3 timesandnomorethan 2m/3 pointsareonaline.

Semi-stabilitycoincideswith stability when3 doesnotdivide m.
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For instance et ustake n = 6. Thenstablesextuplesof pointsareall dis-
tinct and have at mostthreecollinear On the other hand, semi-stablebut not
stablesextupleshave eithertwo coincidingpointsor four collinearpointsamong
them. It is easyto seethat minimal closedorbits of semi-stablebut not stable
pointsarerepresentedby sextuples(pi, ..., ps), wherep, = p; for somei # j
with the remainingfour pointson a line. Among themthereare specialorbits
O;j k1,s¢ correspondingo the sextupleswith p; = pj,px = p,ps = pi, Where
{1,...,6} = {i,j} U {k, 1} U {s,t}. SoX}3,/G is afour-dimensionalvari-
ety, and (X35, /G) \ (XJs ,/G) is isomorphicto theunionof 15 curvesC;; each
isomorphico X35 | /SL, = P'. Eachcurve C;; containghreepoints P;; ki ., rep-
resentedy the orbits O;j ki,mn- E@chpoint P y; my lies on threecurvesC;;, Cy,
andC,,,.

Let usconsiderthesubsetZ of X7, of sextuples(ps, . .., ps) suchthatthere
existsanirreducibleconic containingthe pointspy, ..., ps. Sinceall irreducible
conicsareprojectvely equialent,the orbit spaceXfﬁ,Q/SLg, is isomorphicto the
orbit space((PP!)%)%/SL, of sextuplesof distinct pointson P'. However, aswe
will seelater, its closurein Py, = ((IP*)°)*5/SLs is notisomorphicto Py, =
((P)°)5/SLa.

Examplell.3 Letustaker = 1,n = 3,k = (1,...,1). Thenwearedealingwith
sequence§ly, ..., l,) of linesin P3. Let usapply the criterion of semi-stabilty
taking W to befirst a point, thenaline, andfinally a plane. In the first casewe
obtain

#{i: W e Wi} <m/2;

thatis, no morethanm/2 linesintersectat onepoint.
TakingW to bealine, we obtain

2#L W =W+ #{i W, FW,WNW,; #0} < m;

in particular no morethanm/2 linescoincideandno morethanm — 2t linesW;
intersectaline W; whichis repeated times.
Finally, takingW to beaplane,we get

20 - Wi CWE+#{i: Wi ¢ W} < 3m/2;

thatis, no morethanm /2 linesarecoplanar

For example,thereareno stablepointsif m < 4. Thisfollows from thefact
thatfor ary four linesin P? thereis a line intersectingall of them. Thereareno
semi-stableointsfor m = 1. If m = 2, apair of linesis semi-stablef andonly
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if they don't intersect.lt is easyto seethatby a projective transformatiora pair
of skew lines is reducedto the two lines given by the equationsty = z; = 0
andz, = z3 = 0. Thuswe have oneorbit. Similarly, if m = 3 we getone
semi-stableorbit representedvy thelineszy = z; = 0, 2z = z3 = 0, and
o + o = 1 + 3 = 0. If m = 4, theformulafor the dimensionof the quotient
spacegivesus thatdim X%%/G = 1 + dim G,, whereG, is the stabilizerof a
genericpointin X% In our casedim G, > 0 sincethereareno stableorbits. It is
easyto seethatdim G, = 1 (usethatthereis auniquequadric( throughthefirst
threelines,andthefourthline is determinedy two pointsof intersectiorwith the
guadric;the subgroupof the automorphism®f the quadricwhich fix two points
andthreelinesin oneruling isisomorphicto G,,). We will shawv later, by explicit
computatiorof invariants that

Ply = X3 5//SLy = P2, (11.4)

Let us give a geometricreasorwhy this canbetrue. For ary four skew linesin

generalposition, thereexist two lines which intersectthemall (they are called
transvesalg. Thisis a classicalfactwhich canbe provenasfollows. Consider
the uniquequadric@ throughthe first threelines l, 15, 3. They belongto one
ruling of lineson . Thefourthline I, intersects) attwo pointsg;, g.. Thetwo

trans\ersalsare the lines from the otherruling of @ which passthroughgqy, ¢».

If the fourth line happendo be tangentto (), sothatq; = ¢2, we getonly one
trans\ersal.Now let ¢, t, bethetwo trans\ersals.Thenwe have two orderedsets
of four pointson P*:

(p1,p2,p3,p1) = (L Nty Lo Nty I3 Ny, LN Ey),

(pllapIQ’pgapiL) = (ll N tQa l2 N t?a l3 N t2’ l4 N tQ)'
This definesarationalmap

Ply— — (Py, x Py,)/52 = (P' x P) /5y & P,

The proof thatthis mapextendsto anisomorphismconsistsof the study of how
this constructiorcanbe extendedo degenerateonfigurations.

11.2 Pointsin P

Let usconsiderconfigurationof m pointsin P"*. We have
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Theorem11.2. LetP = (p1,...,pm) € (P*)™. Then

P € ((P")™)(Lx) (resp.P € ((P")™)%(Lx))
if andonlyif for everyproperlinear subspaceéV of P"

(resp.thestrict inequalityholds).
In particular if all k; = 1, thelastconditioncanberewrittenin the form

dimW +1

1W<
#{i:p e W} < o

m  (resp.<).

Corollary 11.3.

(B")™NL) #0 & Vi=1,....m, (n+1)k<> k,

i=1

(PY™¥(L) #0 & Vi=1,...,m, (n+1)ki<§:ki.

Proof. If m < n, theleft-handsideis emptyandtheassertioris obviouslytruein
this case We assumehatm > n. Let

((P™)™)9e" = {(pl, ...,Pm) : eachsubsebfn + 1 pointsspansiP”}.

This is an opennonemptysubsetof (P*)™. We know that ((P™)™)3(Ly) is an
opensubset.Soif it is not emptyit hasnonemptyintersectionwith ((P™)™)9%".
If we take a setof pointsP = (py, ... ,pm) in the intersectionwe obtain,since

no two pointsp; coincide,(n + 1)k; < Z k; for eachi = 1,...,m. Corversely

if this conditionis satlsfledtheneachpomt?? (p1,--.,pm) € ((P™)™)%"is
semi-stablavith respecto Ly. In fact,eachsubspacélV of dimensions contains
atmosts + 1 pointsp;. Hence

: . dimW +1
Z';DZE:WIQS(dlrnW—i-l)maLx{ki:zzl,...,m}_ m:L—i—l (Zk)

This provesthe assertioraboutthe semi-stability We prove the secondassertion
similarly. 0
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Let
Apm={z= (1, 50) ER": Y wi=n+1,0<z < Li=1,...,m}.
=1

Thisis calledan(m — 1)-dimensionahypesimplec of typen. Onecanrestatehe
precedingcorollaryin thefollowing form. Considertheconeover A, ,,, in R™*!

CAppm={(z,\) e R" xRy 1z € NA, 1}

We have theinjective map
PicSLett (P)™) — R™L, Ly s (kl, ok (1) Y k)
=1

which allows usto identify Pic>+! ((P*)™) with a subsebf R™*!. We have
PICH+1 ((P")™) (1 C Ay = { L € PIC1 (B")™) : (B)™)*(L) # 0 }.

In fact, if the first m coordinatesof a pointz € R™*! from the left-handside
are all positive, this follows immediatelyfrom Corollary 11.3. Supposesome
of the first coordinatesof = are equalto zero, saythefirst ¢ coordinates.Then
Ly = pre(L;), wherepr : (P*)™ — (P*)™" is the projectionto thelastm — ¢
factors,andk’ = (ky;4,...,kn). By applyingCorollary 11.3to L;, we obtain
that ((P")™~*)Y(L;.) # 0. It is easyto seethat

((P™)™)*(La) = prt (P")™")*(La))

andwe have acommutatve diagram

()™ S(L)  —— ()™ (L)

! !

((P*)™)5(Li) //SLu1 P (P")™*)S(LL) /SLyst

wherethe verticalarrons arequotientmapsandthe mappr is anisomorphism.
Note thatthe relatve boundaryof the corvex coneC4A,, ,,, consistsof points

with oneof the first m coordinatesequalto zero,andof points(z,\) € R™+!

satisfying(n + 1)z; = X for somei, 0 < ¢ < m. Theintersectionof the latter
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partof the boundarywith Pic®+ ((P*)™) consistsof line bundlesL, suchthat
(n + 1)k; = >_ k; for somei. This shaws thatall pointsfrom ((P")™)%" are

semi-stablebuzt rlmot stable(with respecto Ly). Sincethe setof stablepointsmust
beopen,it mustbe empty

ObserethatP € ((P")™)Y(Ly) \ ((P™)™)%(Ly) if andonly if thereexistsa
subspacéV of dimensiond, 0 < d < n — 1, suchthat

m

(n+1) Y k= (dimW +1)) k.

PiEW i=1

Thisis equialentto the conditionthat L, belongsto the hyperplane

Hig:= {(xl,...,a:m,)\) eR":Y 7, = )\d},

el

wherel is anonemptysubsebf {1,...,m}. Let C beaconnecteaomponenbf
CApm \ Ul,d H; 4 (calledachambe). Onecanshaw thatary two line bundles
from the samechamberhave the sameset of semi-stablepoints. Supposely
belongsto someH; ;, and doesnot lie on other hyperplanesd, . Thenthere
aretwo chamberg’_, C'y with commonboundaryH; ;. We have acommutatve
diagram

((P")™)%(C)/Sknta - ((P")™)%(C-)/Sknta

pY v
((P")™)*( L) // St

Here((P")™)%(C.) meandhatwe definethe stability with respecto ary L from
C.. Thecornemapsarebirationalmorphismsandtheupperarrow is abirational
map (aflip). We referthereaderto [23] for moregeneraland preciseresultson
this subject.

Thespaces
B =By, = ((P*)™)(Lim) [/ SLasa

n

canbedescribedxplicitly in afew caseslt follows from the constructiorof the
quotientthat

P = Projm(@ I((B")™, LE)S+1) = Projm(@D (Poly(V*)®™)Sr+1),

d>0 d>0
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whereP™ = P(V). Let usdenotethegradedalgebradd . ,(Pol;(V*)®™)St+1 by
R -

The First Fundamentallheoremtells us how to computegeneratorsof the
gradedalgebraR". We have

(Ri)a = Pol(Mat, 1 n) gt (11.5)

Thusthe spaces generatedby standardableaufunctionsy., of size(n + 1) x w,

degreed with w = 22

Remarkl1l.1 Note thatthe symmetricgroupX,, actsnaturallyon P*, via per
mutingthefactors.It actsonthegradedalgebraR]" via its actionon thecolumns
of matricesof size (n + 1) x m. The quotientP!*/%,, is the moduli spaceof
(unordered}yetsof m-pointsin P". In thespecialcasen = 1, anunorderedsetof
m-pointsis the setof zerosof a binaryform of degreem. Recallthat,by the First
Fundamental’heoremwe have anisomorphism

Pol,(Poly(1))*") & (Pol(Maty 1m) g 1)
In view of (11.5)we obtainanisomorphism
(R")i™ & Poly, (Poly(V))SHY).
Now, if we useHermiteReciprocity(Theorenb.6), we getanisomorphism
bm ¢ (R7)y™ = Poly(Pol,, (V))34Y). (11.6)

It canbe shavn (seeRemark5.2) that the isomorphismsp,,, defineanisomor
phismof gradedalgebras

(é(R:f)d) " 2 € Poly(Pol, (1))S.

The projective spectrumof the left-handsideis the variety P"/%,,,. The projec-
tive spectrunof theright-handsideis thevarietyHyp,, (1) /SLy. Thus

P /S 2 Cin(1).

Examplell.4 Letusstartwith thecasen = 1, m = 4. Thenthedegreel pieceof
(R?) is spannedy thetwo functions[12][34] and[13][24]. Thevalueof theratio
r = [12][34]/[13][24] ontheset(p:, p2, ps, p4) definedby the coordinatematrix

[ ao by co dy
A_<0,1 bl C1 dl)



176 CHAPTER11. CONFIGURATIONS OF LINEAR SUBSRACES

Is equalto
(a0b1 — albo) (C()d1 — Cldo)

r(plap2ap3ap4) = (aocl — alco)(bodl — bldO) ‘

Thisis calledthecross-@tio of four orderedpoints. Two distinctorderedquadru-
plesof pointsin P! areprojectively equivalentif andonly if they have the same
cross-ratio.If we choosecoordinatesn theform (1,z;),7 = 1,...,4, assuming
thatnoneof the pointsis theinfinity point, we obtain

(zg — 1) (T4 — 73)
(x3 — 71) (w4 — 22)

r(plap27p3ap4) =

If p=1(0,1,00,z) = ((1,0), (1,1),(0,1), (1,z)) we get
r(0,1,00,z) =1 — z.

Notethatthe cross-ratioof four distinctpointsnever takesthevalueso, 1, co.
Thequadruplesp:, pa, p3, p4) goto 0 if p; = ps Or p3 = ps. Theonly closedorbit
in the fiber over 0 consistsof configurationswith p; = po, p3 = p4. Similarly,
onedescribeshefibersover1 andcc. It is easyto seethatthe gradedalgebrari}
is equalto k[[12][34], [13][24]] andhenceis isomorphicto the polynomialalgebra
k[x,y] (provethis by following thenext example). Thepermutatiorgroup, acts
onthis algebraasfollows:

(12)=(34) : z— -z, y—y—uz,
(23) @ x>y, ye— .

This easilyimpliesthat
Pol(Poly(£%))° = k[z,y]™* = k[A, B],
where
A=a2*—zy+vy® B=—22%+3zy* - 2¢y° + 32%y.

Using (11.6) we canidentify (up to a constantfactor) theseinvariantswith the
invariantsS and7" from section10.2of Chapterl0.

Examplell.5 Letn = 1,m = 5. The computationshereare more involved
thanin the casem = 6 which we will discussin the next example. Here we
only sketcha proof thatthe spaceP; is isomorphicto a Del PezzosurfaceDs of
degree5 isomorphicto the blow-up of P? with centerat four pointsp,, ps, ps, ps
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no threeof which areon aline. Thelinear systemof conicsdefinesa morphism
f : Ds — P! lIts fibersare conicsthroughthe four pointsp;. Therearethree
singularfiberscorrespondingo threereducibleconics.Therearefour sectionsof
f correspondingdo the exceptionalcurves FE; blown up from the pointsp;. Let
usconstructamap® : Ds — P}. If z € D5 lies on a nonsingularfiber F', we
considerthe fiber asP! andassignto z the orbit ®(z) of the five points (E; N
F,...,E,N F,z)inP'. If z liesonasingularfiber, sayon the propertransform
[ of theline [;, passinghroughthe pointsp, , p, we assignto z theorbit of (E; N
l, B3Nl a,a,z), whereq is theinverseimageof thepoint i N l34. If 2 = a we
assignto it the uniqueorbit of (0,0, 1, 1, co). Notethatunderthis assignmenthe
fibrationmapf correspondso thenaturalmapP? — P/ definedby theprojection
(71,2, T3, T4, T5) — (71, T2, T3, T4). Thethreepointsin P' overwhich thefiber
is singulararethethreespecialorbitsof (a, a, b, b), (a, b, a, b) and(a, b, b, a). The
sectionF; correspondso the setof orbitsof (x1, 29, x3, 4, z5), Wherezs = z;.

Examplell.6 Letn = 1, m = 6. A standardableauof degreed andsize2 x 3d
is givenby atable

ay ail, (11.7)

wherewe usethe notationfrom section2.4. We have

lai |=|ag |=d, |a;|+|a]|=d, 2<i<5,
lal |+ |al |+ |ab|+]|all|=2d.

Set
L=|ayl|, ls=|as|, la=|aj|.

Thesenumberssatisfythefollowing inequalities:

0 < lbylsls<d, d<la+1l3+1, <2d,
d < 2413, 2d<2ly+ 23+ 4.

The lasttwo inequalitiessaythateachrow consistsof two differentnumbersso
that

d+az| > |a3|+|a3|, d+lay|+|as] > [a3|+]a5|+]a]].
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Settingr = I,y = lo+13, 2 = lo+13+14, we obtainthatour tableaus completely
determinedy avector(z, y, z) satisfying

0 < z<d, 0<y—z<d, 0<z—y<d,
d < z+4+y, y+z>2d, d<z<2d

When0 < y < d theseinequalitiesareequivalentto
yzz>d—y, 2d-y<z<y-+d.

This givest:d/Q(% — d+1)? solutions.When2d > y > d wehavey < z < 2d
which givestid@d — 1+ 1)? solutions.Summingup, we get

1
dim(R%), = 5(d3 +3d* +4d) + 1.

ThustheHilbert functionof thegradedring k¢ is equalto

1—1
(1 —1t)5

D (3(d® +3d” +4d) + 1)t =
d=0

This suggestshat PS is isomorphicto a cubic hypersurficein P*. Thisis true.
Firstof all we have thefollowing generatoref RS:

to = [12][34][56], ¢ = [13][24][56], ¢ = [12][35][46],
ty = [13][25][46], t. = [14](25][36].

Forevery (i, 5) # (0, 3), (0,4), theproductt,¢; is astandardableaufunctionfrom
(R%),. Applying the straighteningalgorithm,we find

tots = —[12][13][23][45][46][56] + t.to,
tots = [12][14][24][35][36][56] — tito + tot1 + tots — to.

Sothestandardnonomials
y1 = [12][13][23][45][46][56], y» = [12][14][24][35][36][56]

canbe expressedas polynomialsof degree?2 in the ¢t;. Countingthe numberof
standardableaufunctionsof size2 x 6, we find that (R$), = (R$)?. In fact,we
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have (R%),, = (R$)" for ary n. If wetake atableaufunctiony, ., corresponding
totableau(11.7)with I; = a,ly = b,l3 = ¢, we canwrite it as

L T 7 T ifa+b>k,
’b’ ak = —2a—b— — _ _h_ .
Ha,b,c §2h—2a—b—cyRatb—ky2a+2re=2ky k—b=a i ¢ | b <k

wheneer2a + b + ¢ < 2k, andsimilarly

t%k—2a—b—ctl2c—atg+c—ktz+b—k If a -+ b Z k,a—i— c Z k‘,
Papek = tllcfbti:tga+b+cf2ky§fcfa if a—+c S k,
tllcfctlitga—kb—kckayllcfbfa if a-+b S ]{I,

wheneer2a + b + ¢ < 2k. It is easyto verify that
l3y2 = titats
which givesusthe cubicrelation
titots — tatoty + tatity + tatoty + tatote — tsts = 0.

Let
By =TT — T3y Ty + TN + BT T + T Ty — TxT, .

Thereis a surjectve homomorphisnof the gradedalgebras
k[TOa Tla TQ, T37 T4]/(F3(T07 Tl; T2> T3; T4)) — R?

and comparingthe Hilbert functionswe seethat it is bijective. Thus Pf =
Projm(R%) is isomorphicto the cubic hypersuréce F3(Ty, T1, 15, T3, T,) = 0.
If we changehevariables,

Zoy = 2y -1 —To+T5+T,, Z1=T,-1T,—"T3+ 1Ty,
Zy = “Nh+Th—-T3+Ty, Zz=T+T,—T3—-1Ti,
Zy = T -To+T3-T), Zs=-2Ty+T+To+T5 -1},

we obtainthat P¢ canbegivenby theequations

5 5

1=0

=0
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in P5 which manifestthe X4-symmetry The cubic hypersurécedefinedby these
equationds calledthe Sayre cubic primal. It contains10 nodes(the maximum
possiblenumberfor a cubic hypersurfcein P*) and 15 planes. The nodescor-

respondto the minimal closedorbits of semi-stablebut not stablepoints. The
singularpointscanbeindexedby thesubset{s, j, k} of {1,...,6}. Forexample,
pios = (1,1,1,—1,—1, —1). Theplanescorrespondo theorbitsof sextupleswith

two coincidingpoints. They have equationof theform Z; + Z;, = Z, + Z; =

Zm + Zy, = 0, where{i, j, k,l,m,n} = {1,...,6}. Eachplanecontainsfour

singularpoints. Eachpointis containedn 6 planes.The blow-up of the planeat
thefour pointsis naturallyisomorphicto P (seeExercisell.7).

Examplell.7. Letn = 2 andm = 6. Againwetakek = (1,...,1) andtry to
computethe gradedalgebraR$ explicitly. We skip the computationg[25], p.17)
and give only the results. First we computethe Hilbert function of the graded
algebrar$:

N ey ok 1—t
Zdlm(Rz)kt Ao

k=0

This suggestshat RS is generatedy five elementwf degreel andoneelement
of degree2 with arelationof degree4. We have thefollowing.

Generators:
degreel

to = [123][456], t; = [124][356], to = [125][346], t5 = [134][256], t, = [135][246];
degree2

ts = [123][145][246][356] — [124][135][236][456].

Relation:
12 + t5(tats + tita + toty + tots + tota + tots + t3)
+totita(to + t1 + to + t3 + ta).
This shawvs that P? is isomorphicto a hypersuréceof degree4 in the weighted
projectve spaceP(1,1,1,1, 1, 2) givenby theequation

F4 == T52 + T5(—TQT3 + T1T4 + TOT1 + T()T4 - TOT2 - TOT3 — Td?)
+TOT1T4(—T0 + T1 - T2 - T3 + T4) =0.
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If char(k) # 2 this canbetransformednto the equation

Fy = T2+ (-ToTs + T0Ty + ToTy + ToTy — ToTy — ToTs — TE)?
+4TOT1T4(—T0 + T1 - T2 - T3 + T4) = 0

The equationis againsymmetricwith respecto a linear representatiomf > in
the variablesTy, . . ., T, (but not with respecto the standardoermutationrepre-
sentationin £°). ThequartichypersurceV, in P* givenby theequation

(=TT + ThTy + ToT) + ToTy — ToTy — ToTs — T)?
+4TOT1T4(—T0 + T1 - T2 - T3 + T4) = O

is calledthe Segre quartic primal (or Igusaquartic). It correspondso therelation
[123][145][246][356] — [124][135][236][456] = 0.

If we fix the pointsp,, ..., ps andvary ps we seethatthis is of degree2 in the
coordinatef pg andvanisheswhenps = p; for some: = 1,...,5. Thusit
describeghe conicthroughthe pointsp, . . ., ps andexpresseshe conditionthat
the six pointsareon a conic. Usingthe equationF, = 0, we canexhibit P asa
doublecoverof P* branchedhlongthe Segrequartichypersurice.In otherwords,
thereis aninvolution on P{ whosefixed pointsarethe sextupleslying on aconic.
This is the self-associationnvolution We have a remarkableisomorphismthe
associationisomorphism

a:P"=P" .
It is definedby the isomorphismof the gradedalgebrasik;,' — R;._. ., defined
on tableaufunctionsby replacingeachdeterminangiy, . . ., i,1] with the deter

minant(sy, ..., jm-n-1), Where{ji, ..., jm—n-1} ={1,...,m}\{é1.. . dns1}. In
the casem = 2n + 2, we getaninvolutive automorphisnof the algebraRr?"+2
which definesthe self-associatiorinvolution of the variety P2"+2. We refer to
[25] and[27] for the detailsandfor somegeometricmeaningsof the association
iIsomorphism.

11.3 Linesin P?

Let usgive analgebraigproof of the existenceof theisomorphism(11.4). Recall
thatGr, 5 is isomorphicto a nonsingularuadricin P°. Its automorphisngroup
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is the complex projective orthogonalgroupPO(6) = O(6)/(+1). Thenaturalac-
tion of SLy on Gr, 3 definesaninjective homomorphisnfrom PSL(4) to PO(6).
Countingthe dimensionswe seethat the imageis the connecteccomponentof
the identity of the groupPO(6). It is the subgroupPO(6)* whoseelementsare
representedy orthogonalmatriceswith determinantl. Now the analysisof sta-
bility for linesin P* shavs that a semi-stableconfigurationof lines, considered
asanorderedsetof pointsin P°, is semi-stablavith respecto the actionof SL,
in P°. Thus P/} is a closedsubsetof the quotient((P°)™)%3/O™ (6). The latter
canbe computedJsmgthe Firstandthe Second~undamental heoremof invari-
anttheoryfor the orthogonalgroup. The symmetricbilinear form on the space
A?(k*) = k5 definedby the Grassmanniaguadricis thewedgeproduct.If V isa
vectorspacesquippedwvith anondgeneratessymmetricbilinearform (v, w), then
thealgebraof polynomialinvariantsof O(V) in thespacd/®™ is generatedby the
functions[ij] definedby [ij](v1,...,vm) = (vi,v;) (SeeExercise2.9, or [121]).
This algebrais equalto the algebraof invariantsfor O(V)* unlessm > dim V,
when additionalinvariantsare the basicinvariantsfor SL(V), i.e., the braclet
functions. For m < dim V, thereare no relationsbetweerthe basicinvariants.
Now

~ + ~ m +
(P(V)™) SS//O+ ~ @F Ltlim 0 (V) ~v @ (Poly(V ® o (V).

Aswesaw in Chapter2, element®f Pol,(V)®™ arepolynomialfunctionson V™
which arehomogeneousf degreed in eachfactor Thusthe spaceof invariants
(Poly(V)®™)°9"(V) is spannedy monomialsi, j,] . . . [i,j,] in [ij] suchthateach
index ¢ = 1,...,m appearamongii, ..., is, ji,- - -, js €xactly d times. In our
casem = 4 we have 10 basicinvariants[ij|. For d = 1 we have threemono-
mials [ij][kl], where{i, j, k,1} = {1,2,3,4}. Ford > 2, we have productsof
thesethreemonomialsplus additionallythe monomialswhich containoneof the
monomialgii| asits factor Now obsere thattherestrictionof thefunction|[i:] to
the subsef pointsin P(V) lying onthequadric@ : (v, v) = 0 is obviously zero.
Thus,therestrictionof thealgebra

o0

Prer), i)

d=0

to Q* is freely generateddy [12][34], [13][24], [14][23]. Its projective spectrumis
P2
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Note thata similar computationcanbe madein the casem = 5 andm = 6
(se€[117]). In thecasem = 6, thealgebra

o

D r((Gn)°, L&) O

d=0

is generatedby the 15 functionsp;; ki,mn = [i7][kl][mn], where{s, j, k,l,m,n} =
{1,2,3,4, 5,6}, andthedeterminanfunction D = [123456]. Thesquareof D? is
the determinanbf the Grammatrix ([i]1<;,j<6) @andhencecanbe expressedsa
polynomialin the p;; xi.ms. Thesubalgebrayeneratedby the functionsp;; i mn IS
isomorphicto the projective coordinatealgebraof a certainnine-dimensionatioric
varietyY (seethe next chapter),sothatIP"f,3 is isomorphicto adoublecoverof Y
branchedalonga hypersuracedefinedby the equationD = 0. Thelocusof sex-
tuplesof linesdefinedby this hypersur&cecoincideswith the locusof self-polar
sextuples,i.e., the sextuples(ly, ..., ls) for which there exists a nondgyenerate
quadricin P? suchthatthesetof thepolarlines(I{, . . ., I3 ) is projectively equiv-
alentto (/4, . . ., ls). Notetheremarkableanalogywith the structureof the variety
P$, wherethe analogof the polarity involutioniis the associatiorinvolution.

Bibliographical notes

The stability criterion for configurationsof linear spaces(with respectto the
democratidinearization)wasfirst given by Mumford ([73], Chapter3). He also
provedthatthe quotientmapfor stableconfigurationsof pointsin P is a princi-
palfibrationof thegroupSL, ;. Thegeneralizatiorof the criterionto the caseof
arbitrarylinearizationis straighforvard. Thecross-ratianvariantis asclassicabs
canbe. Examplesll.6and11.7aretakenfrom [25]. They go backto Coble[13]
who founda beautifulrelationshipbetweerthe moduli space®f pointsin P and
classicalgeometry The book[25] givesa modernexpositionof someof the re-
sultsof Coble. Theinvariantsof linesin P? arediscussedh thebookof Sturmfels
([113]). Thealgebraof SL, ,;-invariantson the tensorproductof the projectve
coordinatealgebrasof four Grassmannian6r,, ,,+1,% = 1,2, 3, 4 wasstudiedby
R. Howe andR. Huang([51], [50]). They shaw thatthis ring is isomorphicto a
polynomialalgebra. In the casewhenn + 1 = 2r; = ... = 2r4 this wasfirst
proved by H. W. Turnbull ([116]). Notethatthe GIT quotientX,. ,,(Ly)/SL,+1
consideredn this chapteris isomorphicto the projective spectrumof a subalge-
braof the algebraof invariantsin the tensorproductof the projectve coordinate
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algebraof the Grassmanniansponeneedsadditionalwork to computethe quo-
tients. Onecanalsodescribeall orbits of four linesin P? (see[22]). The moduli
spacef five andsix linesin P andtheir relationshipto the classicalalgebraic
geometryarediscussedn thePh.D. thesisof D. Vazzang[117], [118]).

The rationality of the configurationspacesP;” of pointsis obvious. It is not
known whetherthe spacesX?s, /SL, 11 arerationalin general.This is known for
linesin P? ([122]) and,moregenerallyin thecasewhen(r; +1,...,7m + 1,n+
1) < 3 (see[100]).

Exercises

11.1Prove thattheorbit of p = (py, ..., pnm) in ((P*)™)**(Ly) is closedbut not
stableif andonly if thereexists a partition of {1,...,m} into subsetsJ,,s =

1,...,r, suchthatfor ary s onecanfind a propersubspacéV, of P* suchthat
> k= (dimW,+1)O°ki)/(n+1).
1€Js,pi €W =1

11.2For whatk is thequotient((P*)°)%(Ly) isomorphicto P2?

11.3Draw a pictureof the hypersimple& A, , anddescribethe chambersf the
coneCA 4.

11.4 Considerthe action of the permutationgroup X, on P! andshawv thatthe
kernelof this actionis isomorphicto the group (Z/27Z)?. Find the orbits whose
stabilizersare of orderstrictly largerthan4. Computethe correspondingross-
ratio.

11.5ProvethatthealgebraR? canbegeneratedy six elementof degree5 satis-
fying five linearly independentjuadricrelations.

11.6 Shaw that eachprojection7 : (P*)™ — (P*)™! definesa rational map
7 P™ — pml

(i) Find the pointsof indeterminag of 7.

(i) Shaw that7 is aregularmapif (n + 1,m) = 1.

(iii) Constructm — 1 rationalsectionsP™~! — P™ of 7.
11.7 Find the equation(in termsof functions|ij]) of the closureof the locus of
quadruple®f linesin P* which have only onetrans\ersalline.

11.8Prove that P!* is isomorphicto a cateyorical quotientof the Grassmannian
Gr,, m—1 With respecto theactionof thetorusG]! via its standardactionon £™.
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11.9 Prove that the closureof the locusof (W4,...,Ws) € Gr, 5 which admit
a commontrans\ersalline is of codimensionl. Find its equationin terms of
functionslij].

11.10Show thatGr, ,, is a homogeneouspaceisomorphicto G/P, whereG =
SL,+1 and P is its parabolicsubgroupof matrices(a;;) with entriesa;; = 0 for
r+1<i<n+1,0<j<r+1.

11.11Considerthe actionof SL, on P via its linear representatiom k* equal
to the direct sum of the two standardtwo-dimensionakepresentationsf SL,.
Find stableandsemi-stablgointsof thediagonalactionof SL, on X = P? x P3
with respecto theline bundle L, ;. Usingthe FundamentaTl heoremof Invariant
Theoryshaw that Xs9/SL, = P3.

11.12Find stableandsemi-stablgoointsin X = (P*)? x Gr; ; with respecto the
groupSL, andlinearizationL;s (threelinesandtwo pointsin P?).

11.13Provethat

(i) theSegrecubicprimal V3 isisomorphico theimageof P? undertherational
mapto P* givenby thelinearsystemof quadricshroughfive pointsp;, ..., ps in
generalposition;

(i) thenodesof V3 aretheimagesof thelines/;; joining two pointsp;, p;,

(iii) the planesof V5 arethe imagesof the planesr;;;, throughthreepoints
Di; Dj> Pk ~

(iv) the blowing up P? atthe pointspy, . . ., p5 is aresolutionof singularities
of V5 with inverseimageof eachnodeisomorphicto P*.

11.14Let V, be the Segre quartic primal in P*. We usethe notationfrom the
precedingexercise.Prove that

(i) V4 isisomorphicto theimageof P? undertherationalmap® : P>— — P*
given by the linear systemof quarticswhich passthroughthe pointsp;, ..., ps
with multiplicity 2 andcontainthe 10lines/;;,

(i) V4 containsl15 doublelines, eachline is intersectedyy threeotherdou-
ble lines (find the meaningof the doublelines andthe correspondingpoints of
intersectiorin termsof the quotient((IP2)%)%$/SLs),

(iii) thedoublelinesaretheimagesof the planesr;;;, underthe rationalmap
o,

(iv) the blowing up P3 atthe pointspy, . . ., ps followed by the blowing up of
the propertransformsof thelines?;; is aresolutionof singularitiesof V;,

(v) Vi isisomorphicto thedualhypersuréceof the Segre cubicprimal V5.

11.15Describetheorbitsof SL, in its diagonalactiononGr‘iP,. Matchtheminimal
orbits of semi-stablgointswith pointsin P2.






Chapter 12

Toric varieties

12.1 Actions of atorus on an affine space

In this chaptemwe consideraninterestingclassof algebraicvarietieswhich arise
ascategyorical quotientsof someopensubset®of affine space.Thesevarietiesare
generalization®f the projective spacesand admit a very explicit descriptionin

termsof somecombinatoriadataof corvex geometry In algebraicgeometrythey
areoftenusedasnaturalambientspacedor embedding®ef algebraicvarietiesand
for compactifyingmodulispacesln combinatoric®f corvex polyhedrahey have
senedasa powerful tool for proving someof the fundamentatonjecturesn the
subject.

LetT = GJ, actlinearlyon A" by theformula

(tl,...,tr) . (21,...,2:”) = (ta1217”"tanzn)’
where
a] = (a’lj:'--,arj) € ZT, t2 :t?lj t?r]

As alwayswewill identify thegroupX' (T") with Z" sothatwe considetthevectors
a; ascharactersf T'. SincePic(A") is trivial andO(A")* = k*, we have anatural
isomorphism(seeChapterb)

Pic"(A") = x(T) = 7.

Letusfix a = (o, ...,q,) € Z" anddenoteby L, the correspondindinearized
line bundle. It is thetrivial line bundleA” x A! with thelinearizationdefinedby
theformula

t-(z,w) = (t-2z,t*w).

187
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We identify its sectionswith polynomialsF € k[Z,..., Z,]. A polynomial F
definesaninvariantsectionof somenonneative tensorpower L4 if

F*Zy,.. > Z,) =t2F(Z,,...,Z,).

Heret = (¢1,...,t,) areindependentariables. It is clearthat F' belongsto
HO(A™, L®NT if andonly if F is equalto alinearcombinationof monomialsZ™
suchthatmia; + - - - + mya, = da, or, equialently,

A-m = da.

Let S bethesetof nonngative integral solutionsof the system

(A| —a) - (3‘) =0, (12.1)

where the matrix of coeficientsis obtainedfrom A by addingto it one more
columnformedby thevector—a.

The setof real nonngjative solutionsof a linear systemof equationdormsa
convex polyhedal cone By definition,thisis asubsebf R" givenby a systemof
linearinequalities

c,-x>0,...,c,-x>0. (12.2)

Obviouslyary linearequationc - x = 0 canbeconsideredsa pair of inequalities
(—c) - x < 0,c-x < 0. A corvex polyhedralconeis calleda rational corvex
polyhedal coneif the vectorsc; canbe chosenfrom Q™ (or equivalently from
Z™). For every polyhedralcones onecandefinethe dualcone:

c={yeR":x-y>0,Vx € 0}
It is equalto the corvex hull of theraysRsqcy, ..., Rsc,. It canbeshowvn that

thedualof arationalcornvex polyhedralconeis arationalcornvex polyhedralcone.
We have

Qu

= 0.

This shavs thatary rationalpolyhedralconecanbe definedasa corvex hull of a
finite setof positive raysspannedy vectorsin Z™.

Sowe seethatthesetof vectors(m, d) € Z%{' satisfyingthe systemof linear
equationg12.1)is equalto a setof theform ¢ N Z"*! for somerationalcorvex
polyhedralcones in R**!. Now we use



12.1.ACTION OF A TORUS 189

Lemma 12.1. (P. Gordan) Let C' be a rational corvex polyhedal conein R".
ThenC N Z" is afinitely geneatedsubmonoidf Z™.

Proof. Let C' bespannedy somevectorsyy, ..., v;. Theset
={invi€R” :ngigl}
%
is compactandhenceits intersectiorwith Z" is finite. Let {wy, ..., w,} bethis

intersection. This obviously includesthe vectorsy;. We claim that this setgen-
erategshemonoid M = C' N Z". In factwe canwrite eachm € M in theform
m = Y_.(x; + m;)v;, wherem; is a nonngative integerand0 < z; < 1. Thus
m = (3, ziv;) + Y, (miv;) is the sumof somevectorw; anda positive linear
combinationof vectorsy;. This provestheassertion. O

For any commutatve monoid M we denoteby k[ M] its monoidalgebra.This
is thefreeabeliangroupgeneratedby elementf M with the multiplicationlaw
givenon the generatordy the monoidmultiplication. If M = Z™ we caniden-
tify k[ M| with thealgebraof Laurentpolynomialsk[Zi™, ..., Z*'] by assigning
to eachm = (my,...,m,) the monomial Z™. If M is a submonoidof Z"
we identify k[ M)] with the subalgebraf k[ 7!, . .., Z*!] whichis generatedby
monomialsZ™, m € M.

Now we caneasilyconstructa naturalisomorphisnof gradedalgebras

P rar, 197" = k[S] = @ k(S (12.3)

d>0 d>0

whereS is the monoid of nonngative vectorsm which satisfy (12.1) for some
d > 0,andk[Sy] is thelinearspanof thesetS,; of monomialsZ™ with A-m = da.
By GordansLemma,k[S] is afinitely generatedradedalgebra.lts homogeneous
partof degreed is k[S].

Let £[S]s, betheideal P, , k[S]s. It canbe generatedy monomialsand
we choosea minimal setof monomialgeneratorsZ™:, ..., Z™s. For eachm; =
(maj, ..., my;) letl; .= {i: m;; # 0}. Foreachsubset/ of {1,...,n}letZ; =
[Lc; Zi. Obviously, the opensetsD(Z™i) = A* \ {Z™ = 0} andD(Z;;) =
A"\ {Z;; = 0} coincide.By definitionof semi-stability

A’I’L SS LSJ

J=1
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Foraryj =1,...,s,let

B = oz = {8 >0 r@ e @mpnf. aza
where
M={meZ": A-m=0}. (12.5)

We know that the cateyorical quotientis obtainedby gluing togetherthe affine
algebraicvarietiesX; with O(X;) = R;. We will now describetheserings and
their gluing in termsof certaincombinatorialstructures.

12.2 Fans

LetZ™ — Z" bethe mapgivenby the matrix A, thenM ((12.5) is its kernel. It
is afreeabeliangroupof rank! = n — rank(A). Let

(Z")* - N =M~ (12.6)
be the mapgiven by therestrictionof linearfunctionsto M. Let (e}, ..., ¢}) be
the dual basisof the standardbasis(e, .. ., e,) of Z", andletej, ..., e’ bethe

imagesof thesevectorsin A *. For eachl; let o; bethe corvex conein thelinear
space
N :=N@RXF

spannedy thevectorse;, i ¢ I;.

More explicitly, let B = (b;;) be the matrix of sizel x n whoserows are
formedby abasis(v, . .., v;) of M. If wechoosetoidentify N with Z! by means
of thedualbasis(v;, . .., v/), then

l
e .
ei—g bjiv;, i=1,...,n.
j=1

Thisshavsthato; is spannedn R' = Ny by thecolumnsB; of B with i ¢ I;.

Lemma12.2. Let R; beasin (12.4).Then

Rj = k[é’j N M]
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Proof. Obviously R; is isomorphicto £[M], where

M:{meM:erpZeieZ’Zlo forsomepzo}.

iEIj
For eachi € I;,

é;‘(m+p26i) =g (m)=m; >0& me M.

i€l
Ontheotherhand
m € g; & é;(m)>0,Viel.
]
Lemma12.3. Let} bethesetofcorvexconess;, j =1,...,s. Foranyo, o' € ¥,

o N o' isafaceof bothc ando’.

Proof LetI = I,,J = I,. We wantto shawv thato, N o, is a commonface
of o, ando,. Recallthata faceof a corvex seto is theintersectionof o with a
hyperplanesuchthato liesin oneof thetwo halfspaceslefinedby thehyperplane.
Weknow thatO(D(Z;Z;))T is equalto thelocalizationO(D(Z;))%., wherec =
(¢1,...,¢n) € M ande¢; = 0 fori ¢ I' U J. Consideringe asalinearfunctionon
M* we have

c(e])=e(c)=0 fori¢ IUJ.

K3

Thisshavsthatc isidenticallyzeroon o, No,. Ontheotherhand,it followsfrom
Lemmal2.2thatc is nonngatve on o, andono,. This provestheassertion. [

Definition. A finite collectionyX = {o;};c; of rationalcorvex polyhedralcones
in R* suchthato; N o; is acommonfaceof o; ando; is calledafan.

In a coordinate-freeapproachone replacesthe spaceR" by ary real linear
spacé/ of finite dimensionthenchooseslattice NV in V, i.e., afinitely generated
abeliansubgroupof the additive groupof V" with N @ R = V/, andconsidersV-
rationalcorvex polyhedralkonesj.e.,conesspannedby afinite subsebf N. Then
an N-fan ¥ is afinite collectionof M-rationalpolyhedralconesin V' satisfying
the propertyfrom theabove definition. A versionof this definitionincludesin the
fanall facesof all coness € X.

Let M = N* betheduallatticein the dualspaceV*. By Gordans Lemma,
for eacho € X thealgebrad, = k[g N M] is finitely generated.Let X, =
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SpecnfA,) betheaffine varietywith O(X,) isomorphicto k[g N M]. Sincefor

ary 0,0’ € ,0 N o' is afacein both coneswe obtainthatklo N o’ N M] is a
localizationof eachalgebraA, and A . This shovsthatSpecnik[(c N o’ N M])

is isomorphicto an opensubsetof X, and X . This allows us to glue together
the varieties X, to obtaina separatedqabstract)algebraicvariety It is denoted
by Xy andis calledthe toric variety associatedo thefan . It is not alwaysa
quasi-projectie algebraicvariety.

By definition Xy, hasa cover by openaffine subsetd/, isomorphicto X,.
SinceeachalgebraA, is a subalgebraf k[M] = k[Z{, ..., Z*'] we obtaina
morphisml’ = (G,,)! — Xx. It is easyto seethatthis morphismis T-equivariant
if oneconsidergheactionof 7" onitself by left translationandon Xy, by meansof
theZ"-gradingof eachalgebraA,. If nocones € ¥ containsalinearsubspace,
the morphism7 — Xy is anisomorphismonto an openorbit. In general, Xy,
alwayscontainsanopenorbitisomorphicto afactorgroupof 7'. All toric varieties
Xy, arenormaland,of courseyational.

Keepingour old notationswe obtain

Theorem12.1. Let(Z™)* — M* bethetransposef theinclusionmapM — Z"
andlet N beitsimage. LetX bethe N-fanformedbytheconess;,j =1,...,s.
Then

(A")*(La) /T = Xs.

Recallthata conein alinearspacel is calledsimplicial if it is spannedy a
partof a basisof V. A fanis calledsimplicial if eacho € X is simplicial. The
geometricsignificanceof this propertyis givenby thefollowing result,the proof
of which canbefoundin [32].

Lemma 12.4. Afan X is simplicial if andonly if eadh affineopensubset/,, o €
Y, is isomorphicto the productof a torusandthe quotientof an affine spaceby a
finite abeliangroup.

In our situation,we have

Proposition12.1. Let Xy, bethetoric variety (A")*XL,)//T. Assumehekernel
of the actionhomomorphismI” — Aut(A") is finite. ThenX is simplicial if and
onlyif

(A")*(La) = (A")*(La)-
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Proof. Assumesomes € ¥ is notsimplicial. We have to shav thatthereexistsa
semi-stabléout not stablepoint. Lete?, i ¢ I, bethespanningvectorsof o. Since
o is notsimplicial, ), Icze =0 for someintegersc; notall of which arezero.
Thisimpliesthat}_,,; c;e; belongsto the annihilatorM+ of M in (Z")*. If we
identify (Z™)* with Z” then M+ is isomorphicto the submodulespannedy the
rows A; of thematrix A. Thuswe canwrite

Zci6i:b1A1+"'+b¢AT:b'A
i@l

for someb = (by,...,b,) € Z". Thisimpliesthatb - a; = 0 for j € I.
Let usconsidetthe one-parametesubgroup\, € X (T')* correspondingo the
vectorb. It is definedby
Ao(t) = (1, ... tb).

Forary t € k* andz € k™ we have
Mo(t) -z = (tP12,...,t7%2,). (12.7)

Take apointp = (z1,...,2,), Wherez; = 1if j € I and= 0 otherwise.Since
Zi(p) # 0, we seethatp € (A")%%(L,). Onthe otherhand,p(\o,p) = 0 and
hencep is not stable.

Corversely assumehatthereexists a semi-stabldout not stablepoint. Argu-
ing asabove, we find a one-parametesubgroup), suchthat ), - a; = 0 for all

j € I whereo; € ¥. Then(cy,...,c,) = Ao - A hasnotall coordinates:; equal
to zerofor j ¢ I andc; = 0 for aII j € I. Thisgives}_ ., c;é; =0, henceaf is
not simplicial. O

Sinceevery line bundleon anaffine varietyis ample,we obtainthatthetoric
varietiesXy = (A")%(L,) /T arealwaysquasi-projectie. Let usfind out when
they areprojectie.

Definition. A fanX in alinearspacél/ is calledcompletef

V:Ua.

gEY
For the proof of thefollowing basicresultwe referto [32].

Lemma 12.5. Afan Y is completaf andonlyif thetoric variety Xy, is complete
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Theorem 12.2. Assumehat L, is not thetrivial linearizedbundle(i.e., a # 0)
and (A")(L,) # 0. Thetoric variety (A")%%(L,) /T is projectiveif andonlyif 0
is notcontainedn thecorvex hull of thecharactervectosa,;,j = 1,...,n.

Proof. It follows from the constructionof (A")S%(L,) /T thatit is equalto the
projective spectrunProjm(k[S]), whereS is themonoidof solutionsof thesystem
(12.1) We have k[S]y = k[M N Z%,] andtheinclusionk[S]y C k[S] definesa
surjective mapProjm(k[S]) — Specnfk[S],). It is easyto seethatProjm(k[S))
is projective if andonly if this mapis constant,i.e., k[S], = k. The latteris
equivalentto M N QZ, = {0}, i.e.,theonly nonngative rationalcombinationof
the columnsof A which s equalto 0 mustbethe zerocombination.If thisis not
true,then0 = mya; +- - -+ my,a, for somenonngativeintegersm;, anddividing
bothsidesby ), m; we seethat0 is in thecorvex hull C = c.h(ay, ..., a,) of
thevectorsa;. Corverselyassumehat0 € C. Withoutlossof generalitywe can
assumehata,, ..., a, spanR™. We cansubdvide C into simplicesto assumehat
0 belongsto the corvex hull of r vectorsa;,, . .., a;, suchthatn amongthemare
linearlyindependentThenthespaceof solutionsof thesystenof linearequations
>_i—1 Ajai; = 0 is one-dimensionaandis generatedy avectorv € Z". Since
0 € C, we canassumehatv hasnonngative coordinatesandhencek[S]y # k.
This provesthe assertion. O

Assume(A™)3¥(L,) /T is projectve. Since0 is notin the corvex hull of the
charactevectorsa;, thereexistsalinearfunction f : R” — R suchthat f(a;) >
0,7 = 1,...,n. Thisis awell-known assertionfrom the theory of corvex sets
(called the Theoremon a SupportingHyperplane). Obviously we can choose
f to berational,i.e., definedby f(z1,...,z,) = bijzy + --- + bz, for some
b = (by,...,b,) € Q'. Assumethatk[S] # k, i.e., thereexists a solution of
A-m = daforsomed > 0. Theng=a-b > 0. Let

¢ =b-a, 1=1,...,n.
We canchooseb suchthat(qi, ..., ¢, q) € Z,. Forary m € S; we have

miay + -+ - +myua, = da. (12.8)
Takingthe dot-productof both sideswith b, we obtain

miqr + - - - + mpg, = dg. (12.9)
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Considerthe actionof 7' on the weightedprojectve spaceY = P(1, ¢, .-, ¢s)
givenby theformula

(t1,. . t) - (%0, @1,y - - ., Tn) = (E2mg, 0T VA" @A, glathan—dnag, y
(12.10)
The restrictionof this actionto the opensubsetD(X,) = A™ of P(1,¢1,...,¢s)
coincideswith theaction

(try..oty) - (@1, ..., ) = (H0FV21gy o platDang )

This actioncontaingn its kernelthefinite subgroupH of T' equalto the groupof
points(ti,...,t,) suchthatt;?le =1,7=1,...,r. Theinducedactionof thetorus
T' = T/H isisomorphicto ourold action.ClearlyeachF' € k[Xy, ..., X, ]} isa
linearcombinationof monomialsXj* - - - X/™ suchthat

mo +migr + - -+ + mpgn =1,
mo(—a) + mi((¢ + 1)a; — ¢1a) +-- -+ my,((¢ + 1)a, — g,a)

= (q+1)2miai—la: (d(g+1)—la=0.

=1

Comparinghiswith equationg12.8)and(12.9)wefind anisomorphisnof vector
spaces

k[Sa = H(Y, Oy (d(g+1)))",  Z" -+ Zpm = XgXT™ - X,

andalsoanisomorphisnmof gradedalgebras

P H(Y, Oy (d(g+1)))" = k[S].
Thuswe obtain
P(1,q,. .. ,qn)SS(O[P(q +1)))T = (A”)SS(La)//T. (12.11)

Obviously (A™)Y(La) = P(1,q1,...,¢,)°(O(q + 1)) sinceeachpointin the
weightedprojectve spaceP(1, ¢, ..., ¢,) lying on the hyperplaneX, = 0 is
unstablegbecauseachF € H°(Y, Oy (d(g+1)))" with d > 0 is divisible by T;).
To summarizewne obtain
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Proposition12.2. LetC bethecorvex hull of thevectosay, ..., a,. Assumehat
0 ¢ C. Then(A")(L,) /T is projectiveand

(A")(La) =P(1,q1,- -, :)(O(g + 1)),

wheeg =b-a > 0,¢; = b-a; > 0forsomeb € Z" andT actsonP(1, ¢y, ..., q,)
by theformula(12.10)

Applying the numericalcriterion of stability we canfind the setof unstable
pointsin P(1, ¢y, ..., ¢,). It follows from Chapter9 (up to somemodifications
using a weightedprojective linearization,i.e. a G-equivariantembeddingof a
varietyinto aweightedprojective space}hatapointz = (zo, . .., z,) iS unstable
if andonly if thesetl = {i,...,ix} suchthatz; # 0,7 € I, satisfiesthe
propertythat0 doesnot belongto the corvex hull of thevectors—a, (¢ + 1)a; —

¢4, ..., (¢g+ 1a, — ga.

12.3 Examples

Let usgive someexamples.
Examplel2.1 LetG,, acton A**! by theformula

t- (20,5 2n) = (t2o,...,t2y),
We have

A= (1 .....1),

M = {(mo,...,mn) /AR Zmi :O}.
=0

It is easyto seethatvectorsy; = e; —e;11,i =1, ..., n, formabasisof M. If we
choosehedualbasis(v], ..., v}) of N = M*, thevectorse; areequalto

T n

—x *

€] =v],8 = —V] +V5,...,8, = —VUy_ + U, &, = —,.
We cantake for anew basisof M* thevectorse;,: = 2,...,n+ 1. Then

e =—(e+ -+ )
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Let uslinearizethe actionby taking the line bundle L, wherea = 1. Thenwe
have anisomorphisnof gradedrings

PrErt, L8 = k2. .., Z,).

d>0

Obviously the minimal generator®f theideal k[S]-, aretheunknavns Z;. Thus
theconesof ourfan are

— Sk % —% —x .
oj =Spafe], ..., & 1,8 1, by}, J=1,...,m+ 1
e
43
01
02 &
O3
€1

This is the fandefiningthe projective spaceP” (see[32]). Let usseethe cor-
respondinggluing. We cantake for a basisof M the dualbasisof (€3, ...,¢€;, )
whichis the setof vectors

€2 —€1,...,€Ep+1 — €1.
We easilyfind

k[OHﬁM]:ké—;,...,é—Z, cey k[é-n-l-lmM]:k[g—g,..,,Zg;l,

Thesearethe coordinateingsof the standardpensubsetof P".
Examplel2.2 Considertheactionof G,, on A* by theformula

t- (Zl, 29, %3, 24) = (tZl, tZQ, t_lz3, t_124).
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We have
A=(11 -1 -1),

M = {(mlﬁmQam?)amél) SYAE mi+ Mo — M3 — My = 0}

Let uschoosehefollowing basisof M:
V1 = —€q +€2,’U2 = €1 +€3,’U3 = e1 + e4.

We canexpressthevectorse; in termsof thedualbasis(vy, ..., v;) of N = M*
asfollows:
e = —v + vy +v3, & =], €5 = v;, & = V3.

Choosel = L, andconsiderthemonoidS of nonngatve solutionsof theequa-
tion
m1+m2—m3—m4—d:0, mZZO,d>0

Forary (m,d) € Swehaved < m; + my. If d < m; ord < my we cansubtract
d(1,0,0,0,1) ord(0,1,0,0,1) from (m, d) to obtainavectorfrom Sy. If d > m;

we haved —m; < my, andwe dothesameby subtractingd —m4)(0,1,0,0,1) +

m1(1,0,0,0,1). Thisshonsthatk[S] is generateaver k[S], by Z; andZ,. This

meansthatthe unknownns 7, 7, arethe minimal generator®f the ideal £[S]<.

ThusthefanX consistsf two cones

o, = Spafé, 3, €, }, o9 = Spar{ €], €;, €, }-
Thedualconesare
01 = Spar{—€1 + e9,€1 + €3,€1 + 64}, 09 = Spar{—ez + e1,€3 + €3,€2 + 64}.

ThequotientXy is obtainedoy gluingtogetheitwo nonsingulaalgebraiovarieties
with the coordinatealgebras
Z
kmmM]gk%%J@ﬂi}
Z
kmmM]gk%%zﬂﬁ;]

2

Similarly if wetake L = L_; we getthatthefan: consistsf two cones

01 = Spar{é; égvéz}a 02 = Spa'{éivé;a é;}
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ThequotientXy is obtainedoy gluingtogetheitwo nonsingulaalgebraiovarieties
with the coordinatealgebras
Zs

Z
ko1 N M) = k[Z, Zs, ZoZs) [74] k[Gs N M) = k[ 21 Z4, ZoZ4)] [7]
3 4

If we now changehelinearizatiorbytakingL = L, wegetL = L¥® = L, for
all d > 0, hencek[S]-, is generatedy 1. Thenwe have only oneconespanned
by the four vectorse;. Thetoric quotientis isomorphicto the affine variety with
the coordinatealgebra

ko N M) = k[Z,Z3, Z\Zy, Zo Z3, Zo Zy) = k[T, To, T3, Tu) [ (T1 Ty — T5T3).

One shouldcomparethis with our previous computationof this quotientin
Example8.6from Chapter8. We seeherea generaphenomenontwo toric vari-
etiesXy and Xy, whosefanshave the samesetof one-dimensionatdgesof their
cones(calledthe 1-skeletonof a fan) differ by a specialbirational modification.
We refertheinterestedeaderto [90] for moredetails.

Examplel2.3 Let ¥ consistof thefollowing four conesin R?:

o = Spar{€1,€2}, agzspal{el,—eQ},
o3 = spaf—e;, —es}, o4 =spaq—eyez}.

Thisis shovn in thefollowing figure.

o

04 AezD 1
3 s
-el el
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We have

= A4 \ {Z3Z4 = Z1Z2 == ZQZ3 == 21Z4 - O},

1010
A‘<0101)’

hencetheactionis givenby
(t1,t2) - (21, 22, 23, 24) = (t121, ta22, t123, t224)-
Thevariety Xy, is obtainedby gluing four affine planeswith coordinaterings
k[Zy, Zo), k[ Z1, Z5 Y, k127, Zy Y, k[ 27, Zo).

It is easyto seethat X, is isomorphicto the productP! x P'. Thisis alsoseenby
observingthat

U/T = (A*\{Z, = Z3=0})/G,, x (A’ \ {Z, = Z, = 0})/G,, = P! x P'.

Examplel2.4 Recallthat the coordinatering of the Grassmanniai®r,, ,,,—1 IS
isomorphico Pol(Mat,, ; ,,)5+!. It is generatedtby thebracletfunctionsp;, I C
{1,...,m}. Thetorusof digaonalmatricesT = (G,,)™ in GL,, actsnaturally
on k[Mat, 1] by multiplying a matrix on the right by a diagonalmatrix. It is
easyto seethat eachfunction p; spansan eigensubspaceorrespondingo the
charactet — t¢/, wheree; = Z].E[ e;. ConsiderttheconeGr, ,,,_1 overGr, ,,_1
asaclosedsubvarietyof X = AGH) . ThenthetorusT actson X by multiplying
eachcoordinatgunctionp; by t2. Thustheactionis givenby the matrix A with
columnsequalto e;. Let thelinearizedline bundlebe L,, wherea = (1,...,1).
It is easyto seethat
DX, L3Y)" 2 k[S4),

where S, is the setof vectorse;, + -- - + e;, whereeachj € {1,...,m} ap-
pearsexactly d timesin the setsIy, ..., I,. In otherwords, S, is in a bijective
correspondenceith the setof tableauxof degreed andsize(n + 1) x w, where
w = md/r. Let L, betherestrictionof L, to évrn,m_l. Then

+®d

F(Glum—1, Ly ) 2 PO(Matim)g " & (POl (7)®™) S+,

Thisshavsthat
Glom—1 T = P = ((B")™)) Skus1-
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Also, we seethatthereis a naturalclosedembedding
P s (A(T))Ss(La) JT.

Thelatterquotientis atoric variety Xy, of dimension(’:) — m, whereX depends
only on (n,m). Let usdenoteit by X(n,m). For example,taken = 1, m = 4.

We have
0

1

01
01
01011

It is easyto seethatthe monoid.S,, of nonngatve integer solutionsof the equa-
tion A - m = n(1l,1,1,1) consistsof vectors(my, my, ms, ms, me, my) With
my, Mg, mg > 0,m; + mg + mg = n. ThUSk[S]n = k[Xl,XQ,Xg]n and
k[S] = k[X,, X2, X;]. Thus

1
0
A= 1

OO = =
o = O
o O

Xs,4) 2P
TheembeddingP;! — P? is of coursethe Veroneseembedding.

Onecango in the oppositedirectionby identifying ary toric variety Xy, with
a cateyorical quotientof someopensubsetof an affine space.We statewithout
proofthefollowing resultof D. Cox ([16]).

Theorem 12.3. Let X5, be a toric variety determinedby a Z!-fan . To each
one-dimensionadge of the 1-skeletonof ¥ assigna variable Z; andconsiderthe
polynomialalgebra k[ 71, . . ., Z,] geneiated by thesevariables. For eat cone
ceXletZy, €klZ,...,Z,) ,wheel(o) C {1,...,n} isthecomplementary
setto the 1-skeletonof 0. LetU = A" \ V({Z1(s)}sex). Lete; bethe primitive
vectos of the lattice Z! which spanone-dimensionat¢dgesof the conesfrom X..
Let B bethematrixwhosecolumnsarethevectose;*,i = 1,...,n, andlet A be
an (r x n) matrixwhoserowsform a basisof themoduleNull(B) N Z™. Assume
thatthevectose;* spanZ!. Then

(i)

Xy 2 U/T,

with theactionof 7' = (G,, )" givenby theformula

t- (21, .. .,ZN) = (talzl, .. .,taNZN),

whee a; arethecolumnsof A4,
(i) Xy issimplicialif andonlyif U)T = U/T.
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Remark12.1 Note that applyingthis constructionto the toric varieties X5, ob-
tainedasthe quotients(A™)3%(L,)/ /T we obtainU = (A")%%(L,) andthe action
isisomorphicto theonewe startedwvith. However, in generallJ # (A™)%%(L,) for
ary a € Z". Onereasorfor thisis thatour quotientsarealwaysquasi-projectre
andthereare examplesof nonquasi-projectie toric varieties. Anotherreasonis
simpler Thefanswe aregettingfrom our quotientconstructiongare“full” in the
following sense Onecannotextendthemto largerfanswith the samel-skeleton.

ThetorusT whichactsonU hasavery niceinterpretationlts charactegroup
X (T) is naturallyisomorphicto the groupCl( X7y,) of classef Weil divisorson
XE.

Also, if thevectorse; do notspanZ!, theassertioris trueif we replacerl” by a
diagonalizablalgebraiagroup,anextensionof T with the help of afinite abelian

group.

Bibliographical notes

Thetheoryof toric varietiesis a subjectof mary booksandarticles. We referto

[32] and[82] for the bibliography Thefactthatary toric variety canbe obtained
asa cateyoricalquotientof anopensubsebdf affine spacavasfirst obsenedby M.

Audin ([3]) andD. Cox ([16]). Therelationshipbetweensolutionsof systemsof

linearintegral equationsGrobnerbasesandtoric varietiesis a subjectof thebook
[111]. Thesystematistudyof quotientsof toric varietiesby atoruscanbefound
in [56]. We referto [52] and[10] for the theoryof variationof a torusquotient
with respecto thelinearization.

Exercises

12.1Considettheactiont - (21, 2, 23) = (tz1,t '2»,t23) andtake L = L,. Shaw
thatthe quotient Xy, is isomorphicto the blow-up of A? atthe origin. Draw the
correspondindan.

12.2LetT = (G,,)* acton A® by theformula
t-z = (tity tazs, tatsty ' 22, tazs, taza, tozs, 11 26).

Take L = L,, wherea = (1,1, 1,1, 1,1). Shav thatthe quotientis isomorphicto
the blow-up of the projective planeat threepoints. Draw the pictureof thefan.
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12.3Take afany in R?* formedby threeone-dimensionatonesspannedy the
unit vectorse,, e,, e3. Using Cox’s Theoremrepresenthe toric variety Xy asa
geometricquotient.

12.4A toric variety Xy, is nonsingulaif andonly if eacho € X is spannedy a
partof abasisof thelattice N. Shav thatU /T = X, is nonsingulaif andonly if
thestabilizerof eachpointof U is equalto the samesubgroupof 7.

12.5Describethefan (1, 5) andthe correspondingoric variety Xy 5).

12.6Show thatthe moduli spaceof six linesin P? is isomorphicto adoublecover

of thetoric variety X, ).

12.7ConsidettheisomorphisnGr,, ,,—1 = Gr,,,—n—2.m—1 definedby assigningo a

linearsubspacé of alinearspacéd/ its annihilatorL+ in thedualspacé/*. Shawv

that this isomorphismcommuteswith the action of the torus G, and induces
anisomorphismof the quotientsP* = P™ Shaw that this isomorphism

m—n—1*

coincideswith the associationsomorphismdefinedin Chapterl1.
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