
Preface

This bookis basedon one-semestergraduatecoursesI gave at Michiganin 1994
and1998,andat Harvardin 1999.A partof thebookis borrowedfrom anearlier
versionof my lecturenoteswhich werepublishedby theSeoulNationalUniver-
sity [22]. The main changesconsistof including several chapterson algebraic
invariant theory, simplifying and correctingproofs, and addingmore examples
from classicalalgebraicgeometry. ThelastLectureof [22] which containssome
applicationsto constructionof moduli spaceshasbeenomitted. Thebook is lit-
erally intendedto bea first coursein thesubjectto motivatea beginnerto study
more.A new editionof D. Mumford’sbookGeometricInvariantTheorywith ap-
pendicesby J.FogartyandF. Kirwan[73] aswell asa survey articleof V. Popov
andE. Vinberg [89] will helpthereaderto navigatein this broadandold subject
of mathematics.Mostof theresultsandtheirproofsdiscussedin thepresentbook
canbefound in the literature.We includesomeof theextensive bibliographyof
the subject(with no claim for completeness).The main purposeof this book is
to givea shortandself-containedexpositionof themainideasof thetheory. The
solenovelty is includingmany examplesillustrating thedependenceof thequo-
tientona linearizationof theactionaswell asincludingsomebasicconstructions
in toric geometryasexamplesof torusactionsonaffinespace.Wealsogivemany
examplesrelatedto classicalalgebraicgeometry. Eachchapterendswith a setof
exercisesandbibliographicalnotes. We assumeonly minimal prerequisitesfor
students:a basicknowledgeof algebraicgeometrycoveredin thefirst two chap-
tersof Shafarevich’sbook[102] and/orHartshorne’sbook[46], agoodknowledge
of multilinearalgebraandsomerudimentsof thetheoryof linearrepresentations
of groups.Althoughwe oftenusesomeof the theoryof affine algebraicgroups,
theknowledgeof thegroupGL � is enoughfor ourpurpose.

I am grateful to someof my studentsfor critical remarksandcatchingnu-
merousmistakesin my lecturenotes.Specialthanksgo to Ana-MariaCastravet,
MihneaPopaandJanisStipins.
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Intr oduction

Geometricinvarianttheoryarisesin an attemptto constructa quotientof an al-
gebraicvariety  by analgebraicactionof a linearalgebraicgroup � . In many
applications is theparametrizingspaceof certaingeometricobjects(algebraic
curves,vectorbundles,etc.)andtheequivalencerelationon theobjectsis defined
by a groupaction. The main problemhereis that the quotientspace���� may
not exist in thecategory of algebraicvarieties.Thereasonis rathersimple.Since
oneexpectsthat thecanonicalprojection ���� � ���� is a regularmapof al-
gebraicvarietiesandsohasclosedfibers,all orbitsmustbeclosedsubsetsin the
Zariski topologyof  . This rarelyhappenswhen � is not a finite group.A pos-
siblesolutionto this problemis to restricttheactionto aninvariantopenZariski
subset� , aslargeaspossible,sothat ��� ����� exists. Thegeometricinvariant
theory(GIT) suggestsa methodfor choosingsucha setso that thequotientis a
quasi-projectivealgebraicvariety. Theideagoesbackto David Hilbert. Suppose ��� is a linear spaceand � is a linear algebraicgroupactingon � via its
linearrepresentation.Thesetof polynomialfunctionson � invariantwith respect
to thisactionis acommutativealgebra� overthegroundfield. Hilbert provesthat� is finitely generatedif � � SL� or GL � andany setof generators�"! �$#$#%#%� �'&
of � definesaninvariantregularmapfrom  to someaffine algebraicvariety (
containedin affine space) & whosering of polynomial functionsis isomorphic
to � . By a theoremof Nagatathesameis true for any reductive linearalgebraic
group. The map �*�+ � ( hasa universalpropertyfor � -invariantmapsof andis calledthe categorical quotient. The inverseimageof the origin is the
closedsubvarietydefinedby all invarianthomogeneouspolynomialsof positive
degree. It is calledthenull-cone. Its pointscannotbedistinguishedby invariant
functions;they arecalledunstablepoints. Theremainingpointsarecalledsemi-
stablepoints. Whenwe passto the projective space
 � �-, associatedto � , the
imagesof semi-stablepointsform an invariantopensubset
 � �-, ss andthe map� inducesa regular map .�/�+
 � �0, ss � .( , where .( (denotedby 
 � �-, ss� ��� ) is

vii



viii INTRODUCTION

a projective algebraicvariety with the projective coordinatealgebraisomorphic
to � . In applicationsconsideredby Hilbert, 
 � �-, parametrizesprojective hyper-
surfacesof certaindegreeanddimension,andtheprojective algebraicvariety .(
is the “moduli space”of thesehypersurfaces.The hypersurfacesrepresentedby
unstablepointsareleft out from themoduli space;they are“too degenerate”.A
nonsingularhypersurfaceis alwaysrepresentedby asemi-stablepoint. Since .( is
a projective variety, it is consideredasa “compactification”of themoduli space
of nonsingularhypersurfaces. The fibersof the map 
 � �-, ss � 
 � �0, ss� ��� are
not orbits in general;however, eachfiber containsa uniqueclosedorbit so that
 � �-, ss� ��� parametrizesclosedorbitsin thesetof semi-stablepoints.

Sincetheequationsof thenull-conearehardto find withoutcomputingexpli-
citly thering of invariantpolynomials,oneusesanotherapproach.Thisapproach
is to describethesetof semi-stablepointsby usingtheHilbert–Mumfordnumer-
ical criterionof stability. In many casesit allows oneto determinetheset 
 � �0, ss

veryexplicitly andto distinguishstablepointsamongsemi-stableones.Theseare
thepointswhoseorbits areclosedin 
 � �-, ss andwhosestabilizersubgroupsare
finite. Therestrictionof themap 
 � �0, ss � 
 � �0, ss� ��� to thesetof stablepoints
 � �-, s is anorbit map 
 � �-, s �1
 � �-, s ��� . It is calledageometricquotient.

More generally, if � is a reductive algebraicgroupactingon a projective al-
gebraicvariety  , theGIT approachto constructingthequotientconsistsof the
following steps.First onechoosesa linearizationof the action,a � -equivariant
embeddingof  into a projectivespace
 � �2, with a linearactionof � asabove.
The choiceof a linearizationis a parameterof the construction;it is definedby
a � -linearizedampleline bundleon  . Thenonesets  ss � 435
 � �-, ss and
definesthecategoricalquotient ss �1 ss� ��� astherestrictionof thecategorical
quotient 
 � �-, ss � 
 � �-, ss� ��� . The imagevariety  ss� ��� is a closedsubvariety
of 
 � �-, ss� ��� .

Let usgiveabrief commenton thecontentof thebook.
In Chapters1 and2 we considerthe classicalexampleof invarianttheoryin

which thegenerallineargroupGL � �6, of a vectorspace� of dimension7 over
a field 8 actsnaturallyon the spaceof homogeneneouspolynomialsPol9 � �:, of
somedegree ; . We explain the classicalsymbolicmethodwhich allows oneto
identify an invariantpolynomialfunctionof degree < on this spacewith anele-
mentof theprojective coordinatealgebra8�=Gr � 7 � <>,@? on the Grassmannvariety
Gr � 7 � <>, of 7 -dimensionallinearsubspacesin 8BA in its Plückerembedding.This
interpretationis basedontheFirstFundamentalTheoremof InvariantTheory. The
proof of this theoremusesa rathertechnicalalgebraictool, theso-calledClebsch
omega-operator. Wechoosethislessconceptualapproachto show theflavor of the
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invarianttheoryof thenineteenthcentury. More detailedexpositionsof theclas-
sical invarianttheory([64], [121]) give a conceptualexplanationof this operator
via representationtheory. TheSecondFundamentalTheoremof InvariantTheory
is just a statementaboutthe relationsbetweenthePlücker coordinatesknown in
algebraicgeometryasthePlücker equations.We usetheavailablecomputations
of invariantsin later chaptersto give an explicit descriptionof someof the GIT
quotientsarisingin classicalalgebraicgeometry.

In Chapter3 we discusstheproblemof finite generatednessof thealgebraof
invariantpolynomialson thespaceof a linear rationalrepresentationof analge-
braicgroup.We begin with theGordan–Hilberttheoremandexplain the“unitary
trick” dueto Adolf Hurwitz andHermannWeyl which allows oneto prove the
finite generatednessin thecaseof asemisimpleor, moregenerally, reductivecom-
plex algebraicgroup. Thenwe introducethenotionof a geometricallyreductive
algebraicgroupandprove Nagata’s theoremon finite generatednessof thealge-
bra of invariantpolynomialson thespaceof a linear rationalrepresentationof a
reductivealgebraicgroup.

In Chapter4 wediscussthecaseof a linearrationalrepresentationof anonre-
ductivealgebraicgroup.Weprovea lemmadueto Grosshanswhichallowsoneto
provefinite generatednessfor therestrictionof a representationof a reductiveal-
gebraicgroup � to asubgroupC providedthealgebraof regularfunctionsonthe
homogeneousspace�:��C is finitely generated.A corollaryof this resultis aclas-
sical theoremof Weitzenb̈ock aboutinvariantsof theadditive group.Thecentral
partof this chapteris Nagata’s counterexampleto Hilbert’s FourteenthProblem.
It asksaboutfinite generatednessof thealgebraof invariantsfor an arbitraryal-
gebraicgroupof linear transformations.We follow the original constructionof
Nagatawith somesimplificationsdueto R. Steinberg.

Chapter5 is devotedto covariantsof an action. A covariantof an affine al-
gebraicgroup � actingon analgebraicvariety  is a � -equivariantregularmap
from  to anaffinespaceonwhichthegroupactsvia its linearrepresentation.The
covariantsform analgebraandthemainresultof thetheoryis thatthis algebrais
finitely generatedif � is reductive. Theproofdependsheavily onthetheoryof lin-
earrepresentationsof reductivealgebraicgroupswhichwereview in thischapter.
As anapplicationof this theorywe prove theclassicalCayley-Sylvesterformula
for thedimensionof thespacesof covariantsandalsotheHermitereciprocity.

In Chapter6 we discusscategorical andgeometricquotientsof an algebraic
varietyunderaregularactionof analgebraicgroup.Thematerialis fairly standard
andfollowsMumford’sbook.

Chapter7 is devotedto linearizationsof actions.Themain result is thatany



x INTRODUCTION

algebraicactionof a linearalgebraicgrouponanormalquasi-projectivealgebraic
variety  is isomorphicto therestrictionof a linearactionon a projective space
in which  is equivariantlyembedded.The proof follows the expositionof the
theoryof linearizationsfrom [65].

Chapter8 is devotedto the conceptof stability of algebraicactionsandthe
constructionof categoricalandgeometricquotients.Thematerialof this chapter
is ratherstandardandcanbefoundin Mumford’s bookaswell asin many other
books.We includemany examplesillustratingthedependenceof thequotientson
thelinearization.

Chapter9 containstheproofof Hilbert–Mumford’snumericalcriterionof sta-
bility. The only novelty hereis that we alsoincludeKempf’s notion of stability
andgiveanexampleof its applicationto thetheoryof moduliof abelianvarieties.

TheremainingChapters10–12aredevotedto someexampleswherethecom-
pletedescriptionof stablepointsis available. In Chapter10 we discussthecase
of hypersurfacesin projective space.We give explicit descriptionsof themoduli
spacesof binaryformsof degree DFE , planecurvesof degree3 andcubicsurfaces.
In Chapter11wediscussmodulispacesof orderedcollectionsof linearsubspaces
in projective space,in particularof points in 
 � or of lines in 
G� . The examp-
lesdiscussedin this chapterarerelatedto someof thebeautifulconstructionsof
classicalalgebraicgeometry. In Chapter12 we introducetoric varietiesasGIT
quotientsof anopensubsetof affine space.Someof theconstructionsdiscussed
in theprecedingchaptersadmita nice interpretationin termsof thegeometryof
toric varieties.Thisapproachto toric varietiesis basedonsomerecentwork of D.
Cox ([16]) andM. Audin ([3]).

We will be working over an algebraicallyclosedfield 8 sometimesassumed
to beof characteristiczero.



Chapter 1

The symbolicmethod

1.1 First examples

The notion of an invariant is oneof the mostgeneralconceptsof mathematics.
Whenever a group � actson a set H we look for elementsIKJLH which do not
changeundertheaction,i.e.,which satisfy M6N'IO�*I for any M�JP� . For example,
if H is asetof functionsfrom aset  to aset ( , and � actson H via its actionon andits actionon ( by theformula� M6N'��, ��� ,Q�RM:N'� � MTS ! N � , �
thenanequivariantfunctionis a function �K�"U� ( satisfyingM6NV�W�F� , i.e.,� � M:N � ,��RM:N'� ��� , � X M�JY� �@XZ� J[ #
In thecasewhen � actstrivially on ( , anequivariantfunctionis calledan invari-
ant function. It satisfies� � M\N � ,��/� �]� , � X M�JY� �^XZ� JK #
Amongall invariantfunctionsthereexistsauniversalfunction,theprojectionmap_ �Z � ���� from theset  to thesetof orbits ���� . It satisfiestheproperty
thatfor any invariantfunction �P�`�� ( thereexistsa uniquemap .�P�`����a�( suchthat �b� .�5c _ . So if we know the set of orbits ���� , we know all
invariantfunctionson  . Wewill beconcernedwith invariantsarisingin algebra
andalgebraicgeometry. Our setsandour group � will bealgebraicvarietiesand
our invariantfunctionswill beregularmaps.

Let usstartwith someexamples.

1



2 CHAPTER1. THE SYMBOLIC METHOD

Example1.1. Let � bea finitely generatedalgebraover a field 8 andlet � bea
groupof its automorphisms.Thesubset�ed[�*f'g�JK�h�"M � g`,Q�Fg �^X MiJK�0j (1.1)

is a 8 -subalgebraof � . It is called the algebra of invariants. This definition
fits the generalsettingif we let  � Specm� �O, be the affine algebraicvariety
over 8 with coordinatering equalto � , andlet (��k) !l be the affine line over8 . Then elementsof � can be viewed as regular functions gh�m � ) !l be-
tweenalgebraicvarieties.A moregeneralinvariantfunction is an invariantmap�F�� � ( betweenalgebraicvarieties. If ( is affine with coordinatering n ,
sucha mapis definedby a homomorphismof 8 -algebras�poq�rns� � satisfyingM � ��o �ut ,v,w����o �xt , for any M[Jy� �zt J{n . It is clearthatsucha homomorphismis
equalto thecompositionof a homomorphismn|� � d andthenaturalinclusion
map � d � � . Thusif we take }L� Specm� � d , we obtainthatthemap �� }
definedby theinclusion � d[~ � � playstheroleof theuniversalfunction.Soit is
naturalto assumethat � d is thecoordinatering of theorbit space���� . However,
we shallquickly convinceourselvesthattheremustbesomeproblemshere.The
first oneis that thealgebra� d maynot befinitely generatedover 8 andsodoes
not defineanalgebraicvariety. Thisproblemcanbeeasilyresolvedby extending
thecategory of algebraicvarietiesto thecategory of schemes.For any (not nec-
essarilyfinitely generated)algebra� over 8 , wemaystill considerthesubringof
invariants � d andview any homomorphismof rings n4� � asa morphismof
affineschemesSpec� ��,�� Spec� n-, . ThenthemorphismSpec� ��,Q� Spec� � d ,
is theuniversalinvariantfunction.However, it is preferableto dealwith algebraic
varietiesratherthanto dealwith arbitraryschemes,andwewill latershow that � d
is alwaysfinitely generatedif the group � is a reductive algebraicgroupwhich
actsalgebraicallyon Specm� ��, . Thesecondproblemis moreserious.Theaffine
algebraicvarietySpecm� � d , rarelycoincideswith thesetof orbits(unless� is a
finite group).For example,thestandardactionof thegenerallineargroupGL � � 8�,
on thespace8 � hastwo orbitsbut no invariantnonconstantfunctions.

Thefollowing is amoreinterestingexample.

Example1.2. Let ��� GL � � 8�, actby automorphismson thepolynomialalgebra����8�= i!�! �$#$#$#��  �%� ? in 7p� variables0��� ������� ��� �$#$#$#�� 7 , as follows. For anyM0� � g"����,�JY� thepolynomial M � 2����, is equalto the ��� th entryof thematrix(���M S ! N$kN%M � (1.2)

where  � � 0����, is the matrix with the entries 0��� . Then, the affine variety
Specm� �O, is the affine spaceMat� of dimension7 � . Its 8 -pointscanbe inter-



1.1FIRSTEXAMPLES 3

pretedas 7���7 matriceswith entriesin 8 and we can view elementsof � as
polynomialfunctionson thespaceof matrices.We know from linearalgebrathat
any suchmatrix canbereducedto its Jordanform by meansof a transformation
(1.2) for an appropriateM . Thusany invariant function is uniquely determined
by its valueson Jordanmatrices. Let � be the subspaceof diagonalmatrices
identified with linear space8 � and let 8�=���! �%#$#$#%� � � ? be the algebraof polyno-
mial functionson � . Sincethe setof matriceswith diagonalJordanform is a
Zariski densesubsetin the setof all matrices,we seethat an invariantfunction
is uniquelydeterminedby its valueson diagonalmatrices.Thereforetherestric-
tion homomorphism� d � 8�=���! �$#%#$#%� � � ? is injective. Sincetwo diagonalma-
triceswith permuteddiagonalentriesareequivalent,an invariantfunction must
be a symmetricpolynomial in ��� . By the FundamentalTheoremon Symmetric
Functions,sucha functioncanbewrittenuniquelyasapolynomialin elementary
symmetricfunctions I%� in thevariables��! �$#$#%#%� � � . On the otherhand,let �z� be
thecoefficientsof thecharacteristicpolynomial����� � ��{ @¡ � ,�� � �q�¢, �   �m£ �$! � �� �, � S ! £ NVNVN £ � �
consideredaspolynomialfunctionsonMat� , i.e.,elementsof thering � . Clearly,
therestrictionof �z� to � is equalto the � th elementarysymmetricfunction I%� . So
we seethattheimageof � d in 8�=���! �%#$#$#%� � � ? coincideswith thepolynomialsub-
algebra8�=¤I�! �$#%#$#%� I � ? . This impliesthat � d is freelygeneratedby thefunctions�z� .
Sowe canidentify Specm� � d , with affine space8 � . Now considertheuniversal
mapSpecm� �O,�� Specm� � d , . Its fiber over thepoint �u¥¦�$#$#$#��z¥ , definedby the
maximal ideal � �$! �$#$#%#%� � � , is equalto the setof matrices§ with characteristic
polynomial

����� � § �K @¡ � ,Q� � �� �, � . Clearly, thissetdoesnotconsistof oneorbit,
any Jordanmatrixwith zerodiagonalvaluesbelongsto thisset.ThusSpecm� � d ,
is not theorbit setSpecm� �O,v��� .

We shall discusslater how to remedythe problemof the constructionof the
spaceof orbitsin thecategoryof algebraicvarieties.This is thesubjectof thege-
ometricinvarianttheory(GIT) with whichwewill bedealinglater. Now weshall
discusssomeexampleswherethealgebraof invariantscanbefoundexplicitly.

Let ¨ beafinite-dimensionalvectorspaceoverafield 8 andlet© �B�h� GL � ¨6,
bea linearrepresentationof agroup � in ¨ . Weconsidertheassociatedactionof� on thespacePolA � ¨6, of degree < homogeneouspolynomialfunctionson ¨ .
Thisactionis obviouslylinear. Thevalueof �YJ PolA � ¨:, atavector ª is given,in



4 CHAPTER1. THE SYMBOLIC METHOD

termsof thecoordinates�  �! �$#%#$#%�  �«�, of ª with respectto somebasis ��¬ ! �$#$#$#��v¬ «	, ,
by thefollowing expression:� �  �! �$#$#$#��  �«	,Q� �¯®±°�²�²�² ° �´³^µ`¶�·®x¸p¹�¹�¹ ¸º�´³@» A g"�¯®¼²�²�² �´³v 

�¯®! NVNVN^  � ³« �
or in thevectornotation, � �]½ ,Q� ¾´¿%À ³ Á$ÂÃ ¾ Ã » A g

¾ ½ ¾ # (1.3)

The direct sumof the vectorspacesPolA � ¨6, is equalto the gradedalgebraof
polynomialfunctionsPol� ¨:, . Since8 is infinite (weassumedit to bealgebraically
closed),Pol� ¨6, is isomorphicto the polynomialalgebra8�= ÄÅ! �$#%#$#�� Äp«�? . In more
sophisticatedlanguage,PolA � ¨6, is naturally isomorphicto the < th symmetric
product HÆA � ¨\oz, of the dual vector spacë\o and Pol� ¨:, is isomorphicto the
symmetricalgebraH � ¨ o , .

We will considerthecasewhen ¨�� Pol9 � �:, and �Ç� SL � �\, bethespecial
lineargroupwith its linearactionon ¨ describedabove. Let �a� Pol� Pol9 � �:,v, .
We cantake for coordinateson thespacePol9 � �\, the functions � ¾ which assign
to a homogeneousform (1.3) its coefficient g ¾ . Soany elementfrom � is a poly-
nomialin the � ¾ . Wewantto describethesubalgebraof invariants� d .

Theproblemof finding � d is almosttwo centuriesold. Many famousmathe-
maticiansof thenineteenthcenturymadeacontributionto thisproblem.Complete
results,however, wereobtainedonly in a few cases.The mostcompleteresults
areknown in thecase

�ºÈ¯É �Ê�bË , thecasewhere ¨ consistsof binary formsof
degree ; . Wewrite abinaryform as_Å�  @¶ �  �!v,Q�LgÌ¶�  9¶ £ gº!@  9 S !¶  �! £ NVNVN £ gÌ9z  9 ! #
In this casewe have ; £ � coefficients,andhenceelementsof � arepolynomialsÍ � �e¶ �$#$#$#�� �e9�, in ; £ � variables.

1.2 Polarization and restitution

To describethe ring Pol� Pol9 � �\,v, SL ÎÐÏpÑ one usesthe symbolic expressionof a
polynomial,which wenow explain. We assumethatchar� 8�,Q� ¥ .

A homogeneouspolynomialof degree2 on a vectorspacë is a quadratic
form. Recallits coordinate-freedefinition: a map ÒÓ�¦¨Ô� 8 is a quadraticform
if thefollowing two propertiesaresatisfied:
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(i) Ò �  @ª¦,��R  � Ò � ª¦, � for any ª�JK¨ andany  �JP8 ;
(ii) themap ÕÒ��B¨Ô�Y¨h� 8 definedby theformulaÕÒ � ª �vÖ ,+�LÒ � ª £ Ö ,×�ØÒ � ª¦,Æ�ØÒ ��Ö ,

is bilinear.

A homogeneouspolynomial
Í J PolA � ¨:, of degree< canbedefinedin asimilar

wayby thefollowing properties:

(i)
Í �  @ª¦,Q�R  A Í � ª¦, , for any ª�JY¨ andany  ÙJP8 ;

(ii) themappol � Í ,Ù�B¨ A � 8 definedby theformula

pol � Í , � ªB! �%#$#$#�� ª A ,Q� Ú�ÛrÜ A�Ý � �q�¢, A S¦Þ Ú ÍPß  � ¿ Ú ª'��à
is multilinear.

Hereandthroughoutweuse =�<�? to denotetheset fB� �%#$#$#�� <Kj .
As in thecaseof quadraticforms,we immediatelyseethatthemappol � Í , is

a symmetricmultilinear form andalsothat
Í

canbereconstructedfrom pol � Í ,
by theformula <Yá Í � ªº,�� pol � Í , � ª �$#$#$#�� ª¦, #
Thesymmetricmultilinear form pol � Í , is calledthepolarizationof

Í
. For any

symmetricmultilinearfrom â��B¨ A � 8 thefunctionres� â\,Ù�B¨�� 8 definedby

res� â\, � ª¦,Q�ãâ � ª �%#$#$#�� ª¦,
is calledthe restitutionof â . It is immediatelychecked that res� â:,6J PolA � �\,
and

pol � res� â\,v,Q�F<Yá¤â #
Sinceweassumedthatchar� 8º,ä� ¥ , weobtainthateach

Í J PolA � ¨6, is equalto
therestitutionof auniquesymmetric< -multilinearform, namely !A�å pol � Í , .

Assumethat
Í

is equalto the productof linear forms
Í �4æ�!�NVNVN�æ A . We

have
pol � Í , � ªÌ! �$#$#%#�� ª A ,ä� Ú�ÛrÜ AÅÝ � �\�V, A S¦Þ Ú æ�!pNVNVNvæ A ß  � ¿ Ú ª¢� à
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� ÚzÛrÜ A�Ý � �\�¢, A S¦Þ Ú æ�! ß  � ¿ Ú ª¢� à NVNVNvæ A ß  � ¿ Ú ª¢� à (1.4)

� ÚzÛrÜ A�Ý � �\�¢, A S¦Þ Ú ß  � ¿ Ú æ�! � ª'�],�à-NVNVN ß  � ¿ Ú æ A � ª¢��,^à� ç ¿$èÌé æÙ! � ª ç Î ! Ñ NVNVN�æ A � ª ç Î A Ñ ,ä� ç ¿$èÌé æ ç Î ! Ñ � ªÌ!�,�NVNVN�æ ç Î A Ñ � ª A ,
Here ê A denotesthepermutationgroupon < letters.

Let ��¬ ! �$#$#$#��v¬ � , bea basisof ¨ and �  �! �$#$#$#��   � , bethedualbasisof ¨\o . Anyª>Jë¨ canbewritten in a uniqueway as ª���ì ��´»p!  �� � ª¦, ¬ � . Let SymA � ¨6, bethe
vectorspaceof symmetric< -multilinear formson ¨ A . For any ªB! �%#$#$#�� ª A Jí¨
andany âÇJ SymA � ¨6, , wehave

â � ªB! �%#$#$#%� ª A ,î� â ß � �ï»p!  �� � ªÌ!v, ¬ � �%#$#$#%� � �ï»p!  �� � ª A , ¬ � à� ��¯®�°�²�²�² ° � é »p!  ��¯® � ªB!v,�NVNVN@ �� é � ª A ,�â ��¬ �¯® �%#$#$#��v¬ � é , #
Taking ªÌ!��aNVNVNB�ãª A �ãª , weobtainthat

res� â:, � ª¦,�� ��¯®�°�²�²�² ° � é »p!  ��¯® � ªº,�NVNVN@ �� é � ª¦,�â ��¬ �¯® �$#%#$#%�v¬ � é ,� ß ��¯®�°�²�²�² ° � é »p! g"�¯®±²�²�² � é  ��¯®pNVNVN^ �� é à � ª¦, #
Thusany polynomial

Í J PolA � ¨6, canbe written uniquelyasa sumof mono-
mials  ��¯®pNVNVN� �� é . This is the coordinate-dependentdefinition of a homogeneous
polynomial.Sincethepolarizationmap

pol � PolA � ¨6,�� SymA � ¨:,
is obviously linear, we obtainthatSymA � ¨6, hasa basisformedby thepolariza-
tionsof monomials ��¯®pNVNVN@ �� é . Applying (1.4), wehave

pol �  ��¯®ZNVNVN� �� é , � ªB! �%#$#$#%� ª A ,Q� ç ¿Vè é   ç Î ! Ñ � ªB!v,�NVNVN@  ç Î A Ñ � ª A , #
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If we denoteby �   Î � Ñ! �$#%#$#%�   Î � Ñ� , a � th copy of thebasis �  �! �$#%#$#%�   � , in ¨ o , we can
rewrite thepreviousexpressionas

pol �  �� ® NVNVN� �� é , � ªB! �$#%#$#�� ª A ,Q� ç ¿VèÌé   Î ! Ñç Î ! Ñ NVNVN�  Î A Ñç Î A Ñ � ªÌ! �$#$#$#�� ª A , #
Here,we considertheproductof < linear formson � asan < -multilinear form
on ¨qA . Wehave

pol �  ��·®�NVNVN@ �� é , ��¬ �^® �%#$#$#%��¬ � é ,Q�/ð�f¢ñ5JYê A � �·� ! �$#%#$#%��� A ,�� ��� ç Î ! Ñ �$#$#$#���� ç Î A Ñ ,zj #
(1.5)

If we write  �� ® NVNVN^ �� é ��  l ®! NVNVN@  l�ò� , thentheright-handsideis equalto 8º!�á%NVNVN�8 � á
if f � ! �$#%#$#%��� A jO�af � ! �%#$#$#%�±� A j andzerootherwise.

Note that thepolarizationallows us to identify PolA � ¨6, with thedual to the
spacePolA � ¨ o , . To seethis,chooseabasisof PolA � ¨ o , formedby themonomi-
als ¬ �¯®ZNVNVN ¬ � é . For any âÇJ SymA � ¨6, wecansetâ ��¬ �¯®ZNVNVN ¬ � é ,ä�ãâ �]¬ �¯® �$#$#$#��v¬ � é ,
andthenextendthe domainof â to all homogeneousdegree < polynomialsby
linearity. Applying (1.5),we get

pol �   l ®! NVNVN^  l é� , ��¬�ó ®! NVNVN ¬ ó ò� ,Q�sô 8¦!	á$NVNVN�8 � á if � 8¦! �$#%#$#%� 8 � ,�� �xõ ! �$#$#$#��zõ � ,¥ otherwise.

Thisshows thatthemapfrom PolA � ¨:,�� PolA � ¨ o , to 8 definedby� Í � Ò\,Q� �<Yá pol � Í , � Ò\, (1.6)

is a perfectduality, i.e., it definesisomorphisms

PolA � ¨:, o�ö� PolA � ¨ o , � PolA � ¨ o , oÙö� PolA � ¨6, # (1.7)

Moreover, the monomialbasis �]÷Tø ,>� ��¬ l ®! NVNVN ¬ l^ò� , of PolA � ¨\oz, is dual to the
basis � Aäål ® å ¹�¹�¹ l ò å   l ®! NVNVN^  l�ò� ,Q� � A�åø å ½ ø , .
Remark1.1. Notethatthecoefficients g ø of apolynomialÍ � Ã ø Ã » A <Yáù á g ø ½ ø J PolA � ¨:, (1.8)
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areequalto thevalueof � ø � ¬ ø � ¬ l ®! NVNVN ¬ l ò� on
Í

. Wecanview theexpressionÍ
general ��ì Ã ø Ã » A A�åø å � ø ½ ø asa “general”homogeneouspolynomialof degree < .

ThuswegetastrangeformulaÍ
general � Ã ø Ã » A <Yáù á � ø ½ ø � Ã ø Ã » A <Yáù á ¬ ø ½ ø � ß

� �ï»p! ¬ �ú �� à A #
Thisexplainstheclassicalnotationof ahomogeneouspolynomialasapowerof a
linearpolynomial.

Remark1.2. Onecanview a basisvector ¬ � asa linear differentialoperatoron
Pol� ¨6, which actson linear functionsby ¬ � �  x��,m��û	��� . It actson any polynomialÍ � ì ø g ø ½ ø asthepartialderivative üÌ��� ýý	þïÿ . Thuswe canidentify any poly-

nomial � �  �! �$#%#$#%�   � ,-J Pol� ¨ o , with the differentialoperator Õ� � üº! �$#$#$#�� ü � , by
replacingthevariable¬ � with üÌ� . In thiswaythedualityPolA � ¨\o	,�� PolA � ¨:,Q� 8
is definedby theformula � � � Í ,Q� �<Yá Õ� � Í , #
Remark1.3. For the readerwith a deeperknowledgeof multilinear algebra,we
recall that thereis a naturalisomorphismbetweenthe linearspacePolA � ¨:, and
the < th symmetricpower H+A � ¨:o	, of thedualspacë:o . Thepolarizationmapis
a linearmapfrom H A � ¨ o , to H A � ¨6, o which is bijectivewhen � char� 8�, � <Yá ,Q��� .
Theuniversalpropertyof tensorproductallowsoneto identify thespacesH A � ¨6, o
andSymA � ¨6, .

Let usnow considerthecasewhen ¨�� Pol9 � �\, , where
�ºÈ¯É �a� � .

First recall thata multihomogeneousfunctionof multi-degree � ;º! �$#%#$#�� ; A , on� is a functionon � A which is ahomogeneouspolynomialfunctionof degree ;"�
in eachvariable;wheneach ;"���4� , we get the usualdefinition of a multilinear
function. We denotethe linear spaceof multihomogeneousfunctionsof multi-
degree � ;º! �$#$#$#�� ; A , by Pol9 ® °�²�²�² ° 9 é � �:, . The symmetricgroup ê A actsnaturally
on the spacePol9z°�²�²�² ° 9 � �:, by permutingthe variables.The subspaceof invariant
(symmetric)functionswill bedenotedby Sym9�°�²�²�² ° 9 � �:, . In particular,

Sym!�°�²�²�² °�! � �6,Q� SymA � �6, #
Lemma 1.1. Wehavea natural isomorphismof linear spaces

symb � PolA � Pol9 � �:,v,Q� Sym9�°�²�²�² ° 9 � � o , #
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Proof. Thepolarizationmapdefinesanisomorphism

PolA � Pol9 � �:,�, ö� SymA � Pol9 � �:,v, #
Using the polarizationagainwe obtainan isomorphismPol9 � �:,�o ö� Pol9 � �\oz, .
Thusany linear function on Pol9 � �\, is a homogeneouspolynomial function of
degree ; on � o . Thusa multilinear functionon Pol9 � �:, canbeidentifiedwith a
multihomogeneousfunctionon �:o of multi-degree � ; �$#%#$#�� ;¦, .

Let us make the isomorphismfrom the precedinglemmamore explicit by
usinga basis �]¬ ! �$#%#$#%�v¬ «z, in � andits dualbasis �  �! �%#$#$#%�  �«z, in �:o . Let � ø ��� ù � �; � bethecoordinatefunctionson Pol9 � �\, , wherewe write each

Í J Pol9 � �:, as
in (1.8) with < replacedby ; , so that � ø � Í ,2��g ø . Any â1J PolA � Pol9 � �:,�,
is a polynomial expressionin the � ø of degree < . Let � � Î ! Ñø , �$#$#$#��¢� � Î A Ñø , be
the coordinatefunctionsin eachcopy of Pol9 � �:, . The polarizationpol � â\, is a
multilinearexpressionin the � � ø . Now, if wereplace� Î � Ñø with themonomial÷ Î � Ñ ø
in a basis �]¬ Î � Ñ! �$#%#$#%�v¬ Î � Ñ« , of the � th copy of � , we obtainthesymbolicexpression
of â

symb� â:, ��÷ Î ! Ñ �$#$#$#��v÷ Î A Ñ ,�J Pol9z°�²�²�² ° 9 � � o , #
Remark1.4. The mathematiciansof the nineteenthcenturydid not like super-
scriptsandpreferredto usedifferentlettersfor vectorsin differentcopiesof the
samespace.Thus they would write a generalpolynomial

Í �îì ø A�åø å � ø ½ ø of
degree; as Í � ß  � � �� �� à 9 � ß  � � �· �� à 9 �aNVNVN �
and the symbolic expressionof a function â �^#$#$#�� � ø �$#%#$# , as an expressionin� � � � � �%#$#$# .
Example1.3. Let � �LË � ;6�/Ë . In thiscasePol� � �\, consistsof quadraticformsin
two variables

Í �LgÌ¶ � �¶ £ Ë�g�! � ¶ � ! £ g � � � ! . Thediscriminant�Ó�F� � ¶z�m¶ � �{� � !�!
is anobviousinvariantof SL� � 8�, . We have

pol � �i,��ã� � ¶	nm¶ � £ �e¶ � n � ¶ä�ØË�� !�!�nq!�! �
symb� �i,Q� � �¶ � �! £ � � ! � �¶ �íË � ¶ � ! � ¶ � !�� ��� ¶ � !+� � ! � ¶	, � � ����� � , � �

where ����� � ,+� �º����� � ¶ � !� ¶ � !
	 #
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Example1.4. Let � �/Ë � ;:��� . Thedeterminant(calledtheHankel determinant)

������� gÌ¶ gº!îg �gº!�g � g �g � g � g��
��

in coefficientsof abinaryquartic�>�FgÌ¶ � � ¶ £ �Ìgº! � �¶ � ! £�� g � � �¶ � � ! £ �"g � � ¶ � � ! £ g�� � � !
definesa function ��J Pol� � Pol� � 8¦��,v, on thespaceof binaryquartics.It is called
thecatalecticant. We leaveasanexerciseto verify thatits symbolicexpressionis
equalto

symb� �:,�� ����� � , � ���ä��� , � � � ��� , � #
It is immediateto seethatthegroupGL � � 8�, actson 8�=�gÌ¶ �$#$#$#�� g���? via its actionon��� � ��� by � � ¶� !�	 � � g t� ;�	 � � ¶� !�	 �$#$#$#�# (1.9)

This impliesthatthecatalecticantis invariantwith respectto thegroupSL� � 8�, .
1.3 Bracket functions

It is convenientto organizethevariables¬ Î ! Ñ! �$#%#$#���¬ Î ! Ñ« �$#%#$#%�v¬ Î A Ñ! �$#$#$#��v¬ Î A Ñ« asama-
trix of size � �[< :

�L� �� ¬ Î ! Ñ! #%#$#/¬ Î A Ñ!
...

. . .
...¬ Î ! Ñ« #%#$#/¬ Î A Ñ«
���� #

First, we identify the spacePol9�°�²�²�² ° 9 � � o , with the subspaceof the polynomial
algebra 8�= ¬ Î ! Ñ! �$#$#$#��v¬ Î ! Ñ«! #$#$#  ¬ Î A Ñ! �$#%#$#%�v¬ Î A Ñ« ? consistingof polynomialswhich are
homogeneousof degree; in eachsetof variables¬ Î � Ñ! �$#%#$#%�v¬ Î � Ñ« . Next, we identify
the algebra 8�= ¬ Î ! Ñ! �$#$#$#��v¬ Î ! Ñ«" #$#$#  ¬ Î A Ñ! �$#$#%#��v¬ Î A Ñ« ? with the algebraPol� Mat«±° A , of
polynomialfunctionsonthespaceof matricesMat«±° A . Thevalueof avariable¬ Î � Ñ�
at a matrix � is the ����� , -entry of the matrix. The group � 8¦oz,@A actsnaturallyon
thespaceMat«±° A by�u� ! �%#$#$#��	� A ,+NB=#�m! �$#$#$#�� � A ?Z��= � !$�m! �$#$#$#��	� A � A ? �
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wherewe write a matrix � asa collectionof its columns. In a similar way the
group � 8 o , « actson Mat«±° A by row multiplication. We saythata polynomial

Í J
Pol� Mat«±° A , is multihomogeneousof multi-degree � ;º! �$#%#$#%� ; A , if for any � J58 o ,
andany �L�Ç=%�m! �%#$#$#%� � A ?�J Mat«±° A ,Í � =%�m! �%#$#$#�� �Q� S ! �z� �Q� � �Q��¸p! �$#$#%#%� � A ?�,Q� � 9�& Í � =%�m! �$#$#$#�� �Q� �$#$#$#�� � A ?], #
We say that

Í
is multiisobaric of multi-weight ��Ö ! �$#$#%#%��Ö «�, if the polynomial

function �Ô� Í � � þ , on thespaceMat«±° A is multihomogeneousof multi-degree�xÖ ! �%#$#$#%�vÖ «z, . Let Pol� Mat«±° A ,^9�®�°�²�²�² ° 9 é(' ) ®u°�²�²�² ° ) ³ denotethe linear spaceof polyno-
mial functionson thespaceMat«±° A which aremultihomogeneousof multi-degree� ;º! �$#%#$#%� ; A , andmultiisobaricof multi-weight �xÖ ! �$#%#$#%��Ö «�, . If ;º!Q��NVNVNB�F; A �; wewrite ; A � � ;º! �$#%#$#%� ; A , ; weusesimilar notationfor theweights.

It follows from the definition that the symbolic expressionof any invariant
polynomialfrom PolA � Pol9 � �6,�, is multilinear. Let usshow that it is alsomulti-
isobaric:

Proposition 1.1.

symb� PolA � Pol9 � �:,v, SL ÎÐÏpÑ ,+* Pol� Mat«±° A ,@9 é ' ) ³ �
where �'Ö �F< ; #
Proof. Weshallconsiderany â�J PolA � Pol9 � �:,v, asapolynomialin coefficients� ¾ of thegeneralpolynomial ì ¾-, 9 ¾/. � ¾ ½ ¾ from Pol9 � �\, . For any MKJ GL « � 8º, we
canwrite M « � � ����� M�, ÕM �
where ÕM�J SL« � 8�, . It is clearthatthescalarmatrix � ¡�« actson eachelement¬ � of
thebasisof � by multiplying it by � . Henceit actson thecoordinatefunction  ��
by multiplying it by � S ! andon Pol9 � �6, via multiplicationby � S 9 . Henceit acts
onPolA � Pol9 � �6,v, by multiplicationby � A 9 (recallthat � M�N�â\, � Í ,+�Lâ � M S ! N Í ,v, .
Thereforeweget M « N¢â*� � ����� Mº, A 9 ÕM\N¢â*� � ����� Mº, A 9 â #

Sinceany M10ZJ GL « � 8�, canbewritten asan � th power, weobtainthat M6N¢âh�2�� Mº,�â for somehomomorphism2 � GL « � 8�,W� 8 o . Notice that whenwe fixâ and
Í J Pol9 � �6, , the function MF� MWN�â � Í , is a polynomial function in
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entriesof thematrix M which is homogeneousof degree < ; . Also, we know that2�� Mº, « � � ����� Mº, A 9 # Since
����� M is anirreduciblepolynomialof degree� in entries

of thematrix,weobtainthat 2Ù� Mº, is anonnegativepowerof
����� M . Comparingthe

degreesweget,for any M�J GL « � 8�, ,M\N¢â*� � �º��� Mº, ) â #
Sincethemapsymb � PolA � Pol9 � �6,�,m� Pol� Mat«±° A , is GL « � 8�, -equivariant,we
seethat M:N symb� â\,Q� � �º��� Mº, ) â � X M�J GL « � 8�, #
If we take M to be the diagonalmatrix of the form diag=´� �$#%#$#%� � �	��� � �$#$#$#	� ��? we
immediatelyobtainthat symb� â\, is multiisobaricof multi-weight Ö « . Also, by
definition of the symbolicexpression,symb� â\, is multihomogeneousof multi-
degree ; A . Thisprovestheassertion.

Corollary 1.1. Assume�+3 < ; . Then,for <54 ¥ ,
PolA � Pol9 � �:,�, SL ÎÐÏZÑ �af ¥ j #

An exampleof a function from Pol� Mat«±° «z,�! ³ °�! ³ is the determinantfunction6 «:�Z�87� ����� � . More generallywe definethebracket functiondet9 on Mat«±° A
whosevalueon amatrix � is equalto themaximalminor formedby thecolumns
from a subset: of =�<�?Ù� �bfB� �$#$#%#%� <Kj . If :{�bf � ¶ �$#$#$#���� � j we will oftenuseits
classicalnotationfor theminors

det9q� �·� ¶ #$#$#¼� � ,���= � ¶ �$#%#$#%��� � ? #
It is isobaricof weight � but not multihomogeneousif <;4 � . Usingthesefunc-
tions one can constructfunctionsfrom Pol� Mat«±° A ,@9 é ° ) ³ whenever < ;F� �'Ö .
This is doneasfollows.

Definition. A (rectangular)tableauon theset =�<�?G�ÇfB� � Ë �$#$#$#�� <Kj of size Ö � �
is amatrix <=>@? !�! #$#$# ? !�«

...
. . .

...? ) ! #$#$# ? ) «
ACBD (1.10)

with entriesin =�<�? satisfyingtheinequalities
? ���FE ? ���v¸p! . We saythat thetableau

is homogeneousof degree ; if each� , �:D � DF< � occursexactly ; times;clearly; mustsatisfytherelation < ;-� ÖG�¢#
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An exampleof a tableauon theset =#��? of size Ë0�PË anddegree2 is<==> � ËË HH �� �
A BBD #

For eachtableau
?

asabovewedefinethe tableaufunction �JI onMat«±° A by�JI � )K �ï»p! = ? �¯! �%#$#$#%� ? �Ð«�? #
We saythat �JI is homogeneousof degree ; if

?
is of degree ; . It is clearthatany

suchfunctionbelongsto Pol� Mat«±° A ,^9 é ° ) ³ . For example,thesymbolicexpression
of thedeterminantof a binaryquadraticform from Example1.3 is equalto =´�¢Ë'? � .
Thesymbolicexpression� �¢Ë�, � � Ë�HÌ, � � �@HÌ, � of thecatalecticantcorrespondsto the
function �LI , where ? �

<======> � Ë� ËË HË H� H� H
ACBBBBBBD #

Noticethewayatableaufunction �LI changeswhenweapplyatransformationM J GL « � 8�, : eachbracket function = � ! �$#%#$#%��� «v? is multiplied by
����� M . Sofor each

tableau
?

on theset =�<�? of size Ö � � thefunction �LI is multipliedby
����� � Mº, ) . In

particular, eachsuchfunctionis aninvariantfor thegroup �h� SL« � 8�, of matrices
with determinantequalto 1. Takinglinearcombinationsof homogeneousdegree; tableaufunctionsthatareinvariantwith respectto permutationof columns,we
get a lot of examplesof elementsin Pol� Pol9 � �:,v, SL ÎÐÏpÑ . In the next chapterwe
will prove thatany elementfrom this ring is obtainedin this way.

Bibliographical notes

Thesymbolicmethodfor expressionof invariantsgoesbackto theearlierdaysof
theoryof algebraicinvariants,whichoriginatesin thework of A. Cayley of 1846.
It canbefoundin many classicalbooksoninvarianttheory([28], [38], [39], [47],
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[96]). A modernexpositionof thesymbolicmethodcanbefoundin [18], [64], [83].
Thetheoryof polarizationof homogeneousformsis abasisof many constructions
in projective algebraicgeometry;seefor example[14], [39], [97], [98]. For a
moderntreatmentof someof thegeometricapplicationswereferto [24], [53].

Exercises

1.1Show thatPol� Mat«±° A ,^9�®�°�²�²�² ° 9 é ' ) ®¼°�²�²�² ° ) ³ �af ¥ j unlessì A�´»p! ;"���Lì «��»p! Ö � .
1.2 Let M � Pol� � �6, be the spaceof quadraticforms on a vectorspace� of
dimension� .

(i) Assumethatchar� 8�,ON�|Ë or � is odd. Show thatPol� ¨:, SL Î´ÏZÑ is generated
(asa 8 -algebra)by thediscriminantfunctionwhosevalueat a quadraticform is
equalto thedeterminantof thematrixdefiningits polarbilinearform.

(ii) Which level setsof thediscriminantfunctionareorbitsof SL � �6, in M ?

1.3Let â�J Pol9 � �:, . For any Ö JP� and  �JP8 o considerthefunctionon ���K8 o
definedby � ª �  �,��   S ! � â � ª £   Ö ,���â � ª¦,v, . Show that this functionextendsto���P8 andlet

Í ) � â\, denotetherestrictionof theextendedfunctionto �|�ëf ¥ j .
(i) Show that

Í ) � â:,ÙJ Pol9 S ! � �6, andthepairing�Ô� Pol9 � �:,�� Pol9 S ! � �:, � ��Ö:� â\,P7 � Í ) � â:, �
is bilinear.

(ii) Assume;TáQN� ¥ in 8 . Let
Í ) � Pol9 � �6, � Pol9 S ! � �:, be the linearmapâR7� Í ) � â\, . Show thatthefunction � 9 � 8 definedby��Ö ! �$#$#%#%��Ö A ,P7� �;Tá � Í ) ®Gc�NVNVNVc Í )�S , � â\,

coincideswith pol � â\, .
(iii) Show that

Í ) � â\,Q�/ì «�ï»p! g"� ý
Týzþïÿ , where � gº! �$#$#$#�� g"«	, arethecoordinatesofÖ with respectto somebasis �]¬ ! �%#$#$#%��¬ «�, .
1.4Let 
 � �-, betheprojectivespaceassociatedto a vectorspace� of dimension� . We considereachnonzeroª*Jb� asa point .ª in 
 � �0, . The hypersurfaceÍVUW � Í W � â\, � ¥ in 
 � �-, is called the polar hypersurfaceof the hypersurfaceC T �äâî� ¥ with respectto the point .ª . Show that for any � JaC T 3 ÍVUW the
tangenthyperplaneof C T at � containsthepoint .ª .
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1.5 Considerthe bilinear pairing betweenPolA � �6, andPolA � � o , definedasin
(1.6). For any â J PolA � �:, �YX J PolZ � � o , denotethe valueof this pairing at� â �
X , by

Í\[ � â:, . Show that
(i) for fixed â theassignmentX 7� Í\[ � â\, definesa linearmap

apZ � PolZ � � o ,Q� PolA S Z � �:, �
(ii) for any X 0�J PolA S Z � � o , , Í([1[�] � â\,Q� Í([ � Í\[�] � â\,v, ,
(iii)
Í\[ � â\,i� Í W_^ c NVNVN¦c Í W ® � â:, if X is the productof linear polynomialsªB!pNVNVN�ª�Z�JP�h� � �\o	,^o .

1.6 In thenotationof theprecedingexercise,X J PolZ � � o , is calledapolar to a
homogeneousform â�J PolA � �\, if Í\[ � â:,Q� ¥ . Show that

(i) � ì «�ï»p! g"� ¬ ��, A is apolarto â if andonly if â � gº! �$#$#$#�� g"«	,Q� ¥ ,
(ii) � ì «�ï»p! gÌ� ¬ ��, A S ! is apolarto â if andonly if all partial derivativesof â

vanishat g6� � gº! �$#$#$#�� g"«	, .
1.7 Considerthe linearmapapZ definedin Exercise1.5. Thematrix of this map
with respectto thebasisin PolA � �\o	, definedby themonomials¬ ¾ andthebasis
in PolA � �\, definedby themonomials½�` is calledthecatalecticantmatrix. Show
that

(i) Show thatif <Ê�/Ë ��È·É � thedeterminantof thecatalecticantmatrix is an
invarianton thespacePolA � �\, (it is calledthecatalecticantinvariant) .

(ii) Show that,if
��È·É �Ô��Ë and <��a� , thecatalecticantinvariantcoincides

with theonedefinedin Example1.4.
(iii) Find thedegreeof thecatalecticantinvariant.
(iv) Show thatthecatalecticantinvarianton thespacePol� � �6, coincideswith

thediscriminantinvariant.
(v) Computethecatalecticantmatrix in thecase

��È·É �h�"H � < ��� � Ie�FË .
1.8Let

Í J PolA � �\, . For any ªÌ! �$#$#$#�� ª A JP� andany � ! �$#$#$#��	� A JP8 writeÍ �u� !±ªB! £ NVNVN £ � A ª A ,Q� 9z®u¸p¹�¹�¹ ¸�9 é » A � 9 ®! #$#%#z� 9 éA Í 9�®�°�²�²�² ° 9 é � ªÌ! �$#$#$#�� ª A , #
(i) Show that the function

Í 9 ® °�²�²�² ° 9 é � � ªB! �$#%#$#%� ª A ,b7� Í 9 ® °�²�²�² ° 9 é � ªB! �%#$#$#�� ª A , is
multihomogeneousof multi-degree � ;º! �%#$#$#%� ; A , .

(ii) Show that
Í !�°�²�²�² °�!Q� pol � Í , .

1.9Find thesymbolicexpressionfor thepolynomial â/�LgÌ¶	gc���d�Ìgº!�g � £ H"g �� on
the spaceof binary quarticsPol� � 8 � , . Show that it is an invariantfor the group
SL� � 8�, .
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1.10Find thepolarizationof thedeterminantpolynomial
6 « .

1.11 Let 2 � GL « � 8º,i� 8¦o be a homomorphismof groups. Assumethat 2 is
given by a polynomial in the entriesof M/J GL « � 8º, . Prove that thereexists a
nonnegative integer   suchthat,for all M�J GL « � 8�, , 2�� Mº,Q� � ����� Mº, þ .



Chapter 2

The First FundamentalTheorem

2.1 The omega-operator

Wesaw in theprecedingchapterthatthesymbolicexpressionsof thediscriminant
of a binaryquadraticform andof thecatalecticantof a binaryquarticarepolyno-
mials in thebracket functions. The theoremfrom the title of this chaptershows
that this is the generalcasefor invariantsof homogeneousforms of any degree
andin any numberof variables.In factwe will show more: thebracket functions
generatethealgebraPol� Mat«±° A , SL³ Î l Ñ . Recallthat thegroupSL« � 8º, actson this
ring via its actiononmatricesby left multiplication.

We startwith sometechnicallemmas.

For any polynomial
Í � i! �$#$#$#��  &�, let ÕÍ denotethe(differential)operatoron8�=  ! �%#$#$#%� �&+? obtainedby replacingeachunknown 2� with thepartialderivative

operator ýýYe�ÿ (cf. Remark1.2).
In thissectionwewill useonly aspecialoperatorof thissort.Wetake fk� � �

with unknowns 0��� ������� � � �%#$#$#%���'� andlet
Í

be thedeterminantfunction
6 « of

thematrix with entries0��� . We denotethecorrespondingoperator ÕÍ by g . It is
calledtheomega-operator or theCayley operator.

Lemma 2.1. g � 6 Z« ,��LI � I £ �V, #$#$#V� I £ � ���¢, 6 Z S !« #
Proof. Firstobserve thatfor any permutationñPJ ê�« wehaveü «ü� ! ç Î ! Ñ #%#$# ü� « ç Î « Ñ � 6 «	,Q�"h � ñ�, � (2.1)

17
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whereh � ñG, is thesignof thepermutationñ . This immediatelygivesthat g � 6 «z,��� á . For any subset:K�hf � ! �$#$#$#���� l j of = � ? setg � : � ñ�,î� ü lü�\�^® ç Î �^® Ñ NVNVN�ü�\�ji ç Î �ji Ñ �k � : � ñ�,î� g � : � ñ�, � 6 «	, #
Analogouslyto (2.1)wegetk � : � ñ�, � 6 «	,��lh � : � ñ�,v§ U9 ç Î 9 Ñ � (2.2)

wherefor any two subsetsm � æ of = � ? of thesamecardinalitywedenoteby §onÆ° p
theminor of thematrix � 0����, formedby therowscorrespondingto theset m and
thecolumnscorrespondingto theset æ . Thebardenotesthecomplementaryset
and h � : � ñ�,�� sign q Kr ° s ¿ 9rYt s � ñ � g`,+�{ñ �xt ,v,�u #
Now applyingthechainrule wegetvQw_x y�z|{$}�~�w�� Z« ~���v�w_x y+����z|{$}�~�� � Z«��� « ç Î « Ñ� vQw_x y�����z|{$}�~�w���� Z S !« � w��
y���{$}�~_~(��vQw_x y�����z|{$}�~ � � � Z S !« � w��
y���{$}�~��� « S ! ç Î « S ! Ñ� vQw_x y�����z|{$}�~�����w��V����~�� Z S �« � w��
y���{$}�~ � w��
yQ������{$}�~L����� Z S !« � w��
y�����{_y���{$}�~¡ � «¢l »p! ��w��V����~�w��£�¥¤��d��~�� Z S l« � ¢9z®�¦Ì¹�¹�¹ ¦�9�i^» Ü « Ý � w�§ ! {$}�~©¨Y¨Y¨ � w�§ l {$}�~   ¨

Now recall a well-known formula from multilinearalgebrawhich relatesthe
minorsof a matrix � andtheminorsof its adjoint(alsocalledadjugatein classic
literature)matrix Õ�L� adj� ��, (see[8], Chapter3, ª 11,exercise10):Õ��pÅ° ní� �º��� � ��, Ã p Ã S ! � Upä° Un # (2.3)

Applying (2.3)weobtaink � :º! � ñ�, #%#$# k � : l � ñG,Q� 6 l S «« lK �ï»p! h � :"� � ñ�,\Õ§o9 ÿ ° ç Î 9 ÿ Ñ #
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Now recall the Laplaceformula for the determinantof a squarematrix � of
size � :�º��� � ��,��lh � :º! �$#%#$#%� : l , Ú ®�¦"¹�¹�¹ ¦ Ú i » Ü « Ý h � ¡'! �$#$#%#%� ¡ l ,�§d9 ® ° Ú ® #$#$# §d9 i ° Ú i � (2.4)

where = � ?p�R:º!(«KNVNVN�«¬: l
is a fixedpartitionof thesetof rows of � and h � ¡'! �$#$#%#%� ¡ l , is equalto thesignof
thepermutation� ¡'! #$#$# ¡ l , wherewe assumethat theelementsof eachset ¡v� are
listedin theincreasingorder. Applying this formulato Õ§ we findç ¿$è ³ h � ñ�,�h � :º! � ñG, #$#$# h � : l � ñ�,�Õ� 9	®±° ç Î 9	® Ñ #$#%# Õ� 9 i ° ç Î 9 i Ñ � � !�á #%#$#±� l á 6 « S !« �
where� �×�Çð:"� ��� �|� �$#$#%#�� 8 # Thus,letting ñ run throughtheset ê�« , we sumup
theexpressionsh � ñG,�g � = � ? � ñG, � 6 «« , to getg � 6 Z« ,Q� � l »�¶ I � I����¢, #$#%#$� I��í8�, _Å���¢� 8�, 6 Z S !« �L� ���¢� I¢, 6 Z S !« �
where _����¢� 8�,�� 9z®�¦Ì²�²�² ¦�9�i�» Ü « Ý � !�á #$#%#±� l á #
Weleave to thereaderasanexerciseto verify that� ���¢� I¢,Q�/I � I £ �¢, #$#%#$� I £ � ���¢, #
Theprecisevalueof thenonzeroconstant� ���¢� I¢, is irrelevantfor whatfollows.

Lemma 2.2. Let â*� Í !pNVNVN Í «�JP8�=  !�! �%#$#$#�� 0« A ? , whereeach
Í � is equalto the

productof <�� linear forms æ Î � Ñ� �Fì « Z¼»p! g Î � Ñ�®Z 2�CZ ��� �a� �$#%#$#%� <�� . Then

g � â:,��  ����� �� g Î �^® Ñ!�! #$#$# g Î � ³ Ñ!�«...
. . .

...g Î � ® Ñ«v! #$#$# g Î � ³ Ñ«¼«
���� � Í !���æ Î �^® Ñ! ,�NVNVN � Í «z��æ Î �¼³ Ñ� , �

where thesumis takenover theset H{�hf �ú� ! �$#$#$#���� «�,Ù�T� D � �×D�<��¼j #



20 CHAPTER2. THE FIRSTFUNDAMENTAL THEOREM

Proof. By thechainrule,ü « âüTi!��¯®�NVNVN�ü�0«±�´³ � Î �^®�°�²�²�² ° � ³ Ñ ¿@¯ g Î �^® Ñ!�� ® NVNVNvg Î �¼³ Ñ«±� ³ � Í !���æ Î �^® Ñ! ,�NVNVN � Í «	��æ Î �¼³ Ñ« , #
After multiplying by the sign of the permutation �x� ! �$#$#$#���� «z, and summingup
over thesetof permutations,we getthedesiredformulafrom theassertionof the
lemma.

2.2 The proof

Now wearereadyto prove theFirst FundamentalTheoremof InvariantTheory:

Theorem 2.1. The algebra of invariants Pol� Mat«±° A , SL³ Î l Ñ is generated by the
bracket functions = � ! �$#$#$#���� «v? .
Proof. Let Pol� Mat«±° A , ) bethesubspaceof polynomialswhich aremultiisobaric
of multi-weight Ö « . It is clearthat

Pol� Mat«±° A , SL³ Î l Ñ �a°) µ`¶ Pol� Mat«±° A , ) SL³ Î l Ñ #
Sowemayassumethataninvariantpolynomial âÇJ Pol� Mat«±° A , SL³ Î l Ñ belongsto
Pol� Mat«±° A , ) . Fix amatrix �hJ Mat«±° A andconsidertheassignmentM±7� â � MÅN¯�O,
asa functiononMat«±° « . It follows from theproof of Proposition1.1 thatâ � M\N$��,�� �º��� � Mº, ) â � ��, #
Since â is multiisobaric,it is easyto seethat â � M N"��, canbe written asa sum
of productsof linearpolynomialsasin Lemma2.2,with <��ä� Ö . Applying the
omega-operatorto theleft-handsideof theidentity Ö timeswewill beableto get
rid of the variablesM'��� andget a polynomial in bracket functions. On the other
hand,by Lemma2.1we getascalarmultipleof â . Thisprovesthetheorem.

Let Tab«±° A �xÖ , denotethesubspaceof Pol) � Mat«±° A , spannedby tableaufunc-
tionson =�<�? of size Ö � � andlet Tab«±° A ��Ö , hom beits subspacespannedby homo-
geneoustableaufunctionsof degree ; . Recallthat,asfollows from thedefinition
of a tableau, ��Ö � < ; . The symmetricgroup ê A acts linearly on the space
Tab«±° A ��Ö , via its actionontableauxby permutingtheelementsof theset =�<�? . We
denoteby Tab«±° A ��Ö , èBé thesubspaceof invariantelements.Clearly,

Tab«±° A �xÖ , è é * Tab«±° A �xÖ , hom
#
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Corollary 2.1. Let Ö � A 9« . Wehave

Pol� Mat«±° A , SL³ Î l Ñ9 é ° ) ³ � Tab«±° A �xÖ , hom
#

By Proposition1.1, the symbolicexpressionof any invariantpolynomial â
from PolA � Pol9 � �6,v, SL³ Î l Ñ belongsto Pol� Mat«±° A , SL³ Î l Ñ9 é ° ) ³ , andhencemustbea lin-
earcombinationof tableaufunctionsfrom Tab«±° A �xÖ , . The group ê A actsnatu-
rally onMat«±° A by permutingthecolumnsandhenceactsnaturallyonPol� Mat«±° A ,
leaving thesubspacesPol� Mat«±° A ,^9 é ° ) ³ invariant.Applying Lemma1.1,weget

Corollary 2.2.

symb� PolA � Pol9 � �6,�, SL³ Î l Ñ ,Q� Tab«±° A �xÖ , èÌéhom
�

where ��Ö �R< ; .
2.3 Grassmannvarieties

The ring Pol� Mat«±° A , SL³ Î l Ñ hasa nice geometricinterpretation.Let Gr ���¢� <>, be
theGrassmannvarietyof � -dimensionallinearsubspacesin 8 A (or, equivalently,��� �y�¢, -dimensionallinearprojectivesubspacesof 
 A S ! ). UsingthePlückermapæ�� ² « � æä, , we canembedGr �|�'� <>, in 
 � ² « � 8 A ,v,:�Ê
 � é ³ , S ! . The projective
coordinatesin this projective spacearethePlücker coordinates_ �¯®�²�²�² �´³ � � D � !±ENVNVN-E � «�Dã< . Considertheset � �|�¢� <>, of ordered� -tuplesin =�<�? . Let 8�=�� ���¢� <>,�?
be the polynomial ring whosevariablesare the Plücker coordinates_ 9 indexed
by elementsof the set � ���¢� <>, . We view it asthe projective coordinatering of
 � ² « � 8`A�,v, . Considerthenaturalhomomorphism³ �`8�=�� �|�¢� <>,@?p� Pol� Mat«±° A ,
which assignsto _ �·®�²�²�² �´³ thebracket polynomial = � ! �$#$#%#���� «v? . By Theorem2.1, the
imageof thishomomorphismis equalto thesubringPol� Mat«±° A , SL³ Î l Ñ of invariant
polynomials.

Theorem2.2. Thekernel ¡�«±° A of
³

is equalto thehomogeneousidealof theGrass-
mannvarietyGr �|�'� <>, in its Plücker embedding.
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Proof. Let Mat0«±° A be the denseopensubsetof the affine spaceMat«±° A formed

by matricesof maximal rank � . Considerthe map ��� Mat0«±° A � ) � é ³ , �
Spec� 8�=�� ���¢� <>,�?], given by assigningto � J Mat0«±° A the valuesof the bracket
functions = � ! �$#$#$#���� «v? on � . Clearly, thecorrespondingmap � o of theringsof reg-
ular functionscoincideswith

³
. Also it is clearthattheimage } of � is contained

in theaffine cone ÕGr ���¢� <>, over Gr �|�¢� <>, . Thecompositionof � andthecanoni-
cal projection ÕGr ���¢� <>,µ´ f ¥ j � Gr �|�'� <>, is surjective. Let â bea homogeneous
polynomialfrom Ker� ³ , . Thenits restrictionto } is zero,andhence,sinceit is
homogeneous,its restrictionto the whole of ÕGr �|�¢� <>, is zero. Thus â belongs
to ¡�«±° A . Conversely, if â belongsto ¡�«±° A , its restrictionto } is zero,andhence� o � â:,w� ¥ because�y� Mat0«±° A � } is surjective. SinceGr �|�¢� <>, is a projective
subvariety, ¡�«±° A is a homogeneousideal (i.e. generatedby homogeneouspolyno-
mials).Thusit wasenoughto assumethat â is homogeneous.

Corollary 2.3.
Pol� Mat«±° A , SL³ Î l Ñ ö � 8�=Gr ���¢� <>,�? #

The symmetricgroup ê A actsnaturallyon Gr ���¢� <>, by permutingthe coor-
dinatesin thespace8BA . This correspondsto theactionof ê A on thecolumnsof
matricesfrom Mat«±° A . Let Ä bethesubgroupof diagonalmatricesin SLA � 8�, . It
actsnaturallyon Gr �|�¢� <>, by scalarmultiplicationof columns.Let 8�=Gr �|�¢� <>,@? )
be thesubspacegeneratedby thecosetsof homogeneouspolynomialsof degreeÖ . Applying Corollary2.1andCorollary2.2,weobtain

Corollary 2.4. Let ��Ö �R< ; . Then

PolA � Pol9 � 8 « ,v, SL³ Î l Ñ ö � 8�=Gr ���¢� <>,�? è é·¶�¸) #
2.4 The straightening algorithm

We now describea simplealgorithmwhich allows oneto constructa basisof the
spaceTab«±° A ��Ö , .
Definition. A tableauon theset =�<�? of size Ö �YI? � <=>@? !�! #$#$# ? !�«

...
. . .

...? ) ! #$#$# ? ) «
A BD

is calledstandard if
? ���OD ? Î �ï¸p! Ñ � for every � and � .
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For example, ¹ � HË ��º
is standardbut ¹ � �Ë H�º
is not.

Theorem2.3. Thetableaufunctions�LI correspondingto standard tableauxform
a basisof thespaceTab«±° A ��Ö , .
Proof. Wewill describethestraighteninglaw dueto A. Young.It is analgorithm
which allowsoneto write any tableaufunctionasa linearcombinationof tableau
functionscorrespondingto standardtableaux.

We will usethefollowing relationbetweenthebracket functions:«@¸p! Zu»p! � �q�¢, Z = � ! �$#$#%#%��� « S ! ��� Z�?�= � ! �$#$#%#%��� Z S ! ��� Z¼¸p! �$#$#$#���� «@¸p!@?Z� ¥º# (2.5)

Here �x� ! �$#$#$#���� « S !�, and �ú� ! �$#$#$#���� «@¸p!�, aretwo fixedincreasingsequencesof num-
bersfrom theset =�<�? andweassumethatin thebracket function = � ! �$#$#$#���� « S ! ��� Z�? ,
thesequence��� ! �$#%#$#%��� « S ! ��� Z�, is rearrangedto be in increasingorderor equalto
zeroif two of thenumbersareequal.

This relationfollows from theobservationthat the left-handside,considered
as a function on the subspace� 8 « , «@¸p! of Mat«±° A formed by the columnswith
indices� ! �$#$#$#���� «@¸p! , is ��� £ �¢, -multilinearandalternating.Sincetheexteriorpower² «@¸p! � 8 « , equalszero,thefunctionmustbeequalto zero.

Supposea tableaufunction �LI is not standard.By permutingthe rows of
?

we canassumethat
? �¯!-D ? Î �ï¸p! Ñ ! for all � . Let � be the smallestindex suchthat? ���»4 ? Î �ï¸p! Ñ � for some� . We assumethat

? l � D ? Î l ¸p! Ñ � for 8�E � . We call thepair�x�¯� , with this propertythe mark of
?
. Considerequation(2.5) correspondingto

thesequences��� ! �$#%#$#%��� « S !�,î� � ? Î �ï¸p! Ñ ! �%#$#$#%� ? Î �ï¸p! Ñ�Î � S ! Ñ � ? Î �ï¸p! Ñ]Î �v¸p! Ñ �$#$#$#�� ? Î �ï¸p! Ñ « , ��ú� ! �$#$#$#���� «@¸p!�,î� � ? �¯! �%#$#$#%� ? ��� �$#%#$#%� ? �Ð« � ? Î �ï¸p! Ñ �$, #
Herewe assumethat thesecondsequenceis put in increasingorder. It allows us
to express= ? �¯! �$#%#$#�� ? �Ð«v?�= ? Î �ï¸p! Ñ ! �$#$#$#�� ? Î �ï¸p! Ñ «z? asa sumof theproducts= ? �¯! �%#$#$#%�1¼? �®Z �$#$#%#%� ? �Ð« � ? Î �ï¸p! Ñ � ?±= ? Î �ï¸p! Ñ ! �$#%#$#%�©¼? Î �ï¸p! Ñ � �$#$#$#�� ? Î �ï¸p! Ñ « � ? �®Z�? #
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Substitutingthis in the product �LI of thebracket functionscorrespondingto the
rows of

?
, we express�JI asa sumof the �JI ] suchthat the mark of each

? 0 is
greaterthanthemarkof

?
(with respectto the lexicographicorder). Continuing

in this waywewill beableto write �JI asa sumof standardtableaufunctions.
This shows that thestandardtableaufunctionsspanthespaceTab«±° A �xÖ , . We

skip theproof of their linearindependence(see,for example,[48], p. 381).

Corollary 2.5. Thehomogeneousideal ¡�«±° A definingGr ���¢� <>, in its Plücker em-
beddingis generatedby thequadratic polynomialsÍ Ú ° 9 � � ¸ � Zu»p! � �q�¢, Z _ �¯®�²�²�² � ³j½ ®±° � ^ _ �@®±²�²�² ° � ^ ½ ®ú� ^�¾ ®±°�²�²�² ° � ³ ¾ ® �
where ¡0� ��� ! �$#$#%#%��� « S !�, � :W� �·� ! �$#%#$#%��� «�¸p!�, are increasingsequencesof numbers
fromtheset =�<�? .
Proof. It is enoughto show thatany homogeneouspolynomial â from ¡�«±° A can
beexpressedasa polynomialin the

Í Ú ° 9 . Let ¡c0«±° A be the idealgeneratedby the
polynomialsthe

Í Ú ° 9 . It follows from the straighteningalgorithmthat, modulo¡ 0«±° A , thepolynomial â is equalto a linearcombinationof monomialswhich are
mappedto standardtableaufunctionsin the ring 8�=Mat«±° A ? . Sincethe standard
tableaufunctionsarelinearly independent,weobtainthat âÇJY¡c0«±° A .

Remark2.1. The equations
Í Ú ° 9R� ¥ defining the GrassmannianGr ���¢� <>, are

calledthePlücker equations. Corollary2.3 impliesthatthePlückerequationsde-
scribethebasicrelationsbetweenthebracket functions.This resultis sometimes
referredto astheSecondFundamentalTheoremof InvariantTheory.

Now wearein businessandfinally cancomputesomething.We startwith the
case� �/Ë . Let uswrite any degree; homogeneousstandardtableauin theform? � <===> g !! g ��g !� g ��...

...g !A S ! g �A
ACBBBD �

where g � � denotesa columnvectorwith coordinatesequalto � . Let � g � � � be the
lengthof thisvector. It is clearthat� g !! � � � g �A � �F; � � g !� � £ � g �� � �F; � �»E � E�< �A S ! �ï» � � g !� � � A S ! �ï» � � g �� � � Ö �y;6� � <Ó�íË",^;¦��Ë #
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Soif we set � g !� � � � � S ! ��� �hË �$#%#$#%� <b�R� , thena standardtableauis determined
by a point with integer coordinatesinsideof the convex polytope ¿ � � � ; � <>, inÀ A S � definedby theinequalities

¥ D � �ÅDR; � A S � �ï»p! � ��� Ö �Ø; #
Example2.1. Let ;6�lH . Wehave¿ � � � H � <>,Q�ÂÁ ��� ! �$#%#$#%�Y� A S � ,ÙJ À A S � � ¥ D � �ÅDÃH � A S � �ï»p! � ���lH � <s�ØË",��"ËLÄ #
Thefirst nontrivial caseis < �|Ë . We have theuniquesolution �x¥º�z¥ , for which
thecorrespondingstandardtableauis? � <> � Ë� Ë� Ë AD #
Theonly nontrivial permutationof two letterschanges�JI to � �JI . Thus

Pol� � Pol� � 8 � ,v, SLÅ�Î l Ñ �af ¥ j #
Next is thecase< ��� . Wehave thefollowing solutions:��� ! �Y� � ,�� �x¥º� HÌ, �¢� H ��¥ , �¢� � � Ë", �¢� Ë � �¢, #
Thecorrespondingstandardtableauxare

? !ä�
<======> � Ë� Ë� ËH �H �H �

A BBBBBBD � ? � �
<======> � H� H� HË �Ë �Ë �

A BBBBBBD � ? � �
<======> � Ë� Ë� HË �H �H �

A BBBBBBD � ? �w�
<======> � Ë� H� HË �Ë �H �

A BBBBBBD #
Let us seehow the group ê£� actson the spaceTab� ° � � � , hom. The group ê£� is
generatedby thetranspositions� Ë�HÌ, �¢� �¢Ë�, �¢� ���B, . We have� Ë�H", �JI ®+� �JI Å � � Ë�HÌ, �JI�Æ � �JI�Ç (2.6)
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By thestraighteningalgorithm,= Ë�H�?±=´����?p�Ç=´�@H�?±= Ë���?T�R=´�¢Ë'?±=#H���? �
sothat � �¢Ë", �JI ®î� � �LI ® �� �¢Ë", �JI Å � � =´�@H�?±=¤Ë���?T�ã=´�¢Ë'?±=%H���?], �� �JI Å � �JI ®Æ�dH �JI�Ç £ H �JI�Æ$�� �¢Ë", �JI�Æ � =ï�VË'? � = Ë�H�?±=´����?±=%H���? ���=´�¢Ë'? � =ï��H�?�= Ë���?±=#H���? � ��=ï�¢Ë¢? � =#H���? � � �JI�Æ � �JI ®� �¢Ë", �JI�Ç � �6=´�¢Ë'?±= Ë�H�? � =ï����? � =#H���? �

� �:=ï�VË'?�=#H���?±=´�@H�? � =¤Ë���? � £ Ëº=ï�¢Ë¢?�=#H���?±=ï��H�?�= Ë���?±=´�¢Ë'?±=%H���?º�ã=´�¢Ë'?±=%H���?�=´�¢Ë'? � =#H���? �� � �JI�Ç £ Ë �JI�Æ � �JI ® #
Similarly, weget � �@HÌ, �LI ® � � �JI Å £ H �LI Ç ��H �JI Æ £ �JI ® �� �@HÌ, �LI Å � � �JI Å �� �@HÌ, �LI Æ � � �JI Å £ Ë �LI Ç � �LI Æ #
This implies thatany ê£� -invariantcombinationof thestandardtableaufunctions
mustbeequalto âh�Fg �JI ® £ tz�JI Å £ � �JI�Æ £ ; �JI�Ç , whereg-� tV� �w�L; � Ë�� £ H�g6� ¥º#
ThisgivesthatTab� ° � � � , è Ç is spannedbyâ*���eË �JI ®×�íË �JI Å £ H �JI�Æ £ H �JI�Ç�h�OËº=ï�¢Ë¢? � =#H���? � �íË�=ï��H�? � =¤Ë���? � £ H�=ï�¢Ë¢? � =´�@H�?±= Ë���?±=%H���? � £ H�=ï�¢Ë¢?�=´�@H�? � = Ë���? � =%H���? #
Weleave to thereaderto verify thatthis expressionis equalto symb� �i, , where�Ó� � gB¶	gº!�g � g � £ H"g � ! g �� ���Ìg � ! g � ���ÌgÌ¶zg �� �yg �¶ g �� # (2.7)

This is thediscriminantof thecubicpolynomial�>�FgÌ¶ � �¶ £ H"gº! � �¶ � ! £ H"g � � ¶ � � ! £ g � � � ! #
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Bibliographical notes

Our proof of the First FundamentalTheorembasedon the useof the omega-
operator(the Cayley g -process) is borrowed from [108]. The g -processis also
discussedin [7], [83], [113]. A proof basedon the Capelli identity (seethe ex-
ercisesbelow) can be found in [64], [121]. Another proof using the theory of
representationsof the group GL � �:, can be found in [18] and [64]. Theorem
2.1 is concernedwith invariant polynomial functionson < -vectorsin a vector
space� with respectto the naturalrepresentationof SL � �:, in �ÉÈ A . Onecan
generalizeit by consideringpolynomialfunctionsin < vectorsin � and <Ê0 cov-
ectors,i.e. vectorsin thedualspace� o . TheFirst FundamentalTheoremasserts
that the algebraof SL � �6, -invariant polynomialson �»È A�Ë � � o ,�È A ] is gener-
atedby the bracket functionson the space� È A , bracket functionson the space� �:o�, È A ] , and the functions = ��� � ? � �hD � D < � �*D � D < 0 , whosevalue at� ªÌ! �$#$#$#�� ª A  ³ ! �$#%#$#%� ³ A ] , J�� È A Ë � �\oz, È A ] is equalto

³ � � ª¢��, . The proof can
befoundin [18], [64], [121]. Onecanalsofind thereageneralizationof Theorem
2.1to invariantswith respectto othersubgroupsof GL � � 8�, .

Thereis avastamountof literaturedevotedto thestraighteningalgorithmand
its variousgeneralizations(see,for example,[17]). We followed the exposition
from [48]. It is not difficult to seethat thePlücker equationsdefinesettheoreti-
cally theGrassmannvarietiesin theirPlückerembedding(see,for example,[40]).
Corollary2.5 describesthehomogeneousidealof theGrassmannian.As far asI
know theonly textbookin algebraicgeometrywhich containsa proof of this fact
is [48]. Wereferto [33] for anotherproof basedon therepresentationtheory.

Exercises

2.1Prove that g�ÌÙc�g+Íw�"g�Ì�Í for any two polynomials� � M�JP8�=  ! �%#$#$#��  &�? #
2.2Let g betheomega-operatorin thepolynomialring 8�= §Lg" �«±° «�? . Prove that

(i) g � 6 Z« ,��LI � I £ �¢, #$#%#V� I £ � ���¢, 6 Z S !« for negative integers I ,
(ii) g ��� ��� 6 «z, S ! ,�� � á � ��� 6 «	, S « S ! ,
(iii) thefunction �W� ì!Î�ï»�¶ Ï ÿ³!�¹ � å ¹�¹�¹ Î �ï¸p! Ñ å is a solutionof thedifferentialequationg��W�L� in thering of formalpowerseries8�=ú= � 2���%,�?·? .

2.3 For each����� J/=�<�? definetheoperator�-��� actingin Pol� Mat«±° A , by the for-
mula �6�����>�Lì « Z¼»p! �Zx� ý Ìý
e ^ & .
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(i) Prove that theoperators�6��� commutewith eachotherandcommutewithg if � N� � .
(ii) Checkthefollowing identity (theCapelli identity):

�º��� ������ � AÅA
£ � <b���V, id � A Î A S ! Ñ #$#$# � A !� Î A S ! Ñ A � Î A S ! Ñ�Î A S ! Ñ £ � <b�ØË", id #$#$# � A S !�!...

...
. . .

...� � A #$#$# � ��� £ id � � !��! A #$#$# ��! � ��!�!
��������

� ô ¥ if <54 �¦�6 «Yg if <Ê� �¦#
2.4 Using the Capelli identity show that the operator Õg � Pol« � Pol9 � �6,v,��
Pol« � Pol9 S ! � �6,�, definedby gwâ��*âÐ0 , wheresymb� âÐ0´,Ù�ag � symb� â\,v, � is well-
definedandtransformsanSL � �:, -invariantto anSL � �\, -invariant.

2.5 Show thatPol� � Pol� � 8 � ,�, SLÅ Î l Ñ is spannedby thecatalecticantinvariantfrom
Example1.4 in Chapter1.

2.6Show thatPol� Pol� � 8 � ,v, SLÅ�Î l Ñ is generated(asa 8 -algebra)by thediscriminant
invariantfrom Example2.1.

2.7Show thatPol� Pol� � �:,v, SL ÎÐÏpÑ is equalto 8�=�� ? , where �U� Pol� � �6,Ù� 8 is the
discriminantof quadraticform. Findsymb� �i, .
2.8Let ��� O« � 8�, betheorthogonalgroupof thevectorspace8 « equippedwith
thestandardinnerproduct. Considertheactionof � on Mat«±° A by left multipli-
cation.Show thatPol� Mat«±° A , O³ Î l Ñ is generatedby thefunctions = �¯� ? whosevalue
onamatrix � is equalto thedot-productof the � th and� th columns.

2.9 With thenotationfrom theprecedingexerciselet O̧« � 8�,O� O« � 8�,Æ3 SL« � 8�, .
Show thatPol� Mat«±° A , O¾³ Î l Ñ is generatedby thefunctions = ��� ? andthebracketfunc-
tions.

2.10Show thatthefield of fractionsof thering Pol� Mat«±° A , SL³ Î l Ñ is apurelytran-
scendentalextensionof 8 of transcendencedegree�º� <Ó� � , £ � .



Chapter 3

Reductivealgebraicgroups

3.1 The Gordan–Hilbert Theorem

In thischapterweconsideraclassof lineargroupactionsonavectorspacë for
whichthealgebraof invariantpolynomialsPol� ¨:, d is finitely generated.Westart
with thecaseof finite groupactions.

Theorem 3.1. Let � be a finite group of automorphismsof a finitely generated8 -algebra � . Thenthesubalgebra � d is finitelygeneratedover 8 .
Proof. This follows easily from standardfactsfrom commutative algebra.First
weobservethat � is integralover nÇ�R� d . Let � ! �%#$#$#��v� � begeneratorsof � . LetnF0 bethesubalgebraof � generatedby thecoefficientsof themonicpolynomials_ � �  �,�JYni=  �? suchthat _ � �]� �x,Q� ¥ . Then �F�ãn 0 = � ! �$#$#$#��v� � ? is afinite n 0 -module.
Sincen 0 is noetherian,n is alsoafinite n 0 -module.Sincen 0 is finitely generated
over 8 , n mustbefinitely generatedover 8 .

Let us give anotherproof of this theoremin the specialcasewhenthe order; of � is prime to the characteristicof 8 and � actson � � Pol� ¨:, via its
linearactionon ¨ . In this case� leavesinvariantthesubspaceof homogeneous
polynomialsof degree< sothat

Pol� ¨:, d � Î°A »�¶ Pol� ¨:, dA #
Let ¡ be the ideal in � generatedby invariantpolynomialsvanishingat ¥ (or,
equivalently, by invarianthomogeneouspolynomialsof positive degree).Apply-
ing theHilbert BasisTheorem,we obtainthat the ideal ¡ is finitely generatedby

29
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a finite setof polynomialsâ�! �$#%#$#%� â � in � d . We mayassumethateachâ�� is ho-
mogeneousof degree <��V4 ¥ . Thenfor any homogeneousâ Jy� d of degree <
wecanwrite â*� Í !^âQ! £ NVNVN £ Í � â � (3.1)

for somehomogeneouspolynomials
Í � of degree < �*<�� . Now considerthe

operatorav �Ì�F� � definedby theformula

av � Í ,Q� �;  Í ¿ d M � Í , #
Clearly,

av � �Od>� id � av � ��,��R�Od #
Applying theoperatorav to bothsidesof (3.1)wegetâ/� av � Í !�,^â�! £ NVNVN £ av � Í � ,�â � #
By inductionwe canassumethateachinvarianthomogeneouspolynomialof de-
gree E�< canbeexpressedasapolynomialin â�� ’s. Sinceav � Í ��, is homogeneous
of degree E�< , wearedone.

Let us give anotherapplicationof the Hilbert BasisTheorem(it wasproven
by Hilbert exactly for thispurpose):

Theorem 3.2. (Gordan–Hilbert)Thealgebra of invariantsPol� Pol9 � �6,v, SL ÎÐÏ�Ñ is
finitelygeneratedover 8 .
Proof. Let ¨�� Pol9 � �6, . The proof usesthe sameideaasthe oneusedin the
secondproof of Theorem3.1. Insteadof the averagingoperatorav we usethe
omega-operatorg . Let â�J PolA � ¨:, SL Î´ÏZÑ . Writeâ*� Í !^âQ! £ NVNVN £ Í � â �
for some

Í �+J Pol� ¨6, A S A ÿ and â��+J PolA ÿ � ¨:, SL Î´ÏpÑ . By theproof of Proposition
1.1thereexistsaninteger Ñ suchthat,for any ª JY¨ ,â � M\N$ª¦,�� � ����� Mº,�Ò^â � ª¦, #
ThenumberÑ is calledtheweightof â .

Now, for ageneralmatrix M , wehave theidentity of functionson GL � �:, :
â � M\NVªº,�� � ����� M�,$Ò^â � ªº,Q� � �ï»p! � ����� Mº,�Ò ÿ Í � � M6N$ª¦,^âÅ� � ª¦, #



3.1.THE GORDAN–HILBERT THEOREM 31

Now let usapplytheomega-operatorg to bothsidesÑ times.Weget

��â � ª¦,Q� � �´»p! g�Ò �v� ����� Mº,�Ò ÿ Í � � M\NVªº,�,�â�� � ª¦, �
where � is a nonzeroconstant. Now the assertionfollows by showing that the
valueof g Ò �v� ����� Mº, Ò ÿ Í � � M:NVªº,�, at M2� ¥ is aninvariantandusinginductionon the
degreeof thepolynomial.

Lemma 3.1. For any
Í J Pol� ¨6, letâ � M � ª¦,+�"g « �v� ����� Mº,�Ó Í � M\NVªº,�, #

Then â �u¥º� ª¦, is eitherzero or an invariantof weight � �oÔ .
Proof. This is nothingmorethanthechangeof variablesin differentiation.Let  
beageneralsquarematrixof size f . We haveâ � M �  ÅNVª¦,î� g « ��� ����� Mº,�Ó Í � M` ÅNVª¦,v,� � �º���  �, S Ó�g « � ����� � MB �,�Ó Í � M` ÅNVª¦,v,� � �º���  �, S Ó ����� �  �, « g «Õ�Ö�× Î Í þ Ñ � ����� � M` �,$Ó Í � MB ÅN$ª¦,v,� � �º���  �, « S Óvâ � MB  � ª¦, #
Here g Õ�Ö�× Î Í þ Ñ denotestheomega-operatorin thering 8�= #$#$# 0��� �$#$#%#%� (T��� �$#$#$# ? corre-
spondingto thedeterminantof thematrix � }+����, where }+���O�aì Z 0�®Z@(LZ·� . We use
theformula g ��X�� }O,�,�� ����� � (r����,�g Õ�Ö�× Î Í þ Ñ �¡X�� }O,v, (3.2)

for any polynomial X�� }O, in thevariables}Q��� . Thiseasilyfollows from thediffer-
entiationrulesandweleaveits proofto thereader. Now pluggingin M0� ¥ in (3.2)
(althoughit is not in GL � �:, the left-handsideextendsto the wholepolynomial
ring in thematrixentries)weobtainâ �x¥º�  ÅNVª¦,Q� � �����  �, « S Óvâ �x¥º� ª¦, #
Thisprovestheassertion.

Remark3.1. In fact, the sameproof appliesto a more generalsituationwhen
GL � � 8�, actsonavectorspacë by meansof a rationallinearrepresentation(see
thedefinitionof a rationalrepresentationin thenext section).Wehave to usethat
in thiscaseM\N¢â*� ����� � M�, Ò â for any M�J GL � � 8�, and â�J Pol� ¨6, SL

ò Î l Ñ .
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Remark3.2. Theproof shows that the algebraof invariantsPol� ¨6, SL
ò Î l Ñ is gen-

eratedby a finite generatingset â�! �$#$#%#%� â � of the ideal ¡ generatedby invariant
homogeneouspolynomialsof positive degree.Let }���� � ¡º,�*a¨ bethesubset
of commonzerosof â�! �$#$#$#�� â � . Let : betheideal in Pol� ¨:, SL

ò Î l Ñ of all polyno-
mialsvanishingon } . By Hilbert’s Nullstellensatz,for each� ��� �$#$#%#�� 7 � there
existsa positive integer © � suchthat âbØ ÿ� JÃ: . Let �-! �%#$#$#%� �\& behomogeneous
generatorsof : . Let ; bethelargestof thedegreesof the â�� and � bethelargestof
thenumbers© � . Thenit is easyto seethatany invarianthomogeneouspolynomial
of degree Ù�; � 7 canbeexpressedasa polynomialin �6! �$#$#$#�� �q& . This implies
that the ring Pol� ¨6, SL

ò Î l Ñ is integral over the subring 8�= �6! �$#%#$#%� �q&Q? generated
by �6! �$#%#$#%� �q& . In fact, it canbe shown that it coincideswith the integral clo-
sureof 8�= �6! �$#$#$#�� �q&�? in thefield of fractionsof Pol� ¨6, (see,for example,[113],
Corollary4.6.2). In Chapter9 we will learnhow to describetheset } (it will be
identifiedwith thenull-cone)without explicitly computingthering of invariants.
Thisgivesaconstructiveapproachto finding thealgebraof invariants.

3.2 The unitary trick

Let us give anotherproof of the Gordan–HilbertTheoremusinganotherdevice
replacingthe averagingoperatorav dueto A. Hurwitz (later calledthe “unitary
trick” by H. Weyl). Weassumethat 82�lÚ .

Let �Ç� SL� � Ú�, and m�� SU� 7G, beits subgroupof unitarymatrices.Let �
actonPol� ¨6, via its linearrepresentation© �B�*� GL � ¨:, .
Lemma 3.2. (Unitary trick)

Pol� ¨:,�dW� Pol� ¨6, n
Proof. Let â J Pol� ¨6, . For any § J Mat� considerthe function on

À �í¨
definedby ³ �    ª¦,Q�Lâ � Ñ þÜÛ NVª¦, #
Let Ý±§ � âFÞ bethefunctionon ¨ definedbyÝ±§ � âÉÞ � ª¦,+� d

³ �    ª¦,
d  �u¥ , #

Since
³ �   £ g  ª¦,Ù� ³ �    Ñ r Û N¢ªº, we seethat Ý±§ � âÉÞ � ª¦,�� ¥ for all ª J5¨ if and

only if dß¢Î þ ' W Ñ
dþ � g`,�� ¥ for all gKJ À andall ªYJØ¨ . The latter is equivalentto the
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conditionthat â � eþÜÛ NÌª¦,6� â � ª¦, for all  �J À andall ªíJ/¨ . Let denotethe
spaceof complex matricesof size 7ë�P7 with zerotrace.Sinceany MYJ SL� � Úä,
canbewrittenas M-� eÛ for some§ Jáàãâ � � Úä, , weseethattheconditionÝ±§ � âFÞ�� ¥º� X § Jáà-â � � (3.3)

is equivalentto â beinginvariant. Next we easilyconvince ourselves(by using
thechainrule) thatthemap § � Ý±§ � âÉÞ is linear, soit is enoughto check(3.3)
for the setof the § which spansàãâ � � Úä, . Considera basisof à-â � � Úä, formedby
thematrices ¨w���Ù�{¨��@� � ä �\� � ¨���� £ ¨ä�^��, � ä �\� � ¨w�Ð�r�Ø¨��u��, �
where �6D � E � Dã7 . Observe thatthesamematricesform a basisover

À
of the

subspaceà�å � 7�, of àãâ � � Úä, formedby skew-hermitianmatrices§ (i.e. satisfying
t § � � § ). Now we repeattheargumentreplacing� by m � SU� 7�, . We use
thatany M>J�m canbewritten in theform eÛ for some§ Jæà�å � 7G, . We find thatâbJ Pol� ¨:, n if andonly if Ý±§ � âÉÞÙ� ¥ for all § J¬à�å � 7G, . SincethepropertiesÝ±§ � âFÞ�� ¥ for all § Jáà�å � 7G, and Ý¼§ � âFÞä� ¥ for all § Jáàãâ � � Ú�, areequivalent
wearedone.

Thegroup m � SU� 7�, is a compactsmoothmanifold. If Mi� � M�����,mJ�m andM����[�4M�0��� £ ä �\�%M�0 0��� , where M�0��� � M10 0��� arereal, then m is a closedanda bounded
submanifoldof

À � � Å definedby theequations� ��»p! M r � .M�sï�w�Lû r s � � DRg�D t D�7 � ����� � M�,Q�a� �
where û r s is the Kronecker symbol. This allows one to integrateover it. We
considerany polynomialcomplex valuedfunctionon m asarestrictionof apoly-
nomialfunctiononGL � � Ú�, . For eachsuchfunction

³ � M�, set

av � ³ ,Q�èç n ³ � Mº, dMç n dM �
wheredM-�!é !_êB�¯° �Yê¦& dM�0��� dM10 0��� #
Lemma 3.3. For any âÇJ Pol� ¨6, thefunction ëâ definedbyëâ � ª¦,Q� av � â � M:N%ªº,�,
is m -invariant.
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Proof. For any matrix M�� � M'����,WJìm let M10w� � M�0��� , and M�0 0�� � M�0 0��� , . For anyI � M ��í J�m with í �RM:N'I wehave��í 0 í 0 0 ,Q� � M 0 M 0 0 ,ÆN � I 0 �eI 0 0I 0 0 I 0 	 #
Hereweuseblock-expressionsof thesematrices.It is easyto seethatHë� � I�0��eI�0 0I 0 0 I 0 	
is an orthogonalreal matrix of size Ë'7�� Ë�7 . Thus the jacobianof the change
of variablesMo7� í �sM N`I is equalto

����� Hh�ïî-� . Since m is known to be a
connectedmanifold, the function I¬7� ����� H is constant;it takesthe value � atI>�Ê¡ � , so

�º��� Hñð�� . Applying the formula for the changeof variablesin the
integrationwegetò n â � MºIwNVªº, dM0� ò n â � M:N � I�NVª¦,v, d � MºI¢,+� ò n â ��í NVªº, dí��
hence ëâ � I�NVª¦,�� av � â � MºIwNVªº,�,

�óç n â � MºI�N$ª¦, dMç n dM � ç n â �|í NVª¦, díç n dM� av � â ��í NVª¦,v,�� ëâ � ª¦, #
Onecangeneralizethe precedingproof to a larger classof groupsof com-

plex matrices.What is importantin the proof is that sucha group � containsa
compactsubgroupm suchthatthecomplex Lie algebraof � is isomorphicto the
complexificationof therealLie algebraof m . Hereareexamplesof suchgroups,
their compactsubgroups,andtheir correspondingLie algebras:

�¢, �h� GL � � Úä, � Lie � �\,Q�GôLâ � � Úä,m� Mat� � Ú�, �mU� SU� 7G, � Lie � mP,��Gå � 7G,G3�à-â � � Úä, #Ë", �h� O� � Ú�, � Lie � �\,Q�:f¢�aJ�ôLâ � � Úä,O� t �ã�����\j �mU� O� � À , � Lie � mP,��:f¢�aJ�ôLâ � � À ,O� t �ã�����\j #
Thesegroupssatisfythefollowing property
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(LR) Let © ���Ô� GL � �6, bea homomorphismof complex Lie groups,and ª[J� d ´pf ¥ j # ThenthereexistsaninvariantsubspaceM suchthat �h�lÚQª Ë M .
Or, in otherwords,thereexists a � -invariantlinear function � on � such
that � � ª¦,�N� ¥ .

Onechecksthis propertyby first replacing� with its compactsubgroupm as
above. Takingany linear function � with � � ª¦,F4 ¥ we averageit by integration
over m to find a nonzerom -invariantfunctionwith thesameproperty. Thenwe
applyLemma3.3to ensurethat � is � -invariant.

3.3 Affine algebraicgroups

Next weobserve thatproperty(LR) from theprecedingsectioncanbestatedover
any algebraicallyclosedfield 8 . Insteadof complex Lie groups,wewill bedealing
with affinealgebraicgroups� over 8 .
Definition. An affinealgebraicgroup � overafield 8 is anaffinealgebraicvariety
over 8 with thestructureof agrouponits setof pointssuchthatthemultiplication
map � �B���[�h� � andtheinversionmap

� �Ì�h� � areregularmaps.

Althoughwe assumethat thereaderis familiar with somerudimentsof alge-
braicgeometry, we have to fix someterminologywhich maybeslightly different
from the standardtextbooks(for example,[102]). We shall usean embedding-
free definition of an affine algebraicvariety over an algebraicallyclosedfield 8
. Namely, a set  � � Specm� �O, of homomorphismsof a finitely generated8 -
algebra� without zerodivisorsto 8 . Thealgebra� is calledthecoordinatealge-
bra of  andis denotedby õ �  , (or 8�=�[? ). An elementg JK� canbeconsidered
asa 8 -valuedfunctionon  whosevalueat a point � �p��� 8 is equalto �×� g`, .
Functionson  of this form arecalledregular functions. A point � is uniquely
determinedby the maximal ideal ö»÷ of functionsvanishingat � . A choiceof
generators� ! �$#%#$#%�v� � of õ � P, definesabijectionfrom  to asubsetof theaffine
space) � � Specm� 8�=�Ä�! �$#$#$#�� Ä � ?�, identifiednaturallywith theset 8 � . Thissubset
is equalto the setof commonzerosof the ideal of relationsbetweenthe gener-
ators. A regular map(or morphism) �R�G � ( of affine algebraicvarietiesis
definedasa mapgivenby compositionwith a homomorphismof thecoordinate
algebras� o �-õ � (6,�� õ �  , . Thismakesa categoryof affinealgebraicvarieties
over 8 whichis equivalentto thedualof thecategoryof finitely generateddomains
over 8 . This latter category hasdirect productsdefinedby the tensorproductof
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8 -algebras.A subset� � ¡¦, of  of homomorphismsvanishingon an ideal ¡ ofõ �  , is calledaclosedsubset.It canbeidentifiedwith anaffinealgebraicvariety
Specm� �O�1:�, , where :[� rad ¡ is theradicalof ¡ . A point � J[ is aclosedsub-
setcorrespondingto themaximalideal ö»÷ of � . Closedsubsetsdefineatopology
on  , the Zariski topology. Opensubsets� � ��,q�bø´q� ��� ��,�, � �RJR� , form a
basisof thetopology. Eachsubset� � ��, canbeidentifiedwith anaffinealgebraic
varietySpecm� �6=ï�V�"�Z?�, .

A choice of 7 generatorsof the 8 -algebra õ �  , definesan isomorphism
from  to a closedsubsetof the affine space) � . A morphismof affine va-
rieties Specm� ��, � Specm� n-, correspondingto a surjective homomorphismn�� � of 8 -algebrasdefinesanisomorphismfrom Specm� n-, to a closedsubset
of Specm� ��, . It is calledaclosedembedding.

Themultiplicationandthe inversionmorphisms�+� � defininganaffine alge-
braicgroup � canequivalentlybegivenby homomorphismsof 8 -algebras� o �ùõ � �\,�� õ � �\,�ú l õ � �:, � � o �ùõ � �\,�� õ � �\, �
whicharecalledthecomultiplicationandthecoinverse.

For any 8 -algebram wedefinetheset  � mP, of m -pointsof  to bethesetof
homomorphismsof 8 -algebrasõ �  ,�� m . In particular, if mU�aõ � (:, for some
affinealgebraicvariety ( , theset  � mP, canbeidentifiednaturallywith thesetof
morphismsfrom ( to  .

Herearesomeexamplesof affine algebraicgroupswhich we will beusingin
thebook.

(a) GL � ° l � Specm� 8�= #$#$#%� 2��� �%#$#$# ?�= ����� �v� 2����,�, S ! ?�, (a general linear group over8 ):
GL � ° l � mP,�� GL � 7 � mP, � � o � 0����,ä� � Z¼»p! 2�CZ@�Z¯� � � o � 0����,��ã ��� �

where ��� is equalto the ����� , th entryof theinverseof thematrix � 0����, .
(b) û A ° l � GL !�° l � Specm� 8�= Ä � Ä S ! ?�, (themultiplicativegroupover 8 ):û A ° l � mP,��lm o � � o � ÄO,���Äüú Ä � � o � Äe,ä��Ä S ! #
(c) û r ° l � Specm� 8�=�Ä�?�, (theadditivegroupover 8 ):û r ° l � mP,���m ¸ � � o � Äe,Q�ãÄüúF� £ �+ú Ä � � � Äe,Q����Ä #
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Otherexamplesof affine algebraicgroupscanberealizedby takingdirectprod-

uctsor by takinga closedsubvarietywhich is anaffine algebraicgroupwith re-
spectto therestrictionof themultiplicationandthe inversemorphisms(a closed
subgroup). For example,wehave

(d) Ä �l ��û �A ° l (anaffinetorusover 8 ),
(e) SL� ° l (aspeciallinear groupover 8 ).

Affinealgebraicgroupsover 8 form acategory. Its morphismsaremorphisms
of affine algebraicvarietieswhich inducehomomorphismsof thecorresponding
groupstructures.Onecanprove thatany affine algebraicgroup � admitsa mor-
phismto thegroupGL � ° l suchthatit is aclosedembedding.In otherwords, � is
isomorphicto a linear algebraic group, i.e., a closedsubvarietyof GL � ° l whosem -pointsfor any 8 -algebram form asubgroupof GL � � mP, . If noconfusionarises,
wewill alsodropthesubscript8 in thenotationof groupsGL � ° l � û A ° l , andsoon.

Fromnow on all of our groupswill be linearalgebraicgroupsandall of our
mapswill bemorphismsof algebraicvarieties.

Wedefineanactionof � onavariety  to bearegularmap � �B��� ��1
satisfyingtheusualaxiomsof anaction(whichcanbeexpressedby thecommuta-
tivity of somenaturaldiagrams).Wecall suchanactionarationalactionor, better,
a regular action. In particular, a linearrepresentation© �`�h� GL � �\, ö� GL � � 8�,
will beassumedto begivenby regularfunctionsontheaffinealgebraicvariety � .
Suchlinearrepresentationsarecalledrational representations.

Let anaffine algebraicgroup � acton anaffine variety î� Specm� �O, . This
actioncanbedescribedin termsof thecoactionhomomorphism� o �Ì�F� õ � �\,�ú�� �
where õ � �:, is thecoordinatering of � . It satisfiesa bunchof axiomswhich are
“dual” to the usualaxiomsof an action;we leave their statementsto the reader.
For any g�JK� wehave � o � g¦,��  � �V�ùú�g"� �
where �V�-Jýõ � �\, � gÌ�6J�� . An elementMRJÇ� is a homomorphismõ � �\,��8 � �þ7� � � Mº, � andwesetM � g`,Ù�Ð� � MbúL�V,�c � o � g`,Q�/ �V� � Mº,�g"� # (3.4)

Thisdefinesa rationalactionof � ona 8 -algebra� , thatis, amorphism� �B�*�
Aut � �O, . We will continueto denotethesubalgebraof invariantelementsby � d .

An importantpropertyof a rationalactionis thefollowing.
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Lemma 3.4. For any g�JK� , thelinear subspaceof � spannedbythe“tr anslates”M � g`, � M�JY� � is finite-dimensional.

Proof. This follows immediatelyfrom equation(3.4). Thesetof elementsg"� is a
spanningset.

Note that not every homomorphismof groups � � Aut � �O, arisesfrom a
rationalactionof � on  .

Example3.1. Let �/�"û A actonanaffinealgebraicvariety 4� Specm� �O, . Let� o �`�/� õ � �\,ÿú��L�h8�=�Ä � Ä S ! ?©ú�� bethecorrespondingcoactionhomomor-
phism.For any g JK� wecanwrite� o � g`,Q�  � ¿�À Ä � ú�g"� # (3.5)

It is easyto see,usingtheaxiomsof anaction,thatthemaps_ �Æ�Ì�L� � � gO7� g"�
aretheprojectionoperators,i.e., _ � � gÌ��,Q�Lg"� . Denotingtheimage_ � � ��, by �m� we
have ���]���G*����ï¸Ì� and �F�R° � ¿�À �m� # (3.6)

This definesa gradingon � . Conversely, givena gradingof � , we define � o by� o � g`,��Lì � ¿�À Ä � úWgÌ� , whereg"� is the � th gradedpartof g . Thisgivesageometric
interpretationof agradingof acommutative 8 -algebra.

Assumenow thatgrading(3.5)on � satisfies�����af ¥ j for � E ¥ and �e¶Ù�/8 .
Suchagradingis calledageometricgradingandthecorrespondingactionis called
a good û A -action. In this case,theideal ö��e�Çì ���`¶ �m� is a maximalidealof �
andhencedefinesapoint _ ¶ of  , calledthevertex. Weset o � Specmo � ��,�� Specm� �O,�´�f _ ¶$j #
Thegroup û A actson theopenset Po ; thequotientsetis denotedby Projm� ��,
andis calledtheprojectivespectrumof � . Assumethat � is a finitely generated8 -algebrawith a geometricgrading.Choosea setof its homogeneousgeneratorsf � ¶ �$#%#$#%�v� � j . If � �×JK� Ó ÿ for someÔ��(4 ¥ , thenany  ÙJ û A actson � by sending� � to   Ó ÿ � � . Usethegeneratorsto identify  with a closedsubsetof ) � ¸p! defined
by the homogeneousideal ¡ of relationsbetween� ¶ �%#$#$#��v� � . The vertex of 
becomestheorigin ¥ in ) � ¸p! . Weobtainanaturalbijectionfrom Projm� ��, to the
set f � gÌ¶ �$#%#$#%� g � ,�J Specm� �O,�´�f ¥ jÌj���8 o , where 8 o actsby ÆN � gÌ¶ �$#%#$#%� g � ,Q� �  $Ó Â gÌ¶ �$#%#$#%�  $Ó ò g � , # (3.7)
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In thespecialcasewhen � ¶ �$#%#$#%�v� � arealgebraicallyindependent(i.e., ¡2��f ¥ j ),
sothat � ö � 8�= Ä�¶ �%#$#$#%� Ä � ? with gradingdefinedby Äp�ÅJY� Ó ÿ , theset
 � Ô�¶ �$#%#$#�� Ô � ,ä� Projm� �O,�� ß ) � ¸p! ´�f ¥ j'àG�"8 o
is calledthe weightedprojectivespacewith weights Ô%¶ �$#%#$#%� Ô � . Whenall the Ô��
areequalto 1,weobtaintheusualdefinitionof the 7 -dimensionalprojectivespace
 � � 8�, .

Let � � be the closedsubgroupof û A � Specm� 8�= Ä � Ä S ! ?�, definedby the
ideal � Ä � �*�¢, . As an abstractgroupit is isomorphicto the groupof 7 th roots
of 1 in 8 . Let � bea graded8 -algebraand û A � Aut � ��, bethecorresponding
action.It follows from thedefinitionthat� � ò �ã� Î � Ñ �Ð�  � ¿%À ��� � #
The inclusion � Î � Ñ * � definesa naturalmap Specmo � ��,ë� Specmo � � Î � Ñ ,
which coincideswith the quotientmapfor the actionof � � on Specmo � �O, (use
that � � J�� Î � Ñ for any � J�� ). Let û A acton Specmo � � Î � Ñ with respectto the
gradingdefinedby � Î � Ñ� �F��� � # (3.8)

Then

Projm� ��,î� Specmo � �O,v�"8 o � � Specmo � �O,v� � � ,v��8 o� Specmo � � Î � Ñ ,��"8 o � Projm� � Î � Ñ , #
It is known thatfor any finitely generatedgeometricallygraded8 -algebra� there
existsanumber7 suchthat � Î � Ñ is generatedby elementsof degree1 with respect
to thegradingdefinedby (3.8)(see[9], Chap.III, ª 1). This impliesthatProjm� �O,
is bijective to a subsetof some 
 & � 8�, equal to the set of commonzerosof a
homogeneousideal in the ring of polynomials 8�=�Äp¶ �$#$#$#�� Ä�&�? with the standard
grading.

Onecanmake this statementmorepreciseby definingthecategory of projec-
tive varieties. First of all we noticethat for any nonzerohomogeneouselement�*�Jdö\¶ , thesubset� � ��, of Specm� �O, of all pointsnot vanishingon � doesnot
containthe vertex andis invariantwith respectto the actionof û A definingthe
grading.Sinceany idealin � is containedin ahomogeneousidealof � , theunion
of thesets� � ��, is equalto Specmo � �O, . SoProjm� �O, is equalto theunionof the
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subsets� � ��, ¸ �/� � ��,v�"8 o . If we identify � � ��, with Specm� �6=ï�¢���Z?], , theaction
of û A on � � ��, correspondsto the(notnecessarilygeometric)gradingdefinedby�-=´�¢�"�Z?ú�p�af'g`�"� Z �"g�JK�m�´¸ãZ Õ�Ö�� Î Ì Ñ j #
Let � Î Ì Ñ �k�6=ï�V�"�Z?·¶2�k�-=´�¢�"�r? �¢é . It is calledthe homogeneouslocalizationof

thegradedring � with respectto � . Any elementof �-=´�¢�"�Z? Î Õ�Ö�� Î Ì Ñ·Ñ� canbewritten
uniquelyin the form � � � Î Ì Ñ . This implies that the imageof any point � Jí� � ��,
in � � ��, ¸ is determinedby its restrictionto �-=´�¢�"�Z?·¶ . Thus,any point in � � ��, ¸
is uniquelydeterminedby a homomorphism� Î Ì Ñ � 8 . This shows thatwe can
identify � � ��, ¸ with Specm� � Î Ì Ñ , . Sincetheunionof setsof theform � � ��, ¸ is
thewholesetProjm� ��, , wecandefinea topologyonProjm� �O, in whichanopen
set is a setwhoseintersectionwith any set � � ��, ¸ is an openset in its Zariski
topology. Theopensubsets� � ��, ¸ form abasisof thetopology.

A quasi-projectivealgebraic variety over 8 is definedto be a locally closed
subset(i.e., the intersectionof an open subsetwith a closedsubset)of some
Projm� ��, . A closedsubsetis calledaprojectivevarietyover 8 . For any opensub-
set � of Projm� �O, wedefinearegularfunctionon � asafunction �P�¦�L� 8 such
that its restrictionto any subset� � ��, ¸ *�� is a regular function. Regular func-
tionson � form a 8 -algebrawhich we will denoteby õ � ��, . Let  * Projm� ��,
and ( * Projm� n-, be two quasi-projective algebraicvarietiesover 8 . A mor-
phism X �º1� ( is definedto bea continuousmapfrom  to ( (with respect
to the inducedZariski topologies)suchthat for any opensubset��*�( andany³ J�õ � �O, , thecomposition

³ c X is a regularfunctionon � S ! � �O, .
For example,any surjective homomorphismof gradedalgebras� �Å� � n

preservingthegrading(thelatterwill bealwaysassumed)definesaclosedembed-
ding X � Specm� n-,+* Specm� ��, whoserestrictionto any subset� � ��, is aclosed
embeddingof affinevarieties.It correspondsto thehomomorphism� �Ì�-=´�¢�"�Z?Z�ni=´�¢� �Ù� ��,�? . Thisdefinesaclosedembeddingfrom � � ��, ¸ to � ����� ��,v, ¸ andamor-
phism X � Projm� n-,�� Projm� ��, . In particular, a choiceof homogeneousgen-
eratorsof degreesÔ%¶ �$#$#%#%� Ô � of � definesa morphismProjm� �O,���
 � Ô%¶ �$#$#$#�� Ô � ,
which is a closedembedding(i.e., an isomorphismonto a closedsubsetof the
targetspace).

Onecanshow (seeExercise3.6) that any projective algebraicvariety is iso-
morphicto someProjm� ��, . Any affinealgebraicvarietyis isomorphicto aquasi-
projectivealgebraicvarietybecausetheaffine space) � is isomorphicto anopen
subset�Å� of 
 � � Projm� 8�= Ä�¶ �%#$#$#%� Ä � ?], whosecomplementis the closedsub-
setdefinedby the ideal � ÄZ��, . Thusany locally closedsubsetof an affine variety



3.4.NAGATA’S THEOREM 41

is a quasi-projective algebraicvariety. We will employ topologicalterminology
dealingwith theZariski topologyof a quasi-projective variety. For example,we
canspeakaboutirreducible,connectedquasi-projective algebraicvarieties. We
referthereaderto textbooksin algebraicgeometryfor thenotionof anonsingular
quasi-projectivevariety.

Note thatanalgebraicgroupis irreducibleif andonly if it is connected;this
follows from Exercise3.2.

Evenwhenwe studyrationalactionsof analgebraicgroupon anaffine alge-
braicvarietieswehave to dealwith nonaffinequasi-projectivealgebraicvarieties.

Example3.2. Let � ��� �y �  be a rationalactionof an affine algebraic
group � onanaffinealgebraicvariety  . For any point � J[ , wehavearegular
map � ÷P�+���  definedby � ÷ � M�,\� �Ù� M �v� , . The fiber of this mapover the
point � is a closedsubgroupof � , called the stabilizersubgroup of � . It is an
affine algebraicgroup. The imageO ��� , of this mapis a subsetof  , calledthe
orbit of � , which is not necessarilyclosed.However, if � is irreducible,theorbit
O �]� , is a locally closedsubsetof  , andhenceis a quasi-projective algebraic
variety. It followsfrom theChevalley Theorem(see[46], p. 94),thattheimageof
aregularmapis adisjointfinite unionof locally closedsubsets.However, since�
is irreducible,theimageis irreducibleandhencemustbea locally closedsubset,
i.e., a quasi-projective variety. Of course,the imageof an affine variety is not
alwaysaffine.

Example3.3. Let C bea closedsubgroupof analgebraicgroup � . Considerthe
space� spannedby the � -translatesof generatorsof theideal ¡ defining C . By
Lemma3.4 � is finite-dimensionalof somedimensionf . Let M �b�/3Y¡ and7*� ��È·É M . Then � actsrationally on the Grassmannianvariety Gr � 7 � fK, of7 -dimensionalsubspacesof M . Onecanshow that C is thesubgroupof � which
fixes M J Gr � 7 � fK, . Thuswe canidentify thequasi-projectivealgebraicvariety
O � Mh,+* Gr � 7 � f[, with thesetof conjugacy classes�\��C .

3.4 Nagata’sTheorem

Our goalis to prove thefollowing theoremof M. Nagata

Theorem 3.3. Let � bea geometricallyreductivegroupwhich actsrationallyon
an affinevarietySpecm� ��, . Then� d is a finitelygenerated 8 -algebra.

Let usfirst explain thenotionof a geometricallyreductivegroup.
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Definition. A linearalgebraicgroup � is called linearly reductiveif for any ra-
tional representation© �+�4� GL � �6, andany nonzeroinvariantvector ª there
existsa linear � -invariantfunction � on � suchthat � � ª¦,�N� ¥ .

Theunitary trick shows thatGL � andSL� andtheir productsarelinearly re-
ductivegroupsover Ú . This is not trueanymorefor thesamegroupsdefinedover
afield of characteristic_ 4 ¥ . In fact,evenafinite groupis not linearly reductive
if its orderis not coprimeto thecharacteristic.However, it turnsout (Haboush’s
Theorem, [44]) thatall thesegroupsaregeometricallyreductive in the following
sense.

Definition. A linearalgebraicgroup � is calledgeometricallyreductiveif for any
rationalrepresentation© �T�Ô� GL � �6, andany nonzeroinvariantvector ª there
existsahomogeneous� -invariantpolynomial � on � suchthat � � ª¦,�N� ¥ .

In fact,onecandefinethenotionof a reductivealgebraic groupoverany field
which will include the groupsGL � � SL� � O� and their productsand Haboush’s
Theoremassertsthatany reductive groupis geometricallyreductive. We arenot
going into the proof of Haboush’s Theorem,but let us give the definition of a
reductiveaffinealgebraicgroup(overanalgebraicallyclosedfield) withoutgoing
into details.

A linear algebraicgroup Ä is called an algebraic torus (or simply a torus)
if it is isomorphicto û �A . An algebraicgroup is called solvableif it admitsa
compositionseriesof closednormal subgroupswhosesuccessive quotientsare
abeliangroups.Eachalgebraicgroup � containsa maximalconnectedsolvable
normalsubgroup.It is calledtheradicalof � . A group � is calledreductiveif its
radicalis a torus.A connectedlinearalgebraicgroup � is calledsemisimpleif its
radicalis trivial.

Eachsemisimplegroupis isomorphicto thedirectproductof simplealgebraic
groups.A simplealgebraicgroupis characterizedby thepropertythatit doesnot
containproperclosednormalsubgroupsof positivedimension.

Thereis a completeclassificationof semisimpleaffine algebraicgroups.Ex-
amplesof simplegroupsaretheclassicalgroups

SL� ¸p! � type � � , � SO� � ¸p! � type n � , � Sp� � � type� � � , � SO� � � type � � , #
Therearealsosomesimplegroupsof exceptionaltypeof typesâµ� � � � � ¨	� � ¨�
 � ¨	� .
Every simple algebraicgroup is isogeneousto one of thesegroups(i.e., there
existsasurjectivehomomorphismfrom oneto anotherwith afinite kernel).

Weshallstarttheproof of Nagata’sTheoremwith thefollowing.
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Lemma 3.5. Leta geometricallyreductivealgebraic group � act rationallyon a8 -algebra � leavinganideal ¡ invariant. Consider� d ��¡Å3e� d asa subalgebraof� �O��¡¦, d by meansof theinjectivehomomorphisminducedby theinclusion � d *� . For any gëJ � �O��¡¦, d there exists ;o4 ¥ such that g 9 J�� d ��¡:3 � d . If � is
linearly reductivethen ; canbetakento be � .
Proof. Let .g bea nonzeroelementfrom � ����¡¦, d , let g be its representative in �
andlet � o � g`,w�Çì � � � ú�g"� # Let � bethe � -invariantsubspaceof � spannedby
the � -translatesof g . By Lemma3.4 � is finite-dimensionalandis containedin
thesubspacespannedby the g"� ’s. Let ª-�ãM�0 � g`,�JP� . Wehave M � ª¦,+�ãM � M�0 � g`,�,ä�MBM10 � g`,-� g £ Ö , where Ö JRM �k¡-3{� . This shows that any ªíJ*� canbe
written in theform ª6� � g £ Ö
for some� Jë8 and Ö JoM . Let õ �º��� 8 bethelinearmapdefinedby ª�7� � .
WehaveM � ª¦,+�ãM �uõ^� ªº,^g £ Ö ,Q� õ^� ªº,�M � g`, £ M ��Ö ,+� õ^� ªº,^g £ Ö 0 � õ^� M � ªº,�,�g £ Ö 0 0
for some Ö\��Ö 0 ��Ö 0 0 JýM . This implies that õ�� M � ª¦,v,i� õ^� ªº, ��Ö 0m� Ö 0 0 , and, in
particular, the linearmap õ ���Ó� 8 is � -invariant. Considerit asanelementof
thedualspace� o . Thegroup � actslinearlyon � o and õ is a � -invariantelement.
Choosea basis � ªÌ! �$#$#%#%� ª � , of � with ªÌ!i� g , and ª¢� J M for � Ù�Ë . Then
we canidentify �\o with theaffine space) � by usingthedualbasis,so that õ �� � ��¥º�$#$#$#��z¥ , . By definitionof geometricalreductiveness,wecanfinda � -invariant
homogeneouspolynomial â � }Ù! �%#$#$#%� } � , of degree ; suchthat â � � �z¥º�%#$#$#	�z¥ ,N�¥ . We mayassumethat â � } 9! £ NVNVN . Now we canidentify ª'� with the linear
polynomial }Q� , hence� â/�í} 9! , � ªÌ! �$#$#%#%� ª � ,ä�/â � ªÌ! �$#$#$#�� ª � ,+�Øg 9 belongsto the
ideal : of � generatedby ª � �$#$#$#�� ª � . Sinceeachgeneratorof : belongsto M *�¡ ,
we seethat g 9 ð/â � ªÌ! �$#$#$#�� ª � , modulo ¡ . Sinceâ � ªB! �%#$#$#�� ª � ,�JY� d (becauseâ
is � -invariant),wearedone.

Now we are readyto finish the proof of Nagata’s Theorem. To begin, by
noetherianinduction,we mayassumethat for any nontrivial � -invariantideal ¡
thealgebra� �O��¡¦, d is finitely generated.

Assumefirst that � � ì � µ`¶ � � is a geometricallygraded 8 -algebra(i.e.,�e¶��h8 ) andthattheactionof � preservesthegrading.For example,� couldbe
a polynomialalgebraon which � actslinearly. The subalgebra� d inheritsthe
grading.Suppose� d is anintegraldomain.Takeahomogeneouselement�PJ[� d
of positivedegree.Wehave �p�W3\� d �L�Z� d since,for any � JY� , M �]� ��,�� � �W�



44 CHAPTER3. REDUCTIVE ALGEBRAIC GROUPS�×� M �]� ,�� � ,m� ¥ impliesthat � JØ� d . Since � �O�"�p�O, d is finitely generatedand
integralover � d �"�Z� d �F� d �"�Z�í3>� d (Lemma3.5),weobtainthat � d �"�p� d is
finitely generated.Henceits maximalideal � � d �"�p� d ,�¸ generatedby elements
of positivedegreeis finitely generated.If we take thesetof representativesof its
generatorsandadd � to this set,we obtaina setof generatorsof theideal � � d ,�¸
in � d . But now, usingthesameinductive (on degree)argumentasin thesecond
proofof Theorem3.1,weobtainthat � d is afinitely generatedalgebra.

Now assumethat � d containsa zero-divisor � . Then �p� andtheannihilator
ideal

 � �u¥ ����,i� �1f'g�Jh�����pgØ� ¥ j arenonzero� -invariant ideals. As
above, � d �"�p�Y30� d and � d �  3-� d arefinitely generated.Let n bethesubring
of � d generatedby representativesof generatorsof both algebras.It is mapped
surjectively to � d �"�p��3P� d and � d �  3Y� d . Let �V! �%#$#$#%� � � berepresentatives
in � of generatorsof � ���  , d as a n-�  3 n -module. Since M � �	��,e�*�z�iJ 
for all M�J � , we get � � M � �z��,��h�z��, � ¥ , i.e., ���z�WJÊ� d . Let us show that� d �Êni= ���$! �$#$#$#�� ��� � ? . Thenwe will be done. If gØJL� d , we canfind t JLn
suchthat g�� t JL�p� (since n is mappedsurjectively to � d �"�p�ã3P� d ). Theng+� t �L� � is � -invariantimpliesthat � J � ���  , d . Thus � JPê��]n6�	� . This impliesg-� t £ � � � t £ ���eJYni= ���$! �$#$#$#�� ��� � ? aswewanted.

Sowearedonein thegradedcase.
Now let usconsiderthegeneralcase.Let  �! �$#$#%#%�   � begeneratorsof � . Con-

siderthe 8 -vectorspace� *�� spannedby � -translatesof the  �� . It follows from
Lemma3.4 that � is finite-dimensional.Without lossof generalitywe may as-
sumenow that �  �! �$#$#$#��   � , is abasisof thisspace.Let

³ �`Hë�L8�=�Ä�! �$#$#%#%� Ä � ?p� �
be the surjective homomorphismdefinedby ÄZ�±7�  �� . The group � actson H
linearly by M � ÄZ��,q� ì � ���zÄ�� , where M �  ���,q� ì � ���z x� . Let ¡ be the kernelof

³
.

It is obviously � -invariant.We obtainthat � d � � HG��¡¦, d . By Lemma3.5, � d is
integral over H d ��¡�3YH d . Sincewe have shown alreadythat H d is finitely gener-
ated,wearealmostdone(certainlydonein thecasewhen � is linearly reductive).
By a previous casewe may assumethat � d hasno zerodivisors. A result from
commutative algebra(see,for example,[26], Corollary13.3)givesthat the inte-
gral closure


of H d ��¡:3ëH d in the field of fractions Ò � � d , of � d is a finitely

generated8 -algebraprovidedthat Ò � � d , is afinite extensionof thefield of frac-
tions of H d ��¡ 3ØH d . Since


is integral over � d this would imply that � d is

finitely generated(see[26], Exercise4.3.2). Thusit is enoughto show that the
field Ò � ��, is a finite extensionof thefield of fractionsof H d �'¡q3YH d . Since � d
is integral over this ring, it is enoughto show that Ò � � d , is finitely generatedas
a field. If � is a domainthis is obvious (a subfieldof a finitely generatedfield
is finitely generated).In thegeneralcasewe usethe total ring of fractionsof � ,
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thelocalization� ¸ with respectto theset Ä of nonzerodivisors.For any maximal
ideal ö of � ¸ we have öa3Y� d � ¥ since � d is a domain. This shows that the
field of fractionsof � d is asubfieldof � ¸ ��ö . But thelatteris afinitely generated
field equalto thefield of fractionsof �O��öF3>� . Theproof is now complete.

In the next chapterwe will give an example(due to M. Nagata)of a ratio-
nal linear representation© ����� GL � �:, of a linear algebraicgroupsuchthat
Pol� �6, d is not finitely generated.

Thealgebraof invariants� d , where� is a reductivealgebraicgroupand � is
afinitely generatedalgebra,inheritsmany algebraicpropertiesof � . Weshallnot
go into this interestingareaof algebraicinvarianttheory; however, we mention
thefollowing simplebut importantresult.

Proposition 3.1. Let � bea reductivealgebraic groupactingalgebraically on a
normal finitely generated 8 -algebra � . Then � d is a normal finitely generated
algebra.

Proof. Recallthata normalring is a domainintegrally closedin its field of frac-
tions. Let m be the field of fractionsof � . It is clearthat the field of fractionsæ of � d is containedin thefield m d of � -invariantelementsof m . We have to
checkthatthering � d is integrally closedin æ . Suppose� J5æ satisfiesa monic
equation � � £ gº! � � S ! £ NVNVN £ gÌ¶�� ¥
with coefficients g"�×J[� d . Since� is normal,� JK�-3�m d �ã� d andtheassertion
is verified.

Bibliographical notes

The proof of the Gordan–HilbertTheoremfollows the original proof of Hilbert
(see[47]). The proof using the unitary trick can be found in [63], [108], and
[121]. Theoriginal proof of Nagata’s Theoremcanbe found in [77]. Our proof
is rathercloseto theoriginal one. It canbefound in [31], [73], [80], and[109]
aswell. Haboush’s Theoremwasa culminationof efforts of many people.There
areotherproofsof Haboush’s Theoremwith moreconstraintson a group(seea
survey of theseresultsin [73], p. 191).

A goodintroductionto Lie groupsandLie algebrascanbe found in [34] or
[84] and[6]; [110], [52] areexcellentfirst coursesin algebraicgroups.
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We refer to [89], ª 3.9 for a survey of resultsin the spirit of Proposition3.1.
An interestingquestionis whenthe algebraPol� �:, d , where � is a rational lin-
earrepresentationof a reductivegroup � , is isomorphicto a polynomialalgebra.
When � is afinite group,a theoremof Chevalley [11] assertsthatthishappensif
andonly if the representationof � in � is equivalentto a unitary representation
where � actsasa groupgeneratedby unitary reflections. The classificationof
suchunitary representationsis dueto ShephardandTodd ([105]). The classifi-
cationof pairs � � � �\, with this propertywhen � is a connectedlinearalgebraic
groupgroupis knownwhen � is simple,or when� is semisimpleand � is its irre-
duciblerepresentation.We referto [89], ª 8.7 for thesurvey of thecorresponding
results.

Exercises

3.1For any abstractfinite group � constructanaffinealgebraic8 -groupsuchthat
its groupof m -pointsis equalto � for any m �"8 .
3.2. Prove thatany affinealgebraicgroupis anonsingularalgebraicvariety.

3.3Show thattherearenonontrivial homomorphismsfrom û A ° l to û r ° l , or in the
otherdirection.

3.4Provethatafinite group � overafield characteristic_ 4 ¥ is linearlyreductive
if andonly if its orderis prime to _ . Show that such � is alwaysgeometrically
reductive.

3.5 Give an exampleof a nonrationalactionof an affine algebraicgroupon an
affinespace.

3.6Provethatany closedsubsetof Projm� ��, is isomorphicto Projm� ����¡¦, , where¡ is ahomogeneousidealof � .

3.7Let GL � acton Pol� ¨6, via its linearrepresentationin ¨ . A polynomial â J
Pol� ¨6, is calleda projectiveinvariant of weight Ö Ù ¥ if, for any M�J�� and
any ª�Ja¨ , â � M�N`ª¦,0� � ����� M�, ) â � ªº, . Let Pol� ¨6, d) be the spaceof projective
invariantsof weight Ö . Show thatthegradedringÎ°) µ`¶ Pol� ¨6,^d)
is finitely generated.



Chapter 4

Hilbert’ s Fourteenth Problem

4.1 The problem

Theassertionsaboutfinite generatednessof algebrasof invariantsareall related
to oneof theHilbert Problems.Theprecisestatementof thisproblem(number14
in Hilbert’s list) is asfollows.

Problem 1. Let 8 be a field, and let 8 �  �! �%#$#$#%�   � , be its purely transcendental
extension,and let m �"8 be a field extensioncontainedin 8 �  �! �$#$#$#��   � , . Is the 8 -
algebra ms3[8�=  �! �$#$#%#%�   � ? finitelygenerated?

Hilbert himself gave an affirmative answerto this questionin the situation
when m���8 �  �! �$#$#%#��   � , SL

ò Î l Ñ whereSL� actslinearly on 8�=  �! �$#$#%#%�   � ? (Theorem
3.2from Chapter3). ThesubalgebramÔ3i8�=� �! �$#%#$#%�   � ? is of coursethesubalgebra
of invariantpolynomials 8�=� �! �%#$#$#��   � ? SL

ò Î l Ñ . A specialcaseof his problemasks
whetherthe sameis true for an arbitrarygroup � actinglinearly on the ring of
polynomials.A first counterexamplewasgivenby M. Nagatain 1959;we shall
explain it in this chapter. For the readerwith a deeperknowledgeof algebraic
geometry, which we assumein this book, we give a geometricinterpretationof
Hilbert’sFourteenthProblemdueto O. Zariski.

For any subfieldm *ã8 �  �! �%#$#$#��   � , wecanfind anormalirreduciblealgebraic
variety  over 8 with field of rational functions 8 �  , isomorphicto m . The
inclusionof thefieldsgivesriseto a rationalmap�K�"
 � �����  #
Let }R*�
 � �6 betheclosureof thegraphof theregularmapof thelargestopen
subsetof 
 � on which � is defined.Let C bethehyperplaneat infinity in 
 � and

47
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��0×� pr� � pr S !! � CK,v, . This is a closedsubsetof  . By blowing up, if necessary,
wemayassumethat ��0 is theunionof codimension1 irreduciblesubvarieties�6� .
Let � be the Weil divisor on  equalto the sumof components�6� suchthat
pr ! � pr S !� � �6�x,v,�*hC ; notethat � couldbethezerodivisor. Thusfor any rational
function

³ Jh8 �  , � � o � ³ , is regular on 
 � ´\C if andonly if
³

haspolesonly
along the irreduciblecomponentsof � . Let æ � < �i, be the linear subspaceof8 �  , which consistsof rational functionssuchthat div � ��, £ < � Ù ¥ . After
identifying 8 �  , with m and õ � 
 � ´mCK, with 8�=  �! �$#$#%#%�   � ? (by meansof �po ), we
seethat ms3[8�=� �! �%#$#$#%�   � ? is isomorphicto thesubalgebra

 � ��,ä� ÎA »�¶ æ � < �i,
of 8 �  , . Sotheproblemis reducedto theproblemof finite generatednessof the
algebras

 � ��, where� is any positiveWeil divisoronanormalalgebraicvariety .
Assumenow that  is nonsingular. TheneachWeil divisor is aCartierdivisor

andhencecanbegivenlocally by anequation
³�� � ¥ for somerationalfunction³��

on  regular on someopensubset� *î . Thesefunctionsmust satisfy³�� �FM � Ï ³ Ï on ��3K� for someM � Ï Joõ � � 3K�6,^o . We cantake themto bethe
transitionfunctionsof a line bundle æ�� . Rationalfunctions


with polesalong �

mustsatisfy g � �  ³ � � Jüõ � �O, for some7oÙ ¥ . This impliesthatthefunctionsg � satisfy g � �ãM �� Ï g Ï , henceform a sectionof theline bundle æ�� �� . Thisshows
that thealgebra

 � �i, is equalto theunionof the linearsubspaces� �  � æ � �� , of
thefield 8 �  , . Let  o � �i,��R° � µ`¶ � �  � æ�� �� , #
Recallthatwe canview � �  � æ � �� , asthespaceof regular functionson the line
bundle æ S !� whoserestrictionsto fibersaremonomialsof degree 7 . This allows
oneto identify thealgebra

 o � �i, with thealgebraõ � æ S !� , . Let
Í

bethevariety
obtainedfrom æ S !� by addingthe point at infinity in eachfiber of æ S !� . More
precisely, let õ e bethetrivial line bundle.Thenthevariety

Í
canbeconstructed

asthe quotientof the rank 2 vectorbundle � � æ�S !� Ë õ e , with the deletedzero
sectionby the group û A actingdiagonallyon fibers;herethedirect summeans
thatthetransitionfunctionsof thevectorbundlearechosento bediagonalmatrices� M � Ï ¥¥ �@	 #
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Thenwe obtain that
 o � �i, is equalto the ring

 � H�, where H is the divisor at
infinity in

Í
. In this wayweareled to thefollowing.

Problem 2. (O. Zariski) Let  bea nonsingularalgebraic varietyand let � be
an effectivedivisoron  . Whenis thealgebra

 o � �i, finitelygenerated?

It canbeshown thatNagata’scounterexampleto theHilbert problemis of the
form

 o � ��, (seeExercise4.3). It turnsout thatthealgebras
 o � �i, areoftennot

finitely generated.However, if we imposecertainconditionson � (for example,
that the completelinear systemdefinedby æ�� hasno basepoints) then

 o � �i,
is finitely generated.Oneof the fundamentalquestionsin algebraicgeometryis
thequestionof finite generatednessof thering

 o � �i, , where � is thecanonical
divisorof  . This is closelyrelatedto thetheoryof minimal modelsof algebraic
varieties(see[69]).

4.2 The Weitzenböck Theorem

Let usfirst discussthecaseof algebrasof invariantsof algebraicgroupsthatare
not necessarilyreductive. We will latergive anexampleof Nagatawhich shows
that � d is not finitely generatedfor somenonreductive group � . Notice that
accordingto a resultof V. Popov ([87]), if � d is not finitely generatedfor some
action of � on an affine algebraicvariety  with õ �  , ö � � , then � is not
reductive. In fact,theproof of this resultreliesonNagata’scounterexample.

Sinceany affine algebraicgroup C is a closedsubgroupof a reductive group� , we may askhow the rings � d and � p arerelated. First of all we have the
following (see[41], [89]).

Lemma 4.1. Letanaffinealgebraic group � actona finitelygenerated 8 -algebra� . Then � p ö � � õ � �\, p ú��O,�d #
Here C actson � byleftmultiplicationand � actsonitselfbyright multiplication.

Proof. Let  � Specm� ��, betheaffine algebraicvarietywith õ �  , ö � � . Let� � M �v� , J õ � �s�Y ,O��õ � �:,(úã� . Assume��J � õ � �\, p úã��, d . This means
that � ��� MBM�0 S ! � M�0 � ,��L� � M �v� , for any M�0rJY� . Let

³ �]� ,ä�L� � � ��� , . Then³ ���º� ,��/� � � ���º� ,Q�L� ����� S ! ��� N � ,��L� � � �v� ,Q� ³ ��� , #
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This shows that
³ J � p . Conversely, if

³ J5� p , thefunction � � M �v� ,Ù� ³ � M6N � ,
satisfies� ��� MBM 0 S ! � M 0 N � ,ä� ³ ��� M\N � ,�� ³ ��� N � M:N � ,�,ä� ³ � M\N � ,��L� � M �v� , #
Thus �KJ � õ � �:, p ú ��, d . We leave to thereaderto checkthatthemaps� õ � �:, p ú���, d ��� p � � � M ��� , 7� � � � �v� , �� p � � õ � �\, p ú��O, d � ³ �]� ,V7� ³ � M:N � ,
areinverseto eachother.

Corollary 4.1. Assumethata rationalactionof C onanaffinevariety  extends
to an actionof a geometricallyreductivegroup � containing C andalsoassume
that õ � �\, p is finitelygenerated.Then õ �  , p is finitelygenerated.

Thealgebraõ � �:, p canbe interpretedasthealgebraof regular functionson
thequasi-projectivealgebraicvariety �\��C (seeExample3.3). It couldbeaffine,
for examplewhen C is a reductivesubgroupof a reductivegroup � . It alsocould
beaprojectivevariety(for example,when �*� GL � and C containsthesubgroup
of uppertriangularmatrices,or moregenerally, when C is a parabolic subgroup
of a reductive group � ). A closedsubgroupC of affine algebraicgroup � is
calledobservableif �\��C is quasi-affine (i.e., isomorphicto an opensubvariety
of anaffine variety). An observablesubgroupC is calleda Grosshanssubgroup
if õ � �:, p is finitely generated.

Theorem 4.1. Let C bean observablesubgroupof a connectedaffinealgebraic
group � . Thefollowing propertiesareequivalent:

(i) � is a Grosshanssubgroup;

(ii) thereexista rational linear representationof � in a vectorspace� of finite
dimensionanda vector ª�J � such that Ck�L� W andtheorbit �FNVª of ª is
of codimensionÙãË in its closure �LNVª .

Proof. (i) � (ii) Let �b�ïõ � �:, p andlet  � Specm� ��, .  is an irreducible
algebraicvarietyonwhich � acts(via theactionof � on � ). Considerthecanoni-
cal morphism

³ �Q�\��C �  suchthat
³ o �£õ �  ,6� õ � �\��CY,6�øõ � �:, p is

the identity. Since �:��C is isomorphicto an opensubsetof an affine variety ( ,
the restrictionmap õ � (6,i� õ � �\��CY,i� õ �  , definesa morphismof affine
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varieties �Ê�O � ( suchthat the composition �Pc ³ � �\��C �  � (
is the openembedding�:��C ~ � ( . Since

³
is dominant,this easily implies

that
³

is an openembedding.So we may assumethat �\��C is an opensubset
of  andthattherestrictionhomomorphismõ � P,Ù� õ � �\��CY, is bijective. Let}F���´ � �\��CY, . Thisis aclosedsubsetof  . Since� is anonsingularirreducible
algebraicvariety,  is a normalaffine variety, i.e., the ring õ � �:, is normal. By
Proposition3.1 the ring õ � �:, p hasthesamepropertyandhence is a normal
affine variety. In particular, � is a Krull domain([9], ChapterVII, ª 1) andwe
canapplythetheoryof divisors.It follows from theapproximationtheorem(loc.
cit., Proposition9) thatonecanfind a rationalfunction


on  suchthatit hasa

poleonly at oneirreduciblecomponentof } of codimension1. Thustherational
function


is regular on �:��C but not regular on  . This contradictionshows

that eachirreduciblecomponentof } is of codimensionÙÊË . Now, by Lemma
3.5, we can embed  into affine spacein sucha way that � actson  via a
linear representation.The closureof the � -orbit of

³ � ÑVCK, is a closedsubsetof containing �:��C , andhencethe complementof the orbit in its closureis of
codimensionÙãË .

(ii) � (i) Let  be the closureof the orbit O � O � ª¦, . Replacing by its
normalization,wemayassumethatO ö � �\��C is isomorphicto anopensubsetof a
normalaffinealgebraicvariety  with thecomplementof O of codimensionÙãË .
It remainsto usethat for eachsuchopensubset� the restrictionmap õ �  ,��õ � �O, is bijective(see[26]).

Example4.1. Let � � SL� and C be thesubgroupof uppertriangularmatrices
with diagonalentriesequalto 1. Obviously, C ö � û r . In thenaturalrepresentation
of � in the affine plane ) � , the orbit of � of the vector ª�� � � �z¥ , is equalto) � ´6f ¥ j andthe stabilizersubgroup� W is equalto C . Thus C is a Grosshans
subgroupof � . More generally, any maximal unipotentsubgroupof an affine
algebraicgroup � is aGrosshanssubgroup(see[41], Thm. 5.6).

Let �Ê�Âû r . We know that � is not geometricallyreductive (Exercise4.1).
However, wehave thefollowing classicalresult.

Theorem 4.2. (Weitzenb̈ock’s Theorem) Assumechar� 8�,[� ¥ . Let © � û r �
GL � �:, bea rational linear representation.Thenthealgebra Pol� �\, ��� is finitely
generated.

Proof. To simplify the proof let us assumethat 8�� Ú . We shall also identifyû r with its image � in GL � ; which is isomorphicto 8 . This canbe donesince
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8 doesnot containfinite nontrivial subgroupsin characteristiczeroso © is either
trivial or injective. Let MFJ�� be a nonzeroelement. Sincethereareno non-
trivial rationalhomomorphismsfrom 8 to 8 o , all eigenvaluesof M mustbeequal
to 1. Since � is commutative, thereis a commoneigenvector Ñ for all M�Jh� .
Considerthe inducedactionof � on 8 � �"8©Ñ . Let � bea commoneigenvectorfor
all MFJ�� in this space. Then M � ��,�� � £ g�Í�Ñ for all MFJ�� . Continuingin
this way, we find a basisof � suchthateach OJí8 is representedby a unipotent
matrix � �  �, . Considerthe differentialof the homomorphism© �Q�4� GL � � 8�,
at the origin. It is definedby gü7� gBn , where n1� � 9"! Î þ Ñ� 9 þ �u¥ , . Clearly n is a
nilpotentmatrix. Since� �   £  _0ú,��ã� �  �,^� �  _0ú, , it is easyto seethat � �  �,$0��Fn:� �  �,
andhence� �  �,�� ��#%$ �  ^n-, . By changingbasisof � , we mayassumethat n is a
Jordanmatrix. Let � �Ó��! Ë NVNVN Ë ��« , where ��� correspondsto a Jordanblocknm� of n of size 7Z� . It is easyto seethat the representationof � in ��� defined
by  �7� ��#&$ �  ^nm�x, is isomorphicto the representationof � in Pol� ÿ � 8 � , obtained
by restrictionof thenaturalrepresentationof SL� � 8�, in Pol� ÿ � 8 � , . Herewe con-
sider � asa subgroup� of uppertriangularmatricesin SL� � 8º, . Thus � actson� by the restrictionof the representationof SL� � 8�, in the direct sumof linear
representationsin Pol� ÿ � 8 � , . Now we canapply Lemma4.1. Observe that anyM[� � g t� ;�	 J SL� � 8�, canbereducedaftermultiplicationby someí JR� to a

matrixof theform� ¥ �m� S !� ; 	 � �±N� ¥ , or
� ; S ! ¥¥ ;�	 � ��� ¥ , #

Thusany � -invariantregular functionon SL� is uniquelydeterminedby its val-
ueson suchmatrices.Sincethe setof suchmatricesforms a subvarietyof SL�
isomorphicto )ä��´Of ¥ j , therestrictionof functionsdefinesanisomorphismõ � SL� , � ö � õ � ) � ´Of ¥ j�, #
Since õ � ) � ´�f ¥ j�, ö� õ � ) � , , weconcludethat õ � SL� , � is finitely generated.So
we canapply Lemma4.1 to the pair � � � SL� , andthe representationof SL� on�h� Ë «�ï»p! Pol� ÿ � 8 � , to obtaintheassertionof thetheorem.

4.3 Nagata’scounterexample

Now we arereadyto presentNagata’s counterexampleto theFourteenthHilbert
Problem.
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Let �b0 be the subgroupof û � r equalto the setof solutions �  �! �$#%#$#%�   � , of a
systemof linearequations � ��»p! g"��� � ��� ¥º� � ��� � Ë � H # (4.1)

We will specifythecoefficientslater. Thegroup � 0 actson theaffine space) � �
by theformula�  �! �$#$#$#��   � ,ÆN �]� ! �(' ! �$#$#$#��v� � �(' � ,�� �]� ! £  �! ' ! �(' ! �$#$#%#%�v� � £   � ' � �(' � , #
Now let usconsiderthesubgroup�/� Á � �$! �$#$#%#%� � � ,wJ¬û �A � �K �ï»p! �z�p��� Ä
of û �A . It actson )ä� � by theformula� �$! �$#$#%#�� � � ,ÆN ��� ! �(' ! �$#$#%#%�v� � �(' � ,Q� � �V! � ! � �V! ' ! �$#$#%#%� � � � � � � � ' � ,
Both of thesegroupsareidentifiednaturallywith subgroupsof SL� � andwe en-
large �b0 by consideringthegroup �s�Ó�b0TN�� . Thegroup � is containedin the
subgroupof matricesof theform:����������

�V! � ! ¥ #%#$#Ô#$#$#�#%#$#Ô#$#$#�#%#$# ¥¥ �V! ¥ #%#$#Ô#$#$#�#%#$#Ô#$#$#�#%#$# ¥¥ ¥ � � � � ¥ #%#$#Ô#$#$#�#%#$# ¥¥ ¥ ¥ � � ¥ #%#$#Ô#$#$#�#%#$# ¥...
...

...
...

...
. . .

...
...

...¥ ¥ #$#$#�#%#$#Ô#$#$#�#%#$# ¥ � � � �¥ ¥ #$#$#�#%#$#Ô#$#$#�#%#$# ¥ ¥ � �

� ���������� # (4.2)

Theorem 4.3. For an appropriatechoiceof thesystemof linear equations(4.1)
andthenumber7 thealgebra of invariants8�= i! �$#$#$#��  � � (G! �%#$#$#%� ( � ?¯d[�F8�=� � (\?¯d
is not finitelygenerated.

We starttheproofwith thefollowing:
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Lemma 4.2. Assumethat thedeterminantof thematrix � gÌ����,�!_êB�¯° �
ê � is not equal
to zero. Then 8 �  � (:,�dW�L8 � Ä � }�! � } � � } � , �
where Ä��L(�! #$#$# ( � � }+��� � �v»p! gÌ��� ß \�zÄ(¦� à � � ��� � Ë � H #
Moreover, }�! � } � � } � � Ä arealgebraically independentover 8 .
Proof. Undertheactionof M , definedby thematrix (4.2) from above,wehave

M o ß \�(¦� à � \�(`� £ � � � M o � Äe,Q�ãÄ �
and,since

�ì�v»p! g"��� � �m� ¥ , we obtainthat M o � }Q�],Ù�a}Q� ��� �Ô� � Ë � H . This shows that

the right-handside is containedin the left-handside. Using the assumptionon
thecoefficients gÌ��� , we canwrite 2�¯Ä��º(T� ��� � � � Ë � H � asa linearcombinationof}Ù! � } � � } � to obtain8 �  � (6,î� 8 � }�! � } � � } � �  � �$#$#$#��  � � (�! �%#$#$#%� ( � ,� 8 � Ä � }�! � } � � } � � O� �$#$#$#��  � � (G! �$#$#$#�� ( � S !�, #
Thefirst equalityshows that }Ù! � } � � } � � (�! �$#$#%#%� ( � arealgebraicallyindependent
over 8 , hence}Ù! � } � � } � � Ä arealgebraicallyindependent.

Let C be the subgroupof � definedby the conditions �*) � NVNVN�� � � �¥º� �z�p��� �v� ��� �$#$#%#�� 7 # Obviously it is isomorphicto û r . Weseethat8 �  � (-,�d * 8 � Ä � }�! � } � � } � � O� �$#$#$#��  � � (G! �%#$#$#�� ( � S !�, p� 8 � Ä � }�! � } � � } � �  )$�$#$#$#��  � � (G! �%#$#$#�� ( � S !�, #
Continuingin this way, weeliminate )V�$#$#%#%�  � to obtain8 �  � (6, d *ã8 � Ä � }�! � } � � } � � (G! �$#$#$#�� ( � S !^, #
Now we throw in the toruspart � which actson (T� by multiplying it by �	� . It
is clearthatany � -invariantrationalfunctionin (�! �$#%#$#�� ( � S ! with coefficientsin8 � Ä � }�! � } � � } � , mustbeequalto aconstant.Thisprovesthelemma.
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Considernow eachcolumn � gº!·� � g � � � g � ��, of the matrix � g"����, asthe homoge-
neouscoordinatesof a point

Í � in theprojectiveplane
 � . Let
 � <>, betheideal

in 8�=¤}Ù! � } � � } � ? generatedby homogeneouspolynomialsâ with multiplicity Ù�<
at eachpoint

Í � . If char� 8º,�� ¥ , this meansthatall partialsof â of order E�<
vanishat

Í � . In thegeneralcase,it meansthe following. By a linearchangeof
variableswe mayassumethat

Í �O� �u¥º��¥º� �¢, . Then â hasmultiplicity Ù/< at
Í �

if consideredasa polynomialin } � all its nonzerocoefficientsarehomogeneous
polynomialsin }�! � } � of degree Ù�< .

Lemma 4.3.

8�=� � (\?¯d[� + ÎA »�¶ â A � }�! � } � � } � ,�Ä S A �Bâ A J  � <>,�, #
Proof. By the precedinglemma, 8�=  � (\? d �U8�=  � ( ?�3{8 � }Ù! � } � � } � � Äe, . First
noticethat,since0���/}+�](T�]�¢Ä for � �a� � Ë � H , wehave8�= i! �$#$#%#%�  � � (.- !! �%#$#$#%� (.- !� ?p�F8�=¤}Ù! � } � � } � � O� �$#%#$#��  � � (�- !! �$#$#$#�� (.- !� ? #
The intersectionof the right-handsidewith thefield 8 � Ä � }�! � } � � } � , is equalto8�= Ä � Ä S ! � }Ù! � } � � } � ? . Thus8�=  � (q? d �F8�=¤}Ù! � } � � } � � Ä � Ä�S ! ? #
Write any invarianthomogeneouspolynomial âÇJP8�=  � (\? d9 asasumof monomi-
als } �¯®! } � Å� } �´³� Ä S A , where� ! ��� � ��� � Ù ¥ and<�J0/ . Sinceeach}+� is homogeneous
in  of degree1 andin ( of degree7�� � , andÄ is homogeneousof degree7 in ( ,
wemusthave ��� ! £ � � £ � � , £ � 7��i�¢, �x� ! £ � � £ � � ,"�-<i7K�ã7 �x� ! £ � � £ � � ,"�-<i7Y�F; .
This implies thatwe canwrite â asa sum ì A â A � }Ù! � } � � } � ,@Ä S A , whereeachâ A is homogeneousin }�! � } � � } � of degree � ! £ � � £ � � �h< £ 9� . Now write â
asa polynomialin  whosecoefficientsarepolynomialsin ( . Sincethedegree
of â in  is equalto � ! £ � � £ � � , we obtainthateachâ A � }�! � } � � } � ,@Ä S A is the -homogeneouscomponentof â , andhenceâ A � }Ù! � } � � } � ,@Ä S A is apolynomial
in  � ( .

It remainsto show that â A � }�! � } � � } � ,�Ä S A Js8�=  � ( ? if and only if eachâ A J  � <>, . Assumethatnoneof g � � is equalto zero. After a linearchangeof
variables,weobtainthat â A J  � <>, if andonly if its coefficientsasapolynomial
in } � arehomogeneouspolynomialsin 1z���Lg � �%}Ù!Æ�ygº!·�%} � � 1�0� �Lg � ��} � �Øg � �%} �
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of degree Ùa< . Since 1z� and 1�0� arebothdivisible by (¦� in 8�=  � (\? , we seethat,
for any polynomial âÇJ  � <>, , wehaveâ�Ä S A JP8�=  � (q? #
Weleave to thereaderto prove theconverse.

Next, weneeda lemmafrom algebraicgeometry.
Let �U��â � Ä�¶ � ÄÅ! � Ä � ,�� ¥ bean irreducibleplanecubiccurve in theprojec-

tive plane 
 � over an algebraicallyclosedfield 8 . It is known that theset �32 of
nonsingularpointsof � hasthestructureof analgebraicgroup(in thecasewhen� is nonsingularthis canbefound for examplein [102], Chapter3, ª 3). If � is
singular, this is easyto see.Thenormalization .� of � is isomorphicto 
 ! andthe
projectionmap .�h� � is anisomorphismoutsideonepoint (acuspidalcubic)or
two points(a nodalcubic). Thecomplementof onepoint in 
 ! is isomorphicto
theaffine line, andhencehasa structureof analgebraicgroupisomorphicto the
additivegroup û r . Thecomplementof two pointsis isomorphicto ) ! ´qf ¥ j and
hasastructureof anaffinealgebraicgroupisomorphicto themultiplicativegroupû A . For example,if char� 8�, N�ÂH , any cuspidalcubic is isomorphicto theplane
curvegivenby theequation Ä �� Äp¶��{Ä �! � ¥ (4.3)

(seeChapter10). Its singularpoint is � � �z¥º�z¥ , andthesetof nonsingularpointsis
thesubsetof 8 � definedby theequationY�Ù�Ø(�� ¥ . Thegrouplaw is givenby
theformula �]���(' , £ ��� 0 �(' 0 ,�� �]� £ � 0 �¢��� £ � 0 , � , #
Eachirreducibleplanecubiccurve � hasat leastonenonsingularinflectionpoint,
i.e.,apointwherethetangentto thecurvehasmultiplicity of intersectionwith the
curve is equalto 3 (theonly exceptionarecertaincuspidalcubicsin characteristic
3,seeChapter10). Any of thesepointscanbechosenasthezeropointof thegroup
law. In theexample(4.3), thepoint �u¥º�z¥¦� �¢, is theuniquenonsingularinflection
point. Wedenotethesumof two points _�� Ô6J�� with respectto thegrouplaw by_ Ë Ô .
Lemma 4.4. Let � be an irr educibleplanecubic curvewith a nonsingularin-
flectionpoint 4 takento bethezero of thegrouplaw on theset � 2 of nonsingular
pointsof � . Let _ ! �$#$#$#��¼_65 J�� 2 . Thentheorder of thesum Ë 5�ï»p! _ � in thegroup
law on �32 is equalto <54 ¥ if andonly if thereexistsa homogeneouspolynomialâ of degree H�< not vanishingidenticallyon � with multiplicity < at each point_ � .
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Proof. We assumethat � is nonsingular;however, everythingwe sayis valid in
thesingularcasetoo. We usethefollowing geometricinterpretationof thegroup
law. Given two nonsingularpoints _ and Ô in � the line joining themintersects
thecurve at thepoint equalto � �ï_ Ë Ô", . Also, for any point _ its negative � _ is
the third point of intersectionof the line joining _ and 4 with thecurve � . This
immediatelyimpliesthatthesum_ Ë Ô is theuniquepoint � suchthatthereexists
a rationalfunctionon � with divisor is equalto _ £ Ôe� � �74 . By induction,this
implies that _ ! Ë #$#%# Ë _ � is the uniquepoint � suchthat thereexists a rational
function � on � whosedivisor

��È98 � ��, is equalto _ ! £ NVNVN £ _ � � � � � 7W�ã�¢,"4 .
Conversely, supposesuch � exists. Let � 0+� _ ! Ë NVNVN Ë _ � . By theabove there
existsa rationalfunction M suchthat

��È:8 � Mº,+� _ ! £ NVNVN £ _ � � � 0"� � 7�� �¢,;4 . But
then
��È98 � ���'Mº,+� � 0$� � . This impliesthat � � � 0 (otherwisetherationalmapfrom� to 
 ! definedby thefunction � is anisomorphism).

In particular, we obtain that _ ! Ë NVNVN Ë _ � is an < -torsion elementif and
only if < �ï_ ! £ NVNVN £ _ � ,e�*<i7�4 is the divisor of a rational function. Let us
now take 7{�=< . Assumethat thereexistsa polynomial � � A asin thestatement
of the lemma. Let æ|� ¥ be the equationof the inflection tangentat the point4 . Thenthe restrictionof the rational function � � A ��æQ� A on 
 � to the curve �
definesa rational function � with

��È98 � ��,Y� < �´_ ! £ NVNVN £ _>5 ,O�?<�<@4 . Thus_ ! Ë NVNVN Ë _ A is an < -torsionelementin thegrouplaw. Conversely, assumethat
the latter occurs. By the above thereexists a rationalfunction � with

��È:8 � ��,\�< �ï_ ! £ NVNVN £ _65 ,��A<�<@4 . By changingtheprojectivecoordinatesif necessary, we
mayassumethattheequationof æ is Ä�¶m� ¥ andthatnoneof thepoints _ � is the
point with projectivecoordinates� � �z¥¦�z¥ , . Thentherationalfunction � is regular
on theaffine curve �!´:fVÄp¶:� ¥ j . Henceit canbe representedby a polynomial�Ð0 � Ä�!v�'Äp¶ � Ä � �'Ä�¶z, with nonzeroconstantterm. Homogenizingthis polynomial,
we obtaina homogeneouspolynomial � which is not divisible by Äp¶ suchthat
the curve �U� ¥ cutsout the divisor < �´_ ! £ NVNVN £ _65 , . By Bézout’s Theorem,
the degreeof � is equalto H�< . Note that � is not defineduniquely sincewe
canalwaysaddto it a polynomialof theform â/N'C , where C is a homogeneous
polynomialof degreeH�<F�þH . Therationalfunction � � £ âëN^CY,��'Ä � A¶ cutsout the
samedivisoron � . Now wehaveto show that C canbechosenin suchawaythat� hasmultiplicity < at eachpoint _ � . Let õ�� bethe local ring of 
 � at thepoint_ � andlet öq� be its maximalideal. Since � wasassumedto benonsingular, one
canfind a systemof generators���(' of öq� suchthat � � ¥ is a local equationof� at _ � . We shall identify theformal completion

¼õ�� of õ�� with thering of formal
power series8�=·=  � ( ?·? in sucha way thatundertheinclusion õ��P* ¼õO� theimage
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of � is equalto  andtheimageof ' is equalto ( . Let

M0� Î � »�¶ M � �  � (6,
be the Taylor expansionof the rational function �:�'Ä�� A¶ , where M � �  � (:, is a
homogeneousform of degree 7 in  � ( . We denoteby = M`?�Z the I th Taylor poly-
nomial ì Z� »�¶ M � �  � (6, . Thepolynomial � hasmultiplicity Ù�< at _ � if andonly
if =�MB? A S !ä� ¥ . Thelocal ring õ���� ��� , is isomorphicto thelocal ring õ3Bº° C ÿ of � at_ � , andits completion

¼õ3Bº° C ÿ is isomorphicto 8�=ú=�(q?ú? . Theimage .M of M in
¼õ3Bº° C ÿ is

equalto ì Î� »�¶ M � �u¥¦� (6, andthefact that theorderof therestrictionof �\�'Ä�� A¶ to� at _ � is equalto < givesthat M � �x¥º� (6,�� ¥º� 7 E�< . This impliesthat= M`? A S !��ã � � �  � (6,
for somepolynomial � � �  � (6, of degree D�<���Ë . Now considerthe 8 -linearmap³ �B8�= Ä�¶ � Ä�! � Ä � ? � A S � � 5° �ï»p! 8�=  � ( ?�ê A S �
which assignsto a homogeneouspolynomial C of degree H�<��lH the element��í ! �%#$#$#���í�5 , , whereí � is the � <Ç� Ë", th Taylorpolynomialof therationalfunctionC��¢Ä � A S �¶ at the point _ � . We claim that this mapis surjective. Computingthe
dimensionsof bothspaceswefind that�ºÈ¯É 8�=�Äp¶ � Ä�! � Ä � ? � A S � � ��È¯É 5° �ï»p! 8�=� � (q?|ê A S � � , � A S !� . �7< , A � . ��� #
Thusit sufficesto show thatthekernelof themapis one-dimensional.An element
in thekerneldefinesa homogeneouspolynomial C of degree H�<Ê��H which has
multiplicity Ùî<��Ç� at eachpoint _ � . Sincewe assumethat the orderof the
sumof the points is exactly < , the polynomial C mustvanishon � . DividingC by â andcontinuingtheargument,we seethat C �Ó��â A S ! for some� JR8 .
This provesthe surjectivity. Now, it remainsto chooseC in sucha way that its
imageunder

³
is equalto ��� ! �$#$#$#����>5 , . Thenthe � <Ê�L�¢, th Taylor expansionof� �Y�2âqCY,v�'Ä�� A¶ at _ � is equalto = MB? A S !Ì�- � ��� ¥ . Thus �Y�2â\C hasmultiplicity< at eachpoint _ � .
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Remark4.1. Let � � A � ¥ betheequationof thecurve � cuttingout thedivisor< �ï_ ! £ NVNVN £ _>5 , . Let â � ¥ be the equationof � . For any ����� JÊ8 , the
polynomial � � � A £ � â A definesacurve � �¼�G��� , whichcutsout thesamedivisor< �ï_ ! £ NVNVN £ _>5 , on � . When < is equalto theorderof thepoint _ ! Ë NVNVN Ë _65 ,
the“pencil” of curves � �¼�G��� , is calledtheHalphenpencilof index < (see[15],
Chapter5). Onecanshow that its generalmemberis an irreduciblecurve with< -tuplepointsat _ ! �%#$#$#��¼_65 . Thegenusof its normalizationis equalto 1.

Lemma 4.5. Let _ ! �$#$#%#%�¼_65 beninedistinctnonsingularpointson an irr educible
planecubic �k��âs� ¥ . Assumethat their sumin thegrouplaw is not a torsion
element.

(i) A homogeneouspolynomial� of degree DÃH�< which hasmultiplicity Ù�<
at each point _ � is divisibleby â�A .

(ii) The dimensionof the space �r9 of homogeneouspolynomialsof degree;ÙÃH�< which havemultiplicity Ù�< at each _ � is equalto , 9^¸ �� . �7< , A ¸p!� . .
Proof. Assume� is notdivisibleby â . By Bézout’sTheorem,

���ED �h�"H�< . Now
this contradictsLemma4.4, sowe maywrite � �sâ\�b0 for somehomogeneous
polynomialof degreeH�<���H . Clearly, themultiplicity of �b0 ateach_ � is equalto<��Ø� . Applying thelemmaagain,wefind thatthesumof the _ � in thegrouplaw
is a torsionelementunlessâ divides �b0 . Continuingin this way we find that â A
divides � . Thisprovesthefirst assertion.

Let us prove the secondone. We may assumethat all the points _ � lie in
the affine part Äp¶ýN� ¥ . Considerthe linear functions

³ � � ��� � � �$#$#$#�� < ��� �� �$#$#%#%� , A ¸p!� . � on thespaceof homogeneouspolynomials8�= Äp¶ � ÄÅ! � Ä � ?·9 of degree; which assignto a polynomial
Í

the partial derivativesof order D1< of the
dehomogenizedpolynomial

Í �'Ä 9¶ at the point _ � , � � � �%#$#$#%� < . Obviously, �r9
is thespaceof commonzerosof the functions

³ � � . To checkassertion(ii) it suf-
fices to show that the functions

³ � � are linearly independent.The subspaceof
commonzerosof therestrictionof thesefunctionsto thespace� 09 formedby the
polynomialsÄ 9 S � A¶ � , where�ÇJP8�= Ä�¶ � ÄÅ! � Ä � ? � A , is of dimension1 (by (i) it con-
sistsof polynomialsproportionalto â A , where â1� ¥ is the curve � ). Since, � A ¸ �� . �F< , A ¸p!� . �b� , therestrictionof thefunctions

³ � � to �»09 is a linearly inde-
pendentset.Thereforethefunctions

³ � � arelinearly independent.

Now wearereadyto proveTheorem4.3.

Proof. Wetake 7[�G< andin theequations(4.1)wetake � gº!�� � g � � � g � ��, to betheco-
ordinatesof thepoints_ � which lie in thenonsingularpartof anirreducibleplane
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cubic � andwhich do not addup to an < -torsionpoint for any < 4 ¥ . Also, to
satisfyLemma4.2,we assumethatthefirst threepointsdo not lie on a line. This
canalwaysbe arrangedunlesschar� 8º, 4 ¥ and � is a cuspidalcubic. Assume
that 8�=  � (q? d is finitely generated.By Lemma4.3,we canfind a generatingset
of theform â � &��'Ä A & �±� ��� �%#$#$#�� f , whereâ � & is apolynomialof somedegree7º�
which hasmultiplicity <0� at thepoints _ ! �$#%#$#��u_65 . By Lemma4.5(i), 7º�ÉÙñH�<0� .
Choose< larger than every <0� and prime to char� 8�, . By Lemma4.5(ii), the
dimensionof thespace� � A ¸p! of polynomialsof degreeH�< £ � which havemul-
tiplicity ÙÊ< at each_ � is equalto , � A ¸ �� . �G< , A ¸p!� . �ïH�< £ H . On the other
handthedimensionof thesubspaceof polynomialsin � � A ¸p! which vanishon �
is equalto , � A� . �H< , A � . �"H�< . Thusthereexistsapolynomial â�J � � A ¸p! which
doesnotvanishon thecurve � . Let usshow that â��'Ä A cannotbeexpressedasa
polynomialin â � &��¢Ä A & . Considerany monomial � 9�®! NVNVN�� 9"I& . After we replace��� with â � &��'Ä A & , its degreein }�! � } � � } � is equalto ì 7º�	;'� and its degreeinÄ is equalto ì�<0��;'� (herewe usethat }Ù! � } � � } � � Ä arealgebraicallyindepen-
dent).Supposeourmonomialentersinto apolynomialexpressionof â��'Ä A in the
generatorsâ � &��'Ä A & . Then H�< £ �e� ì 7���;'� � < � ì <0��;¢� # Thus

 � � 7�����H�<0��,�;¢�w�a� #
Since â doesnot vanishon � , we mayassumethat ;¢�q� ¥ if 7��q� H�<0� (in this
caseâ � &w� ¥ defines� ). Thus 7��G4 H�<0� for all � with ;¢� N� ¥ , andwegetthatthe
only possiblecaseis ;'���a� , 7����!H�<0� £ � for one � andall other ;¢� areequalto
zero.Thus < �/ìî<0�	; l �F<0� for some� . Thiscontradictsthechoiceof < .

Remark4.2. If we take � to bethecuspidalcubic Ä �� Äp¶Ù�{Ä��! � ¥ overa field of
zerocharacteristic,andthepoints_ ��� � gÌ�� � gÌ� � �¢, with thefirst threepointsnoton
a line, thentheconditionson _ � will alwaysbesatisfiedunlessì 5�ï»p! g"�Ù� ¥ . In
fact,thegrouplaw on � 2 hasnononzerotorsionpoints.

Remark4.3. If we restrict the actiononly to the group �b0 ö� û �r (not including
the torus), the algebraof invariantsis alsonot finitely generated.This follows
from Nagata’s Theoremsincethe torusis a reductive group. Onemayaskwhat
is the smallest� suchthat thereexists a rationalactionof û « r on a polynomial
algebrafor whichthealgebraof invariantsis notfinitely generated.Recallthatby
Weitzenb̈ock’s Theorem,� 4Ç� . Exampleswith � �ñH and � weregivenrecently
by S.Mukai ([70]).
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Finally we sketchNagata’s original proof of Theorem4.3, which leadsto a
very interestingconjectureon planealgebraiccurves.Wekeepthepreviousnota-
tions.

Lemma 4.6. For anyhomogeneousideal ¡á*F8�= }�! � } � � } � ? let
���ED � ¡º, denotethe

smallestpositiveinteger ; such that ¡:3ë8�=¤}Ù! � } � � } � ?·9¬N� f ¥ j # Assumethat 7 is
chosento besuch that

���JD �  � <>,�,Ð4*< ä 7 for all < 4 ¥ . Thenfor anynatural
number< thereexistsa natural numberf such that

 � <>, & N�  � <þf[, .
Proof. Let

 � <>,^9q�Ô8�=¤}Ù! � } � � } � ?·9ä3  � <>, bethespaceof homogeneouspoly-
nomialsof degree ; in

 � <>, . As we explainedin the proof of Lemma4.5, the
dimensionof this spaceis greaterthanor equalto � ; £ Ë�, � ; £ �¢,v�"Ë0�R7 � < £�¢,^<>��Ë . Thusweseethat K È·É A  Î � �º�ED �  � <>,v,���<>,�D ä 7 . In view of ourassump-
tion we musthave K È¯É A  Î � ���ED �  � <>,�,v��<>,q� ä 7 . Sinceagainby assumption���ED �  � <>,v,���<54 ä 7 we seethatfor sufficiently large f ,���JD  � <þf[,�D�<þf ä 7 E f ���JD �  � <>,v,�� ���JD  � <>, & #
This impliesthat

 � <þf[, is strictly largerthan
 � <>, & .

Lemma 4.7. Theassumptionsof the previouslemmaare satisfiedwhen 7��ÊI �
where I¬Ù�� and the coordinatesof the points _ � generate a field of sufficiently
high transcendencedegreeover 8 .

For theproof we referto [78]. It is ratherhard.

Let us show that the four precedinglemmasimply the assertion. Assume
that the algebra 8�=� � (\? d is generatedby finitely many polynomials

Í � �  � (:, .
We canwrite themin the form

Í �O� ì A âÅ�·° A Ä S A asin Lemma4.3. Let � �ÉML�# �·° A f �º�ED âÅ�¯° A j . By Lemma4.6,wecanfind â�J  �|� f[, for sufficiently largef suchthat â �J  �|� , & . Obviously
Í � â�Ä S «@& cannotbe expressedas a

polynomialin the
Í � . Thiscontradictionprovestheassertion.

Theassumptionthat 7[�LI � wascrucialin Lemma4.7.Thefollowing conjec-
tureof Nagatais still unsolved.

Conjecture. Let _ ! �%#$#$#%�u_ � be 7!ÙN< general pointsin projectiveplane. Let �
bea planecurveof degree ; which passesthrougheach

Í � with multiplicity <�� .
Then ; ä 7 Ù � �ï»p! <�� #

Here“ 7 generalpoints” meansthat thesetsof points � Í ! �$#$#%#%� Í � , for which
theassertionin theconjecturemaybewrongform aproperclosedsubsetin � 
 � , � .
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Bibliographical notes

The relationshipbetweenHilbert’s FourteenthProblemandthe Zariski Problem
is discussedin [71]. The materialaboutGrosshanssubgroupswas taken from
[41], seealso[89]. Theoriginal proof of theWeitzenb̈ock Theoremcanbefound
in [120]. The casechar� 8�,dN� ¥ is discussedin a paperof A. Fauntleroy [29].
Theoriginal exampleof Nagatacanbefound in [77] (seealso[76]). We follow
R. Steinberg ([112]) who wasable to simplify essentiallythe geometricpart of
Nagata’sproof. Thegrouplaw onanirreduciblesingularplanecubicis discussed
in [46], Examples6.10.2,6.11.4andExercises6.6,6.7.

An essentiallynew exampleof a linear actionwith algebraof invariantsnot
finitely generatedcanbe found in [1]. It is basedon an exampleof P. Roberts
([92]). Nagata’s conjectureon planealgebraiccurveshasnot yet beenproved.
It hasinspireda lot of researchin algebraicgeometry(see[45] andreferences
there).It hasalsoaninterestingconnectionwith theproblemof symplecticsphere
packings(see[67]). It implies that thesymplectic4-ball of radius1 andvolume
1 contains7 disjoint symplecticallyembedded4-ballsof total volumearbitrarily
closeto 1.

Exercises

4.1Prove thattheadditivegroup û r is notgeometricallyreductive.

4.2Let ��! �$#$#$#�� � � bedivisorsonanonsingularvariety  . Considerthealgebra o � ��! �$#$#%#%� � � ,Q� Ë l ®�°�²�²�² ° l^ò µ`¶O� �  � æ l ®���®�¸p¹�¹�¹ ¸ l�ò � ò , #
(i) Show thatthealgebra

 o � ��! �$#$#%#�� � � , is isomorphicto thealgebra
 o � �i,

for somedivisor � onsomeprojectivebundleover  .
(ii) Let Hy��f � 8¦! �$#$#%#%� 8 � ,�JP/ � �&� �  � æ l ®���®u¸p¹�¹�¹ ¸ l^ò � ò ,»N�Çf ¥ jÌj . Show that H

is afinitely generatedsemigroupif
 o � ��! �$#%#$#%� � � , is finitely generated.

(iii) Let  be a nonsigularprojective curve of genus� , let g �zt JR be two
pointssuchthat thedivisor classof g6� t is not a torsionelementin thegroupof
divisorclasseson  . Prove that

 o � g �zt , is not finitely generated.

4.3 Show that thealgebraconstructedin Nagata’s counterexampleis isomorphic
to thealgebra

 o �xõ�� �e¨:, where õ is theinverseimageof a line undertheblow-up
of 7 pointsin theprojectiveplaneand ¨ is theexceptionaldivisor.
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4.4 Prove that the algebra
 o � �i, is finitely generatedif thereexists a positive

number f suchthat the completelinear systemdefinedby the line bundle æ�� &�
hasnobasepoints.

4.5Show thatthealgebraof regularfunctionson thecosetspace�\��C is isomor-
phic to thesubalgebraõ � �\, p where C actson � by left multiplication.

4.6 Let C be a closedreductive subgroupof an affine algebraicgroup � which
actson � by left translations.Show that thehomogeneousspace�\��C is affine
andhenceõ � �:, p is finitely generated.

4.7Write explicitly thegrouplaw onthesetof nonsingularpointsof anodalcubic
overafield of characteristicdifferentfrom 2.

4.8Show thattheconjectureof Nagatais not truewithout theassumption7 ÙG< .





Chapter 5

Algebra of covariants

5.1 Examplesof covariants

Let ��� SL� act on an affine algebraicvariety  � Specm� ��, . Let � be its
subgroupof uppertriangularunipotentmatrices.In this chapterwe shall give a
geometricinterpretationof the algebraof invariants� � . Its elementsarecalled
semiinvariants.

Suppose�Ç� SL � �:, actslinearly on a vectorspaceM . Fix a nonzerovectorª�¶ in � and let C be the stabilizerof ª'¶ in � . Let
 J Pol� Mh, p . For anyª�JP��´mf ¥ j thereexists M�J SL � �:, suchthat M N%ª-�ãª�¶ . Definea function âRQ onM �P� ´Of ¥ j by âSQ �xÖ:� ªº,Q�  � M:N Ö , # (5.1)

Since M S ! NÌª�¶2�sM�0 S ! NÌª'¶ implies M10¤M S ! � ª'¶	,:�Êª'¶ andhenceM�0+� � M for some� JYC , wehave  � M 0 N Ö ,Q�  ��� M6N Ö ,Q�  � M:N Ö , #
This shows that this definition doesnot dependon the choiceof M andthat the
function âRQ is well-defined.Also, for any M�0rJ SL � �\, wehave � M`M�0 S ! ,@M�0�N%ª0�Rª�¶
andhenceâSQ � M 0 N Ö:� M 0 NVª¦,ä�  � MBM 0 S ! N � M 0 N Ö ,v,Q�  � M6N Ö ,Q�FâRQ �xÖ\� ª¦, #
ThereforeâRQ is invariantunderthenaturaldiagonalactionof � on M �K� :M �xÖ:� ªº,×� � M\N Ö:� M:NVª¦, #

65
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It is clearthat âSQ is a polynomialfunction in thefirst argument.Moreover, if


is homogeneousof degree < , then âSQ is homogeneousof degree < in the first
variable. Let usseethat âSQ is alsopolynomialin thesecondargument.Choose
coordinatesto assumethat ª�¶ � � � �$#$#$#��z¥ , . Let ª�� �]� ¶ �$#$#$#��v� � , J��ñ´2f ¥ j .
Assume� ¶ÉN� ¥ . Let

�F� ������
� ¶ ¥ #$#$#Ô#$#%#*¥� ! � S !¶ ¥ #$#%#*¥� � ¥ � #$#%#*¥
...

...
...

. .. ¥� � ¥ #$#$# ¥ �
�������� #

Clearly, � belongsto SL � �6, and �/N�ª'¶:�|ª . Thus � S ! ªK�|ª�¶ and âSQ �xÖ:� ªº,e� � � S ! N Ö , is a regularfunctionon theopenset � ¶ N� ¥ . Similarly weseethat âSQ
is regularon theopenset � ��N� ¥ . Thus âSQ is a rationalfunctionwhich is regular
on �o´äf ¥ j . Henceit is regularonthewholeof � andsois apolynomialfunction.

Conversely, if â is a � -invariantpolynomial function on M ��� , then the
function Ö 7� â �xÖ\� ª'¶	, is an C -invariantpolynomialfunctionon M . It is easyto
seethatthis establishesanisomorphismof vectorspaces:

Pol� Ma, p ö � � Pol� Mh,�ú Pol� �6,v, SL ÎÐÏZÑ #
NotethatthespacePol� Mh,�ú Pol� �\, hasanaturalbigrading,sothat

PolA � Ma, p ö � Î° C�»�¶ � PolA � Ma,�ú PolC � �\,v, SL ÎÐÏpÑ #
Let usspecializethis constructionby taking M � Pol9 � �\, .

Definition. A covariant of degree < andorder _ on thespacePol9 � �:, is anele-
mentof thespace� PolA � Pol9 � �6,v,1ú PolC � �\,v, SL ÎÐÏ�Ñ . Weshalldenotethisspaceby
Cov � �6, A ° C � ;`, .

Thegeometricmeaningof acovariantâ � g � ªº,ÙJ Cov � �:, A ° C � ;`, is verysimple.
It canbeconsideredasapolynomialmapof affine spacesâ�� Pol9 � �:,�� PolC � �:,
givenby homogeneouspolynomialsof degree< . Thismapis SL � �:, -equivariant
with respectto thenaturalactionsof SL � �\, on thedomainandthetargetspace.
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In coordinates: â ß Ã ¾ Ã »�9 , 9 ¾ . g ¾ � ¾ à[� Ã ` Ã »TC , C ` . � ` � ` �
where� ` arehomogeneouspolynomialsof degree< in thecoefficients g ¾ .

On caneasilydefinethe symbolicexpressionof covariants. By polarizing,
anelementof Cov A ° C � ;`,Q� � PolA � Pol9 � �:,�,�ú PolC � �\,v, SL ÎÐÏ�Ñ becomesanSL � �6, -
invariantpolynomialfunctiononthespaceof matricesMat«±° A ¸p! whichis homoge-
neousof degree; in eachcolumndifferentfrom thelastone,andis homogeneous
of degree_ in the last column. Observe that eachof the first < columnscorre-
spondsto a basis ��¬ Î � Ñ¶ �%#$#$#%��¬ Î � Ñ� , in � . The last oneconsistsof the coordinates��� ¶ �$#%#$#%�v� � , with respectto this basis.Thereis ananalogof theFirst Fundamen-
tal whichsaysthatonecanwrite this functionasa linearcombinationof products
of � -minorstaken from the first < columnsanddot-productsof the last column
with oneof the first < columns. In eachproduct,eachcolumn,except the last
one,appears; times,andthe lastcolumnappears_ times. This implies that the
numberof minorsin eachproductmustbeequaltoÖ � ÉMLU#3V < ;� � _G�z¥XWº#
Thisnumberis calledtheweightof acovariant.It hasthepropertythatâ � M\N¢g � M:NVª¦,Q� � ����� Mº, ) â � g � ª¦, � X MiJ GL � �\, #
Thesymbolicexpressionfor theproductsis)K �ï»p! � ? �¯! #$#$# ? � «	, CK�v»p! � Î Z & Ñ÷ �
where � Î � Ñ÷ � ì ��ï»�¶ ¬ Î � Ñ� � � . Hereeach

? ��� � Iz� JÇ=�<�? , andeachnumberfrom =�<�?
occurexactly ; timesamongthem.

Example5.1. An invariantof degree< is acovariantof degree< andof order ¥ .
Example5.2. TheidentitymapPol9 � �6,Q� Pol9 � �6, is acovariantof degree1 and
order ; . Its weightis equalto zero.Its symbolicexpressionis � 9÷ .
Example5.3. Let â ��� ¶ �%#$#$#%��� � ,ÙJ Pol9 � 8 « ,Q�/8�= � ¶ �$#$#$#��v� � ?·9 . Let

â r sQ� üT�	âü � r ü � s � g �zt � ¥¦�$#$#$#�� 7 #
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TheHessianof â is thedeterminant

Hess� â:,Q� �º��� �� â×¶�¶ #$#$# â×¶ �...
. . .

...â � ¶ #$#$# â �%�
���� # (5.2)

ThemapHess �râ 7� Hess� â\, is a covariantof degree � andorder � ;6� Ë", � . Its
symbolicexpressionis

Hess� â\,ä� � ; � ; ���¢,�, « � �¢Ë #$#$#�� , � ��� Î ! Ñ÷ #$#$#Y� Î « Ñ÷ , 9 S � #
Weleave it to thereaderto checkthis.

More generally, let �]� ����, be the squarematrix with entries � ��� consideredas
a variables.Take â asabove andconsidertheproduct é ��´»�¶ â ��� �·! �$#$#$#��v� � � , asa
polynomialfunctionon Mat« � 8�, . Definethe � th transvectantas� â\, Î « Ñ �"g « ß �K �´»�¶ â ��� �¯! �$#%#$#%�v� � � , àZYY ÷ ÿ &�»ù÷�&
where g is theomega-operator. Thelastsubscriptmeansthatwe have to replace
eachunknown � ��� with � � . Themap Ä « �pâÓ� � â\, Î « Ñ is a covariantof degree �
andorder �º� <Ó� � , . For example,Ä ¶ � â\,Q�Lâ « � Ä ! � â:,Q� ¥º� Ä � � â:,Q� Hess� â\, #
Example5.4. Onecancombinecovariantsandinvariantsto getaninvariant.For
example,considertheHessianof a binarycubic. It is a binaryquadric. Take its
discriminant. The resultmustbe an invariantof degree4; let us computeit. Ifâ*�LgÌ¶ � �¶ £ H�g�! � �¶ � ! £ H�g � � ¶ � � ! £ g � � � ! wehave

Hess� â:,�� ����� � � gÌ¶ � ¶ £ � gº! � ! � g�! � ¶ £ � g � � !� gº! � ¶ £ � g � � ! � g � � ! £ � g � � ¶
�� �

Discr� Hess� â\,v,�� H � � gÌ¶ � ¶ £ gº! � !v, � g � � ! £ g � � ¶�,Æ� � gº! � ¶ £ g � � !v, �� H � �v� gÌ¶zg � �Øgº!^g � , � ��� � gÌ¶zg � �Øg � ! , � gº!�g � �yg �� ,�,� H � � � � gÌ¶zgº!�g � g � £ g �¶ g �� £ �"g � ! g � £ �"gB¶	g �� �üH"g � ! g �� , #
This is (up to a constantfactor) the discriminantof the binary cubic form from
Chapter2, Example2.1.
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Example5.5. For any two binaryforms â�J Pol9 � 8 � , � �ÔJ Pol9 ] � 8 � , definetheir
Jacobian : � â � �\,�� ����� ���� ürâü � ¶ ürâü � !ür�ü � ¶ ür�ü � !

������ #
Then â*� : � â � Hess� â\,v, is acovariantof degree3 andorder H � ;q�íË", .
5.2 Covariants of an action

Thenotionof a covariantof a homogeneousform is a specialcaseof thenotion
of a covariantof anarbitraryrationalactionof anaffine algebraicgroup � on an
affine variety  � Specm� �O, . Let © �Å��� GL � Ma, be a linear representation
of � in a finite-dimensionalvectorspaceM . We call M a � -module.A covari-
ant of an actionwith valuesin M is anequivariantregularmap  � M , whereM is consideredasanaffine space.Equivalently, it is a � -equivarianthomomor-
phismof algebrasPol� Mh, � � . Sinceany suchhomomorphismis determined
by the imagesof theunknowns, it is definedby a linearmap ���µM o � � . Let
Hom� M o � ��,��ã�æú M bethesetof suchmaps.Thegroup � actsby theformulaM6N � gGú Ö ,Q��M o � g`,�ú ©Z� Mº, ��Ö , #
Thiscorrespondsto theactiononmorphisms4� M givenby theformulaM6N'� ��� ,Q� ©Z� M�, � � � M S ! N � ,v, #
A covariant is an invariant elementof this space. In the previous sectionwe

consideredthe case� � SL � �6, ,  � Pol9 � �6,��U) � ò ¾ SS , and M � Poll � �\,
with the naturalrepresentationof SL � �\, . If we take M � Poll � � o , with the
naturalactionof � on the spaceof linear functions,we obtain the notion of a
contravariant of order 8 on the spacePol9 � �:, . Another specialcaseis when��� Pol9z® � �6,£úbNVNVN-ú Pol9 ^ � �:, and M � PolC � �6, . In this casea covariant
is calleda concomitantof order _ . A concomitantof order ¥ is calleda combi-
nant. For example,theresultant

 � â�! �$#%#$#%� â(Zv, of I homogeneouspolynomialsis
acombinant.

Let Hom� M o � �O, d � � M ú���, d bethesetof covariantswith valuesin a � -
moduleM . It hasanobviousstructureof an � d -module.It is calledthemoduleof
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covariantswith valuesin M . If char� 8º,Q� ¥ , wecanidentify thespacesPolA � M o ,
andPol� Mh, o sothatthedirectsum

Cov � �  � � Ma,�� Î°A »�¶ Hom� PolA � Mh, � �O,�d
� Î°A »�¶ � PolA � M o ,�ú���,^d � � Pol� M o ,�ú���,^d

hasa naturalstructureof a 8 -algebra.It is calledthealgebra of covariants. Ap-
plying Nagata’sTheoremweobtain

Theorem 5.1. Assume� is a geometricallyreductivegroup.Thenthealgebra of
covariantsCov � �  � � Mh, is a finitelygenerated 8 -algebra.

Corollary 5.1. Suppose� is a geometricallyreductivealgebraic group acting
rationally on  � Specm� ��, . Thenthemoduleof covariantsHom� Mho � ��, d is
finitelygenerated.

Proof. The algebraCov � �  � � Mh, is a gradedfinitely generated8 -algebra. We
identify � d with thesubalgebraof covariantsCov � �  � � 8�, , where 8 is thetrivial� -module.ObviouslyCov � �  � � Mh, is a finitely generated� d -algebra.We may
assumethatit is generatedby afinite setof homogeneouselementsâQ! �$#$#$#�� â � of
positive degreesÔ'! �$#%#$#%� Ô � . Thusthereis a surjective homomorphismof graded� d -algebras� d =�Ä�! �$#$#$#�� Ä � ?�� Cov � �  � � Mh, , where

���JD ÄZ�e�ïÔ�� . Sinceeach� d =�Ä�! �$#$#$#�� Ä � ? A is afinite free � d -module,its imageCov � �  � � Mh, A is afinitely
generated� d -module;henceHom� M o � ��, d � Cov � �  � � Ma,�! is finitely gener-
ated.

Hereis anotherproof of this result in the casewhen � is linearly reductive,
for examplewhen � is reductive over Ú . We usethat any rational linear linear
representationof � in afinite-dimensionallinearspacë is completelyreducible
in thefollowing sense.

Theorem 5.2. Any submodule� of ¨ admitsa complementarysubmodule�Ð0
(i.e., ¨a�F� Ë �b0 ).
Proof. Without lossof generality, we may assumethat � N��f ¥ j andis an irre-
duciblesubmodule,i.e., � doesnot containany nontrivial propersubmodules.
Considerthe naturalmapof � -modules�h� Homl � ¨ � �:,2� Homl � � � �\, . By
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Schur’s Lemma,thesubspaceæ�� Homl � � � �6, d is one-dimensional.Its inverse
image M �Ê� S ! � æä, is a submoduleof Homl � ¨ � �\, , andthe restriction � 0 of �
to M is a nonzerolinear � -invariantfunction. By definitionof linearreductivity
thereexistsa nonzero� -invariantvector

³ JdM suchthat ��0 � ³ ,FN� ¥ . Thelinear
map

³ �B¨h� � is � -invariantandits restrictionto � is anonzeroautomorphism
of irreducible � -module � . The kernelof the � -invariant linear map

³
is the

desiredcomplementarysubspaceof � .

Let § �!M ú � andlet §�0 bethe � -submoduleof § generatedby invariant
elements.Since� is noetherianand MøúK� is a free � -moduleof finite rank, § d
is a finitely generated� -module.Let <[! �$#$#$#�� < � J{§ d beits spanningset.For
any <�J § d wecanwrite <Ê�ãg�!^<[! £ NVNVN £ g � < � (5.3)

for someg"��J � . Since � is linearly reductive the � -submodule� d of � hasa
complementaryinvariantsubmodule,i.e., �L�R� d Ë f . Let �Ì�ã� �Od
betheprojectionoperator(calledtheReynoldsoperator). It hastheproperty � g t ,�� t  � g`, � X g�JK� �^X�t JK�ed #
In the case8{�óÚ we take for


the averagingoperatorover the compactform

of � . Let ë �Ù§ d ú !>[ �4� § d be the mapdefinedby < úhg�7�  � g`,^< .
By (5.3), § d is equalto theimageunder ë of thefinitely generated� d -moduleì ��ï»p! � d <�� andhenceit is finitely generated.

Let © �w�1� GL � Mh, be a finite-dimensionallinear rational representation
of a linearly reductive group. By Theorem5.2, M can be decomposedinto a
direct sumof irreduciblerepresentationsMK� . When � is finite, thereare only
finitely many irreduciblerepresentations(up to isomorphism);in general� has
infinitely many nonisomorphicirreduciblerepresentations.Let M � Ë ��´»p! MY� be
a decompositionof M into a directsumof irreduciblerepresentations.We have
anisomorphismof � -modules:M ö� °Ø ¿ Irr Î d Ñ Hom� M Ø � Ma,^d ú M Ø � (5.4)
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whereIrr � �\, is the setof isomorphismclassesof finite-dimensionalirreducible� -modules,M Ø is a representativeof theclass© , and � actstrivially on thespace
of linearmapsHom� M Ø � Mh, d . This isomorphismis definedby themap Ø � Ø ú Ö Ø 7�  Ø � Ø �xÖ Ø , � � Ø J Hom� M Ø � Mh,�d ��Ö Ø J�M Ø #
Notethat,by Schur’s Lemma,when M � M Ø this givesHom� M Ø � M Ø ] , d �Ç8 if© � © 0 and f ¥ j otherwise.Thedimensionof thespaceHom� M Ø � Mh, d is called
themultiplicity of M Ø in M andis denotedby multØ � Ma, . It is equalto thenumber
of directirreduciblesummands(or factors)of M isomorphicto M Ø .

Recallthatany elementof � is containedin a finite-dimensional� -invariant
subspaceof � generatedby its � -translates(seeLemma3.4). This allows us to
apply(5.4) to the � -module� . Wehave� ö � °Ø ¿ Irr Î d Ñ Hom� M Ø � ��,^d�ú M Ø # (5.5)

We considerboth sidesas � d -modules. By Corollary 5.1 eachsummandis a
finitely generated� d -module. Thuswe seethatany moduleof covariantsfor �
is containedin � asadirectsummand.

Example5.6. Let � be a finite abeliangroupof orderprime to char� 8�, . Then
any irreduciblerepresentationof � is one-dimensional,andhenceis definedby a
character2 �B�h� û A � GL l � �¢, . For each2 , let��\:�hf'g�J[�a��M6N¢g-� 2Ù� Mº,�g ��X MiJK�0j #
Then(5.5) translatesinto theequality�F� °\^] d  � é ��\ #
Thesubringof invariants� d correspondsto thetrivial character.

5.3 Linear representationsof reductivegroups

Let � be a linearly reductive connectedaffine algebraicgroupandlet © �Å�U�
GL � Mh, be its rationallinear representation.Let � bea maximalunipotentsub-
groupof a connectedlinearly reductive group � . Thereaderunfamiliar with the
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notion may assumethat ��� GL « or SL« , in which case� is a subgroupcon-
jugateto the groupof unipotentuppertriangularuppertriangularmatrices. We
have seenin section5.1 that in thecase� � SL� thealgebraPol� Pol9 � 8 � ,v, � is
isomorphicto thealgebraof covariantsCov � �  Pol9 � 8 � , � 8 � , . In this sectionwe
shallgive a similar interpretationof thealgebra� � where � actsrationallyon a
finitely generated8 -algebra� .

For this we have to recall somebasic factsaboutfinite-dimensionallinear
rational representationsof a reductive group � . We assumethat char� 8º,i� ¥ .
Let © ��� � GL � Ma, besucha representation.Choosea maximaltorus Ä in �
(when �Ç� GL « it is a subgroupof diagonalmatricesor its conjugatesubgroup).
Restricting© to Ä we geta linearrationalrepresentation.© �`ÄL� GL � Mh, . SinceÄ is commutativewecandecomposeM into thedirectsumof eigenspacesM � °\ ¿`_ Î ¸ Ñ M0\ �
where a � Äe, denotesthesetof rational characterof Ä , i.e., homomorphismsof
algebraicgroupsÄã� û A , andMb\:�hf Ö J M � .©��  �, ��Ö ,Q� 2��  �, Ö:� X  �JKÄ j #
Any rationalcharacter2 ��Äã� û A is definedbyahomomorphismof thealgebras
of regularfunctions8�= } � }�S ! ? ö � õ � û «A ,Q� õ � û A , ö � 8�=¤}Ù! � } S !! �$#$#$#�� }Q« � } S !« ? #
It is easyto seethat it is givenby a Laurentmonomial} r �|} r ®! NVNVN�} r ³« , wheregY� � gº! �$#$#$#�� g"«	,:Jc/ « . Themonomialis the imageof } . Also it is easyto see
that the productof characterscorrespondsto thevectorsumof the exponentsg .
Thisgivesusanisomorphismof abeliangroupsa � Äe, ö � / « #
Let

Wt �x© ,��af 2 �1Mb\�N�hf ¥ jÌj # (5.6)

Since M is finite-dimensional,Wt ��© , is a finite set. It is calledthesetof weights
of © .

A rationalcharacter� ��ÄÓ� û�oA is calleda root if thereexistsa nontrivial
homomorphismof algebraicgroups ��d5�µû r � � suchthat, for any  6J�Ä and
any � JP8 ,  ÆN'��d ��� ,ÆN$  S ! �/�Ud �����  �, � , #
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For example,thereare ���|� �/�¢, rootsfor �U� GL « . Eachis definedby the
homomorphismwhich sends� Jh8 to the matrix ¡�« £ � ¨w��� , where � D �v�±� D�¢��� N� � .

Let


be the set of roots. Thereis the notion of a positiveroot. We fix a
Borel subgroupn containing Ä (in the case � � GL « we may take n to be
thegroupof uppertriangularmatricesor its conjugatesubgroup)andrequirethat
the imageof �Ud is containedin n . Let

 ¸ be the set of positive roots. Then �  ¸�«  S , where
 S �ÊfB� �ä�Y� J  ¸×j is thesetof negativeroots. There

is a finite setof roots
k ��f � ! �%#$#$#��Y� «�j suchthat any root canbe written asa

linearcombinationof the � � with nonnegativeintegercoefficients.They arecalled
simpleroots. Thenumber� is calledthe rankof � . In thecaseSL« thesearethe
roots with �Ud ÿ � g`,K��¡�« £ gB¨ � Î �ï¸p! Ñ ��� � � �$#%#$#%��� ��� . Under the isomorphisma � Äe, ö� / � they correspondto the vectors Ñ%�Æ��Ñ%�ï¸p! , where � Ñ�! �%#$#$#�� Ñ%«	, is the
standardbasisof / « .

Let �Rd denotethe imageof the homomorphism�Ud � û r , correspondingto a
root � . Onecanshow thatthesubgroups� ¸ � Kd ¿ Q ¾ �Rd � � S � Kd ¿ Q ½ �Rd
aremaximalunipotentsubgroupsof � . In thecase�a� SL« thegroup � ¸ (resp.� S ) is thesubgroupof uppertriangular(resp.lower triangular)matrices.

Wehave thefollowing.

Lemma 5.1. Let M � °\ ¿ Wt Î Ø Ñ Mb\ #
For everyroot � J  , wehave©Z� �Sd`, � Mb\B,�*"° �·µ`¶ M0\¢¸º�ed #
Proof. Let M � 8�= Ä�?ãúlM bethehomomorphismdefiningtheactionof �Rd onM . For any Ö J�Mb\ its imageis equalto ì �¯µ`¶ Ä � ú Ö � . This meansthatfor any� JY8 , ©Z� �Ud �]� ,v, �xÖ ,Q�  �¯µ`¶ � � Ö � # (5.7)

By definitionof a root,wehave©Z� �Ud �����  �, � ,v, �xÖ ,Q�  � ���  �, � � � Ö �
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and ©Z�  �, ©Z� �Ud �]� ,v, �xÖ ,î�  � � � ©Z�  �, ��Ö ��,� ©Z� �Ud �����  �, � , ©Z�  �,v, �xÖ ,î� ©Z� �Ud �����  �, � ,v, ��2��  �, Ö ,� 2Ù�  �,  � ���  �, � � � Ö � #
Comparingthecoefficientsof � � weget Ö ��J�M0\¢¸º�ed # Thusequation(5.7)gives©Z� �Sd`, �xÖ ,+*"° �¯µ`¶ Mb\¢¸º�fd #

Theset
 ¸ definesanorderonthesetof characters.Wesaythat 2 Ù 2 0 if 2 �2 0 is equalto a linearcombinationof positiverootswith nonnegativecoefficients.

Let � J Wt ��© , bea maximalelement(not necessaryunique)with respectto this
order. Then,for any � J  ¸ , we have M0g�¸º�ed �4f ¥ j if � 4 ¥º# It follows from
(5.7)that ©Z� �Rd`, actsidenticallyon M0g . Thusthewholegroup � ¸ actsidentically
on MPg . On theotherhand,by Lemma5.1,we get©Z� �qS�, � M0g',�*"° \�êhg Mb\ #
Since ©Z� Äe, � MPg',�� M0g , all elementsMYJØ� of theform í ¸ N' QN í S , where í - J� - �  ÙJKÄ , leave thesubspace M �u� ,Q�!° \�êhg Mb\
invariant.Sincethesubset� ¸ N ÄqNú� S is Zariskidensein � (checkthisfor �*� SL«
or GL « , wherethissetconsistsof matriceswith nonzeropivots),all elementsof �
leave M �¼� , invariant.Thus M �¼� , is a � -submodule.Let ª�J�MPgµ´Qf ¥ j . Consider
the � -submoduleM �¼� , W generatedby ª . Obviously it is containedin M �u� , andM �¼� , W 3¬M0g��L8`ª #
In fact, � ¸ doesnot changeª , Ä multiplies ª by a constant,and � S sendsª to
thesum ª £ ì \ t g ª�\ , where ª�\WJ�M0\ . We considera complementarysubspace
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to M �¼� , W in M �¼� , andchooseagaina nonzerovector ªc0 in it to geta submoduleM �¼� , W ] . Continuingin this way we will decomposeM �¼� , into thedirectsumof��È·É M0g submodules.Eachsummand� hasthefollowing properties:
(i) thereexistsa weight � suchthat �a� Ë \�êhg��>\ ,
(ii)
�ºÈ¯É ��gO�a� (anonzerovectorin ��g is calledahighestweightvector),

(iii) ©Z� � ¸ , � �6g is theidentity representation.
Such a � -module � is called a highestweight module. It is determined

uniquely(up to isomorphism)by thecharacter� (highestweight) andis denoted
by æ �¼� , . Thuswe infer from theabovediscussionthefollowing

Theorem 5.3. Every finite-dimensionalrational representationof a connected
linearly reductivegroup � is isomorphicto thedirectsumof highestweightrep-
resentationsæ �u� , .

Not everyweight 2 occursasahighestweightof someæ �u� , . Theoneswhich
occurarecalleddominantweights. This set is preserved undertaking the dual
module,i.e., æ �¼� , o �1æ �u� o , for somedominantweight � o . We will describe
dominantweightsin thenext section.

Let us returnto the situationwhena reductive group � actsregularly on an
affine algebraicvariety  � Specm� ��, . For every dominantweight � a homo-
morphismof � -modulesæ �¼� ,�� � is determinedby theimageof afixedhighest
weightvectorof æ �u� , . The setof suchimagesforms an � d -submodule� Î g Ñ of� . Wehave � æ �u� ,�úí��,�dW� Homl � æ �¼� o , � ��,^d[�R� Î gEi Ñ #
It is easyto seethat, if ª is a highestweight vectorof æ �u� , and ªc0 is a highest
weight vectorof æ �u� 0ï, , the vector ª úhªc0 is a highestweight vector in an irre-
duciblesummandof the representationæ �u� ,·ú*æ �¼� 0ú, isomorphicto æ �¼� £ � 0ï, .
This easilyimpliesthatthesubalgebraof the � d -algebra� generatedby theim-
agesof highestweightvectorsis isomorphicto thedirectsumof the � d -modules� Î g Ñ , where� runsthroughthesetof dominantweights.Since � ¸ actsidentically
onany highestweightvectorweseethat° g � Î g Ñ *�� � ¾ #
Conversely, if g�JK� � ¾ , by (5.4) g canbewrittenuniquelyasasum ì Ø g Ø , where
each g Ø belongsto an irreducible � -submoduleof � . This implies that each g Ø
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is � ¸ -invariantandhencegeneratesa submoduleisomorphicto æ �¼� , for some
dominantweight � . Thisshows that° g � Î g Ñ ö� � � ¾ # (5.8)

Sinceevery irreduciblerepresentationis isomorphicto somehighestweight rep-
resentationæ �u� , , wecanapply(5.4) to obtainanisomorphismof � d -modules� ö � ° g Homl � æ �u� o , � �O,�d ú�æ �¼� o , #
Thisgives � � ¾ ö � ° g Homl � æ �u� o , � �O,�d ú�æ �¼� o , � ¾ #
It follows from the definition of æ �u� , that æ �¼� o , � ¾ ��æ �¼� ,"g is spannedby a
highestweightvector, andhenceis one-dimensional.This gives� � ¾ ö � ° g � Î g Ñ ú l 8 ö � ° g � Î g Ñ #

We will seea little laterthat � � ¾ is afinitely generatedalgebra.

5.4 Dominant weights

Let usnow describedominantweights.For every root � thereis thedual root j�
which is a homomorphismj� �-û A � Ä . It is characterizedby thepropertythat,
for any  ÙJ�û A and � J�û A ,

(i) j���  �,v�Ud �]� ,�j� S ! �  �,��L��d ��� , ,
(ii) � cbj���  �,Q�ã  � .
For example,when � � GL ��� , and �Rd is the subgroupof matrices ¡�« £gB¨���� � gëJ�8 , where ¨���� denotesthematrix with � asthe ����� , th entryand0 else-

where,thedualroot j� is givenby  P7� � ¡�« £ �  Æ���V,�¨w�Ð� £ �   S ! ���V,�¨ä�¼��, .
Note that the compositionof a homomorphism�F�(û A � Ä (calleda one-

parametersubgroup) of Ä anda rationalcharacter2 �ÌÄF� û A canbeidentified
with aninteger. Wedenoteit by � � ��2 , .

Let a � ÄO, o be the setof one-parametersubgroups.An elementof a � ÄO, o is
givenby ahomomorphismof algebrasof functions8�= }k- !! �$#%#$#%� }�- !« ? ö � õ � Äe,Q� õ � û A , ö � 8�= } � } S ! ? #
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It is definedby theimagesof }+� . Sinceit definesahomomorphismof groupsit is
easyto seethattheimageof each}Q� is a monomial } A for some<îJP/ . Thusa
one-parametersubgroupis givenby avector <Ê� � <[! �$#$#$#�� <�«	,�Jb/ « . Sinceeach
one-parametersubgrouptakesvaluesin a commutative group,we canmultiply
them;this of coursecorrespondsto thesumof vectorsin / « . Thecompositionof
a characteranda one-parametersubgroupcorrespondsto the dot-productin / « .
Soit is naturalto distinguishthegroupof charactersa � ÄO, andthegroup a � Äe, o
of one-parametersubgroupsby identifying oneof them,say a � ÄO, , with / « and
theotheronewith thedualgroupHom� / « � /�,�� � / « ,^o . Thenthepairing � � ��2 ,
from above is equalto � � ��2 ,Q�/� ��2 , #

A character� �TÄ�� û A is calleda dominantweightif for any positive root� onehas � j�ä�	� ,�Ù ¥ .
Finally, onedefinesa fundamentalweightasa dominantweight l�� with the

property � j� � � l���,Ù�aû	��� (theKronecker symbol).Of course,onehasto prove first
that suchvectors,which obviously exist in a � ÄO,Vú?m , are really in a � Äe, . In
thecasewhen


spansthegroupof charactersof Ä (e.g. ��� SL« but not GL « ),

a fundamentalweight is uniquelydeterminedby this property. Let a � Äe,^¶ bethe
subgroupof a � Äe, whichconsistsof characters2 suchthat � j����2 ,�� ¥ for all roots� J  . Choosea basis � l Î ! Ñ¶ �$#$#%#%� l Î l Ñ¶ , of a � Äe,^¶ andlet lä! �$#$#$#�� lÅ« bethesetof
fundamentalrootsno two of which arecongruentmodulothe subgroupa � Äe,^¶ .
Thenany dominantweightcanbewrittenuniquelyin theform� �F7Å!�lä! £ NVNVN £ 7Z«;lÅ« £ gº!nl Î ! Ñ¶ £ NVNVN £ g�Znl Î Z Ñ¶ � (5.9)

where7Z�ÅJb/mµ`¶ ��� �a� �$#%#$#%���¢� g"��J0/ �v� �a� �$#$#$#�� I .
Any dominantweight � ¶ from a � Äe,@¶ definesa one-dimensionalrepresenta-

tion �Ê� û A . We have � � rank� �\, fundamentalrepresentationsæ � lÅ�], corre-
spondingto thefundamentalweightslÅ� . If � is asin (5.9),then æ �¼� , is isomorphic
to an irreduciblequotientof the tensorproduct ú «�ï»p! � � lÅ��, � � ÿ tensoredwith the
one-dimensionalrepresentationdefinedby thevector ì � g"�9l Î � Ñ¶ .

By writing any dominantweight asa sumof fundamentalweightswe prove
theresultwhichwepromisedearlier:

Theorem 5.4. Let � bea maximalunipotentgroupof a reductivegroup � . As-
sumethat � actsrationally on a finitely generated 8 -algebra � . Thenthesubal-
gebra � � of � -invariant elementsis finitelygeneratedover 8 .
Proof. Sinceall maximalunipotentsubgroupsareconjugate,wemayassumethat�U��� ¸ . We know that for eachdominantweight � the moduleof covariants



5.5.THE CAYLEY–SYLVESTERFORMULA 79� æ �¼� ,�ú��O, d is finitely generatedover � d . Let H be the union of the setsof
generatorsof suchmodulesfor � �olÅ� ��� � � �$#$#$#����¢� l Î � Ñ¶ � �pl Î � Ñ¶ , � � � �$#$#%#�� I .
Usingtheequality(5.8)we seethat H generates� � asan � d -module.Since � d
is finitely generatedby Nagata’sTheorem,� � mustbefinitely generatedtoo.

5.5 The Cayley–Sylvesterformula

In this sectionwe give an explicit descriptionof irreduciblerepresentationsfor
thegroupGL « . We choosethemaximaltorus Ä which consistsof diagonalma-
tricesdiag�  �! �%#$#$#%�  �«z, . The correspondingBorel subgroupis the groupof upper
triangularmatrices.Wehave,for any � D �v��� D �'�v� N� � ,

diag�  �! �$#$#$#��  �«	, � ¡�« £ � ¨����%, diag�  �! �$#$#$#��  �«	, S ! �R¡�« £ �  ��x�' x��, � ¨���� #
This shows that thecharacters� ���\� diag=  �! �$#$#%#%�  �«�?ÿ7�  ��¯  S !� areroots.Underthe
isomorphisma � ÄO, ö� / « each� ��� correspondsto thevector Ñ%�Z��Ñz� . Sowe have���|� ���¢, roots.Since¡�« £ � ¨�����JPn if andonly if � E � , weseethat

 ¸ consists
of roots � ��� with � E � . Simplerootsare� ��� � � Î �ï¸p! Ñ � � �a� �$#$#$#����¢#
The dual roots are the homomorphisms� ���{��û A � Ä definedby  ¥7� ¡�« £�  ��y�¢,�¨w�Ð� £ �  ��y�¢,^¨��u� # Thusall dualrootscanbeidentifiedwith linearfunctions/ « � / definedby Ñ o� �ÃÑ o� where � Ñ o ! �$#$#$#�� Ñ o« , is the dual basisto the standard
basis � Ñ�! �%#$#$#%� Ñ%«	, . A dominantweight � � � <[! �%#$#$#%� <�«	, mustsatisfy� N � Ñ%�Z��Ñ%�ï¸p!v,�Ù ¥
which translatesinto the inequalities<���Ùb<��ï¸p! . Thereare � �*� fundamental
weights lÅ���lÑ�! £ NVNVN £ Ñ%� � � ��� �$#$#%#���� ��� �
and a � Äe,^¶ is generatedby theweight

l×¶��"Ñ�! £ NVNVN £ Ñ%« #
Theirreduciblerepresentationcorrespondingto l×¶ is of coursethenaturalrepre-
sentation �º��� � GL «Ù� û A #
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Wehave æ � ;^l�!�,Q� Pol9 �v� 8 « , o , #
Here the highestweight is the monomial ¬ 9! , where ��¬ ! �$#$#$#��v¬ «z, is the standard
basisof 8 « . All otherweightsare qe� �x� ! �$#$#$#���� «z, with � ! £ NVNVN £ � «2� ; . The
correspondingsubspaceæ � ;^l�!�, ¾ is spannedby themonomial¬ ¾ . Wecanwrite

q � ;�Ñ�!Æ� « S ! Zu»p! � ; � � !Æ��NVNVN�� � Z�, � Ñ@ZÆ��Ñ@Zu¸p!�,� ;^lä!×� � ;\� � !�, � !+��NVNVN�� � ; � � !Æ��NVNVN"� � « S !v, � � �æ � ;^l×�],î� Pol9 ��� � � 8 « , o , � � �/Ë �$#$#%#�� 7 #
Herethehighestweightis ��¬ !�r[NVNVNsr ¬ ��, 9 . When � � � �Ø� weget � � « S ! � 8 « ,v, o ö �� 8 « ,�ú ����� andhence

Pol9 � 8 « ,Q�Læ � ;^lÅ« S !�,�ú detS 9 #
Thehighestweighthereis themonomial� 9¶ .

Considerthecase7W��� . Let � beatwo-dimensionalvectorspace.Since� � �
is isomorphicto therepresentation

�º��� � GL � �6,Q� û A , wehaveanisomorphism
of representations: � ö � � o ú ����� #
In particular, � ö � �:o as representationsof SL � �6, . We have one fundamen-
tal weight l�! so that any irreduciblerepresentationwith dominantweight � �� <[! � < � , � <[!+Ù�< � � is isomorphictoH A ® S A Å � �\,ÿú detA Å ö � H A ® S A Å � � o ,�ú detA ® ö � PolA ® S A Å � �6,�ú detA ® #
Let usconsidertherepresentationPolA � Pol9 � �6,�, . Thespacehasa basisformed
by monomialsin coefficientsof ageneralbinary ; -form�m¶vÄ 9¶ £ ;B� !�  9 S !¶  �! £ NVNVN £ �e9z  9 ! � �]¬ ¶v @¶ £ ¬ !� �!v, 9 #
Sowecanwrite any monomialof degree< in the ��� asamonomialof degree< ;
in thebasis �]¬ ! ��¬ � , of � :���¯®pNVNVNv�m� é � ��¬ 9 S �·®! ¬ �·®� ,�NVNVN �]¬ 9 S � é! ¬ � é� ,�� ¬ A 9 S )! ¬ )� �
where Ö � � ! £ NVNVN £ � A
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is theweightof themonomial�m�¯®pNVNVN^�m� é . Thisshowsthat ���¯®ZNVNVNv��� é belongsto
theweightspacewith character� < ;\� Ö\��Ö , . Lett � < � ; ��Ö ,Q�hf ��� ! �$#$#%#���� A ,�� ¥ D � !ÙDhNVNVNºD � A DR; �v� ! £ NVNVN £ � A � Ö j #
The cardinality _ ) � < � ;¦, of this set is equalto the numberof monomialswith
weight Ö . Let � � � <[! � < � , be a dominantweight. Suppose� �u� , is a direct
summandof PolA � PolA � �6,�, . Then � <[! � < � ,\� � < ;�� Ö\��Ö , for some Ö with< ; �ãË Ö Ù ¥ . The weightsof � �¼� , arethe vectors � < ;2� Ö � �v�vÖ £ � , ��� �¥º�$#$#%#%� < ;q� Ö:# ThisshowsthatPolA � PolA � �:,v, contains_ ¶ � < � ;`,Q��� summand� � < ; �z¥ , ö � PolA 9 � �\,�ú detA 9 �_ ! � < � ;`,Æ� _Å� < � ;`, summands� � < ;\��� � �V, ö� PolA 9 S � � �:,�ú detA 9 S ! �_ � � < � ;`,Æ� _ ! � < � ;`, summands� � < ;\�ØË � Ë", ö� PolA 9 S � � �6,�ú detA 9 S � �
andso on. It is known that the generatingfunction for the numbers_ � � < � ;`, is
equalto theGaussianpolynomialÎ �ï»�¶ _ � � < � ;¦,�  � �vu < £ ;; w �
where u g t w � � ��� � r , � �w� � r S ! ,�NVNVN � ��� � r S s�¸p! ,� ��� � , � ��� � � ,�NVNVN � ��� � s , #
(see[111]). Thisgivesus

Theorem 5.5. (Plethysmdecomposition)Let
��È·É ���1Ë . There is an isomor-

phismof representationsof GL � �6, :
PolA � Pol9 � �:,v, ö� Ü A 9;x � Ý°) »�¶ � PolA 9 S � ) � �:,�ú detA 9 S ) , È & Î A ° 9�° ) Ñ �

where f � < � ; ��Ö ,Q� coefficientof � ) in thepolynomial � ��� � ,�u < £ ;; w #



82 CHAPTER5. ALGEBRA OFCOVARIANTS

Restrictingtherepresentationto thesubgroupSL � �6, wehaveanisomorphism
of SL � �:, -representations

PolA � Pol9 � �:,v, ö� Ü A 9;x � Ý°) »�¶ PolA 9 S � ) � �:, È & Î A ° 9�° ) Ñ #
As a corollary we obtain the Cayley-Sylvesterformula for the dimensionof

thespaceof covariants:

Corollary 5.2. �ºÈ¯É
Cov A ° C � ;¦,Q��f � < � ; �¢� < ;q� _ ,v�"Ë�,

andit is zero if < ;q� _ is odd.

WealsogetHermite’s Reciprocity :

Theorem 5.6. There is an isomorphismof SL � �6, -modules

PolA � Pol9 � �6,�, ö� Pol9 � PolA � �6,�, #
Proof. This follows from thefollowing symmetryproperty:_ ) � < � ;`,Q� _ ) � ; � <>, #
Thiscanbecheckedby definingthebijection

t � < � ; ��Ö ,Q� t � ; � < ��Ö , by send-
ing avector ��� ! �$#%#$#%��� A , from

t � < � ; ��Ö , to thevector �ú� ! �$#$#$#���� 9�, , where� Z��Fð�fV �� � Z�ÙãI�j � Im�a� �%#$#$#%� ; #
It followsalsofrom thefollowing propertyof theGaussianpolynomials:

u < £ ;; w �yu < £ ;< w #
Corollary 5.3.��È·É

PolA � Pol9 � �:,v, SL ÎÐÏpÑ � ��È¯É Pol9 � PolA � �\,v, SL Î´ÏZÑ #
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Remark5.1. Thecovariant

PolA � Pol9 � �:,�,�� PolA 9 � �\, (5.10)

admitsa simple interpretationin termsof the Veronesemap. Let � be a linear
spaceof dimension7 £ � . RecallthattheVeronesemapof degree; in dimension7 is a regularmap z 9O��
 � � o ,���
 � Pol9 � �:,v,
given by õ 7� õ 9 , where õ JU�\o is a linear function on � . It is easyto see
thatthis mapis SL � �6, -equivariant,whereSL � �6, actsnaturallyon 
 � � o , andon
 � Pol9 � �6,v, . Theinverseimageunderª'9 definesanequivariantlinearmapª�9 � <>, o � PolA � Pol9 � �:,v,�� PolA 9 � � o , #
When 7í� � , thereis an isomorphism�\o ö� � of SL � �6, -modulesandthemapª�9 � <>, o is thecovariant(5.10). Note that the imageof theVeronesemap(called
theVeronesevariety) is alwaysdefinedby equationsof degree2 (see[102]). The
numberof linearly independentequationsis equalto��È·É

Pol� � Pol9 � �:, o ,Æ� ��È¯É Pol� 9 � �6,Q� !� , 9^¸ �� . � � £ , 9^¸ �� . ,Æ� , � 9^¸ �� . #
Thus,if <Ê�*Ë thekernelof themap(5.10)is a SL � �:, -submoduleof thedimen-
siongivenby theaboveformula.

Remark5.2. OnecanstrengthenTheorem5.6 asfollows (see[49]). Let � be a
vectorspaceof dimension� , andlet

{ 9�° «Ù� Pol� PolA � �\,v,�� Î°A »�¶ PolA � Pol9 � �:,v,
bethealgebraof polynomialson thespacePolA � �6,�, . Let

| 9�° «�� Î°A »�¶ Pol9 � PolA � �:,�, # (5.11)

Weusethesymbolicexpressionto identify elementsof Pol9 � PolA � �6,�, with mul-
tihomogeneousfunctionson � 9 of multi-degree� < 9 , (seeLemma1.1).Theprod-
uct of functionsdefinesbilinearmaps

Pol9 � PolA � �:,v,�� Pol9 � Pol� � �:,v,�� Pol9 � Pol� ¸ A � �\,v,
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which endow
| 9�° « with a structureof a gradedalgebra. The naturalaction of

GL � �:, on � definesan actionof GL � �:, on both algebras
{ 9z° « and

| 9�° « by au-
tomorphismsof gradedalgebras.Notice that

| SL Î´ÏZÑ9�° « is isomorphicto the alge-
bra 8�=�� «±° 9�? è ³ ¶�¸ (Corollary 2.4). Identifying the linear spacesPol! � Pol9 � �:,v,2�
Pol� �:,^o andPol9 � Pol! � �:,v,�� Pol9 � �:oz, (see(1.7)), we geta GL � �:, -equivariant
algebrahomomorphism: � 9�° «�� { 9�° «Ù� | 9�° « # (5.12)

When � � Ë , the homomorphism� 9�° � is a GL � �:, -equivariant isomorphismof
gradedalgebras.Hermite’s Reciprocityonly statesthatall gradedpiecesareiso-
morphicasGL � �6, -modules.

Example5.7. Take < � ; � Ë . We get _ ¶ � Ë � Ë",q� _ ! � Ë � Ë",\��� �¼_ � � Ë � Ë",q� Ë #
Thuswehave thefollowing isomorphismof SL � �:, -representations:

Pol� � Pol� � �:,�, ö� Pol� � �:, Ë 8 #
Usingthepreviousremarkthis hasasimplegeometricinterpretation.In this case
theVeronesevariety is a conic,andthekernelof ª � � Ë�, o is one-dimensional.It is
spannedby aquadraticpolynomialvanishingon theconic.

Example5.8. Take < �1Ë � ;��;H . Then we have an isomorphismof SL � �\, -
modules

Pol� � Pol� � �6,�, ö� Pol� � Pol� � �6,v, #
Thusquadricsin 
G� ö� Pol� � �6, canbecanonicallyidentifiedwith cubicsin 
 � ö �
Pol� � �6, . The Veronesecurve � � ª � � 
 ! , is a rational spacecurve of degree
3. It is definedby threelinearly independentquadricequations.Thusthekernel
of theprojectionPol� � Pol� � �:,�, � Pol� � �6, is equalto thespace} of quadrics
vanishingon � . Usingtheplethysmdecomposition

Pol� � Pol� � �\,v, ö� Pol� � �6, Ë Pol� � �\,
wecanidentify } , SL � �6, -equivariantly, with thespaceof binaryquadraticforms.

5.6 Standard tableauxagain

Finally let us explain the tableaufunctionsfrom the point of view of represen-
tation theory. Note that any æ � lÅ�x, can be embedded(as a representation)into
sometensorpower of somecopiesof �Ó��8 « . Sowhenwe take their symmetric
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productsandtheir tensorproductswe canembedeachagaininto some� � & . So
eachirreduciblerepresentationis realizedasanirreduciblesubmoduleof � � & for
somef . Let usfind themby decomposing� � & into a directsumof irreducible
representations.

Fix abasis�]¬ ! �%#$#$#%��¬ «�, of � . For any orderedsubset¡-� ��� ! �$#$#%#���� &�, of = � ? let¬ Ú denotethetensor¬ �¯®ÿú*NVNVN�ú ¬ � I . A diagonalmatrix diag=  �! �$#$#$#��  �«v?äJyÄ acts
on ¬ Ú by multiplying it by themonomial   Ú �� �� ® NVNVN� ��fI . Writing any elementof� � & asa sumof tensors¬ Ú we easilyseethat theweightsof our representation
arethevectorsÑ Ú �RÑ%� ® £ NVNVN £ Ñ%�~I . TheweightsubspaceM Ò�� is spannedby the
tensors¬ 9 , where : is obtainedfrom ¡ by a permutationof =#f>? . A vector Ñ Ú is a
dominantweightif Ñ Ú N � Ñ%�r�üÑ%�ï¸p!^,�Ù ¥¦� � ��� �$#%#$#���� ��� #
ThismeansthatÑ Ú � � <[! �$#%#$#�� <�«	, � <[!�Ù�< � Ù*NVNVN-Ù�<�«�Ù ¥º� <[! £ NVNVN £ <�«Ù�lf #
Assumefor themomentthat fk�h� . Thenthehighestweightvectoris ¬ ! . Assume
that f � Ë . Then ¬ !£ú ¬ � is sentby �Ud�® � �¢,��î¡�« £ ¨O! � to ¬ !Vú ��¬ � £ ¬ !�,��¬ !�ú ¬ � £ ¬ !�ú ¬ ! . Similarly, ¬ � ú ¬ ! is sentto ¬ � ú ¬ ! £ ¬ !µú ¬ ! . Soin orderthat m� �T¬ !(ú ¬ � £ ��¬ � ú ¬ ! be invariantunder � ¸ we musthave � £ � � ¥ , i.e.,  
mustbeproportionalto ¬ !�ú ¬ � � ¬ � ú ¬ !Q� ¬ !�r ¬ � . If fk�"H wemusthave Q� ¬ ! ú �]¬ ! ú ¬ � � ¬ � ú ¬ !�,Q� ¬ ! ú ¬ !�ú ¬ � � ¬ !�ú ¬ � ú ¬ !
or  Q� ¬ !�ú ¬ ! ú ¬ � � ¬ � ú ¬ !µú ¬ ! �
or  Q� ¬ !�ú ¬ � ú ¬ !×� ¬ � ú ¬ !µú ¬ ! #
Now in thecaseof arbitrary f wedo thefollowing: consideramatrix

� � �� ¬ Î ! Ñ! ¬ Î � Ñ! #$#$#L¬ Î & Ñ!
...

...
. . .

...¬ Î ! Ñ« ¬ Î � Ñ« #$#$#L¬ Î & Ñ«
���� #

Eachcolumnrepresentsabasis ��¬ ! �$#$#$#��v¬ «�, . Wewill betaking_ !��R<[!+�y< � minorsof order1 from thefirst row �



86 CHAPTER5. ALGEBRA OFCOVARIANTS_ � �ã< � �y< � minorsof order2 from thefirst 2 rows�#$#$# #$#$# #$#$# #$#$#_ «Ù�F<�« minorsof order �
in sucha way that theminorsdo not have commoncolumns.Of coursewe com-
putethe minorsusingthe tensorproductoperation.We first take the productof
the minors in an arbitraryorder, but thenwe reorganizethe sumby permuting
the vectorsin eachdecomposabletensorin sucha way that eachsummandhas
its upperindicesin increasingorder. Theseindiceswill be our highestweight
vectors.

It is convenientto describesucha vectorby a Youngdiagram. We view a
dominantvector � � � <[! �%#$#$#%� <�«z, asa partitionof f . It is describedby putting<�� boxesin the � th row. It has_ �q�Ç<0��� <0��¸p! columnsof length � �s� �%#$#$#����
( <�«�¸p!�� ¥ ). Wefill theboxeswith differentnumbers

? ���OJy=%f ? . Each
? ��� indicates

which columnentersinto the minor of the matrix
�

of the correspondingsize.
A filled Youngdiagramis calledstandard if eachrow andeachcolumnare in
increasingorder. Hereis anexampleof aYoungdiagramfor thepartition � E � H � �¢,
of fk�G< :

1 3 4 8 9

2 65

7

It turnsout that themultiplicity of eachæ �¼� , in � � & is equalto thenumber
of standardfilled Youngdiagramsof theshapegivenby thevector � . It is given
by thehookformula

multg � �.� & ,ä� f áé !_êB��êB«±°�!_ê��Yê A ÿ � <�� £ � £ �w� � � � ,
(see[66]).

Example5.9. Wedescribedinvariantsin PolA � Pol9 � �:,�, by embeddingthisspace
into � � A 9 via the polarizationmap. Sincethe spaceof invariantsis contained
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in the representation
����� )

of GL « where Ö �1< ;`� � , the correspondingdom-
inant vector is � � �xÖ:�%#$#$#���Ö , J�/ « . The representationæ �¼� , is of course
one-dimensional.The Youngdiagramis of rectangularshapewith � rows andÖ ��< ;`� � columns. The numberof suchdiagramsis equalto the dimension
of the space� � � & , SL³ . It is not difficult to seethat the hook formula givesthe
formula ��È¯É � � � & , SL³ � � < ;`,�á «K �ï»p! ��� ���V,�á ��� �ØË�,�á$NVNVN��"á��Ö £ � ���V,�á$NVNVN Ö á #

Thestandardtableauxon theset =�<�? of size Ö � � definedin Chapter1 cor-
respondto standardYoung diagramswhich are filled in sucha way that if we
write the set =#f>?�� =�< ;"? as the disjoint union of < subsetsfB� �%#$#$#�� ;�j � f'; £� �$#$#%#%� Ë�;�j �$#%#$#�� f � <��Ô�¢,�; �$#$#%#%� < ;�j , then eachcolumn consistsof � numbers
taken from different subsetsof =�< ;"? . Moreover, for a homogeneousstandard
tableauwe have to take exactly ; numbersfrom eachsubset. The generalfor-
mulafor thedimensionof thespacePolA � Pol9 � �\,v, SL³ is not known for 7 4/� .
Bibliographical notes

Thenotionof acovariantof aquantic(i.e.,ahomogeneousform) goesbackto A.
Cayley. It is discussedin all classicalbooksin invarianttheory. The fact that a
covariantof a binaryform correspondsto a semiinvariantwasfirst discoveredby
M. Robertsin 1861([91]). It canalreadybe found in Salmon’s book [97]. The
resultthatthealgebraof covariantsof abinaryform is finitely generatedwasfirst
provedby P. Gordan[38] (seealsoclassicalproofsin [28], [39]). A modernproof
canbe found in [113]. Theorem5.4 appliedto theactionof �Ê� SL � �:, on the
algebraPol� Pol9 � �6,v, is a generalizationof Gordan’s Theorem. The first proof
of this theoremwasgivenby M. Khadzhiev [61]. Our expositionof themodern
theoryof covariantsfollows [89]. The algebraof covariantsof binary forms of
degree ; wascomputedby P. Gordanfor ;ãD �

([38]) andby F. von Gall for
degree ;Y��� �O� ([36], [35]) (theproof of completenessof thegeneratingsetfor;Y�N� maynot be correct). For ternaryforms thecomputationsareknown only
for formsof degree3 ([37], [42]) andincompletefor degree4 ([98], [19]) (athesis
of EmmyNoetherwasdevotedto suchcomputations).Combinantsof two binary
forms of degrees� ;�! � ; � , areknown in thecases;º! � ; � D � ([96]; seea modern
accountof the case;º!2�4; � �øH in [81]). Also known arecombinantsof two
ternaryformsof degrees� ;º! � ; � ,�� � Ë � Ë�, �¢� Ë � HÌ, ([28]).
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Thetheoryof linearrepresentationsof reductivegroupsis asubjectof numer-
oustextbooks(see,for example,[34], [52]). For the historicalaccountwe refer
the readerto [7]. TheCayley-Sylvesterformulawasfirst provenby Sylvesterin
1878(seehistoricalnotesin [109]). Otherproofsof theCayley-Sylvesterformula
canbe found in [108], [109], [113]. Hermite’s Reciprocitygoesbackto 1854.
Onecanfind moreaboutplethysmsfor representationsof GL � in [34]. Therela-
tionshipbetweenYoungdiagramsandstandardtableauxis discussedin numerous
books(see[64], [113], [121]).

Exercises

5.1 Let X � Pol9 � â:,W� PolC � �:, be a covariantof degree < and order _ and¡ J PolA ] � PolC � �:,v, SL ÎÐÏpÑ beaninvariant.Considerthecompositionandcompute
its degreeandweight.

5.2Let Hess � Pol� � 8`��,Q� Pol� � 8¦�	, betheHessiancovariant.Show thatit defines
a rational map of degree3 from the projective spaceof planecubic curves to
itself. [Hint: By a projective transformationreducea planecubicto a Hesseform� �¶ £ � � ! £ � �� £ g � ¶ � ! � � � ¥ andevaluatethecovariant.]

5.3Usingthesymbolicexpressionof covariantsdescribeall covariantsof degree� on thespacePol� 8 « , .
5.4Find a covariantof degree2 andorder2 on thespacePol� � 8 � , . Describethe
locusof indeterminacy for thecorrespondingrationalmap 
 � �ã�1
 � .
5.5Find thesymbolicexpressionfor thetransvectantÄ « .
5.6Find all covariantsof degree3 for binaryforms.

5.7Definethe � th transvectant � �"! �$#$#$#�� �¢«z, Î « Ñ of � homogeneousforms in � vari-
ablesby generalizingthedefinitionof thecovariant Ä « . Provethatit is aconcomi-
tantandfind its multi-degreeandorder.

5.8 Considerthe operationof taking the dual hypersurfacein projective space.
Show that it definesa contravariant on the spacePol9 � �\, . Find its order and
degreefor 7PDãË .
5.9 Let â � ¥ be a planecurve of degree4. Considerthe set of lines which
intersectit in four pointswhich make ananharmonic(or a harmonic)cross-ratio.
Show thesetof suchlinesformsa planecurve in thedualplane.Find its degree
andshow thatthisconstructiondefinesacontravariantonthespacePol� � 8¦�z, . Find
its degree.
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5.10 Let � be a finite groupwhich actson a finitely generateddomain � . As-
sumethat the action is faithful (i.e., only Ma� � acts identically). Show that
for any irreduciblerepresentationM Ø of � the rank of themoduleof covariants
Hom� M oØ � ��, d is equalto

��È¯É M Ø . [Hint: Usethefactthateachirreduciblerepre-
sentationis containedin theregular representation(realizedin thegroupalgebra8�=�� ? of � ) with multiplicity equalto its dimension.]

5.11Let § beafinitely generatedabeliangroupandlet 8�= §ã? beits groupalgebra
overafield 8 . Show

(i) � � §L,ä� Specm� 8�= §ã?], is anaffine algebraicgroup.
(ii) � � §/, ö� û «A if andonly if § is free.
(iii) Thegroupof rationalhomomorphisms� � §/,ä� û A is naturallyisomor-

phicto § , andthegroupof rationalhomomorphismsû A � � � §/, is isomorphic
to § o � HomÀ � § � /w, .

(iv) Eachclosedsubgroupof � � §L, is isomorphicto � � §Ã0ú, where §�0 is a
factorgroupof § .

(v) Thereis abijectivecorrespondencebetweenclosedsubgroupsC of � � §/,
andsubgroupsof § .

5.12Find the roots,dual roots,dominantweights,andfundamentalweightsfor
thegroup �h� SL« .
5.13Let æ �u� , bea representationof � with highestweightvector ª .

(i) Let õ �b8`ª be the line spannedby ª . Show that thestabilizer � ó � fVMëJ���"M�N õ � õ j is aparabolicsubgroup
Í

(i.e.,aclosedsubgroupcontainingaBorel
subgroup).

(ii) Show thatthemap M0�1M\NVª definesaprojectiveembeddingof thehomo-
geneousspace�\� Í �1
 � æ �u� ,�, .

(iii) Considerthecase�h� GL « and � �clÅ� is oneof thefundamentalweights.
Show that �:� Í is isomorphicto theGrassmannvarietyGr�¯° « andthemapdefined
in (ii) is thePlückerembedding.

5.14In thenotationof section5.1show that �h�Læ � lä!^, for thegroup �h� SL � �\, .
Show thatthereis anisomorphismof Pol� Mh, d -modules

Pol� Mh, p ö � Î° C�»�¶ Pol� Mh, Î CO� ò Ñ #
5.15Let C bea subgroupof � � SL« which containsthesubgroup� of upper
triangularmatrices.
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(i) Show that for any highestweight module æ �u� , onehas
��È¯É l æ �u� , p D �

and the equality takesplaceif andonly if C is containedin the stabilizerof a
highestweightvector.

(ii) Let � � CK, be the set of � for which the equality holds. Show that for
any action of � on  � Specm� ��, there is an isomorphismof � d -modules� p ö � Ë g ¿E� Î p Ñ � Î g Ñ #

(iii) Considertheexampleof C from thepreviousproblemandfind � � CY, .
5.16 Let

��È·É � �1Ë andchar� 8º,>� ¥ . Show that thereis an isomorphismof
SL � �\, -modules

Pol� � Pol9 � �:,v, ö� ° �¯µ`¶ Pol� � S ��� � �\, #
5.17Let � beasin thepreviousexercise.Find thedecompositionof theGL � �\, -
modulePol� � �6, ú PolA � �\, into irreduciblesummands(theClebsch–Gordande-
composition).

5.18Find anirreduciblerepresentationof GL � with highestweightequalto l�! £l � .



Chapter 6

Quotients

6.1 Categoricaland geometricquotients

Let � beanaffine algebraicgroupacting(rationally, asalways)on analgebraic
variety  overanalgebraicallyclosedfield 8 . Wewouldliketo definethequotient
variety ���� whosepoints are orbits. As we explainedin Chapter1 this is a
hopelesstaskdueto theexistenceof nonclosedorbits. Sowe needto modify the
definition of ���� ; for this we look first at the categorical notion of a quotient
objectwith respectto anequivalencerelation.

Let �  �  , bea settogetherwith anequivalencerelation
 *Ç �  . The

canonicalmap _ �¦ � ��  hastheuniversalpropertywith respectto all maps�h�Q � ( suchthat
 *Ê ���K � � �í�í��, S ! � k �×, . Also we have

 � � e xnQ  � �´_ � _ , S ! � k e xnQ , # This equalityexpressesthe propertythat the
fibersof themap _ aretheequivalenceclasses.Let usexpressthis in categorical
language.Let � beany category with fiberedproducts.We defineanequivalence
relation on an object  asa subobject

 *k �y (or moregenerallyjust a
morphism

 �  �  ) satisfyingtheobviousaxioms(expressedby meansof
commutative diagrams). Thenwe definea quotient ��  asan object in � for
which thereis a morphism_ �� � ��  having the universalpropertywith
respectto morphismsU� ( suchthat

 ����  factorsthroughamorphism �1 ���2 . By definitionthereis acanonicalmorphism �� � e xnQ6 # (6.1)

Note that, in general,thereis no reasonto expect that in generalthe morphism
(6.1)will beanisomorphismor anepimorphism.

91
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Let ñL�Å� �  �  be an algebraicaction. We saythat the pair �  � ñG, is
a � -variety andoftendrop ñ from the notation. Let �U�Å� �5 �  �5 be
the morphism � ñ � pr� , . This morphismshouldbe thoughtof asan equivalence
relationon  definedby the action. A � -equivariantmorphismof � -varieties
correspondsto amorphismof setswith anequivalencerelation.Thedefinitionof
a � -equivariantmorphism � �r � ( canberephrasedby sayingthat themap� factorsthroughthenaturalmorphism1����4�  �[ ; this correspondsto
theproperty � � � ��, �  ,+* k . Thissuggeststhefollowing definition.

Definition. A categorical quotientof a � -variety  is a � -invariantmorphism_ �ä � ( suchthat for any � -invariantmorphism Mã�� � } thereexists
a uniquemorphism .Mí�×(�� } satisfying .M-c _ �sM . A categorical quotientis
calleda geometricquotientif theimageof themorphism� equals ���� . We
shalldenotethecategoricalquotient(resp.geometricquotient)by _ �"4���� ���
(resp._ �"��1���� ). It is defineduniquelyup to isomorphism.

A differentapproachto defininga geometricquotientis asfollows. We know
how to definea geometricquotientasa set;we next discusstopologicalspaces.
We put the structureof a topologicalspaceon ���� so that the canonicalpro-
jection _ �� � ���� is continuous.The weakesttopologyon ���� for which
this will betrue is thetopologyin which a subset�ó*a��  is openif andonly
if _ S ! � �O, is open. Then we examineringed spaces,whosedefinition is given
in termsof choosinga classof functionson  (e.g. regular functions,smooth
functions,analytic functions). If

³ J�õ � �O, is a function on � *4��  , then
thecomposition_ o � ³ , � ³ c _ mustbe a function on _ S ! � �O, . It is obviously a� -invariantfunction. Using this remarkwe candefinethe structureof a ringed
spaceon ��  by setting õ � �O,6�øõ �ï_ S ! � �O,v, d . This makes _ �Å � ��  a
categoricalquotientin thecategory of ringedspaces.Finally, we want thefibers
of _ to beorbits;this is theconditionthatthemorphism(6.1) is anisomorphism.

Definition. A goodgeometricquotientof a � -variety  is a � -invariantmor-
phism_ �"U� ( satisfyingthefollowing properties:

(i) _ is surjective;

(ii) for any opensubset� of ( , theinverseimage_ S ! � �O, is openif andonly if� is open;

(iii) for any opensubset � of ( , the naturalhomomorphism_ o �Éõ � �O,5�õ �ï_ S ! � �O,v, is anisomorphismontothesubring õ �ï_ S ! � �O,v, d of � -invariant
functions;
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(iv) theimageof �h�B���[U�  �W is equalto  ���� .

Proposition 6.1. A goodgeometricquotientis a categorical quotient.

Proof. Let Ô �Å � } be a � -invariantmorphism. Pick any affine opencoverf��T�ujV� ¿ Ú of } . For any �T� the inverseimage Ô S ! � �T�], will be an open � -invariant
subsetof  . Then we have the obvious inclusion Ô S ! � ����,d* _ S ! � �×�], , where�Å�q� _Å� Ô S ! � ����,�, . Comparingthe fibersover points ' J�( andusingproperty
(iv) (whichsaysthatthefibersof _ areorbits),weconcludethatin fact Ô S ! � ����,Q�_ S ! � �×��, . By property(ii), �Å� is openin ( . Since_ is surjective we getanopen
cover f"�Å�±jV� ¿ Ú of ( . Themap Ô S ! � �T�],Q� ��� is definedby ahomomorphism� �×�1õ � �T�x,Q� õ � Ô S ! � ����,v,Q�Rõ �´_ S ! � �Å�],v, #
Since Ô is a � -invariantmorphism,the imageof � � is containedin the subringõ �´_ S ! � �×��,v, d of õ � �Å�x, . This definesa uniquehomomorphismõ � �T�],O� õ � �×�], ,
andhenceauniquemorphism .Ô��Å�º�Å��� ��� (because�T� is affine). It is immediately
checked that the maps ._ � agreeon the intersections�×�p3{��� , andhencedefinea
uniquemorphism .Ô-�Ì(a� } satisfyingÔ � .Ôwc _ .
Proposition 6.2. Let _ �� � ( be a � -equivariantmorphismsatisfyingthe
following properties:

(i) for any opensubset� of ( , the homomorphismof rings _ o �bõ � �O,[�õ �ï_ S ! � �O,v, is an isomorphismontothesubring õ �ï_ S ! � �O,v, d of � -invariant
functions;

(ii) if M is a closed� -invariantsubsetof  then_�� Mh, is a closedsubsetof ( ;

(iii) if Më! � M � areclosedinvariantsubsetsof  with M{!�3�M � ��� , then_�� Më!�,�3_Å� M � ,���� .
Undertheseconditions_ is a categorical quotient.It is a goodgeometricquotient
if additionally

(iv) theimageof ���B���[U�1 �[ is equalto  ���2 .

Conversely, a goodgeometricquotientsatisfiesproperties(i)–(iv).

Proof. This is similar to thepreviousproof. With thesamenotation,letMK���ãè´QÔ S ! � �T�], #
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This is a closed � -invariantsubsetof  , hence,by (ii), �Å�O�U(ì´ _Å� MY�], is an
opensubsetof ( . Clearly, _ S ! � �Å��,�*øÔ S ! � ����, . Since � � MY�\�v� , by (iii) we
have � � _�� MK��,>��� , hence ( ��� � �Å� . Now composingthe homomorphisms� ��� õ � ����,�� õ � Ô S ! � �T�],v, d with therestrictionhomomorphismõ � Ô S ! � ����,v, d �õ �ï_ S ! � �Å��,v, d � õ � �Å��, we get a homomorphismõ � ����,�� õ � �×�], . Since �T� is
affinethisdefinesamorphism�×��� �T� whosecompositionwith _ � _ S ! � �Å��,�� �Å�
is the map ÔR� _ S ! � �Å��, � ��� . Gluing togetherthesemorphismswe construct(1� } as in the proof of Proposition6.1. This shows that ( is a categorical
quotient.

Let uscheckthatundercondition(iv) _ �� � ( is a goodgeometricquo-
tient. First we seethat _ is surjective. Indeed,(i) implies that _ is dominantand
(iii) impliesthat _Å�  , is closed.Also property(ii) impliesproperty(ii) of thedef-
inition of a goodgeometricquotient.In fact,if _ S ! � �O, is open,then  ´ _ S ! � �O,
is closedand � -invariant.Since_ is surjective,its imageis equalto (R�Ø� andis
closed.Therefore� is open.Thischecksthedefinition.

Conversely, assume_ �� � ( is a goodgeometricquotient. Properties(i)
and (iv) follow from the definition. Let us checkproperties(ii) and (iii). The
set ���  ´OM is openand invariant. Sincethe fibers of _ are orbits, ���_ S ! �´_Å� �O,�, andhence_�� �O, is open. For the samereason,M � _ S ! �ï_Å� Ma,�, and
hence_Å� Mh, �î(ì´ _Å� Mh, is closed. Furthermore,Më!ä3üM � � _ S ! �ï_�� Më!�,v,ä3_ S ! �´_Å� M � ,�,ä� _ S ! �ï_�� Më!�,G3 _Å� M � ,�, . Thischecksproperty(iii).

Corollary 6.1. Under theassumptionsfromtheprecedingProposition,themap_ �"�� ( satisfiesthefollowing properties:

(i) twopoints���v� 0ZJ[ havethesameimagein ( if andonlyif �LN � 3 �/N � 0 N�� ;
(ii) for each ' JY( thefiber _ S ! ��' , containsa uniqueclosedorbit.

Proof. In fact, the closuresof orbits areclosed � -invariantsubsetsin  . So if�LN � 3 �LN � 0 ��� , _Å� �LN � ,Ù3 _Å� �LN � 0 ,>��� . But both setscontainthe point_Å�]� , � _Å�]� 0 , . Conversely, if _Å��� , N� _Å��� 0 , , we get that ��N � and �|N � 0 lie in
differentfibers.Sincethefibersareclosedsubsets,�LN � and �LN � 0 lie in different
fibers,andhencethey aredisjoint. Thisproves(i). To prove(ii) wenoticethatby
(i) two closedorbitsin thesamefibermusthavenonemptyintersection,but this is
absurd.Sinceeachfibercontainsat leastoneclosedorbit, wearedone.

Definition. A categorical quotient satisfying properties(i), (ii) and (iii) from
Proposition6.2 is calledagoodcategorical quotient.
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Remarks6.1. 1. Note that condition (ii) in the definition of a good geometric
quotientis satisfiedif we require

(ii)’ for any closed� -invariantsubset} of  , theimage_Å� }e, is closed.Also,
togetherwith condition(iii) this implies the surjectivity of the factormap _ . In
fact,condition(iii) ensuresthat themap _ is dominant,i.e., its imageis densein( . But by (ii)’, theimageof _ mustbeclosed.

2. Suppose is anirreduciblenormal � -varietyoveranalgebraicallyclosed
field of characteristic¥ , and_ ��4� ( is asurjective � -invariantmorphismsuch
that its fiber over any point ' J�( is an orbit. Then _ �� � ( is a geometric
quotient.Theproof is rathertechnicalandweomit it (see[73], Proposition0.2).

3. Thedefinitionsof categoricalandgeometricquotientsareobviously“local”
in the following sense:If _ �Z � ( is a � -equivariantmorphism,and f"�Å�±j is
anopencoverof ( with thepropertythateach_ �Å� _ S ! � �Å�x,�� �×� is acategorical
(resp.geometric)quotient,then_ is acategorical(resp.geometric)quotient.

6.2 Examples

Let usgivesomeexamples.

Example6.1. Let � be a finite group consideredas an algebraicgroup over a
field 8 . Assumethat  is quasi-projective. Thenthe geometricquotient ����
alwaysexists. In fact,assumefirst that  is affine. By Theorem3.1, thealgebraõ �  , d is finitely generatedover 8 . Let ( be an affine algebraicvariety withõ � (6,��ýõ �  , d . By thetheoremson lifting of idealsin integral extensions,the
map _ �G � (��Ó���� satisfiesproperties(ii) and(iii) from Proposition6.2.
Also, thegroup � actstransitively on thesetof prime idealsin õ �  , which lie
over a fixedprime idealof õ � (-, (see,for example,[9], ChapterV, ª 2, Theorem
2). Thisshowsthat �h�B���[U�  ���  is anisomorphism.

Now let  **
 � bequasi-projective but not necessarilyaffine. Let . bethe
closureof  . Let � *| be an orbit andlet â be a homogeneouspolynomial
vanishingon . ´� but not vanishingat any point of � . Thus � is containedin
anaffinesubset�L� .è´e� � â\, . Recallthatthecomplementof ahypersurfacein
aprojectivespaceis anopenaffinesubset.This impliesthat � , beingclosedin an
affine set,is affine. Let � � �6,Ù� � Í ¿ d � M6NÌ�O, . This is anopen � -invariantaffine
subsetof  containing � . By letting � vary, we get anopenaffine � -invariant
covering f"�Å�¼j of  . We alreadyknow thateachquotient_ �w���Å�ä� �×�]���b�b���
exists.Wewill gluethe �T� togetherto obtainthegeometricquotient_ �"U� ����
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(wereferto thegluingconstructionof algebricvarietiesin section8.2).To dothis
we observe first that �Å��3{��� is affine and �Å��3{���%��� is openin ��� and �`� ; this
follows from consideringthe affine case. Thuswe canglue �T� and �B� together
alongtheopensubset�T��� �Ô�Å�r3 ������� ; we do this for all � and � . Theresulting
algebraicvariety ( is separated.In factwe usethatin theaffinesituation� i!w�[ � ,�� � �6!Ù�Y� � , ö � i!����6!��W � ��� � �
where �6!e�y� � actson i!O�  � by the Cartesianproductof the actions.Thus
theimageof

k e 3 � �Å�+�ë����, in � �Å�Q�ë����,v� � �Ô� �\, ö� �Å�����Ó�ë������� is closed,
and,as is easyto see,coincideswith

k �53 � ���w� �B�%, . This shows that
k � is

closed. It remainsto prove that ���� is quasi-projective; we shall do this later.
Note that, if  is not a quasi-projective algebraicvariety, ���� maynot exist in
the category of algebraicvarietieseven in the simplestcasewhen � is of order
2. The first exampleof suchan actionwasconstructedby M. Nagata([75]) in
1956andlater a simplerconstructionwasgiven by H. Hironaka(unpublished).
However, if we assumethat eachorbit is containedin a � -invariantopenaffine
subset,thepreviousconstructionworksand ���� exists.

Example6.2. Let �F��� Î�ï»�¶ ��� beafinitely generated8 -algebrawith ageometric
grading(seeExample3.1). Considerthe correspondingactionof û A on  �
Specm� �O, . Let � ¶ be the vertex of  definedby the maximal ideal � Î�ï»p! �m� .
Thentheopensubset¬0º�� ´ � ¶ is invariantandthegeometricquotient�� ��û A
existsandis isomorphicto theprojective varietyProjm� �O, . We leave thedetails
to thereader.

Example6.3. Let C beaclosedsubgroupof anaffinealgebraicgroup � and �\��C
be thecosetspace(seeExample3.3). Thecanonicalprojection � � �:��C is a
goodgeometricquotient.We omit theproof, referringthereaderto [52], IV, 12,
whereall conditionsof thedefinitionareverified.

Let usshow now thatthecategoricalquotientof anaffinevarietyalwaysexists.
Wewill needthefollowing lemma.

Lemma 6.1. Let  be an affine � -variety, and let }�! and } � be two closed � -
invariant subsetswith }�!Æ3P} � ��� . Assume� is geometricallyreductive. Then
thereexistsa � -invariant function

³ J�õ �  , d such that
³ � }Ù!�,Q� ¥º� ³ � } � ,bN� ¥¦#

Proof. First choosea function �ãJ�õ �  , , not necessarily� -invariant,suchthat� � }�!�,w� ¥º� � � } � ,w�Ó� # This is easy:sincethesumof the idealsdefining }Ù! and} � is theunit ideal,we canfind a function � JØ¡ � }Ù!�, anda function
� JØ¡ � } � ,
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suchthat �m� � £ � . Thenwetake �5� � . Let M bethelinearsubspaceof õ �  ,
spannedby the translatesM o � �+, � MLJ�� . We know that it is finite-dimensional
(Lemma3.4); let ��! �$#$#%#�� � � be a basis. Considerthe map �b�� � ) � de-
fined by thesefunctions. Clearly, � � }�!@,:� �u¥¦�$#$#$#��z¥ , � � � } � ,q� � � �$#%#$#%� �V, . The
group � actslinearlyon theaffinespace,defininga linearrepresentation.By def-
inition of geometricallyreductive groups,we canfind a nonconstant� -invariant
homogeneouspolynomial â J/8�= }�! �%#$#$#%� } � ? suchthat â � � �$#$#$#�� �¢,æN� ¥ . Then³ �L��o � â:,Q�Fâ � ��! �$#$#%#%� � � , satisfiestheassertionof thelemma.

Now wearereadyto prove thefollowing mainresultof this chapter:

Theorem6.1. Let � beageometricallyreductivegroupactingonanaffinevariety . Thenthe subalgebra õ �  , d is finitely generatedover 8 , and the canonical
morphism_ �"U� (a� Specm� õ � P, d , is a goodcategorical quotient.

Proof. Thefirst statementis Nagata’sTheoremprovenin Chapter3. To show that_ is a goodcategoricalquotient,we applyProposition6.2. First of all, property
(i) easilyfollowsfrom thefactthattakinginvariantscommuteswith localizations.
More precisely, if �/Jñõ �  , d , then � õ �  ,�Ì¢, d � � õ �  , d ,�Ì ; this is easyand
we skip the proof. Next let } be a closed � -invariant subsetof  . Suppose_Å� }e, is not closed.Let ' J _Å� }O,\´ _�� }O, . Then Më!�� } and M � � _ S ! ��' , are
two closed � -invariantsubsetsof  with emptyintersection.By the preceding
Lemma,thereexistsa function

³ J�õ �  , d suchthat
³ � }O,�� ¥¦� ³ �´_ S ! ��' ,�,w�Ó� .

Since
³ � _ o � �+, for some�yJ�õ � (:, , weobtain � �´_Å� }O,�,Q� ¥º� � ��' ,Q�a� . But this

is absurdsince ' belongsto theclosureof _Å� }O, . This verifiescondition(ii). Now
let }Ù! and } � betwo disjoint � -invariantclosedsubsetsof  . As abovewefind a
function �ØJ�õ � (:, with � �ï_Å� M{!v,�,�� ¥º� � � M � ,ä�Ô� . This obviously impliesthat_Å� }Ù!�,G3 _�� } � ,���� . Thisverifies(iii).

Example6.4. Wehavealreadydiscussedthisexamplein Chapter1. Let �h� GL �
acton itself by theadjointaction,i.e. MmN � �RM � M S ! . For eachmatrix M�J GL � we
considerthecharacteristicpolynomial����� � M\�{ @¡ � ,ä� � �� �, � £ �V! � Mº, � �� �, � S ! £ NVNVN £ � � � Mº, #
Define a regular � -equivariant map �a� GL � � ) � by the formula � � Mº,í�� �$! � Mº, �$#$#$#�� � � � M�,�, # We claim that this is a categorical quotient. To checkthis it
is enoughto verify that õ � �\, d �L8�=��V! �%#$#$#%� � � ,@? ö� 8�= }Ù! �$#$#$#�� } � ? ; this is whatwe
did in Chapter1. It is clearthatthefiber of � doesnot consistof oneorbit, sothe
quotientis notageometricquotient.
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6.3 Rational quotients

We know that neither ���� nor �� ��� exists in general. So a naturalproblem
is to find all possibleopensubsetsof  for which the categorical or geometric
quotientexists. Geometricinvarianttheorygivesa solutionto this problemwhen
weadditionallyassumethatthequotientis aquasi-projectivealgebraicvariety.

Let usfirst show thatany opensubset� for which a geometricquotient �����
exists must be containedin a certainopensubset reg. We will assumein the
sequelthat � is connected.Otherwise,we considerits connectedcomponent�3�
containingthe identity element. It is a normal closedsubgroupof � and the
quotient �\���3� is a finite group. It is easyto see(seeExercise6.11)thatwe can
divide by � in two steps:first divide by �3� , andthendivide thequotientby the
finite group �:��� � .

For any point � JW wehavea regularmapñ-÷:�B�h�1 � M 7� ñ � M �v� ,Ù� �RM6N ��#
Clearlytheimageof this mapis the � -orbit O �]� , of thepoint � .

Thesettheoreticalfiberof thismapatapoint � is denotedby �b÷ andis called
the isotropy subgroupof � in the action ñ . It is a closedsubgroupof � , hence
anaffine algebraicgroup. If char� 8�,Ù� ¥ , thesettheoreticalfiber of ñ-÷ coincides
with theschemetheoreticalfiber (or, in otherwords,thelatteris a reducedclosed
subschemeof � ). We arenot going to prove this; to do sowe would have to go
into the theoryof groupschemesandprove the fundamentalresultof the theory
thateverygroupschemeoverafield of characteristiczerois reduced.

Sinceall fibersof ñ-÷ over pointsin O ��� , areisomorphic(they areconjugate
subgroupsof �Ð÷ ), thetheoremon thedimensionof fibers(see[102]) gives��È·É

O ��� ,�� �ºÈ¯É �L� ��È¯É �b÷ # (6.2)

If O ��� , N� O ��� , , thecomplementO ��� ,ÿ´ O ��� , is a properclosedsubsetof O ��� , ,
henceits dimensionis strictly lessthan

�ºÈ¯É
O �]� , . Takeany ' J O �]� , ´ O �]� , and

considerits orbit O ��' , . Since
��È¯É

O ��' ,bE ��È·É O ��� , , applying(6.2) to ' we see
that ��È¯É �b÷FE ��È¯É ��� # (6.3)

Let ¡0� X S ! � k e ,��af � M �v� ,�JY�Ô�W �"ñ � M �v� ,Q� � j #
This is a closedsubsetof �b�Y . Considerthesecondprojectionpr� �p¡>�  .
Its fiber over a point � J� is isomorphicto the isotropy subgroup�b÷ . By the
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theoremonthedimensionof fibersappliedto pr� , thereexistsanopensubset reg

of  suchthat
��È·É �b÷e�L; for all � J[ reg and

��È¯É �Ð÷F4�; for all � NJ[ reg.
Applying (6.2)weobtainthatfor any � JW reg theorbit O �]� , is closedin  reg

andhasdimensionequalto
�ºÈ¯É �L�Ø; . Also, any otherorbit in  hasdimension

strictly lessthan
��È¯É �y�W; . Let � beany � -invariantopensubsetof  for which

a geometricquotient �1� ����� exists. We assumethat  is irreducible. So_ � ���a3y reg N��� andhencesomeof the orbits in � must be of dimension��È¯É �Ø�[; . By thetheoremondimensionof fibersall fibersof _ � havedimension
greaterthanor equalto

��È·É �P��; andhenceall fibersof _ � havedimensionequal
to
��È·É �F�y; . Thereforethey arecontainedin  reg andhence�a*� reg.
Thuswe get a necessaryconditionfor the existenceof ����� : � mustbe an

opensubsetof  reg.

Theorem 6.2. (M. Rosenlicht) Assume is irr educible. Then  reg containsan
opensubset� such that a goodgeometricquotient �a� ����� existswith quasi-
projective �w��� . Thefield of rational functionson ����� is isomorphicto thesub-
field 8 �  , d of � -invariant rational functionson  .

Proof. Theproof is easyif weassumeadditionallythat � is geometricallyreduc-
tiveand  is affine. Let ( beanalgebraicvarietywith field of rationalfunctions
isomorphicto 8 �  , d ; sucha ( alwaysexistssince 8 �  , d is of finite transcen-
dencedegreeover 8 . Considertherationaldominantmap reg � ( definedby the
inclusionof thefields 8 �  , d *ã8 �  , . By deletingsomesubsetfrom  reg wefind
a � -invariantopensubset�ì*� reg anda regularmapfrom �P���/� ( . Replac-
ing ( by anopensubsetwe mayassumethat � is surjective. This is condition(i)
from thedefinitionof agoodgeometricquotient.For any opensubset� */� we
have an inclusion õ � �6,»*�8 � (-,m�|8 �  , d . Since � o � õ � �6,�,»*Âõ � � S ! � �6,�, we
seethat � o � õ � �:,v,G*ìõ � � S ! � �6,�, d . Conversely õ � � S ! � �:,v, d *h8 �  , d ��8 � (:,
andhenceõ � � S ! � �\,v, d *ìõ � �:, . Thuswe have checkedcondition(i) of Propo-
sition 6.2. Since � is � -invariant,thefibersof � areunionsof orbits. Sinceany
orbit in  reg is closedin  reg, it is closedin � . By Lemma6.1 we canseparate
closedinvariantsubsetsby functionsfrom õ � �\, . This shows that thefibersof �
areorbits. This checkscondition(iv). Theconditions(ii) and(iii) of Proposition
6.2arecheckedby usingtheargumentfrom theproof of Theorem6.1.

Let usgive an ideafor theproof in thegeneralcase.For thedetailswe refer
to the original paperof Rosenlicht([93]; seealso [89], 2.3). Sincewe do not
assumethat  is affine, evenif � is geometricallyreductive we cannotseparate
the closedorbits containedin the fibersof the map �h���4� ( . Considerthe
genericfiber of � asanalgebraicvariety �*� over thefield m1��8 � (-,���8 �  , d #
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Let .m bethealgebraicclosureof m . Thegroup � � .mP, actson �R� � .m , andthefield
of invariantrationalfunctionsis isomorphicto .m . All orbits of � � .mP, have the
samedimension.Supposethata group � actson an irreduciblequasi-projective
variety  *Ó
 & suchthat all orbits areof the samedimensionandclosed. We
definea mapfrom  to theChow varietyparametrizingclosedsubsetsof 
 � of
thesamedimension; (see[73], Chapter4, ª 6) by assigningto apoint � JK the
closureof theorbit �/N � . If theimageis of positivedimension,we canconstruct
a nonconstantinvariantfunction on  by taking the inverseimageof a rational
function on the image. Otherwisethe imageis onepoint, andwe obtainthat 
consistsof oneorbit. Applying this argumentto �*� � .mP, we seethat it consists
of oneorbit. This implies that thereis an opensubsetof ( suchthateachfiber
consistsof oneorbit. Again deletinga closedsubsetfrom ( we mayassumethat( is nonsingular. Sincethedimensionof all orbitsis thesame,themorphism� is
open;this is calledChevalley’s criterion (see[6], p. 44). This verifiescondition
(ii) of thedefinitionof agoodgeometricquotient.Theremainingconditionshave
beencheckedalready.

Corollary 6.2. Thetranscendencedegreeof 8 �  , d isequalto
�ºÈ¯É Ø� ��È¯É � £ ; ,

where ;-� É È9� ÷ ¿ e f �ºÈ¯É �Ð÷"j .
Any modelof 8 � P, d is calleda rational quotientof  by � . We seethat containsan opensubsetsuchthat a goodgeometricquotient ����� exists and

coincideswith a rationalquotient.

Bibliographical notes

Thenotionsof a categoricalandgeometricquotientsareoriginally dueto Mum-
ford ([73]). Many booksdiscussdifferent versionsof thesenotions(see[63],
[80]). Many interestingresultsaboutthestructureof fibersof thequotientmaps
havebeenomitted;we referto [89] for asurvey of theseresults.

Exercises

6.1 Let û r act on ) � by the formula  �N � 1�! � 1 � ,-� � 1�! � 1 � £  "1�!v, . Considerthe
map ) � � ) ! ��� 1�! � 1 � ,+7� 1�! . Is it a categoricalquotient?If so,is it a geometric
quotient?
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6.2Let û A acton ) � by theformula  rN � 1�! �$#$#$#�� 1 � ,ä� �   Ó ® 1�! �$#%#$#%�   Ó ò 1 � , for some
positive integers Ô'! �$#$#$#�� Ô � coprimeto char� 8�, . Let �Ê� 8�= ÄÅ! �$#$#$#�� Ä � ? with the
correspondinggeometricgradingdefinedby theaction. Show that thegeometric

quotient
ß ) � ´\f ¥ j à ��û A (seeExample6.2) is isomorphicto a quotientof 
 � S !

by afinite group.

6.3 Let � � � � ¿�À �m� be a gradedfinitely generated8 -algebra,and � Î Ò Ñ �� � ¿%À � Ò � . Show that, if Ñ is coprimeto char� 8�, , � Î Ò Ñ ��� d , where � is a cyclic
groupof order Ñ .
6.4Constructacounterexampleto Lemma6.1when �h�lû r is theadditivegroup.

6.5In thenotationof Nagata’sTheoremshow thatfor any opensubset� of ( , the
restrictionmap _ S ! � �O,Ù� � is a categoricalquotientwith respectto theinduced
actionof � .

6.6Describetheorbitsandthefibersof thecategoricalquotientfrom Example6.4
when 7[�FË .
6.7 Show that the categorical quotientof Pol� Pol� � 8 � ,�, by SL� is isomorphicto) ! . Describetheorbitsandthefibersof thecategoricalquotient.

6.8 Let � act on an irreducibleaffine variety  and let �Ô�� � ( be a � -
invariantmorphismto anormalaffinevariety. Assumethatcodim� (O´¦� � P, � (\,�ÙË andthat thereexists an opensubset� of ( suchthat for all ' JÇ� the fiber� S ! ��' , containsadenseorbit. Show that ( ö� �� ��� .

6.9 Let � bea finite groupof automorphismsof an irreduciblealgebraicvariety.
Prove that 8 � ����:,Q�F8 �  , d .
6.10Show by examplethat in generalthefield of fractions Ò � � d , of thering of
invariants� d is not equalto Ò � �O, d . Prove that Ò � � d ,w�aÒ � �O, d if � is a UFD
andany rationalhomomorphism�h� û A is trivial.

6.11Let � beanalgebraicgroupactingregularly on analgebraicvariety  and
let C beaclosedinvariantsubgroupof finite index. Supposethatageometricquo-
tient (|�h���� exists. Show thatgeometricquotients���C and � ���CY,�� � �\��CY,
exist and ���� ö� � ���CY,v� � �\��CY, . Is thesametruewithoutassumingthat C is of
finite index?





Chapter 7

Linearization of actions

7.1 Linearized line bundles

Wehaveseenalreadyin theproofof Lemma3.5thata rationalactionof anaffine
algebraicgroup � on an affine variety  canbe “linearized”. This meansthat
we can � -equivariantlyembed in affine space) � on which � actsvia a linear
representation.We provedthis by consideringthelinearspacespannedby the � -
translatesof generatorsof thealgebraõ � P, . In this chapterwe will do a similar
constructionfor a normalprojective algebraicvariety. This will beour maintool
for constructingquotients.

Recallthata regularmapof a projective variety  to theprojectivespace
 �
is definedby choosinga line bundle æ (or equivalently an invertiblesheaf � ofõ e -modules,or a Cartierdivisor � ) andasetof its sectionsI$¶ �$#$#%#%� I � . Themap
is definedby sending� Jí to thepoint � I$¶ �]� , �$#$#%#%� I � ��� ,v, Jy
 � . This point is
well-definedif for any � JL thereis a section I%� suchthat I%� �]� ,�N� ¥ . Often
we will be taking for � IV¶ �$#$#$#�� I � , a basisof thespaceof sections� �  � æä, of æ .
The conditionabove saysin this casethat for any � JF thereexists a sectionIPJ�� �  � æä, suchthat I ��� ,�N� ¥ . We sayin this casethat æ is base-point-free.
Let

³X� �Ìî� 
 � bea mapdefinedby abase-point-freeæ . Of course,it depends
on thechoiceof a basis;differentchoicesdefinemapswhich arethesameup to
compositionwith a projective transformationof 
 � . If

³��
is a closedembedding,æ is calledveryample. If æ & �Ð�Ôæ � & is very amplefor somef 4 ¥ , then æ is

calledample.
We will often identify æ with its total space� � æä, , which comeswith a pro-

jection   �¡� � æ�,y�  ; locally � � æ�, is the productof  and the affine line

103
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) ! .
Definition. A � -linearizationof æ is anaction .ñP�B���Yæy� æ suchthat

(i) thediagram ���Yæ Uç���T�%� æ
id
¶£¢�¤¤¥ ¢ ¤¤¥�Ç�[ ç���T�%� 

is commutative,

(ii) thezerosectionof æ is � -invariant.

A � -linearizedline bundle(or a line � -bundle) over a � -variety  is a pair� æ � .ñG, consistingof a line bundle æ over  andits linearization.A morphismof� -linearizedline bundlesis a � -equivariantmorphismof line bundles.
It follows from thedefinition that for any MYJØ� andany � J{ the induced

mapof thefibers .ñ-÷ � M�,ä�BæP÷O� æPÍz¹ ÷
is a linearisomorphism.

Wecanview thesetof suchisomorphismsasanisomorphismof line bundles

.ñ � M�,Ù�"æy� M o � æä, �
whereweconsiderM�JY� asanautomorphism� �1MON � of  . Theaxiomsof the
actionstranslateinto thefollowing 1-cocyclecondition:

.ñ � MBM 0 ,�� .ñ � M 0 ,Gc�M 0 o � .ñ � Mº,�,Ù�Bæy��M 0 o � æä,���M 0 o � M o � æ�,�,�� � MBM 0 , o � æ�, # (7.1)

Thecollectionof the isomorphisms.ñ � Mº, canalsobe viewedasan isomorphism
of vectorbundles X � pro� � æ�,���ñ o � æ�, #
Thecocycle condition(7.1) is translatedinto a conditionon X which canbeex-
pressedby somecommutativediagrams;this is left to thereader.

Usingthedefinitionof linearizationby meansof anisomorphismX it is easy
to defineanabeliangroupstructureon thesetof line � -bundles.If X � pro� � æä,ä�ñ o � æä, and X 0Q� pro� � æ 0ú,m� ñ o � æ 0ï, aretwo line � -bundles,we definetheir tensor
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productasthe line bundle æoúLæ 0 with the � -linearizationgivenby the isomor-
phism:X ú X 0 � pro� � æ¬ú�æ 0 ,ä� pro� � æ�,�ú pro� � æ 0 ,���ñ o � æ�ú�æä,��Fñ o � æ�,µú ñ o � æ 0 , #
Hereweusetheobviouspropertyof theinverseimage� o � æ¬ú�æ 0 ,��L� o � æä,ÿú�� o � æ 0 , #
Thezeroelementin thisgroupis thetrivial line bundle*��) ! whoselinearization
is given by the product ñ�� id �Ù� �y �{) ! �  �y) ! . This is called the
trivial linearization. The inverse � æ �
X , is equalto � æ S ! �
X 0´, with X 0 definedas
theinverseof thetransposeof X . Onechecksthat this againsatisfiesthecocycle
condition. Thestructureof anabeliangroupwhich we have just definedinduces
an abeliangroupstructureon the setof isomorphismclassesof line � -bundles.
Wedenotethis groupby Picd �  , . It comeswith thenaturalhomomorphism� � Picd � P,Q� Pic�  ,
which is definedby forgettingthelinearization.

Let us now describethe kernelof the homomorphism� . Observe first that
if �Ê� æ�� æ 0 is an isomorphismof line bundlesand X � pro� � æä,P� ñ�o � æä,
is a � -linearizationof æ , thenwe candefinea � -linearizationof æ 0 by settingX 0T�ãñ o � ��, S ! c X c pro� � ��, . Thus,if ���v� æ � .ñG,�, is isomorphicto thetrivial bundle,
wecanreplaceit by anisomorphicline � -bundleto assumethat æ is trivial. This
shows thatKer��� , consistsof isomorphismclassesof linearizationson thetrivial
line bundle æy�� �[) ! .

We denoteapoint of  �[) ! by �����  �, . For any M�JY� ,.ñ � Mº, �����  �,Q� � M:N ��� � � M �v� ,@ �, �
where� � M �v� ,äJ 8 o . Thefunction ��� � M �v� ,P7� � � M ��� , mustbearegularfunction
on  �Y) ! which is nowherevanishing.In otherwords, � J õ � �b�Y , o . The
axiomsof theactiongiveusthat

� � M`M 0 �v� ,Q�¦� � M � M 0 N � ,§� � M 0 ��� , # (7.2)

Let us seewhen two functions � � �G0 defineisomorphiclinearizations. Let gF� �ë) ! �  �ë) ! be an automorphismof the trivial bundle. It is definedby
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a formula �����  �, 7� ����� ³ ��� ,@ �, , where
³ J õ �  , o . It commuteswith theactions

definedby � and ��0 if andonly if³ � M\N � ,;� � M �v� ,�� ³ �]� ,§� 0 � M �v� , #
Or, equivalently, for any M�JK� ,

� 0 � M �v� ,Q�¦� � M ��� , ³ � MqN � ,v� ³ ��� , #
Let } !alg

� � � õ �  , o , denotethegroupof functions� satisfying(7.2)consideredas
asubgroupof thegroup õ � �h�iP, o andlet n !alg

� � � õ �  , o , beits subgroupcon-
sistingof functionsof theform M o � ³ ,v� ³ for some

³ J�õ �  , o . It followsfrom the
definitionof thegroupstructureon Picd �  , that theproductin } !alg

� � � õ �  , o ,
correspondsto thetensorproductof linearizedline � -bundles.Sotheabovedis-
cussionprovesthefollowing.

Theorem7.1. Thekernelof theforgetfulhomomorphism� � Picd �  ,Q� Pic�  ,
is isomorphicto thegroupC !alg

� � � õ �  , o ,Ù� �/} !alg
� � � õ �  , o ,���n !alg

� � � õ � P, o , #
Notethespecialcasewhenfor any integral 8 -algebram� õ �  ,�ú l mP, o �"m o úF� #

This happens,for example,when  is affine space,or when  is connectedand
properover 8 . Then õ � ���[P, o � pro ! � õ � �:, o ,
and(7.2)givesthat} !alg

� � � õ �  , o , ö � Homalg
� � � û A ,��Ð��a � �\, �

the subscriptindicatingthatwe areconsideringrationalhomomorphismsof al-
gebraicgroup. The latter groupis calledthe groupof rational characters of � .
We studiedthis groupwhen � wasa torus. Also we have M¦o � ³ ,�� ³ andhencen !alg
� � � õ � P,�oz,�� ¥ . Thusweobtain

Corollary 7.1. Assumeõ � �Ç�[ , o � pro ! � õ � �\, o , . Then

Ker��� , ö � a � �\, #
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Remark7.1. Accordingto a theoremof Rosenlicht([93]), for any two irreducible
algebraicvarieties and ( over an algebraicallyclosedfield 8 , the naturalho-
momorphism õ � P, o ú�õ � (6, o � õ �  �Y(6, o
is surjective. Let usgiveasketchof theproof. Firstweusethatfor any irreducible
algebraicvariety thegroup õ �  , o ��8 o is finitely generated.(This is not difficult
to prove by reducingto thecaseof a normalvarietyandthenfinding a complete
normal variety . containing  suchthat � � . ´: is a divisor. Then for
any �kJ5õ �  , o the divisor of � is containedin the supportof � and hence
is equalto a linearcombinationof irreduciblecomponentsof � . This definesan
injectivehomomorphismfrom thegroup õ �  , o �"8 o to afinitely generatedabelian
group.)Now assumewehaveaninvertiblefunction

³ �]���(' , on s�:( . For afixed� J� we have a function
³ ÷ ��' , � ³ �����(' ,[Jèõ � (-,^o . Since õ � (:,�o	�"8¦o is a

finitely generatedgroup,themap  � õ � (6,�o��"8ºo �v� 7� ³ ÷ ��' , modulo 8ºo must
be constant.Of courseto justify this we have to show that this mapis givenby
analgebraicfunction; this canbedone.Soassumingthis, we obtainthat

³ �]���(' ,
is equalto a function ¨ ��' , up to a multiplicative factor � �]� , dependingon � . So³ �]���(' ,Q�ã� �]� ,"¨ ��' , asasserted.

7.2 The existenceof linearization

To find conditionsfor theexistenceof a � -linearizationof aline bundlewehaveto
studytheimageof theforgetful homomorphism� . This consistsof isomorphism
classesof line bundleson  whichadmitsome� -linearization.Westartwith the
following lemma.

Lemma 7.1. Let � bea connectedaffinealgebraic group,andlet  bean alge-
braic � -variety. A line bundle æ over  admitsa � -linearizationif andonly if
thereexistsan isomorphismof line bundlesX � pro� � æä,�� ñ o � æä, .
Proof. Wealreadyknow thatthisconditionis necessary, soweshow thatit is suf-
ficient. Assumethatsuchanisomorphismexists. Theproblemis that it maynot
satisfythe cocycle condition(7.1). Let us interpret X asa collectionof isomor-
phismsX Í��Bæ{��M o � æ�, . When M-�"Ñ , theunity element,wegetanautomorphismX Ò �ræR� æ . It is givenby a function

³ J�õ �  , o . Composingall X Í with X S !Ò ,
we may assumethat X Ò � id

�
. Now the isomorphismsX Í$Í ] and M 0 o ��X Í�,�c X Í ]

differ by anautomorphismof æ . Denoteit by â � M � M 0 , sothatwehaveX Í$Í ] c�â � M � M 0 ,��RM 0 o ��X Í%,Gc X Í ] #
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The cocycle condition meansthat â � M � M�0 ,üð id
�
. So far we have only thatâ � Ñ � Mº,Y� â � M � Ñ¢,Y� id

�
for any MÔJ � . Let us identify the automorphismâ � M � M�0 , with aninvertiblefunctionon �W�Ù�[�� . By Rosenlicht’sTheoremwhich

we cited in Remark7.1, we canwrite â � M � M�0 , ��� ,i�îâ�! � Mº,�â � � M�0ï,^â � �]� , . Sinceâ � Ñ � M�0 �v� ,+ðÔ� and â � M � Ñ �v� ,Vð|� , thefunctions â � � Mº,�â � ��� , and â�! � Mº,^â � �]� , are
constants.Thus â � �]� , is constantandhenceâQ! and â � areconstants.This implies
that âRð�� # Thisprovestheassertion.

Remark7.2. Theexistenceof anisomorphismX � pro� � æä,�� ñ o � æ�, meansthat æ
is a � -invariantline bundle.Sotheprecedinglemmaassertsthatany � -invariant
line bundle admitsa � -linearizationprovided that � is a connectedalgebraic
group. The assertionis not true if � is not connected.For example,assume
that � is a finite group. The functions â � M � M�0Ð, which we consideredin thepre-
cedingproof form a 2-cocycle of � with valuesin 8 o (with trivial actionof � in8ºo ). Theobstructionfor theexistenceof a � -linearizationlies in thecohomology
group C � � � � 8 o , . The lattergroupis calledthegroupof Schur multipliers of � .
It hasbeencomputedfor many groups� and,of course,it is not trivial in general.
If we denotethesubgroupof � -invariantline bundlesby Pic�  , d , thenonehas
anexactsequenceof abeliangroups¥ � Hom� � � 8 o ,�� Picd � P,ä� Pic�  , d � C � � � � 8 o , # (7.3)

Lemma 7.2. Assumethat  is normal (for example, nonsingular)and � is a
connectedaffinealgebraic group. Let � ¶:J  . For anyline bundle æ on �|�P
wehave æ ö� pro ! � æ � ��� � ¶�,�ú pro� � æ � Ñq�[ , #
Proof. It is enoughto show that æ ö � pro ! � æÙ!v, ú pro� � æ � , for some æÙ!-J Pic� �\,
and æ � J Pic� P, ; thenit is immediatelycheckedthat æÙ! ö� æ � �Ó� � ¶ and æ � ö �æ � ÑO�� . To do thisweusethefollowing factaboutalgebraicgroups: � contains
anopenZariski subset� isomorphicto � ) ! ´ f ¥ j�, & . For GL � this follows from
thefact thatany matrix with nonzeropivotscanbereducedto triangularform by
elementaryrow transformations.Wealsousethefactthatthehomomorphismpro� �
Pic�  ,Q� Pic� ) ! ´�f ¥ j��: , is anisomorphism(see[46], Chapter2, Proposition
6.6). Thesetwo factsimply that æ � ���K ö� pro� � æ � , for someline bundle æ � on . Let � be a Cartierdivisor on �b�5 representingæ (i.e., æ ö � õ d ¶ e � ��, ).
Thentheprecedingisomorphismimpliesthatthereexistsa Cartierdivisor � � on suchthat ��0º�ã��� pro� � � � , � �*� �� ¥ . For every irreduciblecomponent� 0�
of ��0 its imagein � is containedin theclosedsubset}R�L�ü´w� . By thetheorem
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onthedimensionof fibers,thefibersof pr! �Ì� 0� � } mustbeof dimensionequal
to
��È¯É  . This easily implies that � 0� � pro ! � �6�], , where �6�F*k} . Thus ��0��

pro ! � ��!^, for someWeil (andhenceCartierbecause� is nonsingular)divisoron � .
Sowehavetheequalityof Cartierdivisors �Ó� pro ! � ��!v, £ pro� � � � , . Thistranslates
into anisomorphismof line bundlesæ ö � pro ! � õ d � ��!v,v,�ú pro� � õ e � � � ,v, .

Definenow ahomomorphismû6� Pic�  ,Q� Pic� �\, byû � æ�,�� � pro� � æä,�ú�ñ o � æ S ! ,�, � �Ç� � ¶ �
where� ¶ is achosenpoint in  . Supposeû � æä, is trivial. By theprecedinglemma
appliedto § � pro� � æä,\ú�ñGo � æ S ! , we obtainthat § � pro� � § � Ñ-�P , . But the
restrictionof ñ andpr� to Ñ-�P areequal.This implies that § is trivial, hence
thereexists an isomorphismX � pro� � æä,\� ñ o � æä, . By Lemma 7.1, æ admitsa� -linearization.Thisproves

Theorem 7.2. Let � be a connectedaffine algebraic group acting on a normal
variety  . Thenthefollowingsequenceof groupsis exact¥ � Ker��� ,Q� Picd �  , d�� Pic�  ,0©�� Pic� �:, #
Corollary 7.2. Under the assumptionof the theorem, the image of Picd �  , in
Pic�  , is of finite index. In particular, for any line bundle æ on  there existsa
number7 such that æ � � admitsa � -linearization.

Proof. Use the fact that for any affine algebraic 8 -group � the Picard group
Pic� �:, is finite (see[65], p.74).

Remark7.3. TheassertionthatPic� �:, is finite canbecheckeddirectly for many
groups.For example,thegroupis trivial for �h� GL � � û �A � û r sincethesegroups
areopensubsetsof affinespace.To computePic� �\, for �a� PGL� � SL� � weuse
thefollowing facts.Let � beanirreduciblehypersurfaceof degree; in 
 & . Then

Pic� 
 & ´m�6, ö� /���;ª/ # (7.4)

Thisisomorphismis definedby restrictingasheafto anopensubset.Anotherfact,
which is not trivial, is that

Pic� �6,Q�G/ ��� (7.5)

where � is theclassof ahyperplanesectionof � , provided f ÙÃ� . This is called
theLefschetzTheoremon hyperplanesections(see[40], p. 169).
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Now noticethat �Ô� PGL� is isomorphicto 
 � Å S ! ´O� , where � is givenby
thedeterminantequation

����� ��� ����,Q� ¥ . Thisgives

Pic� PGL� , ö� /���7�/ #
On theotherhand,SL� is isomorphicto thecomplementof a hyperplanesection� ¶�¶w� ¥ of thehypersurface����� ����� ����,�!_êB�¯° �
ê � ,Æ� � � ¶�¶ � ¥
in 
 � Å . Sowhen 7 ÙãË wecanapply(7.4) to obtain

Pic� SL� , ö � ¥º#
Thereis anotionof asimplyconnectedalgebraicgroup(whichmakessenseover
anarbitraryalgebraicallyclosedfield). For all suchgroupsPic� �\, is trivial. Any� is isomorphicto aquotient Õ�\��� , where Õ� is simplyconnectedand � is afinite
abeliangroupwhosedual abeliangroupis isomorphicto Pic� �\, . For example,Õ� � SL� for �k� PGL� . For simplealgebraicgroupsPic� �\, is a subgroupof
the abeliangroup � � 6 , definedby the Cartanmatrix of the root systemof the
Lie algebraof � . Herearethe valuesof � � 6 , for differenttypesof simpleLie
algebras:� � n � � � � � l � � l ¸p!îâÿ� � � ¨¡� ¨�
 ¨	�/�� � 7 £ �¢,"/ /��"Ë£/ /��"ËU/ � /��"Ë£/�, � /����T/ � � /���H£/ /w�"Ë£/ �
We referto [86] for a descriptionof thePicardgroupof any homogeneousspace�\��C .

7.3 Linearization of an action

Now wearereadyto prove thatany algebraicactionon anormalquasi-projective
varietycanbe linearized.Let æ bea � -linearizedline bundle,let �Ê�«� �  � æä,
beits spaceof sections,andlet � beanaffine algebraicgroup.Thegroup � acts
naturallyandlinearlyon � by theformula©Z� Mº, � I¢, �]� ,Q� .ñ � M � I � ñ � M S ! �v� ,v,�, �
or, in simplifiednotation, � M:N'I¢, �]� ,��RM6N'I � M S ! N � , # (7.6)
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We know that any finite-dimensionalsubspaceM"0 of � is containedin a � -
invariant finite-dimensionalsubspaceM generatedby the translatesof a basis
of M . Thusweobtaina linearrepresentation© �B�*� GL � Mh, #
Assumethat the linear systemM is base-point-free (i.e., for any � Ja there
exists IYJ!M suchthat I �]� ,æN� ¥ ). Then M definesa regular map

³�¬ �× �
 � M o , by theformula ³�¬ �]� ,��af�IqJ M �`I ��� ,�� ¥ j #
Herewe identify a point in 
 � M*o�, with a hyperplanein M . Note thatalthough I ��� ,¯® doesnot make sense(sinceit dependson a local trivializationof æ ), the
equality I ��� ,w� ¥ is well-defined.Therepresentation(7.6) in M definesa repre-
sentationin M o andthe inducedprojective representationin 
 � M o , . It is given
by theformula M:N¢Ck�ãM S ! � CY, �
where C is ahyperplanein M . Now³�¬ � M\N � ,î� f�IqJ�M �`I � M\N � ,ä� ¥ j�af�I J M �"M S ! I � M\N � ,�� ¥ j � f�IqJ�M � � M S ! N'I¢, �]� ,ä� ¥ j�ãM S ! � ³�¬ �]� ,v,î� M\N ³�¬ ��� , #
Thisshows thatthemap

³�¬
is � -equivariant.

Choosingabasis � I$¶ �$#$#$#�� I � , in M weobtaina � -equivariantrationalmap�K�"4��
 � � � 7� � I$¶ ��� , �$#$#$#%� I � �]� ,v, #
If the rationalmapdefinedby a basisof M"0 is an embedding,thenthis map is
an embeddingtoo. Now let � �� ~ � 
 & be an embeddingof  asa locally
closedsubvarietyof projectivespace.We take æ � � o � õk° I � �¢,�, . When 7 is large
enough,æ � � � � o � õ ° I � 7G,�, admitsa � -linearization.Let M"0�*±� �  � æ � � , bethe
imageof � � 
 & � õ ° I � 7�,v, underthecanonicalrestrictionmap � � 
 & � õ ° I � 7G,v,��� �  � æ � � , . Obviously, M 0 is a finite-dimensionalbase-point-freelinearsystem.
It definesan embeddingof  into projective spacewhich is the compositionof� anda Veronesemap ª � �ä
 & � 
 � I ¾ òò , S ! (obtainedfrom the Veronesemapª�9ë��
 � 8 &×¸p! ,>� 
 � Pol� � 8 &×¸p! , by choosingbases).Replacing M"0 with a � -
invariantlinearsystemM asabove, we obtaina linearizationof theactionof �
on  .
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Theorem 7.3. Let  bea quasi-projectivenormalalgebraic variety, actedon by
an irr educiblealgebraic group � . Thenthere existsa � -equivariantembedding ~ � 
 � , where � actson 
 � via its linear representation�h� GL � ¸p! #
Example7.1. Let �î� PGL� ¸p! act on  �k
 � in the naturalway. Let us see
thattheline bundle õ ° ò � �¢, is not � -linearizablebut õ ° ò � 7 £ �¢,Q�Rõ ° ò � �¢, � Î � ¸p! Ñ
is. We view � asan opensubsetof the projective space
 & � f �U7 � £ Ë�7/���È·É �\, whosecomplementis thedeterminanthypersurface

k
givenby theequa-

tion
����� ��� ÄZ���%,�,Q� ¥ . Theaction ñ��r�*��4�� is therestrictionto �*�� of the

rationalmap ñJ0	��
 & �[
 � �i� 
 � givenby theformula

ñ 0 ��� g"����, �¢�]� ¶ �$#$#%#%�v� � ,v,�� ß � ��»�¶ gº!·� � � �%#$#$#%� � �v»�¶ g � � � ��à #
Notethatthismapis notdefinedatany point � � ��� , suchthat

����� � ��,Q� ¥º� � N � �¥ . Therestrictionof theprojection 
 & �Y1� 
 & to theset } of suchpointsis
abirationalmapontothedeterminanthypersurface(it is anisomorphismover the
subsetof matricesof corankequalto 1). Since} is of codimensionÙãË in 
 & �Ù
 �
the line bundle ñ o � õ ° ò � �¢,�, is the restrictionof a line bundleon 
 & �ë
 � . The
formulafor theactionshowsthatthisbundlemustbepro ! � õ ° I � �¢,v,cú pro� � õ ° ò � �V,v, .
Thus ñ o � õ ° ò � �¢,v, restrictedto � 
 & ´ k ,���f � ¶$j is isomorphicto the restriction
of õk° I � �¢, to 
 & ´\} . If õ ° ò � �¢, admitsa linearization,we have ñGo � õ ° ò � �¢,v, ö�
pro� � õ ° ò � �¢,�, , andhencethe latter line bundlemustbe trivial. However, by (7.4),
it is a generatorof thegroupPic� 
 & ´ k , ö � /w� � 7 £ �¢,¯/ .

Bibliographical notes

Theexistenceof a linearizationof somepowerof a line bundleon anormalcom-
pletealgebraicvarietywasfirst provenin [73] by usingthetheoryof Picardvari-
etiesfor completenormalvarieties.Ourproof,which is borrowedfrom [65], does
not usethe theoryof Picardvarietiesandappliesto any normalquasi-projective
varieties. Onecanalsoconsidervector � -bundlesof arbitraryrank (seefor ex-
ample[99]); however, no generalizationof Corollary7.2 to this caseis known to
me.
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Exercises

7.1Let æ bea line bundleovera connectedaffine algebraicgroup.Show thatthe
complementæ o of the zerosectionof æ hasthe structureof an algebraicgroup
suchthat the projectionmap  |��æ o � � is a homomorphismof groupswith
kernelisomorphicto û A .

7.2 Let � bea connectedaffine algebraicgroup. Show that C !alg
� � � õ � P, o , is a

homomorphicimageof thegroup a � �:, . In particularit is trivial if  is connected
andcomplete.

7.3UseRosenlicht’sTheoremfrom Remark7.1to show thatany invertibleregular
function �{J õ � �:,^o on a connectedaffine algebraicgroup � with value1 at the
unity Ñ\JY� definesa rationalcharacterof � .

7.4 Let  bea nonsingularalgebraicvarietyandlet � be its finite groupof au-
tomorphisms. Show that the group Picd �  , is isomorphicto the group of � -
invariantWeil divisorsmodulolinearequivalencedefinedby � -invariantrational
functions. [Hint: UseHilbert’s Theorem90 which assertsthat C ! � � � 8 �  ,^o�,O�¥º# ]
7.5Let û A actonanaffinealgebraicvariety  definingthecorrespondinggrading
of õ �  , . Let § be a projective moduleof rank 1 over õ � P, andlet æ be the
associatedline bundleon  . Show thatthereis anaturalbijectivecorrespondence
between� -linearizationsof æ andstructuresof õ � P, -gradedmoduleson § .

7.6 Show that any line bundleon a normal irreduciblevariety  on which SL�
actsadmitsauniqueSL� -linearization.

7.7 Let �/�Æ � 
 � �0, be a � -equivariantmap,where � actson 
 � �0, via its
linearrepresentation.Show that æã�Ô��o � õ ° ÎÐÏ¦Ñ � �¢,�, admitsa � -linearizationand
themap � is themapgivenby theline bundle æ .
7.8Show that thetotal spaceof theline bundle æ�� õ ° ò � �¢, is isomorphicto the
complementof a point in 
 � ¸p! . DescribetheuniqueSL� ¸p! -linearizationof æ in
termsof anactionof thegroupSL� ¸p! on thetotal space.





Chapter 8

Stability

8.1 Stablepoints

Fromnow on we will assumethat � is a reductive algebraicgroupactingon an
irreduciblealgebraicvariety  . In this chapterwe will explain a generalcon-
structionof quotientsdueto D. Mumford. Theideais to cover  by openaffine� -invariantsets�Å� andthento constructthecategoricalquotient �� ��� by gluing
togetherthequotients�Å�]� ��� . The latterquotientsaredefinedby Nagata’s Theo-
rem.Unfortunately, suchacoverdoesnotexist in general.Insteadwefind sucha
coverof someopensubsetof  . Sowecandefineonly a “partial” quotient �w� ��� .
Theconstructionof � will dependonaparameter, achoiceof a � -linearizedline
bundle æ .
Definition. Let æ bea � -linearizedline bundleon  and � J[ ;

(i) � is calledsemi-stable(with respectto æ ) if thereexists < 4 ¥ and I5J� �  � æ A , d suchthat �ZQ�hf ' J[ �`I ��' ,GN� ¥ j is affineandcontains� .
(ii) � is calledstable(with respectto æ ) if thereexists I asin (i) andadditionally�b÷ is finite andall orbitsof � in �Z areclosed.

(iii) � is calledunstable(with respectto æ ) if it is not semi-stable.

Weshalldenotethesetof semi-stable(respectively stable,unstable)pointsby ss� æä, �  s � æä, �  us � æ�, #
115
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Remark8.1. 1. Obviously ² ss³�´�µ and ² s ³�´¶µ areopen · -invariantsubsets(but
couldbeempty).

2. If ´ is ampleand ² is projective, the sets ²¹¸ arealwaysaffine, so this
conditionin thedefinitionof semi-stablepointscanbedropped.In fact, for anyº?»�¼ , ²¹¸�½b¾¿²¹¸ so we may assumethat ´ is very ample. Let À�ÁS² Â Ã�ÄÅ
bea closedembeddingdefinedby somecompletelinearsystemassociatedto ´ .
Then ²¹¸ is equalto theinverseimageof anaffine opensubsetin Ã ÄÅ which is the
complementto somehyperplane.Sincea closedsubsetof an affine setis affine
weobtaintheassertion.

3. The restrictionof ´ to ² ss³�´�µ is ample. This is a consequenceof the
following criterionof ampleness:́ is ampleon a variety ² if andonly if there
existsanaffineopencoverof ² formedby thesets²¹¸ , whereÆ is aglobalsection
of sometensorpowerof ´ . For theproof we referto [46], p. 155.

4. The definitionsof the sets ² ss³�´�µsÇ ² s ³�´�µsÇ ² us ³�´�µ do not changeif we
replacé by apositive tensorpower (asa · -linearizedline bundle).

5. Assumé is ample.Let ÈAÉ0² ss³�´¶µ bea point whoseorbit ·�Ê`È is closed
andwhoseisotropy subgroup·�Ë is finite. I claim that ÈÌÉÍ² s ³�´�µ . In fact letÈPÉP²M¸ beasin thedefinitionof semi-stablepoints.Thentheset Î¦¾ÐÏ�Ñ@ÉA²¹¸pÁÒ>Ó9Ô ·�Õ »Ì¼%Ö is closedin ²¹¸ anddoesnot intersect·ÌÊ£È . Since · is reductive,
thereexistsa function ×HÉcØ ³ ²M¸ µ"Ù suchthat × ³ ·?ÊUÈ µÛÚ¾ ¼ Ç × ³ Î µ ¾ ¼ . Onecan
show that thereexistssomenumberÜ »Ì¼ suchthat ×�Æ`Ý&Þ extendsto a sectionÆEß
of sometensorpower of ´ (see[46], Chapter2, 5.14). Since ² is irreducible,
this sectionmustbe · -invariant. Thus È7ÉH²M¸�à�áÍ²¹¸ andall pointsin ²¹¸�à have
zero-dimensionalstabilizer. This implies that the orbits of all points in ²M¸�à are
closedin ²M¸�à . Thischecksthat È is stable.

6. In [73] a stablepoint is calledproperlystableandin thedefinitionof sta-
bility thefinitenessof ·�Ë is omitted.

Let us explain the definition of stability in more down-to-earthterms. As-
sumethat ´ is very ample,andembed² equivariantly in Ã ³�âãµ . We have a · -
equivariantisomorphismof vectorspacesä ³ ² ÇO´æåpµ�ç¾ Polå ³�âèµ§éUê å Ç
whereê å is thesubspaceof Polå ³�âèµ whichconsistsof polynomialsvanishingon² . Passingto invariants,weobtainä ³ ² ÇO´ å µ Ù ç ¾ ³ Polå ³�âèµ§éUê å µ ÙSë
Let ÈXì denotea point in â suchthat íªÈXìã¾¿ÈGÉ±Ã ³�âãµ . Every ÆbÉ ä ³ ² ÇO´ å µ Ù
canberepresentedby a polynomial îS¸�É Polå ³�âèµ which is · -invariantmodulo
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ê å . In particular, îS¸ is constanton theorbit of ÈXì for any point ÈïÉï² . ClearlyÆ ³ È µðÚ¾ ¼ if andonly if îR¸ doesnot vanishon ÈXì . Sothesetof unstablepointsis
equalto theimagein Ã ³�âðµ of thesetñ ³ ·Ûò â�µ ¾ÍÏ�óMÉ â Áªî ³ ó µ ¾ ¼ Ç"ô îÐÉöõå�÷hø Polå ³�â.µ Ù Ö ë
Thissetis calledthenull-coneof thelinearactionof · in â . It is anaffinevariety
givenbyasystemof homogeneousequations(anaffinecone). Let óMÉ â andO ³ ó µ
beits orbit in â . Suppose¼ É O ³ ó µ . Thenfor any · -invariantpolynomial î we
have î ³ ó µ ¾ùî ³ O ³ ó µ§µ ¾�î ³ ¼ µ ¾ ¼ . Thusthe correspondingpoint Èc¾úí%ó in² is unstable.Conversely, if È is unstable,¼ É O ³ ó µ . In fact,otherwisewe can
apply Lemma6.1 andfind an invariantpolynomial û suchthat û ³ ó µüÚ¾ ¼ butû ³ ¼ µ ¾ ¼ . If we write û asa sumof homogeneouspolynomialsû å of positive
degree,wefind someû å which doesnot vanishat ó . Then È is semi-stable.This
interpretationof stabilitygoesbackto theoriginalwork of D. Hilbert ([47]).

8.2 The existenceof a quotient

Let usshow thattheopensubsetof semi-stable(respectively stable)pointsadmits
acategorical(respectively geometric)quotient.

First we have to recall the definition of the gluing constructionof algebraic
varieties.Let Ï`²ãý Ö ý9þ ÿ bea finite setof affine algebraicvarieties.Thegluing data
is achoiceof anopenaffine subset

� ý�� á±²ãý for each�MÉ ê , andanisomorphism×��¯ý�Á � ý��pÂ � �"ý for eachpair ³��§Ç � µ É ê	�bê . It is requiredthat
(i)
� ýeý ¾ ²ãý , and ×6ýeý is theidentity for each� É ê ,

(ii) for any �§Ç � Ç í É ê , ×��¯ý ³ � ý
��� � ý Å µ á � � Å and³ × Å ���×��"ý µ��
��� ����� ��� ¾�× Å ý �
��� ����� ��� ë
Let � beanequivalencerelationon theset � ý�þEÿ ²ãý definedby È ç Ñ if and

only if thereexistsapair ³��;Ç � µ É ê�� ê suchthat ÈbÉ � ý
� Ç Ñ É � ý
� and Ñã¾¦×�ý�� ³ È µ .
The assumptions(i) and(ii) show that it is indeedan equivalencerelation. Let² be the correspondingfactor set and let ��Á�� ý�þEÿ ²ÛýèÂ ² be the canonical
projection. We equip ² with the topologyfor which a subsetâ is openif and
only if �! #" ³�âèµ is openin the Zariski topology. The restriction �>ý of � to ²ãý
definesahomeomorphismof ²Ûý with anopensubsetâ ý of ² sothat ² ¾%$ ý�þEÿ â ý
and �>ý ³ � ý
� µ ¾ â ý&� â � ë We alsointroducethenotionof a regular functionon an
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opensubsetâ á�² . By definition, this is a collectionof regular functions À�ý
on �  #"ý ³�â�µ áN²ãý suchthat ³ À'� �
�(�)��µ .×��"ýp¾�À`ý �
��� � for any �§Ç �FÉ ê . Let Ø+* ³�âèµ
be the í -algebraof regular functionson â . The assignmentâ Â Ø+* ³�â.µ is
a sheafof í -algebras,calledthe structure sheaf of ² . The pair ³ ² Ç Ø+* µ is an
exampleof a ringed space, i.e., a topologicalspaceequippedwith a sheafof
rings. Ringedspacesform a category. A morphismof ringedspaces³ ² Ç Ø+* µ Â³),�Ç Ø.- µ is a continuousmap À Á�² Â , suchthat for any opensubsetâ á ,
and ×üÉ Ø.- ³�âèµ , thecomposition×/ À7É Ø0* ³ À  #" ³�â�µ§µ . Eachopensubsetâ of² is equippedwith the structureof a ringedspacewhosestructuresheaf Ø21 is
equalto therestrictionof Ø+* to â . Eachquasi-projectivealgebraicvarietycanbe
consideredasa ringedspace,thestructuresheafis thesheafof regularfunctions.
It follows from the definition that the ringedspace³ ² Ç Ø0* µ obtainedby gluing
of affine varietiesis locally isomorphicto anaffine variety, i.e., it admitsanopen
cover by subsetswhich areisomorphicto affine varietiesasringedspaces;in the
notationfrom aboveeachopenset â ý is isomorphicto ²ãý . Thuswe areled to the
notionof anabstractalgebraic varietywhich is aringedspacelocally isomorphic
to an affine algebraicvariety. Oneusuallyaddsa separatednesspropertywhich
ensuresthat the intersectionof two openaffine subsetsis an affine variety. An
abstractalgebraicvariety ² is isomorphicto a quasi-projective algebraicvariety
if andonly if thereexistsanampleline bundle ´ over ² which is usedto embed² into projective space.We leave it to the readerto definethe notion of a line
bundleoveranabstractalgebraicvariety. A usefulcriterionof amplenessof a line
bundlewasgivenin Remark8.1.3.

Theorem 8.1. There existsa goodcategorical quotient3 ÁT² ss³�´�µ Â ² ss³�´�µ§é é · ë
There is an opensubset

�
in ² ss³�´�µ§é é · such that ² s ³�´�µ ¾ 3  #" ³ � µ and the

restrictionof 3 to ² s ³�´�µ is a geometricquotientof ² s ³�´�µ by · . Moreover there
existsan ampleline bundle 4 on ² ss³�´�µ§é�é · such that 3 ì ³ 4 µ ¾ ´ Ý65 , restricted
to ² ss³�´�µ , for someº87±¼ . In particular, ² ss³�´�µ;é é · is a quasi-projectivevariety.

Proof. Sinceany opensubsetof ² is quasi-compactin theZariski topologywe
canfind a finite set Ï£Æ " Ç ë ë ë Ç Æ Þ Ö of invariantsectionsof sometensorpower of ´
suchthat ² ss³�´¶µ is coveredby the sets²¹¸ � . Obviously we may assumethat all
the ÆEý belongto

ä ³ ² ÇO´ Ý Ä µ Ù for somesufficiently large 9 . Let
� ý¡¾¿²¹¸ �¯Ç:� ¾; Ç ëEë ë Ç Ü . For every

� ý , we considerthering Ø ³ � ý µ Ù of · –invariantregularfunc-
tions and let 3 ýãÁ � ý3Â , ýèÁ ¾ � ý é é · with Ø ³�, ý µ ¾�Ø ³ � ý µ Ù asconstructedin
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Nagata’s Theorem.For each �;Ç � we canconsiderÆEý é Æ<� asa regular · -invariant
function on

� � . Let ×�ý��PÉ�Ø ³), � µ be the correspondingregular function on the
quotient.Considertheopensubset= ³ ×6ý
� µ á , � . Obviously3  #"� ³ = ³ ×6ý
� µ§µ ¾ 3  #"ý ³ = ³ ×��¯ý µ;µ ¾ � ý�� � � ë
This easily implies that both sets = ³ ×�ý�� µ and = ³ ×��¯ý µ are categorical quotients
of
� ý>� � � . By the uniquenessof categorical quotientthereis an isomorphism? ý��FÁ+= ³ ×�ý
� µ Â = ³ ×��¯ý µ . It is easyto seethat the set of isomorphismsÏ ? ý
� Ö

satisfiesthe conditionsof gluing. So we canglue togetherthe quotients, ý and
themaps3 ý to obtaina morphism3 ÁX² ss³�´�µ Â , , where , ¾Ð² ss³�´¶µ;é é · . To
show that , is separatedit is enoughto observethatit admitsanaffineopencover
by thesets, ý which satisfiesthefollowing properties:, ý@� , � ç¾ � ý#� � � é é · are
affine and Ø ³), ýA� , � µ is generatedby restrictionsof functionsfrom Ø ³), ý µ andØ ³�, � µ . Thelatterpropertyfollows from thefact that Ø ³ � ý#� � � µ is generatedby
restrictionsof functionsfrom Ø ³ � ý µ and Ø ³ � � µ . In fact, the separatednessalso
follows from the assertionthat , is quasi-projective. So let us concentrateon
proving thelatter.

Note that the cover Ï � ý Ö ýCB "ED�F�F�F D Þ of ² ss³�´�µ is a trivializing cover for the line
bundle ´ ß obtainedby restrictionof ´ to ² ss³�´�µ . In fact,by Remark8.1.3, ´ ß is
ample;hencewe may assumethat sometensorpower ´ ß~Ý6G is very ample. This
implies that ´ ß~Ý6G is equalto the line bundle À ì ³ Ø�H ½ ³ ; µ§µ for someembeddingÀ7Á² ss³�´�µ Â ÃA5 . The section Æ Ý6Gý of ´ ß~Ý6G is equalto the section À ì ³JI�µ where I is
a sectionof ØKH ½ ³ ; µ . Thustheopensubset

� ý is equalto ÀL #" ³�â ý µ where â ý is an
opensubsetof Ã 5 isomorphicto affine space.This shows that ´ ß restrictedto

� ý
is equalto ³ À �
����µ ì ³ ØKH ½ ³ ; µM� â ý µ . However, ØKH ½ ³ ; µ�� â is isomorphicto the trivial
line bundle sinceany line bundle over affine spaceis isomorphicto the trivial
bundle. By fixing sometrivializing isomorphismswe canidentify the functions³ ÆEý é ÆN� µM�
�O�P���'� with the transitionfunctions QUý
� of ´ ß . As we have shown before,ÆEý é Æ<� ¾ 3 ì ³ ×�ý
� µ for somefunctions ×�ý
��ÉïØ ³), � µ . We usethetransitionfunctionsI ý
�¡¾�×6ý
� ��, ýR� , � to definea line bundle 4 on , . Obviously 3 ì ³ 4 µ ç ¾ ´ ß . Let us
show that 4 is ample.First we definesomesectionsS�� by setting S�� � - � ¾Ð×6ý
� for
afixed � andvariable� . Sincefor any � " Ç:�JT×�ýCUV�¡¾�×�ýXWC�E×6ýCU�ýXW
the S�� � - � W � - � U differ by the transitionfunction of 4 , henceS�� is in fact a section
of 4 . Clearly 3 ì ³ S�� µ ¾oÆ<� and , G � ¾ , � . As above, sinceall , � areaffine, we
obtainthat 4 is ample. Since 3 ÁR² ss³�´�µ Â , is obtainedby gluing together
goodcategoricalquotients,themorphism3 is agoodcategoricalquotient.
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It remainsto show that the restrictionof 3 to ² s ³�´�µ is a geometricquotient.
By definition ² s ³�´�µ is coveredby affineopen · -invariantsetswhere · actswith
closedorbits. Since3 is a goodcategoricalquotient,for any ÈAÉ0² s ³�´¶µ thefiber3  #" ³ 3 ³ È µ;µ consistsof oneorbit. Thus 3 � * s Y[Z]\ is agoodgeometricquotient.

In thecasewhen ´ is ampleand ² is projective,thefollowing constructionof
thecategoricalquotient² ss³�´�µ§é é · is equivalentto thepreviousone.

Proposition8.1. Assumethat ² is projectiveand ´ is ample. Let�¦¾Ìõ 5�^ ø ä ³ ² Ç(´ Ý65 µ ë
Then ² ss³�´�µ§é é · ç ¾ Proj³ � Ù µ ë
In particular, thequotient² ss³�´�µ§é é · is a projectivevariety.

Proof. Firstof all, weobservethatby Nagata’sTheoremthealgebra� Ù is finitely
generated. It also has a natural grading, inducedby the grading of � . Re-
placing ´ by ´ Ý@_ we may assumethat � Ù is generatedby elementsÆ ø Ç ë ë ë Ç Æ 5
of degree

;
. Let , ¾ Projm³ � Ù µ be the projective subvariety of ÃA5 corre-

spondingto the homogeneousideal ê equalto the kernelof the homomorphismíA` a ø Ç ë ë ë Ç a 5 b Â � Ù Ç aXýdcÂ ÆEý . (Thereadershouldgo backto Chapter3 to recall
the definition of Projm³�e µ for any finitely generatedgradedí -algebrae .) The
elementsÆEý generatethe ideal f ¾g� Ùh generatedby homogeneouselementsof
positive degree.Thustheaffine opensets

� ý¶¾=²¹¸ � cover ² ss³�´¶µ . On theother
handtheopensets, ý¶¾ , �HÏMaXý Ú¾ ¼%Ö form anopencover of , with theprop-
erty that Ø ³�, ý µ ¾ Ø ³ � ý µ Ù . Themaps

� ý�Â , ý definea morphism² ss³�´�µ Â ,
whichcoincideswith thecategoricalquotientdefinedin theproofof thepreceding
theorem.

Remark8.2. If we assumethat ´ is very ample,andembeds² in theprojective
spaceÃ ³ ä ³ ² ÇO´�µ ì µ = Ã ³�âðµ , thenwe caninterpretthenull-coneasfollows. The
sectionsÆEý from the proof of the precedingpropositiondefinea · -equivariant
rationalmap ² Â Ã!5 Ç ÈicÂ ³ Æ ø ³ È µsÇ ëEë ë Ç Æ 5 ³ È µ;µ . The closedsubsetof ² where
thismapis notdefinedis exactlytheclosedsubvarietyof ² equalto ²j� ñ ³ ·ãò âèµ ,
wherethe bar denotesthe imageof the null-cone

ñ ³ ·ãò â�µ in Ã ³�âãµ . So dele-
ting this closedsubsetfrom ² we obtain the set ² ss³�´�µ and the quotientmap² ss³�´¶µ Â�² ss³�´�µ§é é · .
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Remark8.3. Notethat themorphism² ss³�´�µ Â ² ss³�´�µ§é é · is affine, i.e., inverse
imageof anaffine opensetis affine. Thereis alsothe following converseof the
precedingproposition. Let

�
be a · -invariantopensubsetof ² suchthat the

geometricquotient 3 Á � Â � é · exists andis an affine map. Assume
� é · is

quasi-projective. Thenthereexists a · -linearizedline bundle ´ suchthat
�lk² ¸ ³�´�µ . For theproof we referto [73], p. 41.

8.3 Examples

Example8.1. Let ² ¾�Ã 5 and ·o¾ SL5 h " actingon Ã 5 naturallyvia its linear
representation.We know that ´ ¾�ØKH^½ ³ ; µ admitsa uniqueSL5 h " linearization
(Exercise7.7). We alsoknow from Chapter5 that Polå ³ í 5 h " µ is an irreducible
representationfor · . Therefore,for any m »c¼ ,ä ³ ² Ç ØKH ½ ³ m µ;µ Ù ¾ Polå ³ í 5 h " µ Ù ¾ÌÏ ¼%Ö ë
Thisshows that ² ss³�´¶µ ¾on ë
Example8.2. Let ² ¾±Ã 5 , ·Ì¾qp å with actiondefinedby theformulaSæÊ ³ È ø Ç ë ë ë Ç È 5 µ ¾ ³ Ssr Â È ø Ç ë ëEë Ç Ssr ½ È 5 µ ë
Here t ø Ç ëEë ë Ç t 5 aresomeintegers. We assumethat t ø	u t " u Ê`Ê`Ê u t 5 . Since
Pic³ Ã 5 µ ¾wv�ØKH ½ ³ ; µ and x ³ p å µ ç ¾ v we have PicÙ ³ Ã 5 µ ç ¾ v T . A · -linearized
bundlemustbeof theform ØKH ½ ³ m µ ; it definesa · -equivariantVeroneseembed-
ding Ã 5 Â Ã�Ä Y å \ , where 9 ³ m µ ¾ Ò>Ó9Ô í!`�a ø Ç ë ë ë Ç a 5 b åzy ; ¾|{ 5 h åå~} y ;

. The
group p å actson Ã Ä Y å \ by the formula SÛÁSÈ6ý W F�F�F ý���cÂ S r � W h������ h r � � È6ý W F�F�F ý�� Ç whereÈ6ý W F�F�F ý�� is the coordinatein the Veronesespacecorrespondingto the monomialÈ6ý W ë ë ë È6ý�� , � " u Ê`Ê`Ê u � å . Now thelinearizationis givenby a linearrepresenta-
tion of p å in thespace³ íA` a ø Ç ë ë ë Ç a 5 b å µ ì whichlifts theactionin thecorrespond-
ing projectivespace.Obviously it is definedby theformulaSZÁTÈ6ý W F�F�F ý���cÂ S  �� Ssr � W h������ h r � � È6ý W F�F�F ý�� Ç (8.1)

for someinteger � . Thusthe · -linearizedbundlescanbe indexed by the pairs³ m Ç � µ É�v T . Denotethecorrespondingline bundleby ´ å D � . Raising ´ å D � to theÜ th powerasa · -linearizedbundlecorrespondsto replacing³ m Ç � µ with ³ ÜOm Ç Ü�� µ .
We know that ² ss³�´�µ doesnot changeif we replacé by ´ Ý&Þ . So we may

assumethat ´ ¾ ´ "ED �(� r , whereby definition � ø ³ Ã 5 ÇO´ Ý Ä"ED �'� r µ Ù is definedonly for 9
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divisibleby t and � ø ³ Ã 5 ÇO´ Ý Ä"ED �(� r µ ¾%� ø ³ Ã 5 ÇO´ Ä�D Ä��(� r µ Ù ë In otherwordswepermit� to bea rationalnumberin formula(8.1) andconsiderinvariantpolynomialsof
degreeamultipleof thedenominatorof � . Heretheinvariancemeansthatfor anySZÉ0í&ì , î ³ S  �� h r Â È ø Ç ë ë ë Ç S  �� h r ½ È 5 µ ¾Gî ³ È ø Ç ë ë ë Ç È 5 µ ë
Assumenow that t ø�u ¼ . It is obvious that

ä ³ Ã 5 ÇO´ Ý Ä"ED � µ Ù ¾ ¼ for all 9 »«¼ if� u t ø or � 7 t 5 . This impliesthat ² ss³�´ "ED � µ ¾%n if � ÚÉ�`
t ø Ç t 5 b .
When �ð¾�t ø , wehave�õÄ B ø � ø ³ Ã 5 Ç(´ Ý Ä"ED � µ Ù ¾¦íA` a ø Ç ë ë ë Ç a å b Ç

if t ø ¾ÍÊ`Ê`Êª¾ot åz� t å h " . Hence

² ss³�´ "ED � µ ¾ Ã 5K� Ï`È ø ¾ÍÊ`Ê`Êª¾GÈ å ¾ ¼%Ö
and ² ss³�´ "ED � µ§é é ·¦¾ Projm³ íA`�a ø Ç ë ëEë Ç a å b µ ¾±Ã å ë
In particular, if t " » t ø , thequotientis thepoint.

Next, we increasethe parameter� . If t å � � u t å h " , we have further
invariantpolynomials. For example,if � ¾ùÆ é�� , the monomial a _ r �#� W  ¸ø a _ r Â  ¸å h "
belongsto � �Ä B ø � ø ³ Ã 5 ÇO´ Ý Ä"ED � µ;Ù . So the set ² ss³�´ "ED � µ becomeslarger and the
categoricalquotientchanges.In factonecanshow thatthequotientsdonotchange
when � staysstrictly betweentwo differentweights tsý anddochangeotherwise.

Example8.3. Considerthespecialcaseof thepreviousexamplewheret ø ¾ ¼ andt " ¾ Ê`Ê`Êª¾�t 5 ¾ ;
. Therestrictionof theactionto � 5 is givenby theformulaSæÊ ³)� " Ç ë ë ë Ç<� 5 µ ¾ ³ SRÊ � " Ç ë ë ë Ç SSÊ � 5 µ ë

If we take ´ ¾ ´ "ED � for �è¾ ; é]� weget�õå B ø ä ³ Ã 5 ÇO´ Ý T å"ED � µ Ù ¾�íA` a ø a " Ç ë ëEë Ç a ø a 5 b ë
This shows that ² us ³�´�µ ¾ âM³ a ø µ��Fâ¹³ a " Ç ë ë ë Ç a 5 µ . In other words, the set of
semi-stablepointsis equalto thecomplementof thehyperplaneat infinity a ø ¾ ¼
andthe point ³ ; Ç ¼ Ç ë ë ë Ç ¼ µ . So it canbe identifiedwith � 5 � Ï ¼%Ö . The quotient
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is of courseÃ 5  #" . Sincethegroup · actson this setwith trivial stabilizers,we
obtainthatall orbitsareclosedandthequotientis agoodgeometricquotient.

Similarconclusionscanbemadefor any rational �ÛÉ ³ ¼ Ç ; µ . If �è¾ ;
, wehave�õå B ø ä ³ Ã 5 ÇO´ Ý å"ED�" µ Ù ¾¦íA` a " Ç ë ë ë Ç a 5 b ë

Thus ² us ³�´¶µ ¾GÃ 5 � âM³ a " Ç ë ë ë Ç a 5 µ ¾GÃ 5 � Ï ³ ; Ç ¼ Ç ë ë ë Ç ¼ µ Ö ë
Thecategoricalquotientis thesameÃ 5 but thesetof semi-stablepointsis differ-
ent.

Example8.4. Let ²�¾�� 5 and ·«¾�p å . Every line bundleis isomorphicto the
trivial bundle ´ ¾±² � ��" . As wesaw in Chapter7, its · -linearizationis defined
by theformula SRÊ ³)�%Ç ó µ ¾ ³ SRÊ �&Ç:�¶³ S µ ó µsÇ
where � ÁAp å Â p å is a homomorphismof algebraicgroups.It is easyto see
that any suchhomomorphismis given by the formula S�cÂ Ss� for someinteger? . In fact � ì Á	íA` a Ç a  #" b Â íA` a Ç a  #" b is definedby the imageof a , and the
conditionthat this mapis a homomorphismimplies that the imageis a power ofa . So let ´ � denotethe · -linearizedline bundlewhich is trivial asa bundleand
whoselinearizationis givenby theformulaSæÊ ³��&Ç ó µ ¾ ³ SRÊ �&Ç S � ó µ ë
A sectionÆ�ÁT²úÂ ´ � of ´ � is givenby theformulaÆ ³�� µ ¾ ³)�&Ç î ³�� µ§µ
for somepolynomial î ³ Î µ ÉFíA` Î b ¾�Ø ³ ��5 µ ë Thegroup · actson thespaceof
sectionsby theformula Æ�cÂ G Æ , whereG Æ ³)� µ ¾ ³��&Ç S � Ê�î ³ S  #" Ê � µ§µ ë
Thus Æ�É ä ³ ² ÇO´ Ý å� µ Ù if andonly ifî ³ SRÊ � µ ¾�S å � Ê�î ³)� µ for all � ÉPí 5 Ç S ÉPí&ì ë
When ? ¾ ¼ , theconstantpolynomial

;
definesan invariantsectionof ´ Ý å for

any m . Thus ² ss³�´ ø µ ¾ ² and² é é ·¦¾ Specm³ Ø ³ ² µ Ù µ ¾ Specm³ íA` Î " Ç ë ë ë Ç Î 5 bP  � µ ë
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Recallthata p å -actiononanaffinevarietyis equivalentto a v -gradingof its ring
of regular functions;thering of invariantsis thesubringof elementsof degree0
(seeExample3.1). In ourcaseØ ³ ² µ ç ¾ íA` Î " Ç ëEë ë Ç Î 5 b but thevariablesÎæý arenot
necessarilyhomogeneous.If we canmake a linearchangeof variablessuchthat
they arehomogeneous,thentheactionis givenby a formulaSæÊ ³�� " Ç ë ë ë Ç<� 5 µ ¾ ³ S � W � " Ç ë ë ë Ç S � ½ � 5 µ ë
In thiscasewesaythattheactionof p å on � 5 is linearizable. It is anopenprob-
lem(averydifficult one)whetherany actionof p å onaffinespaceis linearizable.
It is known to betruefor º u�¡ .

Assumenow that ?«»o¼ . Sincewe know that the setof semi-stablepoints
andthequotientdo not changewhenwe replacé by its tensorpower, we may
assumethat ? ¾ ;

. Then�õå B ø ä ³ ² ÇO´ Ý å� µ   � ¾ �õå B ø íA` Î " Ç ëEë ë Ç Î 5 b å Á ¾�í!` Î " Ç ë ë ë Ç Î 5 b ^ ø ë
The subring íA` Î " Ç ëEë ë Ç Î 5 b ^ ø is a finitely generatedalgebraover íA` Î " Ç ëEë ë Ç Î 5 b ø .
Thus �õå�÷hø ä ³ ² ÇO´ Ý å� µ   � ¾�íA` Î " Ç ëEë ë Ç Î 5 b ÷hø
is afinitely generatedidealin íA` Î " Ç ë ë ë Ç Î 5 b ^ ø . Let À " Ç ëEë ë Ç À å beits homogeneous
generators.Then ² ss³�´ � µ ¾ = ³ À " µ>� Ê`Ê`Ê � = ³ À å µ�Ç² ss³�´ � µ;é é p å ¾ = h ³ À " µ>� Ê`Ê`Ê � = h ³ À å µsÇ
where = h ³ À�ý µ ¾ Specm³ íA` Î " Ç ë ë ë Ç Î 5 b Y�¢ � \ µ (seeExample3.1).

Similar conclusioncanbereachedin thecase? � ¼ .
Example8.5. A specialcaseof thepreviousexampleis when p å actson � 5 by
theformula SRÊ ³)� " Ç ë ëEë Ç<� 5 µ ¾ ³ S r W � " Ç ë ë ë Ç S r ½ � 5 µsÇ
where tJý »Ì¼ . If ? ¾ ¼ , we get íA` Î " Ç ë ë ë Ç Î 5 b ø ¾=í sothequotientis onepoint.
If ? � ¼ , weget íA` Î " Ç ëEë ë Ç Î 5 b�£ ø ¾ÍÏ ¼%Ö , sothesetof semi-stablepointsis empty.
Finally, if ?H»c¼ , weget² ss ¾q= ³ Î " µ>� Ê`Ê`Ê � = ³ Î 5 µ ¾z� 5 � Ï ¼%Ö Ç
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and the constructionof the categorical quotientcoincideswith the construction
of theweightedprojectivespaceÃ ³ t " Ç ë ë ë Ç t 5 µ (seeExample3.1). Sowe seetwo
differentwaysto defineÃ 5 : asaquotientof Ã 5 h " andasa quotientof � 5 h " .
Example8.6. Let · beagainp å and²ú¾o��¤ with theactiongivenby theformulaSSÊ ³�� " Ç<�¥T`Ç<�¥¦ Ç:� ¤ µ ¾ ³ S � " Ç S �¥T`Ç S  #" �¥¦`Ç S  #" � ¤ µ ë
As in the previous example,each · -linearizedline bundle is isomorphicto the
trivial line bundlewith the · -linearizationdefinedby aninteger ? . Wehaveä ³ ² ÇO´ Ý&Þ� µ Ù ¾¦íA` Î b Þ � ë
However, this time thegradingis weighted;theweightsare ³ ; Ç ; Ç y ; Ç y ; µ .

Assume? ¾ ¼ . Thenfor any Ü » ¼ Ç ; É ä ³ ² ÇO´ Ý&Þø µ;Ù ¾ ä ³ ² Ç(´ ø µ"Ù . Hence² ¾ ² ss³�´�µ , and

Ø ³ ² µ Ù ¾�íA` Î b ø ¾�íA` Î " Î ¦ Ç Î " Î ¤ Ç Î T Î ¦ Ç Î T Î ¤ b áGíA` Î b ë
We have a surjectioníA` a " Ç a T Ç a ¦ Ç a ¤ b Â Ø ³ ² µ Ù , definedby a " cÂ Î " Î ¦ Ç a T cÂÎ " Î ¤ Ç a ¦ cÂ Î T Î ¦ Ç a ¤ cÂ Î T Î ¤ ë Thisshowsthat

Ø ³ ² µ Ù ç ¾ íA`�a " Ç a T`Ç a ¦ Ç a ¤ b é>³ a " a ¤ y a T a ¦Oµ ë
Thus ² ss³�´�µ§é é p å is isomorphicto the closedsubvariety , ø of ��¤ given by the
equation a " a ¤ y a T a ¦ ¾ ¼ ë
This is aquadriccone.It hasonesingularpoint at theorigin.

Assume??»=¼ . Again, without lossof generalitywe may take ? ¾ ;
. It is

easyto seethat

õ Þ ÷hø í!` Î b Þ ¾�íA` Î b ÷hø ¾�Î " í!` Î b ^ ø�§ Î T íA` Î b ^ ø ë
Thus ² ss³�´ " µ ¾z� ¤�� â¹³ Î " Ç Î T�µ ë
Thissetis coveredby

� " ¾%= ³ Î " µ and
� T ¾q= ³ Î T�µ . Wehave

Ø ³ � " µ Ù ¾ íA` Î b Y©¨ W \ ¾�íA` Î b ø ` Î TOé Î " b ÇØ ³ � T�µ Ù ¾ íA` Î b Y©¨ U \ ¾�íA` Î b ø ` Î " é Î T b ë
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Weclaimthat ² ss³�´ " µ§é · is isomorphicto aclosedsubvariety , ß of ��¤ � Ã�"Å given
by theequationsa " Î T y a ¦ Î " ¾ ¼ Ç a T Î T y a ¤ Î " ¾ ¼ Ç a " a ¤ y a T a ¦ ¾ ¼ ë
Herewe use ³ Î " Ç Î T�µ for homogeneouscoordinatesin Ã " . In fact, this variety
is coveredby the two affine opensets , ßý given by Îæý Ú¾ ¼ Ç:� ¾ ; ÇN� . It is easy
to seethat Ø ³), ßý µ ç¾ Ø ³ � ý µ Ù . We alsoverify that thesetwo setsareglued to-
getherasthey shouldbeaccordingto ourconstructionof thecategoricalquotient.
Thuswe obtainan isomorphism, ß ç ¾ , h Áe¾v² ss³�´ " µ§é é p å . In fact, we have² ss³�´ " µ ¾ ² ¸ ³�´ " µ sothat , h is ageometricquotient.Notethatwehaveacanon-
ical morphism À h Á , h Â , ø
which is given by the inclusionof the rings íA` Î b ø áùØ ³ � ý µ Ù . Geometricallyit
is inducedby theprojection � ¤ � Ã " Â � ¤ . Over theopensubset, ø � Ï ¼%Ö this
morphismis an isomorphism. In fact, , ø � Ï ¼%Ö is coveredby the opensubsets� ý¡¾ , ø ��= ³ aXý µ�Ç:� ¾ ; Ç ë ëEë Ç:ª . The inverseimage

� " ¾oÀ  #"h ³ � " µ is contained
in theopensubsetwhere Î " Ú¾ ¼ . Since Î Tsé Î " ¾«a ¦�é a " we seethat À h induces
an isomorphismØ ³ � " µ Â Ø ³ � " µ . Similarly we treattheotherpieces

� ý . Over
theorigin, thefiber of À h is isomorphicto Ã�" . Also, we immediatelycheckthat, h is a nonsingularvariety. Thus À h Á , h Â , ø is a resolutionof singularitiesof, ø . It is calleda small resolutionbecausethe exceptionalsetis of codimension» ;

. The readerfamiliar with the notion of the blowing up will recognize, h
asthevarietyobtainedby blowing up theclosedsubvarietyof , ø definedby the
equationsa " ¾�a ¦ ¾ ¼ .

Assume? � ¼ . Similar argumentsshow that ,  ¾ ² ¸ ³�´  #" µ§é p å is isomor-
phic to theclosedsubvarietyof ��¤ � Ã�"Å givenby theequationsa " Î ¤ y a T Î ¦ ¾ ¼ Ç a ¦ Î ¤ y a ¤ Î ¦ ¾ ¼ Ç a " a ¤ y a T a ¦ ¾ ¼ ë
Wehavea morphism À  Á ,  Â , ø
which is anisomorphismover , ø � Ï ¼%Ö andwhosefiberover Ï ¼%Ö is isomorphictoÃ�" . Thediagram , h ,  À h¬ ® À  ,
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representsa typeof birationaltransformationsbetweenalgebraicvarietieswhich
nowadaysis calleda “flip”. Note that , h is not isomorphicto ,  , but they are
isomorphicoutsidethefibers À  #"¯ ³ ¼ µ ç ¾ Ã�" .
Bibliographical notes

The theoryof stablepointswith respectto an algebraicactionwasdevelopedin
[73]. Thereis nothingoriginal in ourexposition.Theexamplesgivenin thechap-
ter show thedependenceof thesetsof stablepointson thechoiceof linearization
of theaction.Althoughthis factwasimplicitly acknowledgedin [73], theserious
studyof this dependencebeganonly recently;see[23], [115] andthereferences
there.Oneof themainresultsof thetheorydevelopedin thesepapersis thefinite-
nessof the set of opensubsetswhich canbe realizedas the set of semi-stable
pointsfor somelinearization.

Exercises

8.1Let ² beahomogeneousspacewith respectto anactionof anaffinealgebraic
group · . Assume² is notaffine. Show thatfor any ´ É PicÙ ³ ² µ theset ² ss³�´�µ
is empty.

8.2 A · -linearizedline bundle is called · -effective if ² ss³�´¶µ Ú¾ln . Show that´±° ´ ß is · -effective if both ´ and ´ ß are · -effective.

8.3 Let p å act on an affine algebraicvariety ² andlet Ø ³ ² µ ¾²� ý9þ´³ Ø ³ ² µ ý
be the correspondinggrading. Define e ø ¾ Ø ³ ² µ ø Ç:e ^ ø ¾µ� ý ^ ø Ø ³ ² µ ý and
similarly e2¶ ø Ç:e ÷hø Ç:e £ ø . Let ´ É PicÙ ³ ² µ be trivial asa line bundle. Show
that thereare only threepossibilities(up to isomorphism): ² ss³�´�µ ¾�² Ç ² �â ³�ê h µsÇ ² � âM³�ê  µ , where ê h (resp. ê  ) is the ideal in Ø ³ ² µ generatedby e h
(resp. e  ). Show that in thefirst case² ss³�´�µ§é é p å is isomorphicto Specm³�e ø µ ,
in thesecond(resp.thethird)case² ss³�´¶µ;é é p å is isomorphicto Projm³�e ^ ø µ (resp.
Projm³�e.¶ ø µ ).
8.4 In Example8.6show thatthefiberedproduct ·, ¾ , h � - Â ,  is anonsingular
variety. Its projectionto , ø is an isomorphismoutsidetheorigin, andtheinverse
image ¸ of theorigin is isomorphicto Ã�" � Ã�" . Show that therestrictionsof the
projectionsfrom ·, to , ¯ to ¸ coincidewith thetwo projectionmapsÃ�" � Ã�"¶ÂÃ�" .
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8.5Let · beafinite groupactingregularlyon ² . Show thatfor any ´ É PicÙ ³ ² µ ,² ss³�´¶µ ¾Ð² s ³�´�µ . Also ² s ³�´�µ ¾�² if ´ is ample.Show that theassumptionof
amplenessis essential(evenfor thetrivial group!).

8.6 Let ·o¾ SL5 act by conjugationon theaffine space4 5 of º � º matrices.
Considerthecorrespondingactionof · ontheprojectivespace² ¾ Ã ³ 4 5 µ . Find
thesets² ss³�´�µ�Ç ² s ³�´�µ where ´ É PicÙ ³ ² µ .
8.7Let � Á ,�¹ Â ² beaclosed· -invariantembedding,andlet ´ -P¾ � ì ³�´¶µ where´ is anample · -linearizedline bundleon ² . Assumethat ² is projectiveand ·
is linearly reductive,e.g.char(í ) = 0. Prove that,for any Ñ É , ,

Ñ É , s ³�� ì ³�´�µ§µ º �O³ Ñ µ É ² s ³�´�µsÇÑMÉ , s ³�� ì ³�´�µ§µ Y ø \ º �O³ Ñ µ É ² ¸ ³�´¶µ Y ø \ ë
8.8ConsiderExample8.1with º ¾ ¡ and t ø ¾ ¼ Ç t " ¾ �%Ç t T ¾ �%Ç t ¦ ¾ ¡ . Findall
possiblecategoricalquotients.



Chapter 9

Numerical criterion of stability

9.1 The function »½¼(¾À¿AÁ )

In this chapterwe shall prove a numericalcriterion of stability due to David
Hilbert andDavid Mumford. It is statedin termsof the restrictionof the action
to one-parametersubgroups.The ideaof thecriterion is asfollows. Supposean
affinealgebraicgroup · actsonaprojectivevariety ²�ácÃ 5 via alinearrepresen-
tation Â¹Á ·ÌÂ GL 5 h " . Thiscanbeachievedby takingaveryample· -linearized
line bundle ´ on ² . As in Chapter8, we denoteby ÈXì a representative in í 5 h "
of a point È É ² . We know that È ÉF² us ³�´�µ if andonly if ¼ É ·�Ê È ì . If � is
a subgroupof · , then � Ê È ì á ·�Ê È ì , so onemay detectan unstablepoint by
checkingthat ¼ É �¿Ê È ì for somesubgroup� of · . Let ustake for � theimage
of a regularhomomorphismÃ7ÁAp å Â · (a one-parametersubgroupof · ). In
appropriatecoordinatesit actsby theformulaÃ ³ S µ Ê È ì ¾ ³ S å Â È ø Ç ë ë ë Ç S å ½ È 5 µ ë
Supposeall m ý for which È6ý Ú¾ ¼ arestrictly positive. ThenthemapÃ6Ë'Ä¡Á]� "Å� Ï ¼%Ö ÂÆ� 5 h " Ç S�cÂ Ã ³ S µ Ê È ì
canbeextendedto aregularmap ÇÃ>Ë Ä Á]��"	ÂÆ� 5 h " by sendingtheorigin of ��" to
theorigin of � 5 h " . It is clearthat the latterbelongsto theclosureof theorbit ofÈ ì , henceourpoint È is unstable.Similarly, if all m ý arenegative,wechangeÃ toÃ  #" definedby theformula Ã  #" ³ S µ ¾ÈÃ ³ S  #" µ to reachthesameconclusion.Let us
set É ³ È Ç Ã µ Á ¾ ÔÛÓXÊý Ï�m ý*Á^È6ý Ú¾ ¼hÖ ë

129
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Sowe canrestatetheprecedingremarkby sayingthat if thereexists Ã in thesetx ³ · µ ì of one-parametersubgroupsof · suchthat
É ³ È Ç Ã µ »�¼ or

É ³ È Ç ÃA #" µ »¼ , then È is unstable. In otherwords,we have a necessarycondition for semi-
stability: ÈbÉ ² ss³�´¶µ ¾AË É ³ È Ç Ã µ u ¼ Ç ô Ã É8x ³ · µ ì ë (9.1)

Assumetheprecedingconditionis satisfiedand
É ³ È Ç Ã µ ¾ ¼ for some Ã . Let us

show that È is not stable.In theprecedingnotation,let ê ¾ Ï � Á È6ý Ú¾ ¼ Ç m ý »±¼%Ö ,
andlet Ñ ¾ ³ Ñ ø Ç ë ëEë Ç Ñ 5 µ , where Ñ£ýR¾?È6ý if ��ÚÉ ê , and Ñ£ýR¾ ¼ if � É ê . Obviously,Ñ belongsto theclosureof theorbit of È undertheactionof thesubgroupÃ ³ p å µ .
If È werestable,thenby definitionof stability, Ñ mustbe in this orbit. However,
obviously Ã ³ p å µ fixes Ñ , sothat Ñ cannotbestable.Thuswe obtaina necessary
conditionfor stablepoints:ÈbÉ ² s ³�´�µ ¾AË É ³ È Ç Ã µ � ¼ Ç ô Ã É8x ³ · µ ì ë (9.2)

We have to show first that the numbers
É ³ È Ç Ã µ are independentof a choiceof

coordinatesin � 5 h " , andalsothat the previous conditionis sufficient for semi-
stability. Let usstartwith theformertaskanddothelatteronein thenext section.

Let ÈNÉ ² and È ì É~��5 h " be as above. Take a one-parametersubgroupÃÍÁÌp å Â · ; for any S É=í%ì the correspondingpoint Ã ³ S µ ÊªÈ is equalto the
point with projective coordinates³ S å à Â È ø Ç ë ë ë Ç S å à ½ È 5 µ�Ç where m ßý ¾«m ý y É ³ È Ç Ã µ
if È6ý Ú¾ ¼ andanything otherwise.Thuswhenwe let S go to ¼ , we obtaina point
in ² with coordinatesÑ ¾ ³ Ñ ø Ç ëEë ë Ç Ñ 5 µ , where ÑUý Ú¾ ¼ if andonly if È6ý Ú¾ ¼ andm ý�¾ É ³ È Ç Ã µ . Theprecisemeaningof “let S go to ¼ ” is thefollowing. We havea
map Ã>Ë3Á]� "Å� Ï ¼%Ö Â�² Ç S�cÂ Ã ³ S µ Ê È ë
Since² is projective this mapcanbeextendedto auniqueregularmapÇÃ>Ë.Á£Ã " Â ² ë
Weset Í Ó9ÔGPÎ ø Ã ³ S µ Ê È Áe¾ÏÇÃ6Ë ³ ¼ µsÇ Í Ó9ÔGPÎ � Ã ³ S µ Ê È Áe¾ÏÇÃ>Ë ³)Ð µ ë
Obviously Í Ó9ÔGPÎ � Ã ³ S µ ÊJÈ ¾ Í Ó�ÔGPÎ ø Ã ³ S µ  #" Ê È ë
Soour point Ñ is equalto

Í Ó�Ô GPÎ ø Ã ³ S µ ÊEÈ . Now it is clearthatfor any SZÉ0íÃ ³ S µ Ê Ñð¾�Ñ Ç
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thatis, Ñ is a fixedpoint for thesubgroupÃ ³ p å µ of · . Also thedefinitionof Ñ is
coordinate-free.Furthermore,for any vector Ñ%ì over Ñ ,Ã ³ S µ Ê`Ñ ì ¾�SEÑ Y Ë D Ò \ Ñ ì ë (9.3)

This can be interpretedas follows. Restrict the action of · on ² to the ac-
tion of p å definedby Ã . Then ´ has a natural p å -linearizationand, sinceÑ is a fixed point, p å actson the fiber ´ Õ ; this definesa linear representationÂTÕãÁ&p å Â GL " ¾Óp å ë We know thegeometricinterpretationof thetotal spaceÔ ³ ØKH ½ ³ y ; µ§µ of theline bundle ØKH ½ ³ y ; µ . It follows from this thatthefiber of the
canonicalprojection��5 h " � Ï ¼%Ö Â Ã!5 overapoint È0É0² canbeidentifiedwithÔ ³ ØKH ½ ³ y ; µ§µ Ë � Ï ¼%Ö . Thusfrom (9.3) we get that p å actson the fiber ´  #"Õ by
thecharacterS+cÂ S Ñ Y Ë D Ò \ . Henceit actson thefiber ´ Õ by the rationalcharacterSÕcÂ S: Ñ Y Ë D Ò \ . This givesus a coordinate-freedefinition of

É ³ È Ç Ã µ . In fact, this
allows oneto definethe number

É Z ³ È Ç Ã µ for any · -linearizedline bundle ´ as
follows. Let Ñü¾ Í Ó�Ô GPÎ ø Ã ³ S µ Ê È . Then Ã ³ p å µ á¿· Õ and,asabove, thereis a
representationof p å onthefiber ´ Õ . It is givenby anintegerwhich is takento bey É Z ³ È Ç Ã µ .

In the casewhen
É ³ È Ç Ã µ 7N¼ , we cangive anothercoordinate-freegeomet-

ric interpretationof
É ³ È Ç Ã µ . Let ê * á íA`�a ø Ç ëEë ë Ç a 5 b be the homogeneousideal

defining ² in Ã 5 and e ¾�íA` a ø Ç ëEë ë Ç a 5 b é£ê * bethehomogeneouscoordinatering
of ² . We have ² ç¾ Projm³�e µ . Let ÖÌ*c¾ Specm³�e µ áo� 5 h " betheaffine cone
over ² . Let È and È ì beasabove. A one-parametersubgroupÃ asabovedefines
amorphism ÇÃ>Ë'Ä	Á�� " Â ÖÌ* ë
Let ×?Á e Â íA` S b be the correspondinghomomorphismof the rings of regular
functions.Theimageof themaximalideal f definingthevertex of ÖÌ* generates
aprincipalideal ³ S å Y Ò \ µ áGíA` S b . I claim thatm ³ Ã µ ¾ É ³ È Ç Ã µ ë (9.4)

In fact, the compositionof ×¿Á e Â íA`�S b with the canonicalhomomorphismíA` a ø Ç ëEë ë Ç a 5 b Â e is givenby theformula a�ý!cÂÆS å � , whereÇÃ>Ë'Ä ³ S µ ¾ ³ S å Â � ø Ç ë ë ë Ç S å ½ � 5 µ�Ç È ì ¾ ³ � ø Ç ë ëEë Ç � 5 µ ë
Sincef is generatedby thecosetsof the aXý , weseethat × ³ f µ is generatedby the
monomialsS å � suchthat ��� Ú¾ ¼ . Now theassertionfollowsfrom thedefinitionofÉ ³ È Ç Ã µ .
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9.2 The numerical criterion

Now we are readyto prove the sufficiency of conditions(9.1) and (9.2). The
following is themainresultof this chapter.

Theorem9.1. Let · bea reductivegroupactingona projectivealgebraic variety² . Let ´ beanample · -linearizedline bundleon ² andlet È É ² . Then

ÈbÉb² ss³�´¶µdº É Z ³ È Ç Ã µ u ¼ for all Ã É8x ³ · µ ì Ç
ÈbÉ ² s ³�´�µdº É Z ³ È Ç Ã µ � ¼ for all Ã É8x ³ · µ ì ë

Beforestartingtheproof of thetheorem,let usrecallthenotionof properness
of amapbetweenalgebraicvarieties.Wereferto [46] for thedetails.

Definition. A regularmap À0ÁT²úÂ , of algebraicvarietiesoveranalgebraically
closedfield í is calledproperif for any variety Î over í themap À � id ÁT² � Î�Â,×� Î is closed(i.e.,theimageof aclosedsubsetis closed).A variety ² is proper
(or complete) over í if theconstantmap ² Â Specm³ í µ is proper.

Weshallusethevaluativecriterion of properness(see[46]). For any algebraic
variety ² over í , andany í -algebraØ , thesetof morphismsof algebraicvarieties
Specm³ Ø µ Â�² canbeviewedastheset ² ³ Ø µ of pointswith valuesin Ø . If ²
is affine, ² ³ Ø µ ¾ HomÅ ³ Ø ³ ² µ�Ç Ø µsÇ aswasdefinedin section3.3. If ² is glued
togetherfrom affine varieties²ãý , and Ø is a field, then ² ³ Ø µ is gluedtogether
from the ²ãý ³ Ø µ .

Let � beadiscretevaluationalgebraover í with residueí -algebraisomorphic
to í (e.g., � ¾¿íA`Ù` S bPb is the algebraof formal power seriesover í ) andlet Ú be
its field of fractions. If ² is glued togetherfrom affine varieties ²ãý , then it is
separatedif andonly if thenaturalmap ² ³ � µ Â�² ³ Ú µ is injective(thevaluative
criterion of separatedness). In particular, it is alwaysinjectivefor quasi-projective
algebraicvarieties,with which we aredealing. A regular map ÀÍÁ ² Â , of
varietiesover í definesa map ÀOÛ«Á ² ³ Ø µ Â ,M³ Ø µ of Ø -points. In particular,
the residuehomomorphism� Â í inducesa map ² ³ � µ Â ² ³ í µ , which is
calledthe residuemap. Thenthe valuative criterion of propernessassertsthat a
regularmap ÀPÁh²yÂ , is properif for any Ñ É ,M³ � µ á , ³ Ø µ , thenaturalmap³ ÀOÜ µ  #" ³ Ñ µ Â ³ À�Ý µ  #" ³ Ñ µ is bijective.

Example9.1. Any closedsubvariety ² of Ã 5 is properover í . First of all Ã 5 is
properover í . Any Ú -pointof Ã 5 comesfrom aunique � -pointaftermultiplying
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its projectivecoordinates³ È ø Ç ë ëEë Ç È 5 µ by somepowerof ageneratorS of themax-
imal ideal of � . Now, it follows immediatelyfrom the definition of properness
thataclosedsubvarietyof apropervarietyis proper. On theotherhand,anaffine
variety is obviously not proper. Let us show that ² ¾�Ã 5 � Ï ³ ; Ç ¼ Ç ë ë ë Ç ¼ µ Ö is
not complete.First noticethatthepoint ³ S Ç ë ë ë Ç S µ ÉÞ� 5 ³ Ú µ ¾ÈÚ 5 is a Ú -point of� 5 � Ï ¼%Ö ¾q= ³ È " µO� Ê`Ê`Ê � = ³ È 5 µ . In fact,it belongsto any opensubset= ³ È6ý µ since
it correspondsto ahomomorphism×�ý*Á&Ø ³ = ³ È6ý µ§µ ¾¦í!` È " Ç ëEë ë Ç È 5 b Ë � Â Ú defined
by È��0cÂ S . However, this point doesnot comefrom any � -point of ��5 � Ï ¼%Ö . In
fact ×�ý ³ È  #"ý µ ¾�S  #" ÚÉ±� for any � ¾ ; Ç ëEë ë Ç º . Now ��5 � Ï ¼%Ö ácÃA5 � Ï ³ ; Ç ¼ Ç ë ëEë Ç ¼ µ Ö
and ³ ; Ç S Ç ë ë ë Ç S µ É ² ³ Ú µ but ³ ; Ç S Ç ë ë ë Ç S µ ÚÉ ² ³ � µ .

We will needthefollowing fact.

Lemma 9.1. (Cartan-Iwahori-Matsumoto)Let �«¾ íA`P`�a bPb bethering of formal
powerserieswith coefficientsin í and let Úv¾úí ³§³ a µ;µ be its field of fractions.
For any reductivealgebraic group · , any elementof the set of doublecosets· ³ � µ � · ³ Ú µ§é · ³ � µ canberepresentedby a one-parametersubgroup ÃöÁ&p å Â· in the following sense. Oneconsiders Ã as a í ³ a µ -point of · and identifiesí ³ a µ with a subfieldof í ³§³ a µ;µ by consideringtheLaurentexpansionof rational
functionsat theorigin of � " .
Proof. Weprovethisonly for thecase·¦¾ GL 5 ; wereferto theoriginalpaperof
IwahoriandMatsumotofor thecasechar³ í µ ¾ ¼ (see[55]). In thecaseof positive
characteristiconehasto modify thelemma(seeAppendixto Chapter1 of [73] by
J.Fogarty).

A Ú -point of · is a matrix e with entriesin Ú . We canwrite it asa matrixa ÞßÇe , where Çe É GL ³ º Ç � µ . Since � is a principal idealdomain,we canreduce
the matrix Çe to diagonalform so that e ¾ ÇÖ " Ç= ÇÖ T Ç where ÇÖ ý�É?· ³ � µ , and Ç=
is the diagonalmatrix diag̀ a Þ W Ç ë ë ë Ç a Þ ½ b . Now we candefinea one-parameter
subgroupof · by Ã ³ S µ ¾ diag̀�S Þ W Ç ëEë ë Ç S Þ ½ b ë
Then Ã representsthedoublecosetof thepoint e É0· ³ Ú µ asasserted.

9.3 The proof

Let usproveTheorem9.1.Wehavealreadyprovedthenecessityof theconditions.
First of all, by replacing ´ with a sufficiently high tensorpower, we canplace
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ourselvesin thefollowing situation: · actson a projectivespaceÃ 5 by meansof
a linear representationÂAÁ ·¿Â GL 5 h " , ² is a · -invariantclosedsubvarietyofÃ 5 . We have to provethefollowing.

Let È�É ² and È�ÉÐ² � ² s ³�´�µ . Then thereexists ÃÍÉwx ³ · µ ì suchthatÉ Z ³ È Ç Ã µ 7 ¼ . Moreover, if È ÉF² us ³�´¶µ thenthereexists Ã Éox ³ · µ ì suchthatÉ Z ³ È Ç Ã µ » ¼ .
From now on we drop ´ from thenotation

É Z ³ È Ç Ã µ , rememberingthat ´ ¾� ì ³ ØKH ½ ³ º § ; µ§µ ë
Assume

É ³ È Ç Ã µ � ¼ for all Ã=Éàx ³ · µ ì . We have to show that È�É=² s.
SupposeÈ ÚÉ ² s. Choosea point ÈXì over È . Then the map �ÌÁ · Â â ¾� 5 h " Ç QácÂ Q¹ÊTÈXì Ç is not proper. In fact, if it is proper, ·ÐÊTÈXì is closedandthe
fiber of � over ÈXì is properover í (Exercise9.4). Sincethe fiber is a closed
subvariety of an affine variety, it mustconsistof finitely many points(Exercise
9.3). This easilyimpliesthat ·�Ë is finite and ·?Ê`È is closed,sothat È is a stable
point,contradictingtheassumption.By thevaluativecriterionof properness,there
exists an � -point of â which, viewed as a Ú -point of â , hasa inverseimage
under �RÝ¦Áæ· ³ Ú µ Â â ³ Ú µ but doesnot arisefrom any � -point of · . In other
words, thereexists an elementQ�É�· ³ Ú µ � · ³ � µ suchthat Q@ÊªÈXìAÉ âM³ � µ ¾� 5 h " . By Lemma9.1 we can write QÍ¾ Q " `âÃ b Q T , where Q " Ç Q T Éo· ³ � µ , and`âÃ b Éö· ³ Ú µ which comesfrom a one-parametersubgroupÃ . Let ÇQ T betheimage
of Q T underthe“reduction” homomorphism· ³ � µ Â · ³ í µ correspondingto the
naturalhomomorphism�¦Â í ÇNã ý �TýXa ý cÂ � ø . WecanwriteÇQ  #"T Q  #"" Qã¾ ³ ÇQ  #"T `âÃ b ÇQ T�µ ÇQ  #"T Q T ë
Theexpressionin theparenthesesis a Ú -point of · definedby a one-parameter
subgroupÃ>ß ¾ ÇQ  #"T Ã ÇQ T of · . Choosea basis ³�ä ø Ç ë ë ë Ç<ä 5 µ in í�5 h " suchthat the
actionof Ã ß ³ p å µ is diagonalized.Thatis, wemayassumethatÃ ß ³ S µ Ê ä ý ¾�S Þ � ä ý Ç � ¾ ¼ Ç ë ëEë Ç º ë
This is equivalentto `âÃ ß b Ê ä ý�¾oa Þ � ä ý Ç � ¾ ¼ Ç ëEë ë Ç º ë
Thus,if wewrite È ì ¾ È ìø ä ød§ Ê`Ê`Ê § È ì5 ä 5 , weobtain³ ÇQ  #"T Q  #"" Q.Ê È ì µ ý�¾ ³ `âÃ ß b Ê ³ ÇQ  #"T Q T Ê È ì µ§µ ý ¾za Þ � ³ ÇQ  #"T Q T Ê È ì µ ý ë
SinceQ.Ê ÈXì	É±� 5 h " , this tellsusthat³ ÇQ  #"T Q T ÊEÈ ì µ ý�¾oa  Þ � ³ ÇQ  #"T Q  #"" Q�Ê È ì µ ý*ÉÀa  Þ � � ë (9.5)
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This implies that ÜEý 7�¼ if ÈXìý Ú¾ ¼ . In fact, the element ÇQ  #"T Q T is reducedto the
identity modulo ³ a µ , hence ³ ÇQ  #"T Q T ÊTÈXì µ ý modulo ³ a µ areconstantsequalto ÈXìý .
On theotherhand,they areequalto a. Þ � �Tý modulo ³ a µ for some� ý*É±� . Thisof
courseimpliesthat ÜEý 7±¼ if ÈXìý Ú¾ ¼ .

Recallingour definitionof
É ³ È Ç Ã ß µ we seethat

É ³ È Ç Ã ß µ 7Í¼ . This contradic-
tion shows that ÈbÉ ² s if

É ³ È Ç Ã µ � ¼ for all Ã .
Assumenow that

É ³ È Ç Ã µ u ¼ for all Ã . We have to show that È�É�² ss. IfÈ is unstable,¼ É ·�Ê È ì andhencewe canchooseQöÉ · ³ Ø µ � · ³ � µ suchthatQãÊ`È ì É��K5 h " is reducedto zeromodulo ³ a µ (this follows immediatelyfrom the
proof of the valuative criterion of properness).Thereforethe left-handside of
(9.5)belongsto a+ Þ � h "�� andhencewe get ÜEý »�¼ if ÈXìý Ú¾ ¼ . Thus

É ³ È Ç Ã ß µ »�¼ .
Thiscontradictionprovesthetheorem.

9.4 The weight polytope

Recallfrom Chapter5 thata linearrepresentationof a torus aÍ¾Óp Þå in a vector
spaceâ splitsinto thedirectsumof eigensubspacesâ ¾ õå þMæ Yâç6\ â å Ç
where â å ¾ÌÏ�ó¹É â Á�SæÊ`óè¾Gó Ö ë
Also recall from Chapter5 that thereis a naturalidentificationbetweenthe setsx ³ a µ and v Þ which preserves the naturalstructuresof abeliangroupson both
sets.We definetheweightsetof therepresentationspaceâ by setting

wt ³�â.µ ¾ÌÏ � É8x ³ a µ Á â å Ú¾ÌÏ ¼%Ö Ö ë
This is afinite subsetof v Þ . Its convex hull in è Þ is calledtheweightpolytopeand
is denotedby wt ³�â�µ . Let uschoosea basisof â which is thesumof thebasesof
theweightspacesâ å Ç:� É wt ³�âèµ . In this basisour representationis definedby a
homomorphismÂMÁ]a±Â GL 5 givenby a formula

Â ³§³ S " Ç ë ë ë Ç S Þ µ;µ ¾
éêêê
ë
ìMí W ¼ ë ë ëÐë ë ë ¼¼ ì�í U ¼ ë ë ë ¼

...
...

...
. . .

...¼ ë ëEë ë ë ë ¼ ì í ½
î´ïïï
ð Ç (9.6)
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whereweusethevectornotationfor a monomial
ì í ¾�S å W" Ê`Ê`ÊñS åóòÞ .

Now let Ã?Áßp å Â a be a one-parametersubgroupof a . It is given by a
formula SÀcÂ ³ Ss� W Ç ëEë ë Ç Ss� ò µ for some ôÍ¾ ³ � " Ç ë ë ë Ç � Þ µ É~v Þ . Composingthe
representationÂ with Ã wehavea representationÂ0�Ã ÁRp å Â GL 5 givenby the
formula

S�cÂ
éêêê
ë
SEõ � í W ¼ ë ëEë�ë ë ë ¼¼ SEõ � í U ¼ ë ë ë ¼

...
...

...
. . .

...¼ ëEë ë ë ëEë ¼ S õ � í ½
î´ïïï
ð ë (9.7)

Let ÈFÉFÃ ³�âðµ with ÈXì.¾ ã å ó å Ç ó å É â å . We definetheweightsetof È by
setting

wt ³ È µ ¾ÌÏ � É8x ³ · µ Á ó å Ú¾ ¼%Ö ë (9.8)

Wedefinetheweightpolytopeof È by setting

wt ³ È µ ¾ convex hull of wt( È ) in x ³ · µ>° è ç ¾ è 5 ë (9.9)

If wechoosecoordinatesin â asin (9.7)andwrite ÈXì ¾ ³ ? " Ç ëEë ë Ç ? 5 µ then

wt ³ È µ ¾ÌÏOö ý�Á ? ý Ú¾ ¼%Ö ë
Since Ã ³ S µ Ê È ì ¾ ³ SEõ � í W ? " Ç ë ë ë Ç SEõ � í U ? 5 µsÇ weobtainthatÉ Z ³ È Ç Ã µ ¾ ÔÛÓXÊ Ï�ô¹ÊMöAýRÁ ? ý Ú¾ ¼%Ö ¾ ÔÛÓXÊå þ wt Y Ë \)÷ Ã Ç:�óø ë
(Recallthatthenaturalbilinearpairing ³ Ã Ç:�Rµ Â ÷ Ã Çù��ø betweenx ³ a µ ì and x ³ a µ
is definedby thecomposition� �Ã É8x ³ p å µ ¾qv . Whenweidentify x ³ a µ ì andx ³ a µ with v Þ , it correspondsto theusualdot-product.)

Example9.2. Let a be the subgroupof diagonalmatricesin GL 5 . Considerits
naturalrepresentationin â ¾�í 5 . Thenwt ³�â.µ ¾¿Ï ä " Ç ë ë ë Ç:ä 5 Ö , where ä ý arethe
unit basisvectors.Eachä ý correspondsto thecharacter� ýRÁ diag̀ S " Ç ë ëEë Ç S 5 b cÂ Sný .
Theweightspaceâ å � is thecoordinateaxis í ä ý . Theweightpolytopeof â is the
standardsimplexú 5 ¾üû ³ È " Ç ë ë ë Ç È 5 µ ÉÞè 5 Á ¼ u È6ý u ; Ç 5ý ýCB " È6ý�¾ ;6þ ë
Theweightsetof apoint È ÉbÃ 5  #" with projectivecoordinates³ � " Ç ë ë ë Ç � 5 µ is the
set Ï ä ý*ÁR�Tý Ú¾ ¼%Ö ë Its weightpolytopeis thesubsimplex Ï`ÈbÉ ú 5 ÁTÈ6ý Ú¾ ¼hÖ . If Ã is
givenby ö�¾ ³ m " Ç ëEë ë Ç m 5 µ ÉÞvÌ5 correspondingto S�cÂ diag̀�S å W Ç ë ëEë Ç S å ½ b , thenÉ>ÿ�� ½�� W Y " \ ³ È Ç Ã µ ¾ ÔÛÓXÊ Ï�m ýRÁ ? ý Ú¾ ¼%Ö ë
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Clearly, onecanalwaysfind ö suchthatthis numberis positive,soall pointsare
unstable.

In thecasewhen · is atoruswecanrestateTheorem9.1in thefollowing way.

Theorem 9.2. Let · be a torusand let ´ bean ample · -linearizedline bundle
on a projective· -variety ² . ThenÈ É ² ss³�´�µ º ¼ É wt ³ È µsÇÈbÉ ² s ³�´�µ º ¼ É interior { wt ³ È µ } ë
Proof. We usea well-known fact from the theory of convex sets. Let

ú
be a

closedconvex subsetof è�5 . For any point �ÍÉ~è�5 � interior³ ú µ (resp. �ÐÉè 5 � ú µ thereexists an affine function ×�Á�è 5 Â è suchthat × ³ � µ u ¼ (resp.× ³ � µ � ¼ ), and × ³ ú µ áqè ^ ø ë Moreover, theproof of this factshows thatonecan
choose× with integral coefficientsif

ú
is theconvex hull of a setof pointswith

integral coordinates.We refer for theproofsto any textbookon convex sets(see
for example[82]). Theresultfollows.

Now let · beany reductivegroupactinglinearly on a projectivevariety ²�áÃ 5 , and ´ be the restrictionto ² of somepositive tensorpower of Ø�H ½ ³ ; µ . We
know thatany one-parametersubgroupof · hasits imagein amaximaltorus a of· , andhencecanbeconsideredasaone-parametersubgroupof a . Now, applying
Theorem9.1,weobtain ² ss³�´¶µ ¾ �

maximaltori ç ² ssç ³�´ ç µsÇ
² s ³�´�µ ¾ �

maximaltori ç ² sç ³�´ ç µ ë
Here a runsover the setof all maximaltori of · , andthesubscripta indicates
therestrictionof theaction(andthelinearization)to a .

Let usfix onemaximaltorus a . Thenfor any othermaximaltorus a ß , we can
find QüÉ · suchthat QRa ß Q# #" ¾üa . Fromtheprecedingchapterwe know that È
is semi-stable(resp.stable)with respectto Ã ³ p å µ if andonly if ¼ éÉ Ã ³ p å µ Ê È ì
(resp. Ã ³ p å µ ÊEÈ ì is closedandthestabilizerof È ì in Ã ³ p å µ is finite). It immedi-
atelyfollows thatthis propertyis satisfiedif andonly if Q.Ê�È is semi-stable(resp.
stable)with respectto Q6Ã@Q  #" ³ p å µ . This impliesthatÈbÉ ² ssç à ³�´ ç à µdº Q.Ê È É ² ssç ³�´ ç µ�Ç
andsimilarly for stablepoints.Puttingthesetogetherweobtain
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Theorem 9.3. Let a bea maximaltorusin · . ThenÈbÉ ² ss³�´�µ º ô Q Éb· Ç QèÊ ÈbÉ ² ssç ³�´ ç µsÇÈbÉ ² s ³�´�µ º ô Q Éb· Ç QèÊ ÈbÉ ² sç ³�´ ç µ ë
9.5 Kempf-stability

To finish this chapterwe give a very nice necessaryconditionfor a point to be
unstablein termsof its isotropy subgroup.This is a resultdueto G. Kempfwhich
is very importantin applicationsto constructionof variousmoduli spacesin alge-
braicgeometry. Let ²�áGÃ ³�âãµ , where · actson ² via a linearrepresentationinâ . SupposeÈ Éc² is unstable.Let ó be its representative in â . We know that
thereis a one-parametersubgroupÃGÁ�p å Â · suchthat

Í Ó9Ô GPÎ ø Ã ³ S µ Êªóö¾ ¼ .
We call Ã a destabilizingone-parametersubgroup of È . Among all destabiliz-
ing one-parametersubgroupsof È we want to considerthosefor which

É ³ È Ç Ã µ
is maximal. Since

É ³ È Ç Ã _ µ ¾ � É ³ È Ç Ã µ , we shouldfirst normalize
É ³ È Ç Ã µ by di-

viding it by �Ã�� andshow that the maximumis defined. Here �Ã�� means
theEuclideannormin è�5 if we chooseto identify x ³ a µ ì with v Þ ; of course,the
imageof Ã could belongto differentmaximaltori, so we have to proceedmore
carefully. First we canfix onemaximaltorus a . For any Ã0Éáx ³ · µ ì we canfindQ Éb· suchthat Ã ß ¾oQ# #"%ÊùÃkÊEQ belongsto x ³ a µ ì . Thenwecanset �ßÃ��J¾	�ßÃ ß � ë
However, wehaveto checkthatthisdefinitiondoesnotdependon thechoiceof Q
asabove;equivalently, wehave to checkthat �ßÃ��J¾
��Ã ß � if Q# #" ÊNaHÊNQð¾oa (i.e.,Q belongsto the normalizer 9 Ù ³ a µ of a in · ). The quotientgroup 9 Ù ³ a µ§é a
is calledtheWeyl groupof · . It is a finite groupwhich actslinearly on x ³ a µ ì .
If ·�¾ GL 5 and a is the subgroupof diagonalmatrices,we easilycheckthat� ¾ 9 Ù ³ a µ§é a canbe representedby the matricesÀ � � �£³ ; µ ¾ ê 5 § ¸¡ý
� , where? ý
� is a root. By conjugation,

�
actson a by permutationof rows andhenceit

actson x ³ a µ ìã¾ v 5 by permutationof the coordinates.In particular, �	Ã�� is�
-invariant.In generalwechooseanorm �ßÃ�� on x ³ a µ ì which is

�
-invariant;

this is alwayspossiblesince
�

is finite. Thissolvesourproblemof defining ��Ã��
for any Ã É±x ³ · µ ì . Soweset  Ë ³ Ã µ ¾ É ³ È Ç Ã µ� Ã�� ë
For any Ã É±x ³ · µ ì wedefineû ³ Ã µ ¾ û QMÉ0·�Á Í Ó9ÔGPÎ ø Ã ³ S µ Ê'QèÊOÃ ³ S µ  #" existsin · þ ë
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Lemma 9.2. û ³ Ã µ is a subgroupof · which containsa Borel subgroup. More-
over, for any Q É0û ³ Ã µ ,Í Ó9ÔGPÎ ø Ã ³ S µ Q6Ã ³ S µ  #" ÉPÎ Ù ³ Ã µ Áe¾ÌÏ I É0·ÐÁ I Ã ³ S µùI  #" ¾%Ã ³ S µsÇ¯ô SZÉPí ì Ö ë
Proof. Againweprovethisonly for ·?¾ GL 5 . Without lossof generalitywemay
assumethat Ã is a one-parametersubgroupof thegroupof diagonalmatricesand
is givenby Ã ³ S µ ¾ diag̀�S å W Ç ëEë ë Ç S å ½ b ë By a furtherchangeof basiswe mayalso
assumethat m " u Ê`Ê`Ê u m 5 . Let Qã¾ ³ �Tý
� µ ë WehaveÃ ³ S µ Q6Ã ³ S µ  #" ¾ ³ S å �  å � �Tý
� µ ë
Thelimit existsif andonly if �Tý
�¡¾ ¼ when m ý � m�� . Thus QMÉPû ³ Ã µ if andonly
if � ý��p¾ ¼ whenever � » � and m ý Ú¾om�� . It is easyto seethat û ³ Ã µ is asubgroup;
it containsthegroup � of uppertriangularmatricesandis equalto this groupifm " � Ê`Ê`Ê � m 5 . Now thelimits

Í Ó�Ô GPÎ ø Ã ³ S µ ÊMQðÊ�Ã ³ S µ  #" Ç Q ÉAû ³ Ã µsÇ form a setof
matrices ³ �Tý
� µ É û ³ Ã µ suchthat � ý��è¾ ¼ if m ý » m�� . It is immediatelychecked
thatthis is thesubgroupÎ Ù ³ Ã µ .
Lemma 9.3. For any Q É0û ³ Ã µ ,É ³ È Ç Q  #" Ã@Q µ ¾ É ³ È Ç Ã µ ë
Proof. Wehave,for any QMÉ0û ³ Ã µ ,Í Ó9ÔGPÎ ø ³ Q  #" Ã ³ S µ Q µ Ê È ¾ Í Ó�ÔGPÎ ø ³ Q  #" Ã ³ S µ Q6Ã ³ S µ  #" µ ÊOÃ ³ S µ Ê È¾ Í Ó�ÔGPÎ ø Q  #" ³ Ã ³ S µ Q6Ã ³ S µ  #" µE³ Ã ³ S µ Ê È µ ¾ Q  #" Í Ó�ÔGPÎ ø ³ Ã ³ S µ Q6Ã ³ S µ  #" µ Ê`Ñ Ç
where Ñb¾ Í Ó9Ô GPÎ ø Ã ³ S µ Ê^È . It is easyto seethat

É ³ È Ç Ã µ ¾ É ³ Í Ó9Ô GPÎ ø Ã ³ S µ Ê£È Ç Ã µ
(seeExercise9.2(iv)). Therefore,putting I ¾ Í Ó9Ô GPÎ ø ³ Ã ³ S µ Q@Ã ³ S µ  #" µ , weobtainÉ ³ È Ç Q  #" Ã#Q µ ¾ É ³ Q  #" I Ê`Ñ Ç Q  #" Ã#Q µ ë
Now É ³ Q  #" I Ê Ñ Ç Q  #" Ã@Q µ ¾ É ³)I Ê`Ñ Ç Ã µ ¾ É ³ Ñ ÇNI  #" Ã I�µ ¾ É ³ Ñ Ç Ã µ ¾ É ³ È Ç Ã µ ë
Herewe usethat I centralizesÃ and

É ³ È Ç Q# #"sÃ#Q µ ¾ É ³ Q.ÊUÈ Ç Ã µ (seeExercise9.2
(i)). Thisprovestheassertion.
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Definition. Theflag complex of · is theset
ú ³ · µ of one-parametersubgroupsof· modulothefollowing equivalencerelation:Ã " ç Ã T�º � º " Ç º T ÉÞv ÷hø Ç Q É0û ³ Ã " µ suchthat Ã 5 WT ¾zQ  #" Ã 5 UT Q ë

It followsfrom Lemma9.2thatthefunction  Ë ³ Ã µ is well-definedasafunction
on
ú ³ · µ . Also thefunction Ã cÂ û ³ Ã µ is well-definedon

ú ³ · µ . Now theideais
to find a maximumof  Ë Á ú ³ · µ Â è . It is achievedat a point `âÃ b representing
theone-parametersubgroupwhich is “most responsible”for the instability of È .
The existenceof sucha point Ã wasconjecturedby J. Tits andwasproven by
G. Kempf ([59]) andG. Rousseau([95]). The ideais to show that  Ë is strictly
convex onthesetof pointsin

ú ³ · µ representingdestabilizingsubgroupsof È and
achievesamaximumon this set.

Theorem 9.4. There existsa one-parametersubgroup Ã6Ë�É8x ³ · µ ì such that Ë ³ Ã>Ë µ ¾ Ô���� Ï  Ë ³ Ã µ Á�Ã É8x ³ · µ ì Ö ë
All such subgroupsrepresentthesamepoint in

ú ³ · µ .
Definition. A one-parametersubgroupÃ É�x ³ · µ ì is calledadaptedfor thepointÈbÉ ² us ³�´¶µ if it satisfiestheassertionof theprecedingtheorem.

Let � ³ È µ bethesetof adaptedone-parametersubgroupsof È . It is anequiv-
alenceclassrepresentingonepoint � ³ È µ É ú ³ · µ . We canassignto it theunique
parabolicsubgroupû ³ � µ whichwedenoteby û ³ È µ . Of coursewehaveto remem-
berthatall of theseobjectsdependon thelinearizationof theaction.

Corollary 9.1. AssumeÈ is unstable. Then· Ë.á±û ³ È µ ë
Proof. For any QMÉP·�Ë and Ã É�� ³ È µ wehave Q# #"ñÃ@Q É�� ³ È µ . IndeedÉ ³ È Ç Ã µ ¾ É ³ Q�Ê È Ç Ã µ ¾ É ³ È Ç Q  #" Ã#Q µ ë
By Theorem9.4, we musthave û ³ Q# #"�Ã@Q µ ¾�û ³ Ã µ . It follows from the defini-
tion that û ³ Q# #"sÃ@Q µ ¾wQ# #""û ³ Ã µ Q . However, it is known that thenormalizerof a
parabolicsubgroupis equalto thesubgroup.

Corollary 9.2. Assume· is semisimple(e.g. · ¾ SL5 ) and ·�Ë is not contained
in anyproperparabolicsubgroupof · . ThenÈ is semi-stablewith respectto any
linearization.



9.5.KEMPF-STABILITY 141

Proof. We usethat û ³ È µðÚ¾ · if · is semisimple.Otherwisethereis anadapted
one-parametersubgroupwhichbelongsto thecenterof · .

In fact,onecanstrengthentheprecedingcorollaryby showing that · Ê^È ì is
closedin â if · Ë is not containedin any properparabolicsubgroupof · . This is
dueto Kempf ([59]). To prove it heconsidersa closedorbit ·ÍÊTÑ%ì in O ³ È ì µ and
provestheexistenceof aone-parametersubgroupÃ with

Í Ó9Ô GPÎ ø Ã ³ S µ ÊnÈXì�Éb·üÊ"Ñ%ì .
Next hedefinesthesetof adaptedsubgroupswith thispropertyfor whichthelimit
is reachedthefastest.Thesesubgroupsdefineauniqueproperparabolicsubgroup
and · Ë is containedin this subgroup.

Definition. È É ²�ácÃ ³�âðµ is calledKempf-stableif ·�Ê È ì is closedin â .

This definitionis obviously independentof thechoiceof ÈXì�É â representingÈ . Notethat

stability ¾!Ë Kempf-stability ¾AË semi-stabilityë
Indeed,if ·üÊnÈ is closedin ² ss then ·üÊnÈ ì is obviouslyclosedin â � ñ ³ ·ãò â3µ

(otherwisethe imagein Ã ³�âãµ of a point in the closurebelongsto the closureof·�Ê È in ² ss). Also ·�Ê ÈXì is closedin â sinceotherwisea point in its closure
belongsto the null-coneandhenceany invariantpolynomialwill vanishat ÈXì .
Now if È is Kempf-stable,thepoint È ì cannotbelongto thenull-cone.If it does,
we canfind a one-parametersubgroupÃ suchthat

Í Ó�Ô GPÎ ø Ã ³ S µ Ê`ÈXì¡¾ ¼ . But then¼ mustbelongto ·�Ê ÈXì , which is absurdsince Ï ¼%Ö is anorbit.
ThuswecangeneralizeCorollary9.2to obtain:

Corollary 9.3. Assume· is semisimpleand ·�Ë is not containedin any proper
parabolicsubgroupof · . ThenÈ is Kempf-stable.

Example9.3. This is intendedfor thereaderwith someknowledgeof thetheory
of abelianvarieties(see[72]). Let e be an abelianvariety of dimensionQ over
an algebraicallyclosedfield í andlet ´ be an ampledivisor on e . Onedefines
thesubgroupØ ³�´�µ of e which consistsof all points �@É e suchthat S"ì� ³�´�µ ç¾ ´ .
Here S � denotesthetranslationmap ÈÞcÂ È § � . Although ´ is obviously Ø ³�´�µ -
invariant,it doesnot admita Ø ³�´�µ -linearization.However, onedefinesa certain
extensiongroup � ³�´�µ Â Ø ³�´�µ with kernel isomorphicto p å , with respectto
which ´ admitsa linearization.Of course,thesubgroupp å of � ³�´�µ actstrivially
on e . The group � ³�´�µ is called the theta group of ´ . The linear representa-
tion of � ³�´�µ in � ø ³�e.ÇO´�µ is irreducible. As an abstractgroup Ø ³�´�µ is isomor-
phic to Ø ³ = µ ¾ v�� é = v���� v�� é =	v�� , where = ¾ diag̀ � " Ç ë ë ë Ç<� � b Ç<� " � Ê`Ê`Ê � � � Ç
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is the type of the polarizationof ´ . For example,when ´ ¾µ4 Ý65 , where 4
is a principal polarization,we have Ø ³�´�µ ¾ e 5 , the groupof º -torsionpoints,
and Ø ³�´¶µ ç¾ ³ v é º v µ T � . The vectorspace� ø ³�e.ÇO´�µ is isomorphicto the vec-
tor spaceíA`
v�� é =	v�� b of í -valuedfunctionson thefinite abeliangroup v�� é = v�� ,
andthe representationof � ³�´�µ on this spaceis calledtheSchrödinger represen-
tation. If we assumethat � " 7 ¡ , then ´ is very ampleand can be usedto
definea � ³�´�µ -equivariantembeddingof e in Ã ³ � ø ³�e.Ç(´¶µ ì µ . Let us now con-
sideranabelianvarietywith polarizationof type = andlevel structureasa triple³�e�ÇO´pÇ × µ , wheree and ´ areasabove,and ×bÁRØ ³�´�µ ç¾ Ø ³ = µ is anisomorphism
of abeliangroups.Eachsuchtriple definesa point I Y � D Z D ! \ in theHilbert scheme
of closedsubschemesin Ã#"7¾GÃ ³ í!`
v�� é =	v�� b ì µ . We saythattwo triples ³�e.Ç(´¡Ç × µ
and ³�e ß ÇO´ ß Ç × ß µ areisomorphicif thereexistsanisomorphismof abelianvarietiesÀ¦Á e Â e ß suchthat À�ì ³�´ ß µ ¾ ´ and × �À±¾ú× ß . It is easyto seefrom this
definition that ³�e.ÇO´pÇ × µ ç ¾ ³�e ß ÇO´ ß Ç × ß µ if andonly if I Y � D Z D ! \ ¾àQ¹Ê I Y � à D Z à D ! à \ for
someprojective transformationof Ã$" . Onecanshow that thereis an irreducible
component² of theHilbert schemewhich containsthepoints I Y%� D Z D ! \ . Sincethe
spaceÃ$" correspondsto an irreduciblerepresentationâ "G¾ íA`�v�� é =	v�� b ì of the
group Ø ³ = µ , the isotropy subgroupof I Y%� D Z D ! \ (equalto Ø ³ = µ ) is not contained
in any properparabolicsubgroupof GL ³�â " µ (seeExercise9.10).Thus I Y%� D Z D ! \ is
a Kempf-stablepoint in ² . It is alsoa stablepoint sinceits isotropy subgroupis
finite. Thesetof pointsin ² correspondingto smoothschemesis anopensubset�

of ² , andis alsoaGL ³�â " µ -invariantsubsetcontainedin ² s. Thuswecancon-
siderthegeometricquotient

� é GL ³�â " µ whichis afinemodulischemefor abelian
varietieswith polarizationof type = anda level structure.

Bibliographical notes

Most of the materialof this chapteris taken from [73]. Our function
É Z ³ È Ç Ã µ

differsby aminussignfrom theonestudiedin Mumford’sbook[73]. Thenumer-
ical criterionof stability goesbackto D. Hilbert ([47]) who introducedit for the
descriptionof the null-conefor the actionof SL5 on the spaceof homogeneous
polynomials.

Onecangivea criterionof stability in termsof themomentmap m Á Ã ³�âðµ Â
Lie ³ Ø µ , whereØ is amaximalcompactsubgroupof · (SU³ º µ if ·Ì¾ SL ³ º Ç'&�µ ).
It is definedby the formula m ³ ó µ ¾
�öó��¥ T d�)( ³ ; µ , where, for any QÐÉ Ø ,�)( ³ Q µ ¾
�2QÛÊTó*� T . Herewe fixeda Ø -invarianthermitiannorm �+� in â . The
criterionstatesthat È is semi-stableif andonly if ¼ belongsto theclosureof the



EXERCISES 143

momentmapimage m ³ ·ÌÊ^È µ of theorbit of È (see[60]). For moreinformation
aboutthe relationshipbetweenGIT andthe theoryof momentmapswe refer to
[62] andChapter8 of thenew editionof Mumford’sbook.

One can consider
É Z ³ È Ç Ã µ as a function in ´ . Onecan also get rid of the

dependenceon Ã by showing that the function 4 Z ³ È µ ¾-,/.)0 Ò þ¥æ Y Ù \ Ä Ñ21 Y Ë D Ò \3 Ò 3 is

well-definedandcanbe extendedto a function 4�cÂ 465 ³ È µ on the vectorspace4 É PicÙ ³ ² µ�° è . Thesefunctionsareusedin [23] to definewalls andchambers
in the vectorspacePicÙ ³ ² µ�° è which play an importantrole in the theoryof
variationof GIT quotients.

Exercises

9.1 An algebraicgroup · is called diagonalizableif Ø ³ · µ is generatedas í -
algebraby the characters×ÐÁ¡·�Â p å consideredas regular functionson · .
Prove thata torusis a diagonalizablegroupandthatevery connecteddiagonaliz-
ablegroupis isomorphicto a torus. Give examplesof nonconnecteddiagonaliz-
ablegroups.

9.2Checkthefollowing propertiesof thefunction
É Z ³ È Ç Ã µ :

(i)
É ³ Q.Ê È Ç Ã µ ¾ É ³ È Ç Q# #"�Ã@Q µ for any QMÉ0· Ç Ã É8x ³ · µ ìJò

(ii) for any ÈAÉA² Ç ÃPÉjx ³ · µ ì , themapPicÙ ³ ² µ Â v definedby theformula´ cÂ É Z ³ È Ç Ã µ is a homomorphismof groups;

(iii) if ÀyÁã² Â , is a · -equivariant morphismof · -varieties,and ´ É
PicÙ ³),ðµ , then

É ¢ Ä Y[Z]\ ³ È Ç Ã µ ¾ É Z ³ À ³ È µ�Ç Ã µ ;
(iv)

É Z ³ È Ç Ã µ ¾ É Z ³ Í Ó�Ô GPÎ ø Ã ³ S µ Ê È Ç Ã µ .
9.3 Prove thatanaffine varietyover a field í is properif andonly if it is a finite
setof points.

9.4 Prove thata fiber of a propermapis a propervariety. Give anexampleof a
nonpropermapsuchthatall its fibersarepropervarieties.

9.5Provethat · actsproperlyon ² s ³�´�µ (i.e.,themap 7 ÁT· � ² s ³�´¶µ Â�² s ³�´�µ&�² s ³�´�µ is proper).

9.6ProveLemma9.3for ·?¾ SL5 and ·?¾%p 5å .
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9.7Let a bean Ü -dimensionaltorusactinglinearlyonaprojectivespaceÃ 5 . Show
thatPic

ç ³ Ã 5 µ ç ¾ v Þ h " andthesetof ´ É Pic
ç ³ Ã 5 µ suchthat ³ Ã 5 µ ss³�´�µMÚ¾ün is a

finitely generatedsemigroupof v Þ h " .
9.8In thenotationof Exercise8.6from Chapter8, find thesets² ss³�´�µ and ² s ³�´�µ
by usingthenumericalcriterionof stability.

9.9 SupposeÈ is Kempf-stable.Show that its isotropy group · Ë is a reductive
subgroupof · . [Hint: Use,or prove,thefollowing fact: if � is aclosedsubgroup
of · with · é � affine then � is reductive.]

9.10 Let � be a subgroupof GL ³�âèµ suchthat â is irreduciblefor the natural
actionof � in â . Show that � is not containedin any properparabolicsubgroup
of · .

9.11Let ²ú¾GÃ ³ 4 5 µ betheprojectivespaceassociatedto thespaceof squarema-
tricesof size º . Considertheactionof thegroupSL5 on ² definedby conjugation
of matrices.Usingthenumericalcriterionof stabilityfind thesetsof unstableand
stablepoints.

9.12Let ²�ácÃ ³�âãµ andlet · acton ² via its linearrepresentation.Considerthe
flag complex

ú ³ · µ . For any point ÈHÉü² let Ö ³ È µ ¾ Ï�� É ú ³ · µ Á  Ë ³ � µ »?¼%Ö .
Show thatthis setis convex.



Chapter 10

Projective hypersurfaces

10.1 Nonsingular hypersurfaces

Let ·Ì¾ SL5 h " actlinearlyon ��5 h " in thenaturalway. Thisactiondefinesanac-
tion of · onthesubspaceí!` Î ø Ç ë ëEë Ç Î 5 b _ á?Ø ³ ��5 h " µ of homogeneouspolynomi-
alsof degree� »c¼ . Weview thelatterastheaffinespace� Ä , where 9ù¾ { 5 h __ } .A point of theprojectivespace

Hyp_ ³ º µ Á ¾GÃ ³ íA` Î ø Ç ë ë ë Ç Î 5 b _ µ ç ¾ Ã Ä� #"
is calleda hypersurfaceof degree � in Ã 5 . For eachnonzeroî ÉüíA` Î ø Ç ëEë ë Ç Î 5 b _
we denotethe correspondinghypersurfaceby â ³ î µ . When î is an irreducible
polynomial,it canbe identifiedwith the setof zerosof î in ÃA5 , which is an ir-
reducibleclosedsubvarietyof Ã!5 of dimensionº y ;

. In general,â ³ î µ canbe
viewedastheunionof irreduciblesubvarietiesof dimensionº y ; takenwith mul-
tiplicities. In thischapterweshalltry to describethesetsof semi-stableandstable
pointsfor this action. Note that thereis no choicefor a nontrivial linearization,
sincePic³ Ã Ä� #" µ�ç¾ v and x ³ · µ ¾ÍÏ ; Ö ; wemusttake ´ ¾?Ø H98 � W ³ ; µ .

Let Ö _ ³ º µ ¾ Hyp_ ³ º µ§é é SL5 h " ë
This is a normal unirationalvariety. According to a classicalresult of Jordan
andLie, thegroupof projectiveautomorphismsof anirreduciblehypersurfaceof
degree � 7 ¡ is finite (seea modernproof in [85]). This impliesthatSL5 h " acts
on anopennonemptysubsetwith finite stabilizergroups.By Corollary6.2,Ò>Ó9Ô Ö _ ³ º µ ¾ Ò&Ó�Ô Hyp_ ³ º µ y Ò>Ó9Ô SL5 h " ¾à{ 5 h __ } y ³ º § ; µ T ë (10.1)

145
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Let º bearbitrary. Recallthata hypersurface âM³ î µ É Hyp_ ³ º µ definesa nonsin-
gularvarietyif andonly if theequations

îÌ¾ ¼ Ç : î: aXý ¾ ¼ Ç � ¾ ¼ Ç ë ë ë Ç º Ç
haveno commonzeros.Notethat,by theEulerformula,

� î¦¾ 5ý ýCB ø a�ý : î: a�ý Ç
Soif char³ í µ doesnot divide � , thefirst equationcanbeeliminated.Let = bethe
resultantof thepolynomials: î é : a�ý . It is a homogeneouspolynomialof degree³ º § ; µJ³)� y ; µ 5 in thecoefficientsof theform î . It is calledthediscriminantofî . Its valueat î is equalto zeroif andonly if the : î é : a�ý haveacommonzeroinÃ 5 . Sincethe latterpropertyis independentof thechoiceof coordinates,thehy-
persurfaceâM³ = µ á Hyp_ ³ º µ is invariantwith respectto theactionof ·Ì¾ SL5 h " .
Thismeansthatfor any Q Éb· wehave Q ì ³ = µ ¾�× ³ Q µ = for some× ³ Q µ ÉPí ì . One
immediatelyverifiesthat the function QácÂ × ³ Q µ is a characterof SL5 h " . Since
the latter is a simplegroup, its groupof charactersis trivial. This implies that× ³ Q µ ¾ ;

for all Q , andhence= is aninvariantpolynomial.Since= doesnotvan-
ishonthesetof nonsingularhypersurfacesof degree� primeto thecharacteristic,
weobtain

Theorem 10.1. Assumechar³ í µ is primeto � . Anynonsingularhypersurfaceis a
semi-stablepoint of Hyp_ ³ º µ .

If � » � , onecanreplace“semi-stable”with “stable”. This follows from the
previously observed fact that, undertheseassumptions,the groupof projective
automorphismsof anonsingularhypersurfaceis finite.

Example10.1. Assume� ¾ � andchar³ í µbÚ¾ � . ThenHypT ³ º µ is the spaceof
quadrics.ThespaceíA` a ø Ç ë ë ë Ç a 5 b T is thespaceof quadraticforms

îÌ¾ 5ýý D �ùB ø �Tý
�<a�ýÙa@� Ç
or equivalently, thespaceof symmetricmatrices� ¾ ³<; ý
� µ ý D �ùB ø D�F�F�F D 5 Ç=; ýeý�¾ � � ý ý Ç'; ý
�p¾ ; �¯ý�¾%�Tý
� Ç:�¡Ú¾i� ë
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A quadricâM³ î µ is nonsingularif andonly if therankof thecorrespondingmatrix
is equalto º § ;

. Thedeterminantfunction on íA` a ø Ç ë ë ë Ç a 5 b T is the resultant�
from above. Thus all nonsingularquadricsare semi-stable.We know that by
a linear changeof variablesevery quadraticform canbe reducedto the sumof
squares² Tø § Ê`Ê`Ê § ² TÞ , wherethe number Ü is equalto the rank of the matrix� from above. In our situationwe areallowedto useonly lineartransformations
with determinant1 but sinceweareconsideringhomogeneousformsonly up to a
multiplicativefactor, theresultis thesame.Wehaveexactly º orbitsfor theaction
of SLÞ on HypT ³ º µ ; eachis determinedby therankof thecorrespondingnonzero
quadraticform. In factany invariantnonzerohomogeneouspolynomialvanishes
on an invariantsubvariety of codimension1 in HypT ³��%µ , which mustconsistof
all orbitsexcepttheuniqueopenonerepresentingnondegeneratequadraticforms.
By Hilbert’s Nullstellensatz,this invariant polynomial must be a power of the
discriminantof the quadraticform. The stabilizerof the quadraticform a 5ø §Ê`Ê`Ê § a T5 is thespecialorthogonalgroupSO5 h " . Sinceit is of positivedimension
(if ºP» ¼ ), therearenostablepoints.

10.2 Binary forms

Let usconsiderthecaseº ¾ ;
. Theelementsof thespaceíA` Î ø Ç Î " b _ arebinary

formsof degree � . Thecorrespondinghypersurfacescanbeviewedasfinite sub-
setsof pointsin Ã�" takenwith multiplicities (or, equivalently, aseffectivedivisors=N¾ ã º Ë È on Ã�" ). Let

î?¾ _ý ýCB ø �Tý�Î _  ýø Î ý" É±Ø×` Î ø Ç Î " b _ ë
Let a be the maximal torusof SLT which consistsof diagonalmatricesand is
equalto theimageof theone-parametergroup

Ã ³ S µ ¾-> S ¼¼ S: #"@? ë
Let us first investigatethe stability of � ¾ âM³ î µ with respectto a . For this
we will follow thelastsectionof theprecedingchapter. We have to computethe
weightsetwt ³ � µ . WehaveÃ ³ S µ Ê ³ � ø Ç ë ëEë Ç � _ µ ¾ ³ � ø S _ Ç � " S _  T Ç ë ë ë Ç � _ S  _ µ ë
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Theweightsetis asubsetof thesetA ¾ÍÏ y �6Ç y � § �%Ç ë ëEë Ç<� y �%Ç<� Ö ázvï¾%x ³ a µ ë
Let ? å ý 5 (resp. ? å � Ë ) bethesmallest(resp.largest)elementof this set.

Obviously, ? å ý 5 ¾ y � § ��� , where Î ýø is the maximumpower of Î ø which
divides î . Similarly, ? å � Ëü¾ � y ��� , where Î ý" is the maximumpower of Î "
whichdivides î .

By Theorem9.2,we know that � is semi-stable(resp.stable)with respecttoa if andonly if ? å ý 5 u ¼ u ? å � Ë (resp. ? å ý 5 � ¼ � ? å � Ë ) ë (10.2)

Thiscanbeinterpretedasfollows:� is semi-stable(resp. properlystable)with respectto a if andonly if the
points ³ ¼ Ç ; µ and ³ ; Ç ¼ µ arezerosof � of multiplicity u �%é�� (resp. � �hé]� ).

Fromthis weeasilydeduce

Theorem 10.2. Hyp_ ³ ; µ ss (resp. Hyp_ ³ ; µ s) is equal to the setof hypersurfaces
with no rootsof multiplicity » �hé]� (resp. 7 �hé]� ).
Proof. Suppose� is semi-stableandhasa root ³�� ø Ç<� " µ ÉGÃ " of multiplicity »�hé]� . Let Q�É=· take this point to the point ³ ; Ç ¼ µ . Then � ß�¾lQ@Ê@� hasthe
point ³ ; Ç ¼ µ asa root of multiplicity » �hé]� . This shows that � ß is unstablewith
respectto a . Hence� is unstablewith respectto · , contradictingtheassumption.
Conversely, assume� hasno rootsof multiplicity » �%é�� andis unstable.Then
thereexistsamaximaltorus a ß with respectto which � is unstable.Let QRa ß Q# #" ¾a for someQ É0· . Then Q¡Êù� is unstablewith respectto a . But thenit hasoneof
thepoints ³ ; Ç ¼ µ or ³ ¼ Ç ; µ asa root of multiplicity » �hé]� . Thus � hasQ# #"æÊ ³ ; Ç ¼ µ
and Q# #"*Ê ³ ¼ Ç ; µ asa root of multiplicity » �hé]� .

A similar argumentprovestheassertionaboutstability.

Corollary 10.1. Assume� is odd.Then

Hyp_ ³ ; µ ss ¾ Hyp_ ³ ; µ s ë
Now assume� is even andlet � É Hyp_ ³ ; µ ss � Hyp_ ³ ; µ ¸ . This meansthat� hasa root of multiplicity �hé]� but no roots of multiplicity greaterthan �hé]� .

Considerthe fiber of the projectionHyp_ ³ ; µ ss Â Hyp_ ³ ; µ ssé é · containing � .
Sinceour categoricalquotientis good,thefibercontainsauniqueclosedorbit. �
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belongsto this orbit if andonly if its stabilizeris of positivedimension.Assume� belongsto this orbit. Sinceany groupelementstabilizing � stabilizesits set
of roots,andit is easyto seethat any subsetof Ã�" consistingof morethantwo
pointshasa finite stabilizer. Thus, � musthave only two roots. Sinceoneof
theserootsis of multiplicity �hé]� , theotheroneis alsoof multiplicity �hé]� . Since
any two-pointsetson Ã�" areprojectively equivalent,this tellsusthat

Hyp_ ³ ; µ ss � Hyp_ ³ ; µ s ¾�·�Ê�� ø Ç
where � ø is givenby theequation³ Î ø Î " µ _ � T ¾ ¼ . In particular,

Hyp_ ³ ; µ ssé é · � Hyp_ ³ ; µ s é ·?¾ÍÏ`È ø Ö Ç
wherethesinglepoint È ø representstheorbit of � ø .

Thevariety Ö _ ³ ; µ Áe¾ Hyp_ ³ ; µ ssé é · is anirreduciblenormalprojectivevariety
of dimension� y×¡ : by constructionof thecategoricalquotient,Ö _ ³ ; µ ¾ Projm³ Pol³ Pol_ ³ í T µ;µ SLU µ ë
Soit canbeexplicitly computedif we know thealgebraof invariantpolynomials
on thespaceof binaryformsof degree� .

Let usconsidersomespecialcaseswith small � .
If � ¾ ;

we have Hyp " ³ ; µ ss ¾ n . If � ¾ � we have Hyp " ³)�Tµ s ¾ n and
HypT ³ ; µ ss consistsof subsetsof two distinctpointsin Ã " . Thereis only oneorbit
of suchsubsets.

ThesetHyp¦ ³ ; µ ss consistsof threedistinctpointsin Ã�" . By aprojectivetrans-
formation they canbe reducedto the points Ï ¼ Ç ; ÇNÐ Ö . So the variety Ö _ ³ ; µ is
againone point. This also agreeswith the fact that Pol³ Pol¦`³ í T µ;µ SLU ¾ íA`â= b ,
where = is thediscriminantinvariant(seeExercise2.6).

The setHyp¤ ³ ; µ s consistsof subsetsof four distinct pointsin Ã " andtheset
Hyp¤ ³ ; µ ss consistsof closedsubsetsâ ³ î µ where î hasat most doubleroots.
SinceHyp¤ ³ ; µ ¸ is anopenZariski subsetof theprojectivespaceÃA¤ (seeExercise
10.1),andthefibersof theprojectionHyp¤ ³ ; µ s Â Hyp¤ ³ ; µ s é · areof dimension
3,weobtainthat Ö ¤ ³ ; µ is anormal,hencenonsingular, curve. Sinceit is obviously
unirational,it mustbe isomorphicto Ãó" . The imageof thesetof semi-stablebut
notproperlystablepointsis onepoint. If weconsiderthemap3 Á Hyp¤ ³ ; µ ss Â Ö ¤ ³ ; µ ç ¾ Ã "
asa rational function on Hyp¤ ³ ; µ s thenwe canfind its explicit expressionasa
rationalfunction � ³ � ø Ç ë ë ë Ç � ¤ µ in thecoordinatesof abinaryform. To do this we
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havefirst to find thealgebraof invariantsPol³ Pol¤ ³ í T µ;µ SL U . Wealreadyknow one
invariant,thecatalecticanta±¾%� ø � T � ¤ y � ø � T¦ § � � " � T � ¦ y � T " � ¤ y � ¦T
(seeExample1.4). Its bracket expressionis ³ ; �Tµ T ³ ; ¡ µ T ³J� ¡ µ T . Anotherinvariantis
of degree2: A ¾o� ø � ¤ y ª � " � ¦ § ¡ � TT ë
Its bracket expressionis ³ ; �Tµ ¤ . Onecanshow that any other invariantmustbe
a polynomial in

A
and a . We will prove this in the next chapter. This agrees

with the fact that Ö+¤" ¾úÃ�" . The discriminant = of a quarticpolynomial is an
invariantwhosebracketexpressionis equalto ³ ; �Tµ T ³ ; ¡ µ T ³ ; ªªµ T ³)� ¡ µ T ³J��ª µ T ³ ¡ ªªµ T . It
is apolynomialof degree6 in thecoefficients �Tý andwehave=�¾ A ¦ y �CB a T ë
Thustherationalfunction

� ³ � ø Ç ëEë ë Ç � ¤ µ ¾ A ¦A ¦ y �CB a T (10.3)

is invariantwith respectto SLT anddefinesa regularmapfrom Hyp¤ ³ ; µ s to � " .
This is thegeometricquotientmap.Themap

Hyp¤ ³ ; µ ss Â�Ã " Ç ³ � ø Ç ë ë ë Ç � ¤ µ cÂ ³ A ¦ y �CB a T Ç A ¦ µ
is the categorical quotientmap. Its fiber over ³ ¼ Ç ; µ ¾ Ð is equalto the union
of orbits of binary forms of degree4 with doubleroots(up to a nonzeroscalar
factor).Theonly closedorbit in this fiber is representedby âM³ Î Tø Î T" µ .

Considerthespecialcasewhen î=¾�a ø ³ a ¦" § �]a Tø a " § ; a ¦ø µ . If char³ í µèÚ¾ ¡
theneachorbit containsa representativeof sucha form. Thevalueof � on â ³ î µ
is equalto �.¾ � ¦ª � ¦ § �CBD; T ë
The expressionin the denominatoris the discriminantof the cubic polynomialÈ ¦ § � È § ; . Thereaderfamiliarwith thetheoryof elliptic curveswill immediately
recognizethis function; it is theabsoluteinvariant � of theelliptic curve givenin
theWeierstrassform Ñ T ¾±È ¦ § �TÈ § ; ë
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Thiscoincidenceis notaccidental.Theequationabovedescribesanelliptic curve
asadoublecoverof Ã�" branchedover four points:theinfinity point andthethree
rootsof theequationÈ ¦ § � È § ; ¾ ¼ . In otherwordsthey arethezerosof the
binaryform a ø ³ a ¦" § �]a Tø a " § ; a ¦ø µ . Two elliptic curvesareisomorphicif andonly
if thecorrespondingsetsof four pointson Ã�" arein thesameorbit with respectto
theactionof SLT .

Let � ¾FE . Thealgebraof invariantse ¾ Pol³ PolG ³ í T µ;µ SLU
canbecomputedexplicitly (see[28]). Let uswrite ageneralbinaryquintic in the
form À ¾q�]S Gø § E ; S ¤ ø S " § ; ¼CH S ¦ø S T " § ; ¼ � S Tø S ¦ " § E ä S ø S ¤ " § À S G "
(weassumethatchar³ í µ Ú¾IE ). Then e is generatedby thefollowing invariants:ê ¤ ¾ ³ � ä y ª9;N� § ¡ H T µE³J; À y ª H ä § ¡ � T µ y ³ �%À y×¡ ;Nä § � H �hµ T Çê2K ¾%� T ; T ä T À T y � � ¦ ä G y �L; G À ¦ § �CBD; ¤ ä ¤ Çê " T ¾ ; T ä T ³ � T ; T ä T À T y ª � ¦ ä G y ª9; G À ¦ § ;NM � ; ¦ ä ¦ À y �CBL; ¤ ä ¤ µsÇê " K ¾ ³ � ¦ ä G y ; G À ¦ µ ` ³ �hÀ y E ;(ä�µJ³ � ¦ ä G § ; G À ¦ µ y ; ¼ � T ; ¦ ä ¦ À T§*O ¼ � ; ¤ ä ¦ À T y � ;NP ; G ä G b ë
Thereis alsoonebasicrelationbetweentheseinvariantswhich expressesê T" K as
a polynomial î ³�ê ¤ Ç(ê2K Ç§ê " T�µ in invariantsê ¤ Ç(êQK , and ê " T . We will considere asa
gradedalgebrawhosegradingis definedby thenaturalgradingof Pol³ PolG ³ í T µ;µ
with the degreedividedby 2. It follows that thereis an isomorphismof graded
algebras e ç ¾ í!`�a ø Ç a " Ç a T`Ç a ¦ b é>³ a T¦ y î ³ a ø Ç a " Ç a Tsµ§µ�Ç
where íA` a ø Ç a " Ç a T Ç a ¦ b is gradedby settingÒ)RQS a ø ¾ �%Ç Ò)RQS a " ¾ ª>Ç Ò)RQS a T ¾ P Ç Ò�R2S a ¦ ¾ O Ç
and î is a weightedhomogeneouspolynomial. Let e Y T \ be thesubalgebraof e
generatedby elementsof evendegree. Then e Y T \ is generatedby homogeneous
elementsof even degree a ø Ç a " Ç a T . Since a T¦ canbe expressedasa polynomial
in a ø Ç a " Ç a T , we seethat e Y T \ is isomorphicto the gradedpolynomial algebraíA` a ø Ç a " Ç a T b . This impliesthatÖTG ³ ; µ ç ¾ Projm³�e µ ç¾ Projm³�e Y T \ µ ç ¾ Ã ³J�hÇ:ª>Ç P µ ç ¾ Ã ³ ; ÇN�%Ç ¡ µ ë
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In particularÖTG ³ ; µ is a rationalsurface.
Notethatthediscriminant

ú
of abinaryquinticcanbeexpressedvia thebasic

invariantsasfollows: ú ¾ ê K¤ y ; � M ê2K ë
This shows that the locusof orbitsof binaryquinticswith a doubleroot is equal
to â ³ a Tø y ; � M a " µ ácÃ ³ ; ÇN�%Ç ¡ µ andhenceis isomorphicto Ã ³ ; Ç ¡ µ ç ¾ Ãó" .

Let � ¾ P
. We will usethe explicit descriptionof the algebraof invariantse ¾ Pol³ PolU ³ í T µ§µ SLU dueto A. Clebsch([12]). For a moderntreatmentsee[54].e is generatedby invariants ê´T Ç(ê ¤ Ç(ê U Ç(ê " ø Ç§ê " G , where the subscriptdenotesthe

degree.Theonly relationbetweenthebasicinvariantsisê T" G ¾�î ³�ê´TEÇ(ê ¤ Ç§ê U Ç(ê " ø µsÇ
for somepolynomial î . We will considere asa gradedalgebrawhosegrading
is definedby the naturalgradingof Pol³ PolU ³ í T µ§µ . It follows that there is an
isomorphismof gradedalgebrase�ç¾ íA`�a ø Ç a " Ç a T Ç a ¦ Ç a ¤ b é&³ a T¤ y î ³ a ø Ç a " Ç a T Ç a ¦sµ;µsÇ
where í!`�a ø Ç a " Ç a T Ç a ¦`Ç a ¤ b is gradedby settingÒ)R2S a ø ¾ �%Ç Ò)R2S a " ¾ ª&Ç Ò)R2S a T ¾ P Ç Ò)R2S a ¦ ¾ ; ¼ Ç Ò)RQS a ¤ ¾ ; E Ç
and î is a weightedhomogeneouspolynomial. Arguingasin theprecedingex-
ample,weseethatÖTU ³ ; µ ç ¾ Projm³ íA` a ø Ç a " Ç a T Ç a ¦ b µ ç ¾ Ã ³ ; ÇN�%Ç ¡ Ç E µ ë
In particularÖTU ³ ; µ is a rationalthree-dimensionalvariety.

Notethattheinvariant ê " ø is thediscriminantof a binarysextic, soit vanishes
on the locusof binarysextics with a doubleroot. Thecomplementof this locus
in ÖTU ³ ; µ representsreduceddivisorsof degree6 in Ã " . It is isomorphicto the
moduli spaceV T of genus2 curves. The isomorphismis definedsimilarly by
assigningto agenus2 curvethesix branchpointsof its canonicaldegree2 maptoÃ�" . Sowe obtainthat V T is isomorphicto theopensubset= ³ a ¤ µ of Ã ³ ; ÇN�%Ç ¡ Ç E µ
wherethe lastcoordinatea ¤ is not equalto zero. Sinceeachpoint in this subset
is representedby a point ³ S ø Ç S " Ç S T Ç S ¦sµ in ��¤ with S ¦ ¾ ;

, it follows from the
definitionof weightedprojectivespacethatV T ç ¾ � ¦ é>³ v é E µsÇ
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wherea generatorof thecyclic group v é E actson � ¦ by theformula³ S ø Ç S " Ç S TOµ cÂ ³JW S ø ÇXW T S " ÇXW ¦ S T�µ�Ç W ¾ RY� 0 ³J� 3 i é E µ ë
The imageof the origin is the uniquesingularpoint of V T . It representsthe
isomorphismclassof thehyperellipticcurve correspondingto thebinaryquinticS ø ³ S Gø § S G " µ . It admitsanautomorphismof order5.

Finally observethatthelocus â ³ a ¤ µ of binarysexticswith amultiple rootandÖTG ³ ; µ arebothisomorphicto Ã ³ ; ÇN�%Ç ¡ µ .
10.3 Planecubics

Let º ¾ � and � ¾ ¡ . Every homogeneousform of degree3 in threevariables(a
ternarycubic) canbewritten in theform:

î?¾q� " a ¦ø § � T a Tø a " § � ¦ a Tø a T § � ¤ a ø a T" § �9Gùa ø a " a T§ �9Uùa ø a TT § �[Zùa ¦" § � K a T" a T § �9\ùa " a TT § � " ø a ¦T ë
Now let usrecall theclassificationof planecubiccurves. First of all it is easyto
list all reduciblecurves.They areof thefollowing types:

(1) the union of an irreducibleconic anda line intersectingit at two distinct
points;

(2) theunionof anirreducibleconicandits tangentline;

(3) theunionof threenonconcurrentlines;

(4) theunionof threeconcurrentlines;

(5) theunionof two lines,oneof themdouble;

(6) onetriple line.

Sinceall nonsingularconicsareprojectively equivalentto theconic ÖúÁ!a ø a T §a T" ¾ ¼ andthegroupof projectiveautomorphismsof theconic Ö actstransitively
on thesetof tangentsto Ö or on thesetof lines intersectingÖ transversally, we
obtainthatany curveof type(1) or (2) is projectively equivalentto thecurve

(1) ³ a ø a T § a T" µ a " ¾ ¼ ,
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(2) ³ a ø a T § a T" µ a ø ¾ ¼ ,
respectively. Sincethegroupof projectivetransformationof Ã T actstransitivelyon
thesetof í lineswith í u ª , weobtainthatany curveof type(3–6)is projectively
equivalentto thecurvegivenby theequation

(3) a ø a " a ¦ ¾ ¼ ,
(4) a Tø a " § a ø a T" ¾ ¼ ,
(5) a ¦ø § a Tø a " ¾ ¼ ,
(6) a ¦ø ¾ ¼ ,

respectively. Now let usassumethat î is irreducible.First let usassumethat Ö
is nonsingular. Choosea systemof coordinatessuchthat thepoint ³ ¼ Ç ¼ Ç ; µ is an
inflectionpoint and a ø ¾ ¼ is theequationof the tangentline at this point. It is
known that any planecurve containsat leastoneinflection point. Thenwe can
write theequationasa TT a ød§ a TO´�TU³ a ø Ç a " µ § ´�¦U³ a ø Ç a " µ ¾ ¼ Ç
wheré�T is a form of degree� and ´�¦ is a form of degree3. Sincetheline a ø ¾ ¼
intersectsthecurve at onepoint, we easilyseethat thecoefficient of ´�T at a T" is
equalto zero. Thusin affine coordinates² ¾~a " é a ø Ç<, ¾~a T�é a ø , theequation
takestheform , T § � , ² § ;N, § � ² ¦ § ä ² T § ÀX² § Qð¾ ¼ ë (10.4)

Obviously � Ú¾ ¼ , soafterscalingwemayassume� ¾ ;
.

Assumechar³ í µðÚ¾ � . Replacing, with , § � T � ² §�]T , we mayassumethat�ð¾ ; ¾ ¼ . If char³ í µ�Ú¾ ¡ , by achangeof variables²úÂ�² §6^¦ , wemayassume
that ä ¾ ¼ . Thus,weobtaintheWeierstrassequationof anonsingularplanecubic:, T § ² ¦ § � ² § ; ¾ ¼ Ç char³ í µ Ú¾ �%Ç ¡ Ç (10.5), T § � , ² § ;N, § ² ¦ § H ² § � ¾ ¼ Ç char³ í µ ¾ �%Ç (10.6), T § ² ¦ § �T² T § ; ² § H ¾ ¼ Ç char³ í µ ¾ ¡ ë (10.7)

Theconditionthatthecurve is nonsingularis expressedby
ú Ú¾ ¼ , where

ú
is the

discriminantdefinedby

ú ¾ _`a `b
ª � ¦ § �CBD; T Ç if char³ í µ Ú¾ �%Ç ¡ ,� ¦ ; ¦ § ; ¤ § � ¤ ³ � ; H § H ¦ § � T �hµ�Ç if char³ í µ ¾ � ,; ¦ § ³<; T y � H µ � T Ç if char³ í µ ¾ ¡ . (10.8)
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Two curvesareisomorphicif andonly if their absoluteinvariants

�ð¾ _`a `b �
¦ é ú Ç if char³ í µ Ú¾ �%Ç ¡ ò� " T é ú Ç if char³ í µ ¾ � ò� U é ú Ç if char³ í µ ¾ ¡ . (10.9)

areequal.
Now supposeÖ is singular. We maychoose³ ¼ Ç ¼ Ç ; µ to bethesingularpoint.

Thentheequationis of theforma TO´�TU³ a ø Ç a " µ § ´�¦U³ a ø Ç a " µ ¾ ¼ ë (10.10)

By a lineartransformationof variablesa ø Ç a " we reducé�T to oneof two forms:´�T ¾ a Tø or ´�T ¾ a ø a " . Considerthefirst case.Thesingularpoint is a cusp;the
equationis a T a Tø § �]a ¦ø § ; a Tø a " § H a ø a T" § � a ¦" ¾ ¼ ë
Replacinga T with a T § �]a øÌ§ ; a " , we may assumethat � ¾ ; ¾ ¼ . Sincethe
curve is irreduciblewe have �GÚ¾ ¼ ; by scalingwe may assumethat � ¾ ;

andH ¾ ¼ or
;
.

If char³ í µ ¾ ¡ , weseethattherearetwo orbitsof cuspidalcurves,represented
by theequationsa T a Tø § a ¦" ¾ ¼ and a T a Tø § a ø a T" § a ¦" ¾ ¼ ë
All nonsingularpointsof the first curve areinflection points. The secondcurve
doesnothavenonsingularinflectionpoints.

If char³ í µ Ú¾ ¡ , thenthecurvehasonly oneinflectionpoint ³ ; Ç y	c¦ Ç y T cT Z µ with
tangentline givenby a T § H ³ "T Z a ø § "¦ a " µ ¾ ¼ . Now changethecoordinatesin such
a way that ³ ; Ç ¼ Ç ¼ µ is theuniquenonsingularinflectionpoint, the line a T ¾ ¼ is
thetangentline at this point andthesingularpoint is ³ ¼ Ç ¼ Ç ; µ . Then,theequation
reducesto theform a T a Tø § a ¦" ¾ ¼ ë

Now we considerthe caseof nodal curves (when the quadraticform ´�T in
(10.10)is equalto a ø a " ) sothattheequationisa T a ø a " § � a ¦ø § ; a Tø a " § H a ø a T" § � a ¦" ¾ ¼ ë
Changinga T to a T § ; a ød§ H a " wereducetheequationto theforma T a ø a " § �]a ¦ø § � a ¦" ¾ ¼ ë
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Clearly, � Ç<�bÚ¾ ¼ , soby scaling,we reducetheequationto theforma T a ø a " § a ¦ø § a ¦" ¾ ¼ ë
We leave it to thereaderto find a projective isomorphismbetweenthis curve and
thecurve a TT a ø�§ a T" ³ a " § a ø µ ¾ ¼ Ç
if char³ í µ Ú¾ � .

Summarizing,wegetthefollowing list of equationsof irreducibleplanecurves
(up to projective transformation):

char³ í µ Ú¾ �%Ç ¡ :
(7) nonsingularcubica TT a ø�§ a ¦" § �]a " a Tø § ; a ¦ø ¾ ¼ Ç ª � ¦ § �CBL; T Ú¾ ¼ ò
(8) nodalcubic a TT a ø�§ a T" ³ a " § a ø µ ¾ ¼ ò
(9) cuspidalcubic: a TT a øó§ a ¦" ¾ ¼ ë

char³ í µ ¾ ¡ :
(7) nonsingularcubica TT a ød§ a ¦" § �]a T" a ø�§ ; a " a Tø § H a ¦ø ¾ ¼ Ç ; ¦ § ³J; T y � H µ � T Ú¾ ¼ ò
(8) nodalcubic a ø a " a T § a ¦ø § a ¦" ¾ ¼ ò
(9) cuspidalcubic:a TT a øó§ a ¦" ¾ ¼ Ç or a TT a øó§ a T" ³ a " § a Tsµ ¾ ¼ ë

char³ í µ ¾ � :
(7) nonsingularcubica TT a ø�§ �]a " a T a ø�§ ; a T a Tø § a ¦" § H a " a Tø § � a ¦ø ¾ ¼ Ç

where � ¦ ; ¦ § ; ¤ § �]¤ ³ � ; H § H T § � T �hµ�Ú¾ ¼ ;
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(8) nodalcubic a ø a " a T § a ¦ø § a ¦" ¾ ¼ ò
(9) cuspidalcubic a TT a ø�§ a ¦" ¾ ¼ ë
Let a bethediagonalmaximaltorusin SL¦ . It consistsof matricesof theform

S ¾ éë S " ¼ ¼¼ S T ¼¼ ¼ S  #"" S  #"T
îð ë

The standardtorus p Tå actson â ¾ Pol¦�³ í ¦ µ via its naturalhomomorphismp Tå Â SL¦ Ç`³ S " Ç S Tsµ cÂ diag³ S " Ç S T Ç�³ S " S T�µ  #" µ . For eachmonomial a �ø a ]" a cT Ç � §; § H ¾ ¡ , wehave ³ S " Ç S T�µ Ê¥a �ø a ]" a cT ¾oS �< c" S ]  cT a �ø a ]" a cT ë
Thuseachmonomial a��ø a ]" a cT belongsto the eigensubspaceâ å2d/e f , where � �<D ] is
thecharacterof p Tå definedby thevector ³ � y H Ç'; y H µ ¾ ³J� � § ; y ¡ Ç<�L; § � y ¡ µ .
It is easyto seethat â å d/e f is one-dimensionaland is spannedby the monomiala �ø a ]" a cT . Thus

wt ³�â.µ ¾ÌÏ ³)� � § ; y�¡ ÇN�D; § � y�¡ µ ÉÞv T ÁR� Ç'; 7±¼ Ç � § ; u�¡ Ö ë
It is asetof 10 latticepointsin è T :

T
1
3

T
0

T
1

2

T
0

T
1
2

T
0

T
2

2

T
0

T
2
2

T
1

T
2
2

T
1

T
2

2

T
0

T
1

T
2
3

T
0
3T

2

SupposeâM³ î µ is unstablewith respectto a . Thentheorigin liesoutsideof the
convex hull of wt ³ î µ . It is easyto seethat this is possibleonly if wt ³ î µ consists
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of latticepointson oneedgeof thetriangleplusonepoint nearestto theedgebut
not theinteriorpoint. After permutingthecoordinateswemayassumethat

î?¾q� " a ¦ø § � T a Tø a " § � ¦ a Tø a T § � ¤ a ø a T" § �gZùa ¦" ë
It is clear that ³ ¼ Ç ¼ Ç ; µ is a singularpoint of â¹³ î µ . In affine coordinates² ¾a ø é a T`Ç<, ¾oa " é a T , theequationlookslike

î?¾%� " ² ¦ § � T ² T , § � ¦ ² T § � ¤ ² , T § �gZ , ¦ ë
Fromthisweseethatthesingularpoint is notanordinarydoublepoint.

It followsfrom theaboveclassificationof planecubiccurvesthatthefollowing
curvesareunstable:

(us1) irreduciblecuspidalcurve (two orbitsif char³ í µ ¾ ¡ );
(us2) theunionof anirreducibleconicandits tangentline;

(us3) theunionof threeconcurrentlines;

(us4) theunionof two lines,oneof themdouble;

(us5) onetriple line.

By looking at theequationsof theremainingcurvesanddrawing their weight
setswe seethatany nonsingularcubic is stableandany singularcurve not from
theabovelist is semi-stable.Notethatit is enoughto checkthenumericalcriterion
only for onefixedtorus.In fact,thepropertyof beingnonsingularor haveatmost
ordinarydoublepointsis independentof the chosencoordinates.Thuswe have
thefollowing list of semi-stablepoints:

(ss1) nonsingularcubic(stablepoint);

(ss2) irreduciblenodalcurve;

(ss3) the union of an irreducibleconic anda line intersectingit at two distinct
points;

(ss4) theunionof threenon-concurrentlines.
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Considerthequotientmap3 Á Hyp¦ ³)�Tµ ss Â Hyp¦ ³J�Tµ ssé é SL¦ ë
The dimensionof its fibrescontainingstablecurvesis equalto 8 ( ¾ Ò>Ó�Ô

SL¦ ).
Note that in the processof the previous analysis,we found that curvesof types
(ss1),(ss2)and(ss3),eachform a singleorbit representedby thecurvesa ø a " a T § a ¦ø § a ¦" ¾ ¼ Ç a ø a " a T § a ¦" ¾ ¼ Ç a ø a " a T ¾ ¼ Ç
respectively. Moreover thecurvesof types(ss2)and(ss3)have stabilizerof pos-
itive dimension.In fact the torus Ã ³ p å µ , where Ã ³ S µ ¾ ³ S Ç ; Ç S: #" µ , stabilizesthe
secondcurve, and the maximal diagonaltorus stabilizesthe third curve. This
shows that the orbits of curvesof types(ss2)and (ss3)are of dimension u B .
Thusthey lie in the closureof someorbit of dimension8. It cannotbe a stable
orbit, hencethe only possiblecaseis that it is the orbit of curvesof type (ss1).
Hencethis orbit is netherclosednor stable.

SinceHyp¦ ³J�^µ is of dimension9, we obtain
Ò>Ó9Ô

Hyp¦ ³)�Tµ ssé é SL¦ ¾ ;
. It is a

normalprojectiveunirationalcurve,hencewefind that

Hyp¦ ³J�^µ ssé é SL¦Zç¾ Ã " ë
Sincethereis only oneclosedsemi-stablebut not stableorbit, namelythesetof
threenon-concurrentlines,weobtain

Hyp¦ ³J�^µ s é SL¦ ç ¾ � " ë
It is easyto seethat theorbit of thecurve a ø a " a T ¾ ¼ is of dimension

P
. In the

samefibre we find two otherorbits: of nodalirreduciblecubics(of dimension8)
andof curvesof type(ss2)(of dimension7). Thesecondorbit lies in theclosure
of thefirst one,andtheclosedorbit lies in theclosureof thesecondone.

If char³ í µ@Ú¾ ¡ , we have five unstableorbits: irreduciblecuspidalcubics(of
dimension8), curvesof type(us2)(of dimension6), of type(us3)(of dimension
5), of type(us4)(of dimension4), andof type(us5)(of dimension2). It is easyto
seethattheorbit of type(us� ) lies in theclosureof theorbit of type(us(i-1)).

If char³ í µ ¾ ¡ we have two unstableorbits of type (us1), and four other
unstableorbitslying in theclosureof thesetwo orbits.

Onecangive the explicit formula for the quotientmapsimilar to (10.3). In
characteristicÚ¾ �%Ç ¡ , it canbe givenby the following rationalfunction h in the
coefficients �Tý (see[98], p. 189–192):h ¾ ;NP A ¦a T § P ª A ¦ Ç
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whereA ¾ � ; H m y ³<; H � T � ¦ § H � ; " ;N¦ § � ; H " H Tsµ y m ³ � ;N¦ H T § ; H " � ¦ § H � T�; " µy m ¤ § � m T ³<; " H " § H T � T § � ¦�;<¦sµ y×¡ m ³ � T';<¦ H " § � ¦�; " H Tsµ§ ³ � ; " H TT § � H " ; T¦ § ; � T H T " § ; H T � T¦ § H ;<¦ � TT § H � ¦X; T " µy ³J; T " H T " § H TT � TT § � T¦ ; T¦ µ § ³ H T � T � ¦';<¦ § � ¦�;<¦�; " H " § ; " H " H T � TsµsÇ
a ¾ � T ; T H T y P � ; H ³ � ;<¦ H T § ; H " � ¦ § H � T�; " µ § ; � � ; H m ³<; " H " § H T � T § � ¦';<¦sµ§ ¡ P m T ³<; H � T � ¦ § H � ; " ;<¦ § � ; H " H T�µ y×¡ ³ � T ; T¦ � T¦ § ; T H T " � T¦ § H T � TT ; T " µ§ ª6³ � T ; H ¦T § � T H ; T¦ § � T H ; ¦¦ § ; ¦ H � ¦¦ § ; T � H ¦ " § H T � ; ¦ " § H T ; � ¦T µy �Oª m ³<; H ; " � T¦ § ; HYH " � TT § H � H T�; ¦ " § H �R� T�; T¦ § � ; � ¦ H TT § � ;Y;<¦ H T " µy ; �>³<; HYH T � ¦ � TT § ; H ;<¦ � T � T¦ § H � H " ;<¦�; T " § H �R� ¦'; " ; T¦ § � ;�; " H T H T " µ§ P � ; H � ¦�; " H T § ; � m T ³ � ; " H TT § � H " ; T¦ § ; � T H T " § ; H T � T¦ § H ;N¦ � TT § H � ¦'; T " µy � ¼ � ; H m ¦ y P ¼ m ³ � ; " ;<¦ H " H T § ; H " H T � T � ¦ § H � T � ¦�; " ;<¦sµ§ ; � m ³ �R� T�;<¦ H TT § �R� ¦ H T�; T¦ § ;�;<¦ H " � T¦ § ;Y; " � ¦ H T " § HQH " � T�; T " § HQH T�; " � TT µ§ P ³ � ;<¦ H T § ; H " � ¦ § H � T�; " µE³ � T�;<¦ H " § � ¦�; " H T�µ y P ; " H " H T � T � ¦�;N¦§ �Oª�³ � ; " ; T¦ H T " § � H " H TT ; T " § ; H T H T " � TT § ; � T � T¦ H TT § H � ¦ � TT ; T¦ § H ;<¦�; T " � T¦ µy ; �>³ �R� T�; " H ¦T § �R� ¦ H " ; ¦¦ § ;�;<¦ H T � ¦¦ § ;Y; " � T H ¦ " § HQH " � ¦�; ¦ " § HQH T';<¦ � ¦T µy M m U § ��ª m ¤ ³J; " H " § H T � T § � ¦�;<¦sµ y�¡ P m ¦ ³ � T';<¦ H " § � ¦X; " H Tsµ§ ¡ P m ³ � T�;<¦ H " § � ¦�; " H T�µE³J; " H " § H T � T § � ¦�;N¦Oµ § M ³<; ¦ " H ¦ " § H ¦T � ¦T § � ¦¦ ; ¦¦ µy ; �>³<; T " H T " H T � T § ; T " H T " � ¦';<¦ § H TT � TT � ¦';<¦ § H TT � TT ; " H " § � T¦ ; T¦ ; " H " § � T¦ ; T¦ µy ; � m T ³<; " H " H T � T § H T � T � ¦�;<¦ § � ¦�;<¦�; " H " µ y ��ª m T ³J; T " H T " § H TT � TT § � T¦ ; T¦ µ§ ;iM ³<; H ; " H " � T � ¦ § H � H T � T';<¦�; " § � ; � ¦Y;N¦ H " H T�µ y �CB>³ � TT ; ¦¦ H T " § � T¦ ; T " H TT µ§ P � ; H � T�;NT H " y ; � m ¦ ³ � ;<¦ H T § ; H " � ¦ § H � T�; " µ ë

Hereweusethefollowing dictionarybetweenournotationof coefficientsand
Salmon’s:³ � " Ç � T`Ç � ¦ Ç � ¤ Ç �9G Ç �9U Ç �gZ Ç � K`Ç �9\ Ç � " ø µ ¾ ³ � Ç ¡ � T Ç ¡ � ¦ Ç ¡ ; " Ç P m Ç ¡ H " ÇX;�Ç ¡ ;<¦`Ç ¡ H T Ç H µ ë
In fact thealgebraPol³ Pol¦�³ í ¦ µ§µ SLj is freely generatedby

A
and a . If oneevalu-

ates
A

and a on thecurvegivenin theWeierstrassform from above,we obtainA ¾ ��LB Ç aG¾ ª9;�CB ë
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In this specialcasethevalueof thefunction h is equaltohb¾ � ¦³�ª � ¦ § �CBD; T µ ë
This is theabsoluteinvariantof theelliptic curve. Notethatwearrivedatthesame
functionby studyingtheorbitsof binaryquartics.

10.4 Cubic surfaces

Considerthecase� ¾ ¡ Ç º ¾ ¡ . It correspondsto cubicsurfacesin Ã ¦ . Theal-
gebraof invariantsPol³ Pol¦�³ í�¤ µ§µlk ZDm wascomputedby G. SalmonandA. Clebsch
([97]). It is generatedby invariantsêQK Ç(ê " U Ç(ê´T ¤ Ç§ê´¦ET`Ç(ê ¤ ø Ç(ê " ønø , wherethe subscript
indicatesthedegree.Thesquareof thelastinvariantis expressedasapolynomial
in thefirst five invariants.In analogywith thecase³)�6Ç º µ ¾ ³ P Ç ; µ , wefind thatÖ ¦U³ ¡ µ ç ¾ Ã ³ ; Ç<�%Ç ¡ Ç:ª&Ç E µ ë
In particular, Ö ¦�³ ¡ µ is a rationalvariety. The invariant ê'¦ET correspondingto the
variable a ¦ with weight ª is thediscriminant.Thuswe obtainthe following iso-
morphismfor themoduli spaceV cubic of nonsingularcubicsurfaces:V cubic

ç ¾ � ¤ é>³ v é�ª v µ�Ç
wherea generatorof thecyclic group v é�ª actson ��¤ by theformula³ S " Ç S T Ç S ¦`Ç S ¤ µ cÂ ³nW S " Ç/W T S T`Ç/W ¦ S ¦EÇXW S ¤ µsÇ W ¾ RY� 0 ³J� 3 i é�ª µ ë
The uniquesingularpoint of V cubic correspondsto the following cubic surface
(see[79]): a " ³ SEa Tø § a " a T § a " a ¦sµ § a T a ¦U³ a T § Y G U h " \ U¤ G U a ¦sµ ¾ ¼ Ç
where S ¾ ; §6o � . Theautomorphismgroupof this surfaceis isomorphicto the
dihedralgroupof order8.

The subvariety of Ö ¦�³ ¡ µ definedby the equation a ¦ ¾ ¼ is isomorphictoÃ ³ ; ÇN�%Ç ¡ Ç E µ . Recallthat the latter is isomorphicto ÖTU ³ ; µ ; this is not anaccident.
If a point of ÖTU ³ ; µ representssix distinctpointsin Ã�" , we considertheVeronese
mapto identify themwith six pointsonanonsingularconicin Ã T . Thenthelinear
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systemof cubicsthroughthesepointsdefinesa rationalmapfrom Ã T to Ã ¦ . Its
imageis a singularcubic representinga point of Ö ¦U³ ¡ µ . The singularpoint of
this cubic is the imageof the conic. Thuswe seethat the moduli spaceV T is
isomorphicto anopensubsetof thehypersurfacea ¦ ¾ ¼ in Ö ¦`³ ¡ µ .

Thefollowing aretheothervaluesof ³���Ç º µ for which theanalysisof stability
hasbeenworkedout:³)�6Ç º µ ¾ ³)�%Ç:ªªµ�Ç�³J�hÇ E µsÇ`³ ¡ Ç ¡ µE³ ` 73

b µ�Ç�³J�hÇ P µE³ ` 103
b µ³ ¡ Ç:ªªµJ³ ` 104

b µsÇ�³ ¡ Ç E µJ³ ` 2b Ç 4 ë ,qp í��ªÑ�� m � ³ í�º � í ; 4 � Æ I#äM�hµ§µ ë
Bibliographical Notes

The examplesof explicit computationof the the quotientspacesÖ _ ³ º µ given in
this lecturehave beenknown sincethe nineteenthcentury(see[30], [38], [96]).
The otherknown casesare ³ º Ç<�hµ ¾ ³ ; Ç�BTµsÇ`³ ; Ç M µ (see[36], [35] andalso[107],
[20]). A modernproof of thecompletenessof theClebsch-Salmonlist of funda-
mentalinvariantsof cubic surfaceswasgiven by Beklemishev ([4]). Theseare
probablytheonly exampleswhereonecancomputethespacesÖ _ ³ º µ explicitly.
In fact, onecanshow that the numberof generatorsof the algebraof invariants
on thespaceof homogeneouspolynomialsof degree � grows very rapidly with �
(see[88]).

It is conjecturedthatall thespacesÖ _ ³ º µ arerationalvarieties.In thecaseof
binaryforms,this wasprovenby F. Bogomolov andP. Katsylo([5]). ThespacesÖ _ ³J�^µ areknown to berationalonly in somecases(see[57], [58], [106] andalso
asurvey of resultson rationalityin [21]).

Exercises

10.1Show thatHyp_ ³ ; µ ç ¾ Ã _ . Desribethesetsof semi-stableandstablepoints
assubsetsof Ã _ .
10.2Let ³ �Tý ÇX; ý µsÇ:� ¾ ; ÇN�%Ç ¡ Çùª , befour distinctrootsof abinaryquartic î . Let ` � � b
denotethe determinantof the matrix with columns ³ � ý Ç'; ý µsÇ`³ ��� Ç'; � µ . The expres-
sion Ü ¾ ` ; � b ` ¡ ª b é ` ; ¡ b ` ��ª b is calledthecross-ratio of the four points. Prove that
two binaryquarticsdefinethesameorbit in Hyp¤ ³ ; µ if andonly if thecorrespond-
ing cross-ratioscoincideafterwemakesomepermutationsof theroots.
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10.3Let ² bethecomplementof thequartic â ³ = µ in Ã ¦ , where= is thediscrim-
inantof abinarycubicform. Show that ² is isomorphicto ahomogeneousspace
SLTsé � , where� is asubgroupof order12.

10.4Show thatthereareexactly two orbitsin Hyp¤ ³ ; µ s with non-trivial stabilizer.
Show thattheclosuresof theseorbitsin Hyp¤ ³ ; µ aregivenby theequations

A ¾ ¼
and aÐ¾ ¼ , where

A Ç a arethepolynomialsof degree2 and3 definedin section
10.2.

10.5Show thatHyp¤ ³ ; µ us is isomorphicto asurfaceof degree6 in Ã ¤ . Its singular
setis isomorphicto aVeronesecurveof degree4.

10.6Constructa rationalmapfrom Ö _ ³ ; µ to Ö _ h " ³ ; µ whoseimageis equalto the
locusof zeroesof thediscriminantinvariant.Describethepointsof indeterminacy
of this mapandits inverse.

10.7Find theorbitsof thebinaryquinticswhich correspondto singularpointsofÖ " ³ E µ .
10.8 Find the group of projective automorphismsof a nonsingularcubic curve
(you mayassumethatchar³ í µ Ú¾ �%Ç ¡ ).
10.9Find all projectiveautomorphismsof anirreduciblecuspidalcubic.

10.10Performtheanalysisof stability in thecase³)�6Ç º µ ¾ ³ ¡ Ç ¡ µ andcomparethe
resultwith theanswerin [73].

10.11Prove thatnonsingularquadricsaresemi-stablein all characteristics.

10.12Show thata planecurve of degree � is unstableif it hasa singularpoint of
multiplicity » ���hé ¡ .





Chapter 11

Configurations of linear subspaces

11.1 Stableconfigurations

In the last two chapters,for typographicalreasons,we denotetheGrassmannian
Gr ³ Ü § ; Ç º § ; µ of Ü -dimensionallinearprojectivesubspacesin Ã 5 by GrÞ D 5 . The
group ·=¾ SL5 h " actsnaturallyon GrÞ D 5 via its linearrepresentationin í 5 h " . In
this lecturewe investigatethestability for thediagonalactionof · onthevariety

²sr D 5 ¾ åt ýCB " GrÞ � D 5 Ç
where u@¾ ³ Ü " Ç ëEë ë Ç Ü å µ . First we have to describethe possiblelinearizationsof
this action.

Lemma 11.1.
PicÙ ³ GrÞ D 5 µ ç ¾ Pic³ GrÞ D 5 µ ç ¾ v ë

A generator of this group is the line bundle Ø Grò e ½ ³ ; µ correspondingto a hyper-
planesectionin the Plücker embeddingof GrÞ D 5 in Ã ³ ��Þ h " ³ í�5 h " µ§µ ¾�Ã Ä Ç 9 ¾{ 5 h "Þ h " } y ; .
Proof. Wewill representapoint

� É GrÞ D 5 asamatrix

e ¾ éê
ë � ønø � ø " ë ëEë � ø 5...

...
. . .

...� Þ ø � Þ " ë ëEë � ÞJ5
î ï
ð ë

165
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Its rowsform abasisof
�

. ThePlückercoordinates�>ý Â F�F�F ý ò of
�

arethemaximal
minorsof this matrix formedby the columns e ý Â Ç ë ë ë Çùe ý ò . The opensubsetof
GrÞ D 5 with � " T F�F�F Þ h " Ú¾ ¼ is the affine space� Y Þ h " \VY 5  Þ \ . The restrictionof any´ É Pic³ GrÞ D 5 µ to this opensubsetis trivial, so ´ is isomorphicto theline bundle
associatedto a divisorequalto a multiple of a hyperplanesection.Sinceany line
bundleadmitsauniquelinearizationwith respectto SL5 h " , theassertionfollows.

We usethe notation Îæý Â D�F�F�F D ý ò to denotethe projective coordinatesin Ã�Ä (we
order them lexicographically). The valueof this coordinateat any

� É GrÞ D 5
is equalto thePlücker coordinate�>ý Â F�F�F ý ò of

�
. SinceGrÞ D 5 is not containedin a

linearsubspaceof Ã�Ä , therestrictionmapä ³ Ã Ä Ç Ø HC8 ³ ; µ;µ Â ä ³ GrÞ D 5 Ç Ø Grò e ½ ³ ; µ;µ
is injective. Onecanalsoshow thatit is surjective.

For any vector v ¾ ³ í " Ç ë ë ë Ç í å µ ÉÞv å wedefinea line bundleon ²sr D 5´xw ¾ åy ýCB " prìý ³ Ø Grò � e ½ ³ ; µ Ý Å � µsÇ
whereprý Á ²sr D 5 Â GrÞ � D 5 is the � -th projection.It follows from Lemma11.1that
any line bundleon ² is isomorphicto ´zw for somev (use[46], p. 292).Sinceeach
prý is anSL5 h " -equivariantmorphism,́zw admitsacanonicalSL5 h " -linearization.
Thus

PicSL½ � W ³ ²sr D 5 µ ç¾ v å ë
Also ´zw is ampleif andonly if all í^ý arepositive. In fact, if sometensorpower
of ´xw definesa closedembedding²�r D 5 Â Ã${ , thentherestrictionof ´zw to any
subvariety isomorphicto a factoris an ampleline bundle. But it is obvious that
this restrictionis isomorphicto Ø Grò e ½ ³ ; µ Ý Å � . The latter is ampleif andonly ifí^ý » ¼ . Conversely, any ´zw with positive v (meaningthat all í^ý ’s arepositive)
is very ample. It definesa projective embeddingof ²�r D 5 which is equalto the
composition

²sr D 5 Â ³ Ã Ä µ å Â åt ýCB " Ã { Ä h Å �Ä }  #" Â�Ã �|�~} W { Ä h Å �Ä }  #" Ç
wherethefirst mapis theproductof thePlücker embeddings,thesecondmapis
theproductof theVeroneseembeddings,andthelastmapis theSegremap.
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Now we arereadyto describesemi-stableandstableconfigurationsof linear
projectivesubspaces � ¾ ³ � " Ç ë ë ë Ç � å µ É ²sr D 5 ë
Theorem 11.1. Let v«¾ ³ í " Ç ë ë ë Ç í å µ Éüv å h . Then

� É=² ssr D 5 ³�´zw µ (resp. É³ ²sr D 5 µ s ³�´zw µ ) if andonly if for anyproperlinear subspace
�

of Ã 5
³ º § ; µ åý �ùB " íM��` Ò>Ó9Ô ³ � ��� � µ § ; b u ³ Ò>Ó9Ô � § ; µ åý ý�B " í^ý ³ ÜEý § ; µ

(resp.thestrict inequalityholds).

Proof. Let a bethemaximaldiagonaltorusin SL5 h " . Eachone-parametersub-
groupof a is definedby Ã ³ S µ ¾ diag̀ S r Â Ç ë ë ë Ç S r ½ b , where t øÅ§ Ê`Ê`Ê § t 5 ¾ ¼ . By
permutingcoordinateswemayassumethatt ø 7 t " 7 Ê`Ê`Ê 7 t 5 ë (11.1)

Suppose
� ¾ ³ � " Ç ë ë ë Ç � å µ is semi-stable.Let ¸�¸ Ç Æð¾ ¼ Ç ë ë ë Ç º Ç bethe linear

spacespannedby theunit vectorsä ø Ç ë ë ë Ç<ä ¸ andlet ¸	¸ bethecorrespondingpro-
jective subspace.For any

� É GrÞ D 5 andany integer � Ç ¼ u � u Ü , thereis a
uniqueinteger  � for whichÒ>Ó�Ô ³ � �À¸�� �sµ ¾ � Ç Ò>Ó9Ô ³ � �¸�� �  #" µ ¾i� y ; ë
To seethiswelist thenumbers�ª¸ ¾ Ò&Ó�Ô ³ � � ¸	¸ µ�Ç Æk¾ ¼ Ç ë ë ë Ç º Ç andobservethat¼ u �ª¸ y �ª¸  #" u ; Ç � 5 ¾¦Ü Ç sinceeacḩ�¸  #" is a hyperplanein ¸	¸ and ¸ 5 ¾�Ã 5 .
Thenwe seethateach� occursamongthesenumbersandwe define  � to bethe
first Æ with �ª¸�¾ � .

With thisnotationwecanrepresent
�

by amatrix e of theform

e ¾
éêê
ë � ønø

ë ë ë � ø � Â ¼ ë ë ëÐë ë ë ë ë ë ë ë ë=ë ëEë ¼� " ø ë ë ë ë ë ë � " �ùW ¼ ë ë ë ë ë ë ë ë ë=ë ëEë ¼ë ë ë ë ë ë ë ë ë ë ëEë ë ë ëÐë ë ë ë ë ë ë ë ë=ë ëEë�ë ë ë� Þ � ø ë ë ë ë ë ë ë ëEë ë ë ëÐë ë ë � Þ � ò ¼ ë ëEë ¼
î´ïï
ð Ç (11.2)

where ���@� �cÚ¾ ¼ for all � . It is clear from viewing the maximalminorsof this
matrix that �>ý Â F�F�F ý ò ³ � ý µ ¾ ¼ if � � »� � for any valueof � and��� Â F�F�F � ò ³ � µ Ú¾ ¼ .

Now we noticethat theprojective coordinatesof
� ¾ ³ � " Ç ë ë ë Ç � å µ in the

embeddingdefinedby theline bundle ´zw areequalto theproductof m monomials
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of degree í^ý in the Plücker coordinatesof
� ý . Sincefor each Ã asin (11.1)we

have �>ý Â F�F�F ý ò ³ Ã ³ S µ Ê � µ ¾�Ssr � Â h������ h r � ò �>ý Â F�F�F ý ò ³ � µsÇ
it is easyto seethat É Z�� ³ � Ç Ã µ ¾ åý ýCB " í^ýD> Þ �ý �ñB ø t �Q� �~�� ? ë
Here  Y ý \ø Ç ë ëEë Ç  Y ý \Þ � aredefinedfor each

� ý Ç:� ¾ ; Ç ë ë ë Ç m Ç asin theabove. Using
that

Ò>Ó�Ô ³ � ý��Õ¸Å� µ y Ò>Ó9Ô ³ � ýO�Õ¸��  #" µ ¾ ¼ if � Ú¾  Y ý \� , wecanrewrite theprevious
sumasfollows:É Z�� ³ � Ç Ã µ ¾ åý ýCB " íTý2� 5ý �ùB ø t:��� Ò>Ó9Ô ³ � ý@� ¸�� µ y Ò>Ó9Ô ³ � ý@� ¸��  #" µ@�#�

¾ åý ýCB " íTý2� ³ ÜJý § ; µ t 5 § 5  #"ý �ñB ø ³ Ò>Ó9Ô ³ � ý��À¸�� µ § ; µE³ tù� y tù� h " µl�
¾ t 5 åý ý�B " í^ý ³ ÜEý § ; µ §

5  #"ý �ùB ø � åý ý�B " í^ý ³ Ò>Ó9Ô ³ � ý��¸�� µ § ; µJ³ tù� y t:� h " µ � ë
Sincewe want this numberto be non-positive (resp.negative) for all Ã , we can
take thespecialone-parametersubgroupÃ�¸ givenbyt ø ¾ÌÊ`Ê`Êª¾qt ¸æ¾ º y Æ Ç t ¸ h " ¾ÍÊ`Ê`Êª¾ot 5 ¾ y ³ Æ § ; µsÇ ¼ u Æ u º y ; ë
It is easyto seethatany Ã satisfying(11.1)is apositivelinearcombinationof such
one-parametersubgroups.Pluggingin thesevaluesof t:� , wefind

y åý ýCB " í^ý ³ ÜEý § ; µE³ Æ § ; µ § ³ º § ; µ > åý ýCB " íTý ³ Ò>Ó9Ô ³ � ý � ¸	¸ µ § ; µ ? u ¼ ³ resp. � ¼ µ ë
(11.3)

Sinceany Æ -dimensionallinearsubspaceof Ã 5 is projectivelyequivalentto ¸�¸ , we
obtainthenecessaryconditionfor semi-stabilityor stabilitystatedin thetheorem.
It is alsosufficient. In fact, if it is satisfiedbut ³ � " Ç ë ëEë Ç � å µ is not semi-stable,
we canfind someÃ0Éáx ì ³ SL5 h " µ suchthat

É Z � ³ � Ç Ã µ »±¼ . By choosingappro-
priatecoordinates,we mayassumethat Ã0Éáx ³ a µ ì andsatisfies(11.1). Thenwe
write Ã asa positive linearcombinationof Ã�¸ ’s to obtainthat

É Z�� ³ � Ç Ã�¸ µ » ¼ for
someÆ . Thentheabovecomputationsshow that(11.2)doesnot hold,contradict-
ing our assumption.
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Corollary 11.1. Assumethat thenumbers
åãýCB " í^ý ³ ÜEý § ; µ and º § ;

are coprime.

Then ² ssr D 5 ³�´zwTµ ¾ ² ¸r D 5 ³�´zw µ ë
Let usrewrite Theorem11.1in thecasewhereall ÜEý and í^ý areequal(in this

casethelinearizationis calleddemocratic). Weset² ssÞ � D 5 ¾ ² ssÞ � D 5 ³�´ Å � µ�Ç ² sÞ � D 5 ¾ ² sÞ � D 5 ³�´ Å � µsÇû åÞ D 5 ¾ ² ssÞ � D 5 é é SL5 h " ë
Corollary 11.2.� Éb² ssÞ � D 5 º åý ýCB " ³ Ò>Ó9Ô ³ � ��� � µ § ; µ u ³ Ò>Ó9Ô � § ; µ m ³ Ü § ; µº § ; Ç
for anypropersubspace

�
of Ã 5 . Also,� É ² sÞ � D 5 º åý ýCB " ³ Ò>Ó9Ô ³ � ��� � µ § ; µ � ³ Ò&Ó�Ô � § ; µ m ³ Ü § ; µº § ;

for anypropersubspace
�

of Ã 5 .
Let usconsidersomeexamples.

Example11.1. Let º ¾ ; Ç v ¾ ; å . Taking
�

to bea point, we get that
�

can
beequalto at most m é]� pointsamong

� ¾ ³ � " Ç ë ëEë Ç � å µ É ³ Ã " µ å if
�

is semi-
stablewith respectto ´ " � . This is similar to the stability criterion for a binary
form of degree º . This is not surprising,sinceHypå ³ ; µ ¾ ³ Ãó" µ å éL� å and ´ " �
is equalto the inverseimageof Ø ³ ; µ underthe projection ³ Ã " µ å Â Hypå ³ ; µ .
Note that if we changé " � to ´xw , where í " § Ê`Ê`Ê § í å  #" � í å , we get that³ � " Ç ë ë ë Ç � " Ç � å µ is semi-stable.

Example11.2. Let ustake º ¾ �%Ç ÜEý�¾ ¼ Ç v ¾ ³ ; Ç ë ë ë Ç ; µ . Then³ � " Ç ë ë ë Ç � å µ is semistableº nopoint is repeatedmorethanm é ¡ timesandno morethan � m é ¡ pointsareona line ë
Semi-stabilitycoincideswith stabilitywhen ¡ doesnotdivide m .
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For instance,let us take º ¾ P
. Thenstablesextuplesof pointsareall dis-

tinct and have at most threecollinear. On the other hand,semi-stablebut not
stablesextupleshave eithertwo coincidingpointsor four collinearpointsamong
them. It is easyto seethat minimal closedorbits of semi-stablebut not stable
pointsarerepresentedby sextuples ³ � " Ç ëEë ë Ç �)U µ , where �&ý	¾Ï� � for some � Ú¾w�
with the remainingfour pointson a line. Among themtherearespecialorbits
Oý
� D Å 5�D ¸ G correspondingto the sextupleswith �&ýð¾²�R� Ç � Å ¾ � 5 Ç ��¸ ¾²� G , whereÏ ; Ç ëEë ë Ç P Ö ¾ Ï �§Ç � Ö�� Ï£í Ç 4 Ö�� Ï£Æ Ç S Ö . So ² ss"J�ùD T é é · is a four-dimensionalvari-
ety, and ³ ² ss"J�ùD T é é · µ � ³ ² s"J�ùD T é · µ is isomorphicto theunionof 15 curves Ö ý�� each
isomorphicto ² ss" m D�" é é SLTZç¾ Ã�" . Eachcurve Ö ý
� containsthreepoints û*ý
� D Å 5CD å 5 rep-
resentedby theorbitsOý
� D Å 5CD å 5 . Eachpoint û�ý
� D Å 5�D å 5 lies on threecurves Ö ý
� Ç Ö Å 5
and Ö å 5 .

Let usconsiderthesubsetÎ of ² s"J�ùD T of sextuples ³ � " Ç ë ë ë Ç ��U µ suchthatthere
existsan irreducibleconiccontainingthepoints � " Ç ëEë ë Ç ��U . Sinceall irreducible
conicsareprojectively equivalent,theorbit space² s"J�ùD T é SL¦ is isomorphicto the
orbit space³§³ Ã�" µ U µ s é SLT of sextuplesof distinct pointson Ãó" . However, aswe
will seelater, its closurein û Uø D T ¾ ³;³ Ã T µ U µ ssé é SL¦ is not isomorphicto û Uø D�" ¾³§³ Ã�" µ U µ ssé é SLT .
Example11.3. Let ustake Ü ¾ ; Ç º ¾ ¡ Ç v ¾ ³ ; Ç ë ë ë Ç ; µ . Thenwearedealingwith
sequences³ 4 " Ç ë ë ë Ç 4 å µ of lines in Ã ¦ . Let usapply thecriterionof semi-stabilty,
taking

�
to be first a point, thena line, andfinally a plane. In thefirst casewe

obtain � Ï � Á � É � ý Ö u m é]� ò
thatis, no morethan m é]� linesintersectat onepoint.

Taking
�

to bea line, weobtain� � Ï � Á � ¾ � ý Ö § � Ï � Á � ý Ú¾ � Ç � � � ý Ú¾on Ö u m0ò
in particular, no morethan m é]� linescoincideandno morethan m y � S lines

� ý
intersecta line

� � which is repeatedS times.
Finally, taking

�
to beaplane,weget� � Ï � Á � ý*á � Ö § � Ï � Á � ý Úá � Ö uo¡ m é]� ò

thatis, no morethan m é]� linesarecoplanar.
For example,thereareno stablepointsif m u ª . This follows from thefact

that for any four lines in Ã ¦ thereis a line intersectingall of them. Thereareno
semi-stablepointsfor mú¾ ;

. If mú¾ � , a pair of linesis semi-stableif andonly
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if they don’t intersect.It is easyto seethatby a projective transformationa pair
of skew lines is reducedto the two lines given by the equationsÈ ø ¾ È " ¾ ¼
and È T ¾yÈ ¦ ¾ ¼ . Thuswe have oneorbit. Similarly, if m ¾ ¡ we get one
semi-stableorbit representedby the lines È ø ¾ È " ¾ ¼ Ç È T ¾ È ¦ ¾ ¼ , andÈ ø�§ È T ¾¦È " § È ¦ ¾ ¼ . If m�¾ ª , theformulafor thedimensionof thequotient
spacegivesus that

Ò>Ó�Ô ² ssé é ·�¾ ; § Ò&Ó�Ô ·�Ë , where · Ë is the stabilizerof a
genericpoint in ² ss. In our case

Ò>Ó9Ô · Ë »c¼ sincethereareno stableorbits. It is
easyto seethat

Ò>Ó9Ô · Ë ¾ ;
(usethatthereis auniquequadric Ú throughthefirst

threelines,andthefourth line is determinedby two pointsof intersectionwith the
quadric;thesubgroupof theautomorphismsof thequadricwhich fix two points
andthreelinesin oneruling is isomorphicto p å ). Wewill show later, by explicit
computationof invariants,that

û ¤"ED ¦ ¾±² ss" m D ¦ é é SL¤ ç ¾ Ã T ë (11.4)

Let usgive a geometricreasonwhy this canbe true. For any four skew lines in
generalposition, thereexist two lines which intersectthemall (they arecalled
transversals). This is a classicalfact which canbe provenasfollows. Consider
the uniquequadric Ú throughthe first threelines 4 " Ç 4 T Ç 4 ¦ . They belongto one
ruling of lineson Ú . Thefourth line 4 ¤ intersectsÚ at two points t " Ç t T . Thetwo
transversalsare the lines from the other ruling of Ú which passthrough t " Ç t T .
If the fourth line happensto be tangentto Ú , so that t " ¾ t T , we get only one
transversal.Now let S " Ç S T bethetwo transversals.Thenwehave two orderedsets
of four pointson Ãó" :³ � " Ç � T Ç � ¦ Ç � ¤ µ ¾ ³ 4 " � S " Ç 4 T � S " Ç 4 ¦ � S " Ç 4 ¤ � S " µsÇ³ � ß " Ç � ß T Ç � ß ¦ Ç � ß¤ µ ¾ ³ 4 " � S T`Ç 4 T � S T`Ç 4 ¦ � S T`Ç 4 ¤ � S Tsµ ë
Thisdefinesa rationalmap

û ¤"ED ¦ y Â ³ û ¤ø D�" � û ¤ø D�" µ;éC�ÌTZç¾ ³ Ã " � Ã " µ;éC�ÌTpç¾ Ã T ë
Theproof that this mapextendsto an isomorphismconsistsof thestudyof how
this constructioncanbeextendedto degenerateconfigurations.

11.2 Points in � º
Let usconsiderconfigurationsof m pointsin Ã 5 . We have
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Theorem 11.2. Let � ¾ ³ � " Ç ë ë ë Ç � å µ É ³ Ã 5 µ å . Then�«É ³;³ Ã 5 µ å µ ss³�´zwTµ (resp.�«É ³;³ Ã 5 µ å µ s ³�´zw^µ )
if andonly if for everyproperlinear subspace

�
of Ã 5ýý D � � þi� í^ý u Ò>Ó�Ô � § ;º § ; � åý ýCB " í^ý �

(resp.thestrict inequalityholds).

In particular, if all íTý�¾ ;
, thelastconditioncanberewritten in theform� Ï � Á¥�>ý*É � Ö u Ò&Ó�Ô � § ;º § ; m (resp. � ) ë

Corollary 11.3.

³;³ Ã 5 µ¯åZµ ss³�´zw^µ Ú¾qn º ô�� ¾ ; Ç ë ëEë Ç m ÇH³ º § ; µ í^ý u åý ýCB " íTý Ç³;³ Ã 5 µ å µ s ³�´zw^µ Ú¾qn º ô�� ¾ ; Ç ë ëEë Ç m ÇH³ º § ; µ í^ý � åý ýCB " í^ý ë
Proof. If m u º , theleft-handsideis emptyandtheassertionis obviously truein
this case.Weassumethat m » º . Let³§³ Ã 5 µ å µ gen ¾ û ³ � " Ç ë ëEë Ç � å µ Á eachsubsetof º § ; pointsspansÃ 5 þ ë
This is an opennonemptysubsetof ³ Ã 5 µ å . We know that ³§³ Ã 5 µ å µ ss³�´xwTµ is an
opensubset.So if it is not emptyit hasnonemptyintersectionwith ³§³ ÃA5 µ å µ gen.
If we take a setof points �ú¾ ³ � " Ç ë ë ë Ç � å µ in the intersection,we obtain,since

no two points �&ý coincide, ³ º § ; µ í^ý u åãý�B " í^ý for each� ¾ ; Ç ë ëEë Ç m . Conversely,

if this condition is satisfiedtheneachpoint � ¾ ³ � " Ç ë ë ë Ç � å µ É ³§³ ÃA5 µ å µ gen is
semi-stablewith respectto ´zw . In fact,eachsubspace

�
of dimensionÆ contains

at most Æ § ; points�>ý . Henceýý D � � þN� íTý u ³ Ò>Ó�Ô � § ; µ Ô���� Ï£í^ýRÁ � ¾ ; Ç ë ë ë Ç m Ö u Ò>Ó�Ô � § ;º § ; � åý ýCB " í^ý � ë
This provestheassertionaboutthesemi-stability. We prove thesecondassertion
similarly.
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Letú 5 D å ¾ û È@¾ ³ È " Ç ëEë ë Ç È å µ ÉÀè å Á åý ýCB " È6ý�¾ º § ; Ç ¼ u È6ý u ; Ç:� ¾ ; Ç ë ë ë Ç m þ ë
This is calledan ³ m y ; µ -dimensionalhypersimplex of type º . Onecanrestatethe
precedingcorollaryin thefollowing form. Considertheconeover

ú 5 D å in è å h "Ö ú 5 D å ¾ÍÏ ³ È Ç Ã µ ÉÞè å � è h ÁTÈbÉ8Ã ú 5 D å Ö ë
Wehave theinjectivemap

PicSL½ � W ³;³ Ã 5 µ å µ ÂÆè å h " ÇO´zw cÂ � í " Ç ë ëEë Ç í å Ç�³ º § ; µ  #" åý ýCB " í^ý � Ç
which allowsusto identify PicSL½ � W ³§³ Ã 5 µ å µ with a subsetof è å h " . Wehave

PicSL½ � W ³§³ Ã 5 µ å µ �Ö ú 5 D å ¾ û ´ É PicSL½ � W ³§³ Ã 5 µ å µ Á ³;³ Ã 5 µ å µ ss³�´�µ Ú¾%n þ ë
In fact, if the first m coordinatesof a point È É�è å h " from the left-handside
are all positive, this follows immediatelyfrom Corollary 11.3. Supposesome
of the first coordinatesof È areequalto zero,saythe first S coordinates.Then´zw ¾ prì ³�´ ß w µ , wherepr Á ³ Ã 5 µ å Â ³ Ã 5 µ å  G is theprojectionto the last m y S
factors,and v ß ¾ ³ í G h " Ç ë ë ë Ç í å µ . By applyingCorollary 11.3 to ´ ß w , we obtain
that ³§³ Ã 5 µ å  G µ ss³�´ ß w µ Ú¾qn . It is easyto seethat³§³ Ã 5 µ å µ ss³�´zw µ ¾ pr #" ³§³;³ Ã 5 µ å  G µ ss³�´ ß w µ;µ
andwehavea commutativediagram³§³ Ã 5 µ å µ ss³�´zw µ pryOy y Â ³;³ Ã 5 µ å  G µ ss³�´ ß w µ��� ���³§³ Ã 5 µ å µ ss³�´zw µ§é é SL5 h " pryOy y Â ³;³ Ã 5 µ å  G µ ss³�´ ß w µ;é é SL5 h "
wheretheverticalarrows arequotientmapsandthemappr is anisomorphism.

Note that the relative boundaryof theconvex cone Ö ú 5 D å consistsof points
with oneof the first m coordinatesequalto zero,andof points ³ È Ç Ã µ ÉÈè å h "
satisfying ³ º § ; µ È6ýp¾ Ã for some �§Ç ¼ u � u m . The intersectionof the latter
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partof the boundarywith PicSL½ � W ³§³ Ã 5 µ å µ consistsof line bundles ´zw suchthat³ º § ; µ í^ý�¾ åãý�B " í^ý for some � . This shows that all points from ³;³ Ã 5 µ å µ gen are

semi-stablebut not stable(with respectto ´zw ). Sincethesetof stablepointsmust
beopen,it mustbeempty.

Observe that � É ³§³ Ã 5 µ å µ ss³�´zw µ � ³;³ Ã 5 µ å µ s ³�´zw^µ if andonly if thereexistsa
subspace

�
of dimension�6Ç ¼ u � u º y ; Ç suchthat

³ º § ; µ ý� � þi� í^ý�¾ ³ Ò>Ó�Ô � § ; µ åý ýCB " í^ý ë
This is equivalentto theconditionthat ´zw belongsto thehyperplane

�ãÿ D _ Áe¾Ïû ³ È " Ç ë ë ë Ç È å Ç Ã µ Éè å Á ý ý�þ ÿ È6ý�¾ÈÃ � þ Ç
whereê is anonemptysubsetof Ï ; Ç ë ëEë Ç m Ö . Let Ö beaconnectedcomponentofÖ ú 5 D å � $ ÿ D _ �ðÿ D _ (calleda chamber). Onecanshow thatany two line bundles
from the samechamberhave the sameset of semi-stablepoints. Supposézw
belongsto some �ðÿ D _ anddoesnot lie on other hyperplanes�s� D _ à . Then there
aretwo chambersÖ  Ç Ö h with commonboundary�ðÿ D _ . We have a commutative
diagram³;³ ÃA5 µ å µ s ³ Ö h µ§é SL5 h " y Â ³§³ ÃA5 µ å µ s ³ Ö  µ;é SL5 h "¬ ®³;³ ÃA5 µ å µ ss³�´zw µ;é é SL5 h "
Here ³§³ Ã 5 µ å µ s ³ Ö ¯ µ meansthatwedefinethestabilitywith respectto any ´zw fromÖ ¯ . Thecornermapsarebirationalmorphisms,andtheupperarrow is abirational
map(a flip). We refer the readerto [23] for moregeneralandpreciseresultson
this subject.

Thespaces û å5 Áe¾Gû åø D 5 ¾ ³§³ Ã 5 µ å µ ss³�´ " � µ§é é SL5 h "
canbedescribedexplicitly in a few cases.It follows from theconstructionof the
quotientthat

û å5 ¾ Projm³ õ _:^ ø ä ³§³ Ã 5 µ å ÇO´ Ý@_" � µ SL½ � W µ ¾ Projm³ õ _:^ ø ³ Pol_ ³�â ì µ Ý å µ SL½ � W µ�Ç
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whereÃ 5 ¾GÃ ³�âÛµ . Let usdenotethegradedalgebra� _:^ ø ³ Pol_ ³�â ì µ Ý å µ SL½ � W by� å5 .
The First FundamentalTheoremtells us how to computegeneratorsof the

gradedalgebra� å5 . Wehave³ � å5 µ _ ¾ Pol³ Mat5 h "ED å µ SL½ � W_ � D � ½ � W ë (11.5)

Thusthespaceis generatedby standardtableaufunctions
É��

of size ³ º § ; µ���� ,
degree� with � ¾ å _5 h " .
Remark11.1. Note that the symmetricgroup � å actsnaturallyon û å5 , via per-
mutingthefactors.It actson thegradedalgebra� å5 via its actionon thecolumns
of matricesof size ³ º § ; µ.� m . The quotient û å5 éL� å is the moduli spaceof
(unordered)setsof m -pointsin Ã 5 . In thespecialcaseº ¾ ;

, anunorderedsetofm -pointsis thesetof zerosof abinaryform of degreem . Recallthat,by theFirst
FundamentalTheorem,wehaveanisomorphism

Polå ³ Pol_ ³�âèµ§µ SL Y 1 \ ç¾ ³ Pol³ Mat5 h "ED å µ SL½ � W_ � D � ½ � W µl� � ë
In view of (11.5)weobtainanisomorphism³ � å5 µ � �_ ç ¾ Polå ³ Pol_ ³�âèµ;µ SL Y 1 \ ë
Now, if we useHermiteReciprocity(Theorem5.6),wegetanisomorphism× å Á ³ � å5 µ � �_ ç¾ Pol_ ³ Polå ³�âèµ§µ SL Y 1 \ ë (11.6)

It canbe shown (seeRemark5.2) that the isomorphisms× å definean isomor-
phismof gradedalgebras> �õ _ B ø ³ � å5 µ _ ? � � ç ¾ åõ _ B ø Pol_ ³ Polå ³�â.µ§µ SL Y 1 \ ë
Theprojective spectrumof theleft-handsideis thevariety û å" éC� å . Theprojec-
tivespectrumof theright-handsideis thevarietyHypå ³ ; µ;é é SLT ë Thusû å" éL� å ç¾ Ö å ³ ; µ ë
Example11.4. Let usstartwith thecaseº ¾ ; Ç mN¾ ª . Thenthedegree1 pieceof³ � ¤ " µ is spannedby thetwo functions ` ; � b ` ¡ ª b and ` ; ¡ b ` ��ª b . Thevalueof theratioÜ�¾«` ; � b ` ¡ ª b é ` ; ¡ b ` ��ª b on theset ³ � " Ç � T Ç � ¦EÇ � ¤ µ definedby thecoordinatematrixe ¾ > � ø ; ø H ø � ø� " ; " H " � " ?
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is equalto Ü ³ � " Ç � T Ç � ¦EÇ � ¤ µ ¾ ³ � ø ; " y � " ; ø µE³ H ø � " y H " � ø µ³ � ø H " y � " H ø µE³<; ø � " y ; " � ø µ ë
This is calledthecross-ratio of four orderedpoints.Two distinctorderedquadru-
plesof pointsin Ãó" areprojectively equivalentif andonly if they have thesame
cross-ratio.If we choosecoordinatesin the form ³ ; Ç È6ý µsÇù� ¾ ; Ç ë ë ë Çùª , assuming
thatnoneof thepointsis theinfinity point,weobtain

Ü ³ � " Ç � T Ç � ¦ Ç � ¤ µ ¾ ³ È T y È " µE³ È ¤ y È ¦sµ³ È ¦ y È " µE³ È ¤ y È Tsµ ë
If � ¾ ³ ¼ Ç ; ÇNÐ�Ç È µ ¾ ³§³ ; Ç ¼ µsÇ`³ ; Ç ; µsÇ�³ ¼ Ç ; µ�Ç�³ ; Ç È µ§µ weget

Ü ³ ¼ Ç ; ÇNÐ�Ç È µ ¾ ; y È ë
Notethatthecross-ratioof four distinctpointsnever takesthevalues¼ Ç ; ÇNÐ .

Thequadruples³ � " Ç � T Ç � ¦EÇ � ¤ µ goto ¼ if � " ¾�� T or � ¦ ¾×� ¤ . Theonly closedorbit
in the fiber over ¼ consistsof configurationswith � " ¾ü� T Ç � ¦ ¾ü� ¤ . Similarly,
onedescribesthefibersover

;
and Ð . It is easyto seethatthegradedalgebra�K¤"

is equalto íA`P` ; � b ` ¡ ª b Ç ` ; ¡ b ` ��ª bÙb andhenceis isomorphicto thepolynomialalgebraíA` È Ç Ñ b (provethisby following thenext example).Thepermutationgroup � ¤ acts
on this algebraasfollows:³ ; �^µ ¾ ³ ¡ ªªµ Á¦È cÂ y È Ç Ñ�cÂ Ñ y È Ç³J� ¡ µ Á¦È cÂ�Ñ Ç Ñ�cÂ�È ë
Thiseasilyimpliesthat

Pol³ Pol¤ ³ í T µ;µ SLU ç ¾ í!` È Ç Ñ b � m ¾¦í!` e�Ç � b Ç
where e ¾ È T y È�Ñ § Ñ T Ç �Í¾ y � È ¦ § ¡ È�Ñ T y � Ñ ¦ § ¡ È T Ñ ë
Using (11.6) we can identify (up to a constantfactor) theseinvariantswith the
invariants

A
and a from section10.2of Chapter10.

Example11.5. Let º ¾ ; Ç m ¾�E . The computationshereare more involved
than in the case m ¾ P

which we will discussin the next example. Here we
only sketcha proof that thespaceû G" is isomorphicto a Del Pezzosurface ��G of
degree5 isomorphicto theblow-up of Ã T with centerat four points � " Ç � T Ç � ¦ Ç � ¤
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no threeof which areon a line. Thelinearsystemof conicsdefinesa morphismÀÌÁ���G Â Ã�" . Its fibersareconicsthroughthe four points �>ý . Therearethree
singularfiberscorrespondingto threereducibleconics.Therearefour sectionsofÀ correspondingto the exceptionalcurves ¸pý blown up from the points �>ý . Let
us constructa map  �Á#��GðÂ û G" . If È±É¡��G lies on a nonsingularfiber î , we
considerthe fiber as Ã�" andassignto È the orbit   ³ È µ of the five points ³ ¸ " �î Ç ë ë ë Ç ¸ ¤ �bî Ç È µ in Ã " . If È lies on a singularfiber, sayon thepropertransform4 of theline 4 " T passingthroughthepoints� " Ç � T weassignto È theorbit of ³ ¸ " �4 Ç ¸ T �=4 Ç � Ç � Ç È µ , where � is theinverseimageof thepoint 4 " T ��4 ¦ ¤ . If Èb¾ � we
assignto it theuniqueorbit of ³ ¼ Ç ¼ Ç ; Ç ; ÇNÐ µ . Notethatunderthis assignmentthe
fibrationmap À correspondsto thenaturalmap û G" Â û.¤" definedby theprojection³ È " Ç È T`Ç È ¦ Ç È ¤ Ç È¢G µ cÂ ³ È " Ç È TEÇ È ¦`Ç È ¤ µ . Thethreepointsin Ã�" overwhich thefiber
is singulararethethreespecialorbitsof ³ � Ç � Ç';`Ç';sµ , ³ � Ç';`Ç � Ç';sµ and ³ � Ç';`Ç';`Ç � µ . The
sectioņpý correspondsto thesetof orbitsof ³ È " Ç È T`Ç È ¦EÇ È ¤ Ç È¢G µ , whereÈ¢Gp¾ È6ý .
Example11.6. Let º ¾ ; Ç m ¾ P

. A standardtableauof degree� andsize �Õ� ¡ �
is givenby a table £¤¤¤¤¥ �6"" � TT� "T � T¦�6"¦ � T¤�6"¤ � TG�6"G � TU

¦¨§§§§© Ç (11.7)

whereweusethenotationfrom section2.4.We have� � "" � ¾ � � TU � ¾ �6Ç � � "ý � § � � Tý � ¾ �6Ç � u � u E Ç� � "T � § � � "¦ � § � � "¤ � § � � "G � ¾ ��� ë
Set 4 T ¾ � � "T �eÇ 4 ¦ ¾ � � "¦ �eÇ 4 ¤ ¾ � � "¤ � ë
Thesenumberssatisfythefollowing inequalities:¼ u 4 T Ç 4 ¦ Ç 4 ¤ u �6Ç � u 4 T § 4 ¦ § 4 ¤ u ���6Ç� u � 4 T § 4 ¦`Ç ��� u � 4 T § � 4 ¦ § 4 ¤ ë
The last two inequalitiessaythateachrow consistsof two differentnumbers,so
that� § � � "T � 7 � � TT � § � � T¦ �eÇ � § � � "T � § � � "¦ � 7 � � TT � § � � T¦ � § � � T¤ � ë
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SettingÈ ¾ª4 T Ç Ñã¾F4 T § 4 ¦ Ç<� ¾ª4 T § 4 ¦ § 4 ¤ , weobtainthatourtableauis completely
determinedby a vector ³ È Ç Ñ Ç:� µ satisfying¼ u È u �6Ç ¼ u Ñ y È u �6Ç ¼ u � y Ñ u ��Ç� u È § Ñ Ç Ñ § � 7 ���6Ç � u � u ��� ë
When ¼ u Ñ u � theseinequalitiesareequivalentto

Ñ 7 È 7 � y Ñ Ç ��� y Ñ u � u Ñ § � ë
Thisgives ã _ýCB _ � T ³)��� y � § ; µ T solutions.When ��� 7 Ñ 7 � wehave Ñ u � u ���
whichgives ã T _ýCB _ ³)��� y � § ; µ T solutions.Summingup,wegetÒ>Ó�Ô ³ � U " µ _ ¾ ;� ³)� ¦ § ¡ � T § ª �hµ § ; ë
ThustheHilbert functionof thegradedring � U " is equalto�ý

_ B ø ³ "T ³��
¦ § ¡ � T § ª �hµ § ; µ S _ ¾ ; y S ¦³ ; y S µ G ë

This suggeststhat û U" is isomorphicto a cubic hypersurfacein Ã!¤ . This is true.
Firstof all wehave thefollowing generatorsof � U " :S ø ¾ ` ; � b ` ¡ ª b `~E P b Ç S " ¾ ` ; ¡ b ` ��ª b `~E P b Ç S T ¾Ó` ; � b ` ¡ E b ` ª P b ÇS ¦ ¾ ` ; ¡ b ` � E b ` ª P b Ç S ¤ ¾ ` ; ª b ` � E b ` ¡ P b ë
For every ³��;Ç � µ Ú¾ ³ ¼ Ç ¡ µsÇ`³ ¼ Ç:ª µ , theproductSnýXS�� is astandardtableaufunctionfrom³ � U " µ�T . Applying thestraighteningalgorithm,wefindS ø S ¦ ¾ y ` ; � b ` ; ¡ b ` � ¡ b ` ª E b ` ª P b `«E P b § S " S T`ÇS ø S ¤ ¾ ` ; � b ` ; ª b ` �Oª b ` ¡ E b ` ¡ P b `~E P b y S " S T § S ø S " § S ø S T y S Tø ë
Sothestandardmonomials

Ñ " ¾Ó` ; � b ` ; ¡ b ` � ¡ b ` ª E b ` ª P b `~E P b Ç Ñ T ¾«` ; � b ` ; ª b ` ��ª b ` ¡ E b ` ¡ P b `«E P b
canbe expressedaspolynomialsof degree2 in the Sný . Countingthe numberof
standardtableaufunctionsof size � � P

, we find that ³ � U " µ�T ¾ ³ � U " µ T ë In fact,we
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have ³ � U " µ 5 ¾ ³ � U " µ 5 for any º . If wetakeatableaufunction
É �<D ] D c D Å corresponding

to tableau(11.7)with 4 " ¾%� Ç 4 T ¾ ;`Ç 4 ¦ ¾ H , wecanwrite it asÉ �<D ] D c D Å ¾¬ S T Å  T �< ]  cø S Å  c" S cT Ñ � h ]  ÅT if � § ; 7 í ,S T Å  T �< ]  cø S T � h ]  Å" S T � h T ] h c  T ÅT Ñ Å  ]  ��" if � § ; u í ,
whenever � � § ; § H u � í , andsimilarly

É �ND ] D c D Å ¾ _`a `b S
T Å  T �< ]  c" S Å  ��T S � h c  Å¦ S � h ]  Å¤ if � § ; 7 í Ç � § HK7 í ,S Å  ]" S c " S T � h ] h c  T Å¦ Ñ Å  c  ��T if � § H u í ÇS Å  c" S ] " S T � h ] h c  T Å¦ Ñ Å  ]  ��" if � § ; u í ,

whenever � � § ; § H u � í . It is easyto verify thatS ¦ Ñ T ¾oS " S T S ¤
which givesusthecubicrelationS " S T S ¦ y S ¦ S ø S ¤ § S ¦ S " S T § S ¦ S ø S " § S ¦ S ø S T y S ¦ S Tø ¾ ¼ ë
Let î ¦ ¾�a " a T a ¦ y a ¦ a ø a ¤ § a ¦ a " a T § a ¦ a ø a " § a ¦ a ø a T y a ¦ a Tø ë
Thereis asurjectivehomomorphismof thegradedalgebras

íA`�a ø Ç a " Ç a T Ç a ¦`Ç a ¤ b é&³ î ¦`³ a ø Ç a " Ç a TEÇ a ¦`Ç a ¤ µ;µ Â � U "
and comparingthe Hilbert functions we seethat it is bijective. Thus û U" ¾
Projm³ � U " µ is isomorphicto the cubic hypersurface î ¦U³ a ø Ç a " Ç a T`Ç a ¦ Ç a ¤ µ ¾ ¼ ë
If wechangethevariables,

Î ø ¾ � a øÅy a " y a T § a ¦ § a ¤ Ç Î " ¾�a " y a T y a ¦ § a ¤ ÇÎ T ¾ y a " § a T y a ¦ § a ¤ Ç Î ¦ ¾za " § a T y a ¦ y a ¤ ÇÎ ¤ ¾ y a " y a T § a ¦ y a ¤ Ç ÎxG¶¾ y � a ød§ a " § a T § a ¦ y a ¤ Ç
weobtainthat û U" canbegivenby theequationsGý ýCB ø Îæý�¾ ¼ Ç Gý ýCB ø Î ¦ý ¾ ¼
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in Ã G which manifestthe � U -symmetry. Thecubichypersurfacedefinedby these
equationsis calledthe Segre cubic primal. It contains10 nodes(the maximum
possiblenumberfor a cubic hypersurfacein ÃA¤ ) and15 planes.The nodescor-
respondto the minimal closedorbits of semi-stablebut not stablepoints. The
singularpointscanbeindexedby thesubsetsÏ �§Ç � Ç í Ö of Ï ; Ç ë ëEë Ç P Ö . For example,� " TE¦ ¾ ³ ; Ç ; Ç ; Ç y ; Ç y ; Ç y ; µ . Theplanescorrespondto theorbitsof sextupleswith
two coincidingpoints. They have equationsof the form Î ý § Î��Û¾¿Î Å § Î 5 ¾Î å § Î 5 ¾ ¼ , where Ï �§Ç � Ç í Ç 4 Ç m Ç º*Ö ¾�Ï ; Ç ë ë ë Ç P Ö . Eachplanecontainsfour
singularpoints.Eachpoint is containedin 6 planes.Theblow-up of theplaneat
thefour pointsis naturallyisomorphicto û G" (seeExercise11.7).

Example11.7. Let º ¾ � and m�¾ P
. Again we take vF¾ ³ ; Ç ë ë ë Ç ; µ andtry to

computethegradedalgebra� UT explicitly. We skip thecomputations([25], p.17)
andgive only the results. First we computethe Hilbert function of the graded
algebra� UT : �ý Å B ø Ò>Ó�Ô ³ � UT µ Å S Å ¾ ; y SE¤³ ; y S µ G ³ ; y S T µ ë
This suggeststhat � UT is generatedby five elementsof degree1 andoneelement
of degree2 with a relationof degree4. Wehave thefollowing.

Generators:
degree1S ø ¾ ` ; � ¡ b ` ª E P b Ç S " ¾Ó` ; �Oª b ` ¡ E P b Ç S T ¾«` ; � E b ` ¡ ª P b Ç S ¦ ¾Ó` ; ¡ ª b ` � E P b Ç S ¤ ¾«` ; ¡ E b ` ��ª P b ò
degree2 S®GZ¾Ó` ; � ¡ b ` ; ª E b ` ��ª P b ` ¡ E P b y ` ; ��ª b ` ; ¡ E b ` � ¡ P b ` ª E P b ë

Relation: S TG § S®G ³ S T S ¦ § S " S ¤ § S ø S " § S ø S ¤ § S ø S T § S ø S ¦ § S Tø µ§ S ø S " S ¤ ³ S ø�§ S " § S T § S ¦ § S ¤ µ ë
This shows that û UT is isomorphicto a hypersurfaceof degree4 in the weighted
projectivespaceÃ ³ ; Ç ; Ç ; Ç ; Ç ; Ç<�Tµ givenby theequation

î ¤ ¾ a TG § a¯G ³ y a T a ¦ § a " a ¤ § a ø a " § a ø a ¤ y a ø a T y a ø a ¦ y a Tø µ§ a ø a " a ¤ ³ y a ød§ a " y a T y a ¦ § a ¤ µ ¾ ¼ ë
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If char³ í µ Ú¾ � this canbetransformedinto theequation

î ¤ ¾ a TG § ³ y a T a ¦ § a " a ¤ § a ø a " § a ø a ¤ y a ø a T y a ø a ¦ y a Tø µ T§ ª a ø a " a ¤ ³ y a ø�§ a " y a T y a ¦ § a ¤ µ ¾ ¼ ë
Theequationis againsymmetricwith respectto a linear representationof � U in
the variablesa ø Ç ë ëEë Ç a ¤ (but not with respectto the standardpermutationrepre-
sentationin í G ). Thequartichypersurface â ¤ in ÃA¤ givenby theequation³ y a T a ¦ § a " a ¤ § a ø a " § a ø a ¤ y a ø a T y a ø a ¦ y a Tø µ T§ ª a ø a " a ¤ ³ y a ød§ a " y a T y a ¦ § a ¤ µ ¾ ¼
is calledtheSegrequarticprimal (or Igusaquartic). It correspondsto therelation` ; � ¡ b ` ; ª E b ` �Oª P b ` ¡ E P b y ` ; �Oª b ` ; ¡ E b ` � ¡ P b ` ª E P b ¾ ¼ ë
If we fix the points � " Ç ë ëEë Ç �)G andvary ��U we seethat this is of degree2 in the
coordinatesof ��U and vanisheswhen �)UP¾²�>ý for some � ¾ ; Ç ëEë ë Ç E . Thus it
describestheconicthroughthepoints� " Ç ë ëEë Ç ��G andexpressestheconditionthat
thesix pointsareon a conic. Usingtheequationî ¤ ¾ ¼ , we canexhibit û UT asa
doublecoverof ÃA¤ branchedalongtheSegrequartichypersurface.In otherwords,
thereis aninvolutionon û UT whosefixedpointsarethesextupleslying onaconic.
This is the self-associationinvolution. We have a remarkableisomorphism,the
associationisomorphism: �¹Áªû å5 ç ¾ û åå  5  T ë
It is definedby the isomorphismof thegradedalgebras� å5 Â � åå  5  T defined
on tableaufunctionsby replacingeachdeterminant̀ � " Ç ë ë ë Ç:� 5 h " b with the deter-
minant ` � " Ç ë ë ë Ç � å  5  #" b , where Ï(� " Ç ë ëEë Ç � å  5  #" Ö ¾ÍÏ ; Ç ëEë ë Ç m Ö � Ï � " ë ë ë � 5 h " Ö . In
the casem ¾ � º § � , we get an involutive automorphismof the algebra� T 5 h T5
which definesthe self-associationinvolution of the variety û T 5 h T5 . We refer to
[25] and[27] for thedetailsandfor somegeometricmeaningsof theassociation
isomorphism.

11.3 Lines in � ¡
Let usgiveanalgebraicproof of theexistenceof theisomorphism(11.4).Recall
thatGr "ED ¦ is isomorphicto a nonsingularquadricin Ã G . Its automorphismgroup
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is thecomplex projectiveorthogonalgroupPO³ P µ ¾ O ³ P µ§é>³<° ; µ . Thenaturalac-
tion of SL¤ on Gr"ED ¦ definesan injective homomorphismfrom PSL³�ª µ to PO³ P µ .
Countingthe dimensionswe seethat the imageis the connectedcomponentof
the identity of the groupPO³ P µ . It is the subgroupPO³ P µ h whoseelementsare
representedby orthogonalmatriceswith determinant1. Now theanalysisof sta-
bility for lines in Ã ¦ shows that a semi-stableconfigurationof lines, considered
asanorderedsetof pointsin Ã G , is semi-stablewith respectto theactionof SL¤
in Ã G . Thus û å"ED ¦ is a closedsubsetof the quotient ³§³ Ã G µ å µ ssé é Oh ³ P µ . The latter
canbecomputedusingtheFirst andtheSecondFundamentalTheoremof invari-
ant theory for the orthogonalgroup. The symmetricbilinear form on the space� T ³ í�¤ µ�ç¾ í U definedby theGrassmannianquadricis thewedgeproduct.If â is a
vectorspaceequippedwith anondegeneratesymmetricbilinearform ÷ ó ÇX�+ø , then
thealgebraof polynomialinvariantsof O ³�âèµ in thespaceâ�± å is generatedby the
functions ` � � b definedby ` � � b ³ ó " Ç ë ë ë Ç ó å µ ¾ ÷ óUý Ç ó'� ø (seeExercise2.9, or [121]).
This algebrais equalto thealgebraof invariantsfor O ³�â.µ h unlessm 7 Ò>Ó9Ô â ,
when additional invariantsare the basic invariantsfor SL ³�â.µ , i.e., the bracket
functions. For m � Ò>Ó�Ô â , thereareno relationsbetweenthe basicinvariants.
Now

³ Ã ³�âãµ å µ ssé é Oh ³�â.µ ç ¾ �õ _ B ø ä ³ Ã ³�âðµ å ÇO´ _ " � µ O
� Y 1 \ ç¾ �õ _ B ø ³ Pol_ ³�â�µ Ý å µ O� Y 1 \ ë

Aswesaw in Chapter2,elementsof Pol_ ³�âèµ Ý å arepolynomialfunctionson â²± å
which arehomogeneousof degree � in eachfactor. Thusthespaceof invariants³ Pol_ ³�âèµ Ý å µ O � Y 1 \ is spannedby monomials̀ � " � " b ë ëEë ` � ¸��`¸ b in ` � � b suchthateach
index � ¾ ; Ç ëEë ë Ç m appearsamong � " Ç ë ë ë Ç:� ¸ Ç � " Ç ëEë ë Ç �`¸ exactly � times. In our
casem ¾ ª we have 10 basicinvariants ` � � b . For � ¾ ;

we have threemono-
mials ` � � b ` í�4 b , where Ï �;Ç � Ç í Ç 4 Ö ¾yÏ ; ÇN�%Ç ¡ Ç:ª Ö . For � » � , we have productsof
thesethreemonomialsplusadditionallythemonomialswhich containoneof the
monomials̀ �)� b asits factor. Now observethattherestrictionof thefunction ` �)� b to
thesubsetof pointsin Ã ³�âãµ lying onthequadricÚ�Á ÷ ó Ç ó ø ¾ ¼ is obviouslyzero.
Thus,therestrictionof thealgebra�õ _ B ø ä ³ Ã ³�âðµ ¤ ÇO´ _ " m µ O� Y 1 \
to Ú.¤ is freely generatedby ` ; � b ` ¡ ª b Ç ` ; ¡ b ` �Oª b Ç ` ; ª b ` � ¡ b . Its projective spectrumisÃ T .
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Note thata similar computationcanbe madein thecasem�¾³E and m�¾ P
(see[117]). In thecasem¿¾ P

, thealgebra�õ _ B ø ä ³§³ Gr"ED ¦sµ U Ç(´ _ " � µ O � Y U \
is generatedby the15functions�>ý
� D Å 5�D å 5 ¾«` � � b ` í�4 b `
m º b , where Ï �§Ç � Ç í Ç 4 Ç m Ç º*Ö ¾Ï ; ÇN�%Ç ¡ Ç:ª>Ç E Ç P Ö , andthedeterminantfunction = ¾«` ; � ¡ ª E P b

. Thesquareof = T is
thedeterminantof theGrammatrix ³ ` � � b " ¶ ý D � ¶ U µ andhencecanbeexpressedasa
polynomialin the �>ý
� D Å 5CD å 5 . Thesubalgebrageneratedby thefunctions�>ý
� D Å 5CD å 5 is
isomorphicto theprojectivecoordinatealgebraof acertainnine-dimensionaltoric
variety , (seethenext chapter),sothat Ã U "ED ¦ is isomorphicto adoublecoverof ,
branchedalonga hypersurfacedefinedby theequation=¿¾ ¼ . Thelocusof sex-
tuplesof linesdefinedby this hypersurfacecoincideswith thelocusof self-polar
sextuples,i.e., the sextuples ³ 4 " Ç ë ëEë Ç 4´U µ for which thereexists a nondegenerate
quadricin Ã ¦ suchthatthesetof thepolarlines ³ 4nµ " Ç ë ëEë Ç 4nµU µ is projectively equiv-
alentto ³ 4 " Ç ëEë ë Ç 4¶U µ . Notetheremarkableanalogywith thestructureof thevarietyû UT , wheretheanalogof thepolarity involution is theassociationinvolution.

Bibliographical notes

The stability criterion for configurationsof linear spaces(with respectto the
democraticlinearization)wasfirst givenby Mumford ([73], Chapter3). He also
provedthat thequotientmapfor stableconfigurationsof pointsin Ã 5 is a princi-
pal fibrationof thegroupSL5 h " . Thegeneralizationof thecriterionto thecaseof
arbitrarylinearizationis straighforward.Thecross-ratioinvariantis asclassicalas
canbe. Examples11.6and11.7aretakenfrom [25]. They go backto Coble[13]
who foundabeautifulrelationshipbetweenthemoduli spacesof pointsin Ã 5 and
classicalgeometry. Thebook [25] givesa modernexpositionof someof there-
sultsof Coble.Theinvariantsof linesin Ã ¦ arediscussedin thebookof Sturmfels
([113]). The algebraof SL5 h " -invariantson the tensorproductof the projective
coordinatealgebrasof four GrassmanniansGrÞ � D 5 h " Ç:� ¾ ; ÇN�%Ç ¡ Çùª wasstudiedby
R. Howe andR. Huang([51], [50]). They show that this ring is isomorphicto a
polynomialalgebra. In the casewhen º § ; ¾ � Ü " ¾yÊ`Ê`Ê ¾ � Ü ¤ this wasfirst
provedby H. W. Turnbull ([116]). Note that the GIT quotient ²sr D 5 ³�´zwTµ;é é SL5 h "
consideredin this chapteris isomorphicto theprojective spectrumof a subalge-
braof thealgebraof invariantsin the tensorproductof theprojective coordinate
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algebrasof theGrassmannians;sooneneedsadditionalwork to computethequo-
tients. Onecanalsodescribeall orbitsof four lines in Ã ¦ (see[22]). Themoduli
spacesof five andsix lines in Ã ¦ andtheir relationshipto theclassicalalgebraic
geometryarediscussedin thePh.D. thesisof D. Vazzana([117], [118]).

The rationalityof theconfigurationspacesû å5 of pointsis obvious. It is not
known whetherthespaces² ssr D 5 é é SL5 h " arerationalin general.This is known for
linesin Ã ¦ ([122]) and,moregenerally, in thecasewhen ³ Ü " § ; Ç ë ë ë Ç Ü å§ ; Ç º §; µ u�¡ (see[100]).

Exercises

11.1Prove that theorbit of �ö¾ ³ � " Ç ë ëEë Ç � å µ in ³;³ ÃA5 µ å µ ¸�¸ ³�´zw^µ is closedbut not
stableif andonly if thereexists a partition of Ï ; Ç ë ë ë Ç m Ö into subsetshª¸ Ç ÆH¾; Ç ëEë ë Ç Ü Ç suchthat for any Æ onecanfind a propersubspace

� ¸ of Ã 5 suchthatãý�þN�@· D � � þi�¸· í^ý�¾ ³ Ò>Ó�Ô � ¸ § ; µJ³ åãýCB " í^ý µ;é>³ º § ; µ .
11.2For what v is thequotient ³;³ Ã " µ G µ ss³�´zwTµ isomorphicto Ã T ?
11.3Draw a pictureof the hypersimplex

ú "ED ¤ anddescribethe chambersof the
cone Ö ú "ED ¤ .
11.4 Considerthe actionof the permutationgroup � ¤ on û+¤" andshow that the
kernelof this actionis isomorphicto the group ³ v é�� v µ T . Find theorbits whose
stabilizersareof orderstrictly larger than ª . Computethe correspondingcross-
ratio.

11.5Provethatthealgebra� G " canbegeneratedby six elementsof degree5 satis-
fying five linearly independentquadricrelations.

11.6 Show that eachprojection 3 Á ³ Ã 5 µ å Â ³ Ã 5 µ å  #" definesa rational mapÇ3 Áªû å5 Â û å  #"5 .
(i) Find thepointsof indeterminacy of Ç3 .
(ii) Show that Ç3 is a regularmapif ³ º § ; Ç m µ ¾ ;

.
(iii) Constructm y ; rationalsectionsû å  #"5 Â û å5 of Ç3 .

11.7Find the equation(in termsof functions ` � � b ) of the closureof the locusof
quadruplesof linesin Ã ¦ which haveonly onetransversalline.

11.8Prove that û å5 is isomorphicto a categoricalquotientof the Grassmannian
Gr5 D å  #" with respectto theactionof thetorus p åå via its standardactionon í å .
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11.9 Prove that the closureof the locusof ³ � " Ç ë ëEë Ç � G µ É Gr
G "ED ¦ which admit

a commontransversal line is of codimension1. Find its equationin termsof
functions ` � � b .
11.10Show thatGrÞ D 5 is a homogeneousspaceisomorphicto · é û , where ·o¾
SL5 h " and û is its parabolicsubgroupof matrices³ � ý�� µ with entries�Tý
�.¾ ¼ forÜ § ; � � u º § ; Ç ¼ u � u Ü § ; .
11.11Considerthe actionof SLT on Ã ¦ via its linear representationin í�¤ equal
to the direct sum of the two standardtwo-dimensionalrepresentationsof SLT .
Find stableandsemi-stablepointsof thediagonalactionof SLT on ² ¾�Ã ¦ � Ã ¦
with respectto theline bundle ´ "ED�" . UsingtheFundamentalTheoremof Invariant
Theoryshow that ² ssé SLTpç¾ Ã ¦ .
11.12Findstableandsemi-stablepointsin ²ú¾ ³ Ã ¦ µ T � Gr

¦ "ED ¦ with respectto the
groupSL¤ andlinearizatioń "<¹ (threelinesandtwo pointsin Ã ¦ ).
11.13Prove that

(i) theSegrecubicprimal â#¦ is isomorphicto theimageof Ã ¦ undertherational
mapto Ã ¤ givenby thelinearsystemof quadricsthroughfivepoints� " Ç ëEë ë Ç �)G in
generalposition;

(ii) thenodesof â&¦ aretheimagesof thelines ºsý
� joining two points�>ý Ç �R� ,
(iii) the planesof â&¦ are the imagesof the planes3 ý
� Å throughthreepoints�>ý Ç �R� Ç � Å ,
(iv) theblowing up » Ã ¦ at thepoints � " Ç ë ë ë Ç ��G is a resolutionof singularities

of â#¦ with inverseimageof eachnodeisomorphicto Ã�" .
11.14Let â ¤ be the Segre quartic primal in ÃA¤ . We usethe notationfrom the
precedingexercise.Prove that

(i) â ¤ is isomorphicto theimageof Ã ¦ undertherationalmap  ±ÁTÃ ¦ y Â Ã ¤
given by the linear systemof quarticswhich passthroughthe points � " Ç ë ë ë Ç ��G
with multiplicity 2 andcontainthe10 lines ºsý
� ,

(ii) â ¤ contains15 doublelines, eachline is intersectedby threeotherdou-
ble lines (find the meaningof the doublelines andthe correspondingpointsof
intersectionin termsof thequotient ³§³ Ã T µ U µ ssé é SL¦ ),

(iii) thedoublelinesarethe imagesof theplanes3 ý
� Å undertherationalmap  ,
(iv) theblowing up » Ã ¦ at thepoints � " Ç ëEë ë Ç �)G followedby theblowing up of

thepropertransformsof thelines ºsý
� is a resolutionof singularitiesof â ¤ ,
(v) â ¤ is isomorphicto thedualhypersurfaceof theSegrecubicprimal â#¦ .

11.15Describetheorbitsof SL¤ in its diagonalactiononGr¤ "ED ¦ . Matchtheminimal
orbitsof semi-stablepointswith pointsin Ã T .





Chapter 12

Toric varieties

12.1 Actions of a torus on an affine space

In this chapterwe consideran interestingclassof algebraicvarietieswhich arise
ascategoricalquotientsof someopensubsetsof affine space.Thesevarietiesare
generalizationsof the projective spacesandadmit a very explicit descriptionin
termsof somecombinatorialdataof convex geometry. In algebraicgeometrythey
areoftenusedasnaturalambientspacesfor embeddingsof algebraicvarietiesand
for compactifyingmodulispaces.In combinatoricsof convex polyhedrathey have
servedasa powerful tool for proving someof thefundamentalconjecturesin the
subject.

Let aG¾op Þå actlinearlyon � 5 by theformula³ S " Ç ëEë ë Ç S Þ µ Ê ³)� " Ç ë ë ë Ç:� 5 µ ¾ ³ ì õ W � " Ç ë ë ë Ç ì õ ½ � 5 µ�Ç
where ô]�¡¾ ³ � " � Ç ë ë ë Ç � Þ � µ ÉÞv Þ Ç ì õ � ¾�S � W �" Ê`Ê`ÊñS � ò �Þ ë
As alwayswewill identify thegroup x ³ a µ with v Þ sothatweconsiderthevectorsô � ascharactersof a . SincePic³ � 5 µ is trivial and Ø ³ � 5 µ ì¶¾¦í&ì , wehaveanatural
isomorphism(seeChapter5)

Pic
ç ³ � 5 µ ç¾ x ³ a µ ç ¾ v Þ ë

Let usfix ô0¾ ³ ? " Ç ë ë ë Ç ? Þ µ É½v Þ anddenoteby ´ õ thecorrespondinglinearized
line bundle.It is thetrivial line bundle � 5 � � " with thelinearizationdefinedby
theformula SRÊ ³)�%ÇX� µ ¾ ³ SSÊ �%Ç S õ � µ ë

187
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We identify its sectionswith polynomials îyÉ?íA` Î " Ç ë ë ë Ç Î 5 b . A polynomial î
definesaninvariantsectionof somenonnegativetensorpower ´ Ý@_õ if

î ³ S õ W Î " Ç ë ë ë Ç S õ ½ Î 5 µ ¾oS _Eõ î ³ Î " Ç ë ë ë Ç Î 5 µ ë
Here SP¾ ³ S " Ç ë ë ë Ç S Þ µ are independentvariables. It is clear that î belongsto� ø ³ � 5 ÇO´ Ý@_õ µ ç if andonly if î is equalto a linearcombinationof monomialsÎ í
suchthat m " ô " § Ê`Ê`Ê § m 5 ô 5 ¾ � ô , or, equivalently,e Ê�öy¾ � ô ë
Let

A
bethesetof nonnegative integral solutionsof thesystem

³�e � y ô µ Ê¼> ö � ? ¾ ¼ Ç (12.1)

wherethe matrix of coefficients is obtainedfrom e by addingto it one more
columnformedby thevector y ô .

Thesetof realnonnegative solutionsof a linearsystemof equationsformsa
convex polyhedral cone. By definition,this is asubsetof è 5 givenby asystemof
linearinequalities ½ " Ê2¾ 7±¼ Ç ë ë ë Ç ½ ¸RÊi¾ 7±¼ ë (12.2)

Obviouslyany linearequation
½ Êl¾0¾ ¼ canbeconsideredasapairof inequalities³ y ½ µ Ê9¾ u ¼ Ç ½ ÊC¾ u ¼ . A convex polyhedralconeis calleda rational convex

polyhedral cone if the vectors
½ ý canbe chosenfrom ¿ 5 (or equivalently fromv 5 ). For everypolyhedralconeÀ onecandefinethedualcone:ÁÀb¾?ÏNÂüÉÞè 5 ÁC¾ ÊiÂ 7G¼ Ç"ô ¾AÉ�À Ö ë

It is equalto theconvex hull of therays è ^ ø ½ " Ç ë ë ë Ç è ^ ø ½ ¸ . It canbeshown that
thedualof arationalconvex polyhedralconeis arationalconvex polyhedralcone.
Wehave ÁÁÀ ¾6À ë
This shows thatany rationalpolyhedralconecanbedefinedasa convex hull of a
finite setof positiveraysspannedby vectorsin v 5 .

Soweseethatthesetof vectors³ ö Ç<�hµ ÉÞv 5 h "^ ø satisfyingthesystemof linear
equations(12.1) is equalto a setof the form À �±v 5 h " for somerationalconvex
polyhedralconeÀ in è 5 h " . Now weuse
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Lemma 12.1. (P. Gordan) Let Ö be a rational convex polyhedral conein è 5 .
Then Öz�v 5 is a finitelygeneratedsubmonoidof v 5 .
Proof. Let Ö bespannedby somevectorsó " Ç ë ë ë Ç ó Å . Theset

Ø ¾Ïû ý ý È6ý ó�ý*ÉÞè 5 Á ¼ u È6ý u ;6þ
is compactandhenceits intersectionwith v 5 is finite. Let Ï � " Ç ë ë ë ÇX� 5 Ö bethis
intersection.This obviously includesthe vectorsó�ý . We claim that this setgen-
eratesthemonoid V ¾«Öo�Þv 5 . In factwe canwrite eachm�ÉÃV in theformm�¾ ã ý ³ È6ý § m ý µ óUý , where m ý is a nonnegative integerand ¼ u È6ý u ;

. Thusm ¾ ³)ã ý È6ý óUý µ § ã ý ³ m ý ó�ý µ is the sumof somevector � � anda positive linear
combinationof vectorsó�ý . Thisprovestheassertion.

For any commutativemonoid V wedenoteby íA`ÄV b
its monoidalgebra.This

is thefreeabeliangroupgeneratedby elementsof V with themultiplicationlaw
givenon thegeneratorsby themonoidmultiplication. If V ¾wv 5 we caniden-
tify íA`ÅV b

with thealgebraof LaurentpolynomialsíA` Î ¯ "" Ç ë ë ë Ç Î ¯ "5 b by assigning
to each ö ¾ ³ m " Ç ë ë ë Ç m 5 µ the monomial Î í . If V is a submonoidof vÌ5
we identify íA`ÅV b

with thesubalgebraof íA` Î ¯ "" Ç ë ëEë Ç Î ¯ "5 b which is generatedby
monomialsÎ å Ç m�É�V .

Now wecaneasilyconstructanaturalisomorphismof gradedalgebras

õ _:^ ø ä ³ � 5 Ç(´ Ý@_õ µ ç ç ¾ íA` A b ¾?õ _:^ ø íA` A _ b Ç (12.3)

where
A

is the monoidof nonnegative vectors ö which satisfy(12.1) for some� 7±¼ , and í!` A _ b is thelinearspanof theset
A _ of monomialsÎ í with e ÊXöy¾ � ô .

By Gordan’sLemma,í!` A b is afinitely generatedgradedalgebra.Its homogeneous
partof degree � is íA` A _ b .

Let í!` A b ÷hø be the ideal � _ ÷hø íA` A b _ . It canbe generatedby monomialsand
we choosea minimal setof monomialgeneratorsÎ í W Ç ëEë ë Ç Î í · . For eachöÀ��¾³ m " � Ç ë ë ë Ç m 5 � µ let ê ��Á ¾ Ï � Á�m ý
� Ú¾ ¼%Ö . For eachsubsetê of Ï ; Ç ëEë ë Ç º*Ö let Î�ÿ¡¾Æ ý�þEÿ Îæý ë Obviously, the opensets = ³ Î í � µ ¾ � 5 � Ï£Î í � ¾ ¼%Ö and = ³ Î ÿ �Jµ ¾��5 � Ï£Î ÿ � ¾ ¼%Ö coincide.By definitionof semi-stability

³ � 5 µ ss³�´ õ µ ¾ ¸Ç�ñB " = ³ Î ÿ �sµ ë
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For any �ð¾ ; Ç ë ë ë Ç Æ Ç let

�ß�p¾ÌØ ³ = ³ Î�ÿ ��µ;µ ç ¾�È î ³ Î µ³ Î ÿ �Jµ � Á¥� 7±¼ Ç î ³ Î µ É ³ Î ÿ �Jµ � íA`â4 b@É Ç (12.4)

where 4 ¾ÍÏOö�É±v 5 Á e ÊMö�¾ ¼%Ö ë (12.5)

We know that the categorical quotientis obtainedby gluing togetherthe affine
algebraicvarieties² � with Ø ³ ² � µ ç ¾ �ß� . We will now describetheserings and
theirgluing in termsof certaincombinatorialstructures.

12.2 Fans

Let v 5 Â v Þ bethemapgivenby thematrix e , then 4 ((12.5)) is its kernel. It
is a freeabeliangroupof rank 4 ¾ º y rank³�e µ . Let³ v 5 µ ì Â 9ù¾%4 ì (12.6)

be themapgivenby therestrictionof linear functionsto 4 . Let ³�ä ì " Ç ë ë ë Ç<ä ì5 µ be
the dual basisof the standardbasis ³)ä " Ç ëEë ë Ç<ä 5 µ of vÌ5 , andlet Çä ì " Ç ë ë ë Ç Çä ì5 be the
imagesof thesevectorsin 4�ì . For eachê � let ÀR� betheconvex conein thelinear
space 9ËÊ Áe¾o9 ° è ç ¾ è 5
spannedby thevectors Çä ìý Çù� éÉ ê � .

More explicitly, let � ¾ ³<; ý
� µ be the matrix of size 4 � º whoserows are
formedby abasis³ ó " Ç ëEë ë Ç ó 5 µ of 4 . If wechooseto identify 9 with vT5 by means
of thedualbasis ³ óhì" Ç ë ë ë Ç ó%ì5 µ , then

Çä ìý ¾ 5ý �ùB " ; �"ý ó ì� Ç � ¾ ; Ç ë ëEë Ç º ë
Thisshowsthat ÀR� is spannedin è 5 ¾%9ËÊ by thecolumns�	ý of � with �	ÚÉ ê � .
Lemma 12.2. Let �ß� beasin (12.4).Then�ß� ç ¾ íA` ÁÀR���Þ4 b ë
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Proof. Obviously �ß� is isomorphicto íA`ÄV b
, whereV ¾Ïû!m�É84 Á m § � ý ý9þ ÿ � ä ý*ÉÞv 5 ^ ø for some� 7±¼ þ ë

For each� É ê � ,
Çä ìý � m § � ý ý�þEÿ � ä ý � ¾ Çä ìý ³ m µ ¾om ý 7±¼ º múÉ�V ë

On theotherhand m�É ÁÀR� º Çä ìý ³ m µ 7±¼ Ç"ô�� É ê ë
Lemma12.3.Let � bethesetof convex conesÀR� Ç �ð¾ ; Ç ë ë ë Ç Æ . For any À Ç À ß É � ,À �ÌÀ ß is a faceof both À and À ß .
Proof. Let ê ¾ ê � Ç h�¾ ê ] . We want to show that À � �ÍÀ ] is a commonface
of À � and À ] . Recallthata faceof a convex set À is the intersectionof À with a
hyperplanesuchthat À liesin oneof thetwo halfspacesdefinedby thehyperplane.
Weknow that Ø ³ = ³ Î ÿ�Î¸� µ§µ ç is equalto thelocalization Ø ³ = ³ Î�ÿ µ§µ ç ¨gÎ , where

½ ¾³ H " Ç ë ëEë Ç H 5 µ Éá4 and H ý�¾ ¼ for � ÚÉ ê+� h . Considering
½

asa linearfunctionon4 ì wehave ½ ³ Çä ìý µ ¾ ä ìý ³ ½ µ ¾ ¼ for �kéÉ ê0� h ë
Thisshowsthat

½
is identicallyzeroon À � �ÏÀ ] . Ontheotherhand,it followsfrom

Lemma12.2that
½

is nonnegativeon À � andon À ] . Thisprovestheassertion.

Definition. A finite collection � ¾ùÏÐÀ>ý Ö ý�þEÿ of rationalconvex polyhedralcones
in è�5 suchthat À>ý6�ÌÀR� is acommonfaceof À>ý and ÀR� is calleda fan.

In a coordinate-freeapproachone replacesthe spaceè 5 by any real linear
spaceâ of finite dimension,thenchoosesalattice 9 in â , i.e.,afinitely generated
abeliansubgroupof theadditivegroupof â with 9 ° è?¾ â , andconsiders9 -
rationalconvex polyhedralcones,i.e.,conesspannedby afinite subsetof 9 . Then
an 9 -fan � is a finite collectionof 4 -rationalpolyhedralconesin â satisfying
thepropertyfrom theabovedefinition.A versionof thisdefinitionincludesin the
fanall facesof all conesÀPÉ � .

Let 4 ¾ü9 ì be thedual lattice in thedualspaceâ ì . By Gordan’s Lemma,
for each ÀNÉ � the algebra eÒÑ ¾�í!` ÁÀ�� 4 b is finitely generated.Let ² Ñ ¾
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Specm³�eÓÑTµ betheaffine varietywith Ø ³ ² ÑTµ isomorphicto íA` ÁÀ �84 b . Sincefor
any À Ç À ß É �kÇ À��À ß is a facein both cones,we obtainthat íA` ÁÀ �ÌÀ ß �j4 b is a
localizationof eachalgebraeÓÑ and e ß Ñ . This shows thatSpecm³ íA` Á³ À �ÌÀ ß �±4 b µ
is isomorphicto an opensubsetof ² Ñ and ² ßÑ . This allows us to glue together
the varieties ² Ñ to obtaina separated(abstract)algebraicvariety. It is denoted
by ² � andis calledthe toric variety associatedto the fan � . It is not alwaysa
quasi-projectivealgebraicvariety.

By definition ² � hasa cover by openaffine subsets
� Ñ isomorphicto ² Ñ .

SinceeachalgebraeÓÑ is a subalgebraof íA`�4 b ç ¾ íA` Î ¯ "" Ç ëEë ë Ç Î ¯ "5 b
we obtaina

morphisma±¾ ³ p å µ 5>Â ² � . It is easyto seethatthismorphismis a -equivariant
if oneconsiderstheactionof a onitself by left translationsandon ² � bymeansof
the v Þ -gradingof eachalgebraeÓÑ . If no cone ÀïÉ � containsa linearsubspace,
the morphism aùÂ ² � is an isomorphismonto an openorbit. In general,² �
alwayscontainsanopenorbit isomorphicto afactorgroupof a . All toric varieties² � arenormaland,of course,rational.

Keepingour old notationsweobtain

Theorem 12.1. Let ³ v 5 µ ì Â 4�ì bethetransposeof theinclusionmap 4 Â v 5
andlet 9 beits image. Let � bethe 9 -fan formedby theconesÀR� Ç �¹¾ ; Ç ë ë ë Ç Æ .
Then ³ � 5 µ ss³�´ õ µ;é é a ç ¾ ² � ë

Recallthata conein a linearspaceâ is calledsimplicial if it is spannedby a
partof a basisof â . A fan is calledsimplicial if eachÀ±É � is simplicial. The
geometricsignificanceof this propertyis givenby thefollowing result,theproof
of whichcanbefoundin [32].

Lemma 12.4. A fan � is simplicial if andonly if each affineopensubset
� Ñ%Ç À É�kÇ is isomorphicto theproductof a torusandthequotientof an affinespacebya

finiteabeliangroup.

In our situation,wehave

Proposition12.1. Let ² � bethetoric variety ³ ��5 µ ss³�´ õ µ;éTé é a . Assumethekernel
of theactionhomomorphismaÐÂ Aut ³ � 5 µ is finite. Then � is simplicial if and
only if ³ � 5 µ ss³�´ õ µ ¾ ³ � 5 µ s ³�´ õ µ ë
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Proof. AssumesomeÀ É � is not simplicial. Wehave to show thatthereexistsa
semi-stablebut not stablepoint. Let Çä ìý Ç:� éÉ ê�Ç bethespanningvectorsof À ë SinceÀ is not simplicial, ã ý �þ ÿ H ý Çä ìý ¾ ¼ for someintegers H ý not all of which arezero.
This implies that ã ý �þEÿ H ý ä ìý belongsto theannihilator 4 µ of 4 in ³ v 5 µ ì . If we
identify ³ v 5 µ ì with v 5 , then 4 µ is isomorphicto thesubmodulespannedby the
rows Çe ý of thematrix e . Thuswecanwriteý ý �þEÿ H ý ä ý�¾ ; " Çe " § Ê`Ê`Ê § ; Þ Çe Þ ¾FÔbÊ e
for someÔA¾ ³<; " Ç ë ëEë Ç'; Þ µ ÉÀv Þ . This impliesthat Ô0Ê¥ô �¡¾ ¼ for �¹É ê .

Let usconsidertheone-parametersubgroupÃ ø É�x ³ a µ ì correspondingto the
vector Ô . It is definedby Ã ø ³ S µ ¾ ³ S ] W Ç ë ë ë Ç S ] ò µ ë
For any SZÉ0í&ì and � ÉPí 5 wehaveÃ ø ³ S µ Ê � ¾ ³ S®Õ � õ W � " Ç ë ëEë Ç S®Õ � õ ½ � 5 µ ë (12.7)

Take a point � ¾ ³�� " Ç ë ë ë Ç<� 5 µ , where � �è¾ ;
if �PÉ ê and ¾ ¼ otherwise.SinceÎ�ÿ ³ � µPÚ¾ ¼ , we seethat �¦É ³ � 5 µ ss³�´ õ µ . On the otherhand,

É ³ Ã ø Ç � µ ¾ ¼ and
hence� is not stable.

Conversely, assumethat thereexistsa semi-stablebut not stablepoint. Argu-
ing asabove, we find a one-parametersubgroupÃ ø suchthat Ã ø Ê�ô �ð¾ ¼ for all� É ê where À6ÿ3É � . Then ³ H " Ç ëEë ë Ç H 5 µ ¾ÓÃ ø Ê e hasnot all coordinatesH � equal
to zerofor � éÉ ê and H ��¾ ¼ for all � É ê . This gives ã � �þJÿ H � Çä ì� ¾ ¼ , henceÀ6ÿ is
not simplicial.

Sinceevery line bundleon anaffine varietyis ample,we obtainthat thetoric
varieties² � ¾ ³ � 5 µ ss³�´ õ µ§é é a arealwaysquasi-projective. Let usfind out when
they areprojective.

Definition. A fan � in a linearspaceâ is calledcompleteifâ ¾ ÇÑ þ � À ë
For theproof of thefollowing basicresultwe referto [32].

Lemma 12.5. A fan � is completeif andonly if thetoric variety ² � is complete.
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Theorem 12.2. Assumethat ´ õ is not the trivial linearizedbundle(i.e., ô Ú¾ ¼ )
and ³ � 5 µ ss³�´ õ µ�Ú¾Èn . Thetoric variety ³ � 5 µ ss³�´ õ µ;é é a is projectiveif andonly if ¼
is not containedin theconvex hull of thecharactervectors ô � Ç �è¾ ; Ç ë ë ë Ç º ë
Proof. It follows from the constructionof ³ � 5 µ ss³�´ õ µ§é é a that it is equalto the
projectivespectrumProjm³ íA` A b µ , where

A
is themonoidof solutionsof thesystem

(12.1). We have íA` A b ø ¾ í!`�4 ��v 5 ^ ø b andthe inclusion íA` A b ø á�íA` A b definesa
surjective mapProjm³ íA` A b µ Â Specm³ í!` A b ø µ . It is easyto seethatProjm³ íA` A b µ
is projective if and only if this map is constant,i.e., íA` A b ø ¾ í . The latter is
equivalentto 4 ��¿ 5 ^ ø ¾�Ï ¼%Ö , i.e., theonly nonnegativerationalcombinationof
thecolumnsof e which is equalto ¼ mustbethezerocombination.If this is not
true,then ¼ ¾�m " ô " § Ê`Ê`Ê § m 5 ô 5 for somenonnegativeintegersm ý , anddividing
bothsidesby ã ý m ý we seethat ¼ is in theconvex hull Ö ¾ c.h.³ ô " Ç ë ë ë Ç ô 5 µ of
thevectorsô � . Converselyassumethat ¼ É�Ö . Without lossof generalitywe can
assumethat ô " Ç ë ë ë Ç ô 5 spanè 5 . Wecansubdivide Ö into simplicesto assumethat¼ belongsto theconvex hull of Ü vectorsô&ý W Ç ë ë ë Ç ô&ý ò suchthat º amongthemare
linearlyindependent.Thenthespaceof solutionsof thesystemof linearequationsã Þ�ùB " ÃR�Nô&ý � ¾ ¼ is one-dimensionalandis generatedby a vector ó É vÌ5 . Since¼ É½Ö , we canassumethat ó hasnonnegativecoordinates,andhenceíA` A b ø Ú¾Ðí .
Thisprovestheassertion.

Assume³ � 5 µ ss³�´ õ µ§é é a is projective. Since ¼ is not in theconvex hull of the
charactervectorsô&ý , thereexistsa linearfunction ÀüÁ6è Þ Â è suchthat À ³ ô&ý µ »¼ Ç:� ¾ ; Ç ëEë ë Ç º . This is a well-known assertionfrom the theoryof convex sets
(called the Theoremon a SupportingHyperplane). Obviously we can chooseÀ to be rational, i.e., definedby À ³ È " Ç ë ëEë Ç È 5 µ ¾ ; " È " § Ê`Ê`Ê § ; 5 È 5 for someÔ ¾ ³<; " Ç ë ë ë Ç'; 5 µ É�¿ 5 . Assumethat íA` A b Ú¾ví , i.e., thereexists a solutionofe Ê�öy¾ � ô for some� » ¼ . Then t�¾qôÛÊiÔ » ¼ . Let

tsý ¾�Ô0ÊMô&ý Ç � ¾ ; Ç ë ëEë Ç º ë
WecanchooseÔ suchthat ³ t " Ç ëEë ë Ç t 5 Ç t µ ÉÞv h . For any ö�É A _ wehave

m " ô " § Ê`Ê`Ê § m 5 ô 5 ¾ � ô ë (12.8)

Takingthedot-productof bothsideswith Ô , weobtain

m " t " § Ê`Ê`Ê § m 5 t 5 ¾ � t ë (12.9)
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Considerthe actionof a on theweightedprojective space, ¾ Ã ³ ; Ç t " Ç ë ë ë Ç t 5 µ
givenby theformula³ S " Ç ë ë ë Ç S Þ µ Ê ³ È ø Ç È " Ç ë ë ë Ç È 5 µ ¾ ³ S  õ È ø Ç S Y r h " \ õ W  r W õ È " Ç ë ëEë Ç S Y r h " \ õ ½  r ½ õ È 5 µ ë

(12.10)
Therestrictionof this actionto theopensubset= ³ ² ø µ ç ¾ � 5 of Ã ³ ; Ç t " Ç ë ë ë Ç t 5 µ
coincideswith theaction³ S " Ç ëEë ë Ç S 5 µ Ê ³ È " Ç ë ë ë Ç È 5 µ ¾ ³ S Y r h " \ õ W È " Ç ë ë ë Ç S Y r h " \ õ ½ È 5 µ ë
Thisactioncontainsin its kernelthefinite subgroup� of a equalto thegroupof
points ³ S " Ç ë ë ë Ç S Þ µ suchthat S r h "ý ¾ ; Ç:� ¾ ; Ç ë ë ë Ç Ü . Theinducedactionof thetorusa¡ß>¾za é � is isomorphicto ourold action.ClearlyeachîÐÉPíA` ² ø Ç ë ë ë Ç ² 5 b ç 5 is a
linearcombinationof monomials² å Âø Ê`Ê`Ê"² å ½5 suchthatm ød§ m " t " § Ê`Ê`Ê § m 5 t 5 ¾ª4 Çm ø ³ y ô µ § m " ³§³ t § ; µ ô " y t " ô µ § Ê`Ê`Ê § m 5 ³;³ t § ; µ ô 5 y t 5 ô µ¾ ³ t § ; µ 5ý ýCB " m ý ô%ý y 4�ô ¾ ³���³ t § ; µ y 4 µ ô ¾ ¼ ë
Comparingthiswith equations(12.8)and(12.9)wefind anisomorphismof vector
spaces

íA` A _ b Â � ø ³�,�Ç Ø+- ³)�X³ t § ; µ§µ;µ ç Ç Î å W" Ê`Ê`Ê§Î å ½5 cÂ�² _ø ² å W" Ê`Ê`Ê;² å ½5 Ç
andalsoanisomorphismof gradedalgebras�õ _ B ø � ø ³�,�Ç Ø.- ³)�X³ t § ; µ;µ§µ ç ç ¾ íA` A b ë
Thusweobtain

Ã ³ ; Ç t " Ç ëEë ë Ç t 5 µ ss³ ØKH ³ t § ; µ;µ§é é a ç ¾ ³ � 5 µ ss³�´ õ µ§é é a ë (12.11)

Obviously ³ ��5 µ ss³�´ õ µ ¾ Ã ³ ; Ç t " Ç ë ë ë Ç t 5 µ ss³ Ø ³ t § ; µ;µ since eachpoint in the
weightedprojective spaceÃ ³ ; Ç t " Ç ë ë ë Ç t 5 µ lying on the hyperplane² ø ¾ ¼ is
unstable(becauseeachîÐÉ±� ø ³�,�Ç Ø.- ³)�X³ t § ; µ§µ;µ ç with � » ¼ is divisibleby a ø ).
To summarizeweobtain
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Proposition12.2. Let Ö betheconvex hull of thevectors ô " Ç ë ë ë Ç ô 5 . Assumethat¼ éÉ±Ö . Then ³ � 5 µ ss³�´ õ µ§é é a is projectiveand³ � 5 µ ss³�´ õ µ ¾GÃ ³ ; Ç t " Ç ë ëEë Ç t 5 µ ss³ Ø ³ t § ; µ§µ�Ç
where t3¾�ÔZÊ�ô » ¼ Ç tJý�¾FÔ Ê�ô&ý »c¼ for someÔHÉÞv Þ and a actson Ã ³ ; Ç t " Ç ë ë ë Ç t 5 µ
by theformula(12.10).

Applying the numericalcriterion of stability we canfind the setof unstable
points in Ã ³ ; Ç t " Ç ë ë ë Ç t 5 µ . It follows from Chapter9 (up to somemodifications
using a weightedprojective linearization,i.e. a · -equivariantembeddingof a
varietyinto aweightedprojectivespace)thatapoint È@¾ ³ È ø Ç ë ëEë Ç È 5 µ is unstable
if and only if the set ê ¾ Ï � " Ç ëEë ë Ç:� Å Ö suchthat È6ý Ú¾ ¼ Ç:� É ê�Ç satisfiesthe
propertythat ¼ doesnot belongto theconvex hull of thevectorsy ô Ç�³ t § ; µ ô " yt " ô Ç ë ë ë Ç�³ t § ; µ ô 5 y t 5 ô .
12.3 Examples

Let usgivesomeexamples.

Example12.1. Let p å acton � 5 h " by theformulaSSÊ ³)� ø Ç ëEë ë Ç<� 5 µ ¾ ³ S � ø Ç ë ë ë Ç S � 5 µ�Ç
Wehave e ¾ { ; ëEë ë�ë ë ë ; } Ç4 ¾ û ³ m ø Ç ë ëEë Ç m 5 µ ÉÞv 5 h " Á 5ý ýCB ø m ý ¾ ¼ þ ë
It is easyto seethatvectorsóUý�¾ ä ý y ä ý h " Ç:� ¾ ; Ç ë ë ë Ç º Ç form abasisof 4 . If we
choosethedualbasis ³ ó ì" Ç ë ë ë Ç ó ì5 µ of 9ù¾È4 ì , thevectors Çä ìý areequalto

Çä ì " ¾�ó ì" Ç Çä ìT ¾ y ó ì" § ó ìT Ç ë ë ë Ç Çä ì5 ¾ y ó ì5  #" § ó ì5 Ç Çä ì5 h " ¾ y ó ì5 ë
Wecantake for anew basisof 4�ì thevectors Çä ìý Ç:� ¾ �hÇ ë ë ë Ç º § ; . Then

Çä ì " ¾ y ³ Çä ìT § Ê`Ê`Ê § Çä ì5 h " µ ë
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Let us linearizetheactionby taking the line bundle ´ � , where �b¾ ;
. Thenwe

haveanisomorphismof gradedrings

õ _:^ ø ä ³ � 5
h " ÇO´ Ý@_" µ   � ¾�íA` Î ø Ç ë ë ë Ç Î 5 b ë

Obviously theminimal generatorsof theideal í!` A b ÷hø aretheunknowns Î ý . Thus
theconesof our fan � areÀR�p¾ spanÏ Çä ì " Ç ë ë ë Ç Çä ì�  #" Ç Çä ì� h " Ç ë ë ë Ç Çä ì5 h " Ö Ç �è¾ ; Ç ë ë ë Ç º § ; ë

σ1

σ2

σ3

e
3

e1

e
2

This is thefandefiningtheprojective spaceÃA5 (see[32]). Let usseethecor-
respondinggluing. We cantake for a basisof 4 thedualbasisof ³ Çä ìT Ç ë ëEë Ç Çä ì5 h " µ
which is thesetof vectors ä¥T y ä " Ç ë ë ë Ç:ä 5 h " y ä " ë
WeeasilyfindíA` ÁÀ " �Þ4 b ¾¦íA` ¨ W¨ Â Ç ë ëEë Ç ¨ ½¨ Â b Ç ë ëEë Ç íA` ÁÀ 5 h " �À4 b ¾�íA` ¨ Â¨ ½ Ç ë ë ë Ç ¨ ½�� W¨ ½ b ë
Thesearethecoordinateringsof thestandardopensubsetsof Ã!5 .
Example12.2. Considertheactionof p å on � ¤ by theformulaSSÊ ³�� " Ç<�¥T`Ç<�¥¦ Ç:� ¤ µ ¾ ³ S � " Ç S �¥T`Ç S  #" �¥¦`Ç S  #" � ¤ µ ë
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Wehave e ¾ { ; ; y ; y ; } Ç4 ¾ÍÏ ³ m " Ç m T`Ç m ¦ Ç m ¤ µ É±v ¤ Á m " § m T y m ¦ y m ¤ ¾ ¼%Ö ë
Let uschoosethefollowing basisof 4 :

ó " ¾ y ä " § ä¥T`Ç ó T ¾ ä " § ä¥¦EÇ ó ¦ ¾ ä " § ä ¤ ë
We canexpressthevectors Çä ìý in termsof thedualbasis ³ óhì" Ç ë ë ë Ç ó%ì¦ µ of 9v¾ 4�ì
asfollows: Çä ì " ¾ y ó ì" § ó ìT § ó ì¦ Ç Çä ìT ¾�ó ì" Ç Çä ì¦ ¾Gó ìT Ç Çä ì¤ ¾�ó ì¦ ë
Choosé ¾ ´ " andconsiderthemonoid

A
of nonnegativesolutionsof theequa-

tion m " § m T y m ¦ y m ¤ y � ¾ ¼ Ç m ý 7G¼ Ç:� » ¼ ë
For any ³ ö Ç<�hµ É A

wehave � u m " § m T . If � u m " or � u m T wecansubtract�X³ ; Ç ¼ Ç ¼ Ç ¼ Ç ; µ or �X³ ¼ Ç ; Ç ¼ Ç ¼ Ç ; µ from ³ ö Ç<�hµ to obtainavectorfrom
A ø . If � 7 m "

wehave � y m " u m T , andwedothesameby subtracting³)� y m " µJ³ ¼ Ç ; Ç ¼ Ç ¼ Ç ; µ §m " ³ ; Ç ¼ Ç ¼ Ç ¼ Ç ; µ . This shows that íA` A b is generatedover íA` A b ø by Î " and Î T . This
meansthat theunknowns Î " Ç Î T aretheminimal generatorsof the ideal íA` A b ÷hø .
Thusthefan � consistsof two conesÀ " ¾ spanÏ Çä ìT Ç Çä ì¦ Ç Çä ì¤ Ö Ç À T ¾ spanÏ Çä ì " Ç Çä ì¦ Ç Çä ì¤ Ö ë
ThedualconesareÁÀ " ¾ spanÏ y ä " § ä¥T`Ç<ä " § ä¥¦`Ç:ä " § ä ¤ Ö Ç ÁÀ T ¾ spanÏ y ä¥T § ä " Ç<ä¥T § ä¥¦`Ç:ä¥T § ä ¤ Ö ë
Thequotient² � isobtainedbygluingtogethertwononsingularalgebraicvarieties
with thecoordinatealgebras

íA` ÁÀ " �Þ4 b ç ¾ íA` Î " Î ¦ Ç Î " Î ¤ b�Ö Î TÎ "N× ÇíA` ÁÀ T �Þ4 b ç ¾ íA` Î T Î ¦ Ç Î T Î ¤ b Ö Î "Î T × ë
Similarly if we take ´ ¾ ´  #" wegetthatthefan � consistsof two conesÀ " ¾ spanÏ Çä ì " Ç Çä ìT Ç Çä ì¤ Ö Ç À T ¾ spanÏ Çä ì " Ç Çä ìT Ç Çä ì¦ Ö ë
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Thequotient² � is obtainedbygluingtogethertwononsingularalgebraicvarieties
with thecoordinatealgebras

íA` ÁÀ " �À4 b ç ¾ íA` Î " Î ¦ Ç Î T Î ¦ b�Ö Î ¤Î ¦ × Ç íA` ÁÀ T �Þ4 b ç ¾ íA` Î " Î ¤ Ç Î T Î ¤ bDÖ Î ¦Î ¤ × ë
If wenow changethelinearizationby taking ´ ¾ ´ ø weget ´ ¾ ´ Ý@_ø ¾ ´ ø for

all � 7 ¼ , henceíA` A b ÷hø is generatedby
;
. Thenwe have only oneconespanned

by thefour vectors Çä ìý . Thetoric quotientis isomorphicto theaffine varietywith
thecoordinatealgebra

í!` ÁÀ	�À4 b ç ¾ íA` Î " Î ¦`Ç Î " Î ¤ Ç Î T Î ¦ Ç Î T Î ¤ b ç ¾ íA` a " Ç a T Ç a ¦ Ç a ¤ b é>³ a " a ¤ y a T a ¦sµ ë
Oneshouldcomparethis with our previous computationof this quotientin

Example8.6 from Chapter8. We seeherea generalphenomenon:two toric vari-
eties² � and ²bß� whosefanshave thesamesetof one-dimensionaledgesof their
cones(calledthe 1-skeletonof a fan) differ by a specialbirationalmodification.
Werefertheinterestedreaderto [90] for moredetails.

Example12.3. Let � consistof thefollowing four conesin è T :À " ¾ spanÏ ä " Ç<ä¥T Ö Ç À T ¾ spanÏ ä " Ç y ä¥T Ö ÇÀ ¦ ¾ spanÏ y ä " Ç y ä¥T Ö Ç À ¤ ¾ spanÏ y ä " Ç:ä¥T Ö ë
This is shown in thefollowing figure.
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Wehave � ¾ � ¤ß� Ï£Î ¦ Î ¤ ¾¦Î " Î T ¾�Î T Î ¦ ¾�Î " Î ¤ ¾ ¼%Ö Çe ¾ > ; ¼ ; ¼¼ ; ¼ ; ? Ç
hencetheactionis givenby³ S " Ç S Tsµ Ê ³)� " Ç<�¥T`Ç<�¥¦ Ç<� ¤ µ ¾ ³ S " � " Ç S TN�¥TEÇ S " �¥¦ Ç S TN� ¤ µ ë
Thevariety ² � is obtainedby gluing four affineplaneswith coordinateringsíA` Î " Ç Î T b Ç íA` Î " Ç Î  #"T b Ç íA` Î  #"" Ç Î  #"T b Ç íA` Î  #"" Ç Î T b ë
It is easyto seethat ² � is isomorphicto theproductÃ�" � Ã�" . This is alsoseenby
observingthat� é a ¾ ³ � T � Ï£Î " ¾�Î ¦ ¾ ¼%Ö µ;é p å �H³ � T � Ï£Î T ¾¦Î ¤ ¾ ¼hÖ µ§é p å ¾GÃ " � Ã " ë
Example12.4. Recall that the coordinatering of the GrassmannianGr5 D å  #" is
isomorphicto Pol³ Mat5 h "ED å µ SL½ � W . It is generatedby thebracketfunctions�6ÿ Ç§ê áÏ ; Ç ëEë ë Ç m Ö . The torusof digaonalmatricesa ç ¾ ³ p å µ å in GL å actsnaturally
on íA`Mat5 h "ED å b by multiplying a matrix on the right by a diagonalmatrix. It is
easyto seethat eachfunction �6ÿ spansan eigensubspacecorrespondingto the
characterSÅcÂ SÙØ@Ú , whereÛªÿ¡¾ ã ��þEÿ ä � ë Considerthecone»Gr5 D å  #" overGr5 D å  #"
asaclosedsubvarietyof ² ¾�� ³ �½ � W µ . Thenthetorus a actson ² by multiplying
eachcoordinatefunction �6ÿ by

ì Ø@Ú . Thustheactionis givenby thematrix e with
columnsequalto Ûªÿ . Let thelinearizedline bundlebe ´ õ , where ôb¾ ³ ; Ç ë ë ë Ç ; µ .
It is easyto seethat ä ³ ² ÇO´ Ý@_õ µ ç ç ¾ íA` A _ b Ç
where

A _ is the setof vectors ä ÿ W § Ê`Ê`Ê § ä ÿJÜ whereeach�±É�Ï ; Ç ë ë ë Ç m Ö ap-
pearsexactly � timesin the sets ê " Ç ëEë ë Ç(ê � . In otherwords,

A _ is in a bijective
correspondencewith thesetof tableauxof degree � andsize ³ º § ; µ���� , where� ¾om �hé Ü . Let ´ õ betherestrictionof ´ õ to »Gr5 D å  #" . Thenä ³ »Gr5 D å  #" Ç ´ Ý@_õ µ Ù ç¾ Pol³ MatÞ h "ED å µ SL½ � W_ D�F�F�F D _ ç ¾ ³ Pol_ ³ í Þ µ Ý å µ SL½ � W ë
Thisshowsthat »Gr5 D å  #" é é a ç ¾ û å5 ¾ ³;³ Ã 5 µ å µ ssé é SL5 h " ë
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Also, weseethatthereis anaturalclosedembedding

û å5 ¹ Â �´� { å Þ } � ss³�´ õ µ;é é a ë
Thelatterquotientis a toric variety ² � of dimension { å Þ } y m , where � depends
only on ³ º Ç m µ . Let usdenoteit by � ³ º Ç m µ . For example,take º ¾ ; Ç m�¾ ª .
Wehave

e ¾
éêê
ë
; ; ; ¼ ¼ ¼; ¼ ¼ ; ; ¼¼ ; ¼ ; ¼ ;¼ ¼ ; ¼ ; ;

î´ïï
ð ë

It is easyto seethat themonoid
A 5 of nonnegative integersolutionsof theequa-

tion e ÊAö ¾ º ³ ; Ç ; Ç ; Ç ; µ consistsof vectors ³ m " Ç m TEÇ m ¦`Ç m ¦ Ç m T`Ç m " µ withm " Ç m T Ç m ¦ 7 ¼ Ç m " § m T § m ¦ ¾ º . Thus íA` A b 5 ç ¾ íA` ² " Ç ² T Ç ² ¦ b 5 andíA` A b ç ¾ í!` ² " Ç ² T Ç ² ¦ b . Thus ² � Y "ED ¤ \ ç ¾ Ã T ë
Theembeddingû+¤" Â�Ã T is of coursetheVeroneseembedding.

Onecango in theoppositedirectionby identifying any toric variety ² � with
a categorical quotientof someopensubsetof an affine space.We statewithout
proof thefollowing resultof D. Cox ([16]).

Theorem 12.3. Let ² � be a toric variety determinedby a vT5 -fan � . To each
one-dimensionaledgeof the1-skeletonof � assigna variable Îæý andconsiderthe
polynomialalgebra íA` Î " Ç ë ë ë Ç Î 5 b generatedby thesevariables. For each coneÀ É � let Î ÿ Y Ñ \ ÉAíA` Î " Ç ë ë ë Ç Î 5 b , where ê�³ À µ á¦Ï ; Ç ë ëEë Ç º*Ö is thecomplementary
setto the1-skeletonof À . Let

� ¾ � 5 � â ³ Ï£Î�ÿ Y Ñ \ Ö Ñ þ � µ . Let Çä ìý betheprimitive
vectors of the lattice vT5 which spanone-dimensionaledgesof theconesfrom � .
Let � bethematrixwhosecolumnsare thevectors ä ý ì Ç:� ¾ ; Ç ë ë ë Ç º , andlet e be
an ³ Ü � º µ matrixwhoserowsform a basisof themoduleÝÓ. ÍÙÍ ³ � µ �v 5 . Assume
that thevectors ä ý�ì spanvT5 . Then

(i) ² � ç ¾ � é é a Ç
with theactionof a±¾ ³ p å µ Þ givenby theformulaSSÊ ³�� " Ç ë ëEë Ç<� Ä µ ¾ ³ S õ W � " Ç ë ë ë Ç S õ 8 � Ä µsÇ
where ô � are thecolumnsof e ,

(ii) ² � is simplicial if andonly if
� é é a±¾ � é a ë
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Remark12.1. Note that applyingthis constructionto the toric varieties ² � ob-
tainedasthequotients³ � 5 µ ss³�´ õ µ§éTé é a we obtain

� ¾ ³ � 5 µ ss³�´ õ µ andtheaction
is isomorphicto theonewestartedwith. However, in general,

� Ú¾ ³ � 5 µ ss³�´ õ µ for
any ôAÉ�v Þ . Onereasonfor this is thatour quotientsarealwaysquasi-projective
andthereareexamplesof nonquasi-projective toric varieties.Anotherreasonis
simpler. Thefanswe aregettingfrom our quotientconstructionsare“full” in the
following sense.Onecannotextendthemto largerfanswith thesame1-skeleton.

Thetorus a whichactson
�

hasaveryniceinterpretation.Its charactergroupx ³ a µ is naturallyisomorphicto thegroupCl ³ ² � µ of classesof Weil divisorson² � .
Also, if thevectors Çä ý donotspanv�5 , theassertionis trueif wereplacea by a

diagonalizablealgebraicgroup,anextensionof a with thehelpof afinite abelian
group.

Bibliographical notes

Thetheoryof toric varietiesis a subjectof many booksandarticles.We refer to
[32] and[82] for thebibliography. Thefactthatany toric varietycanbeobtained
asacategoricalquotientof anopensubsetof affinespacewasfirst observedby M.
Audin ([3]) andD. Cox ([16]). Therelationshipbetweensolutionsof systemsof
linearintegralequations,Gröbnerbasesandtoric varietiesis asubjectof thebook
[111]. Thesystematicstudyof quotientsof toric varietiesby a toruscanbefound
in [56]. We refer to [52] and[10] for the theoryof variationof a torusquotient
with respectto thelinearization.

Exercises

12.1Considertheaction SRÊ ³)� " Ç<�¥T`Ç<�¥¦�µ ¾ ³ S � " Ç S  #" �¥T`Ç S �¥¦sµ andtake ´ ¾ ´ " . Show
that thequotient ² � is isomorphicto theblow-up of � T at theorigin. Draw the
correspondingfan.

12.2Let a±¾ ³ p å µ ¤ acton � U by theformulaSæÊ � ¾ ³ S " S  #"¦ S ¤ � " Ç S T S ¦ S  #"¤ �¥T Ç S ¤ �¥¦`Ç S ¦<� ¤ Ç S T<� G Ç S " � U µ ë
Take ´ ¾ ´ õ , whereô ¾ ³ ; Ç ; Ç ; Ç ; Ç ; Ç ; µ . Show thatthequotientis isomorphicto
theblow-upof theprojectiveplaneat threepoints.Draw thepictureof thefan.
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12.3Take a fan � in è ¦ formedby threeone-dimensionalconesspannedby the
unit vectors ä " Ç<ä¥T`Ç:ä¥¦ . Using Cox’s Theoremrepresentthe toric variety ² � asa
geometricquotient.

12.4A toric variety ² � is nonsingularif andonly if eachÀïÉ � is spannedby a
partof abasisof thelattice 9 . Show that

� é aG¾ ² � is nonsingularif andonly if
thestabilizerof eachpoint of

�
is equalto thesamesubgroupof a .

12.5Describethefan � ³ ; Ç E µ andthecorrespondingtoric variety ² � Y "ED G \ .
12.6Show thatthemoduli spaceof six linesin Ã ¦ is isomorphicto adoublecover
of thetoric variety ² � Y "ED U \ .
12.7ConsidertheisomorphismGr5 D å  #" ç ¾ Grå  5  T D å  #" definedbyassigningto a
linearsubspacé of alinearspaceâ its annihilatoŕ µ in thedualspaceâ ì . Show
that this isomorphismcommuteswith the action of the torus p åå , and induces
an isomorphismof the quotients û å5 ç¾ û åå  5  #" . Show that this isomorphism
coincideswith theassociationisomorphismdefinedin Chapter11.
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Birkhäuser, 1985.

[16] D. Cox,Thehomogeneouscoordinatering of a toric variety, J. Alg. Geom.
4, 1995,17–50.

[17] C. DeConcini,D. Eisenbud,C. Procesi,Youngdiagramsanddeterminantal
varieties,Invent.Math.56, 1980,129–165.
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[101] C. S. Seshadri,Theory of moduli, in Algebraic Geometry, Arcata, Proc.
Symp.in PureMath.,vol. 29,Amer. Math.Soc.,1975,263–304.

[102] I. Shafarevich,BasicAlgebraicGeometry, vols.1,2,Springer-Verlag,1994.

[103] J. Shah,A completemoduli spacefor K3 surfacesof degree2, Ann. of
Math.112, 1980,485–510.

[104] J.Shah,Degenerationsof K3 surfacesof degree4, Trans.Amer. Math.Soc.
263, 1981,271–308.

[105] G. Shephard,J. Todd,Finite unitary reflectiongroups,CanadianJ. Math.
6, 1954,274–304.

[106] N. Shepherd-Barron,The rationality of some moduli spacesof plane
curves,Compos.Math.67, 1988,51–88.

[107] T. Shioda,On thegradedring of invariantsof binaryoctavics,Amer. Math.
J. 89, 1967,1022–1046.
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