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1 Amador Martin-Pizzaro: Introduction to o-minimality

1.1 Introduction: Definable Chow

Theorem 1.1 (Chow). Let X Ă PnpCq be a closed analytic subset. Then X is algebraic.

Theorem 1.2 (Peterzil, Starchenko). Let X be a closed analytic subset of Cn (or, more
generally, a closed analytic subset of a quasi-projective variety Y over C), such that X is
definable in an o-minimal structure expanding the ordered field R. Then X is algebraic.

Remark 1.3. Since every closed analytic subset of PnpCq is definable in the o-minimal
structure Ran, we have Definable Chow ùñ Chow’s Theorem.

1.2 Structures expanding an ordered field

Definition 1.4. A structure (expanding the ordered field R) is given by a collection F
of distinguished functions on Rk (where k varies with respect to the function). Write

RF “ pR,`, ¨,ă, tfufPF q, where each function f P F is a function f : Rk Ñ R for some k.

Examples 1.5. • F “ H, write R instead of RH.

• F “ texp : RÑ Rą0u. This gives Rexp.

• F “ tf : r0, 1sk Ñ Ru, where the f are analytic on some open neighborhood of
r0, 1sk (and 0 elsewhere). This gives Ran. These are called the restricted analytic
functions.

• F “ trestricted analytic functionsu
Ť

texpu, this gives Ran,exp.

Definition 1.6. Given a structure RF “ pR,`, ¨,ă, tfufPF q, the collection of definable
sets in RF is the smallest sequence D “ pDnqnPN satisfying the following:

1. Each Dn is a boolean subalgebra of PpRnq.

2. A P Dn ùñ AˆR,RˆA P Dn`1.

3. If A P Dn`1 and π : Rn`1 Ñ Rn is the projection onto the first n coordinates, then
πpAq P Dn.

4. @P P RrX1, . . . , Xns, ZpP q “ tx P Rn : P pxq “ 0u P Dn.

5. For every f P F of arbitrary k, the graph Γf “ Graphpfq P Dk`1.

Definition 1.7. X Ă Rn is definable with respect to RF if X P Dn. A function X Ñ R
is definable if its graph is definable.

Examples 1.8. • Suppose A P Dn and B P Dm. Then A ˆ B P Dn`m. Proof:
exercise. (Take the intersection Aˆ RmXRnˆB “ AˆB Ă RnˆRm.)
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• If A P Dn and σ P Sn then tx P Rn : xσ P Au P Dn. (This says that permuting the
coordinates sends a definable set to a definable set).

• semialgebraic sets of Rn belong to Dn.

• Suppose f P F is a unary function. Then tx P R : fpx3 ` 1´ 3xq ă x3u P D1.

Definition 1.9. The collection of terms in the structure RF is the smallest collection of
functions containing F and all the polynomials (in finitely many variables) over R that
is closed under composition and the field operations.

Examples 1.10. • polynomials are terms (even if F “ H)

• x2 ` expexp ..`..etc is a term in Rexp

• sinpexppxq ` x cospxq ` ..q is a term in Ran,exp.

Definition 1.11. A basic relation is obtained from two terms t1 and t2 by considering
the sets

tx P Rn : t1pxq “ t2pxqu or tx P Rn : t1pxq ă t2pxqu.

Definition 1.12 (‘Pseudo definition’). A definable set in Rn is the collection of tuples
which verify a property expressible by a first-order formula, that is, a mathematical prop-
erty obtained from finitely many basic relations using logical connectives t ,^,_, ùñ u

and qualifiers t@, Du, where the latter run over elements in the structure (that is, elements
of R).

Examples 1.13. • If f P F is a unary function R Ñ R, then Impfq is definable.
Indeed, Impfq “ tx P R : Dy P R : fpyq “ xu.

• If f P F unary, the points where f is discontinuous is definable: this set S can be
described as

S “ tx P R : Dε : @δDy P R : ε ą 0 and δ ą 0 and px´yq2 ă δ2 but pfpxq´fpyqq2 ą ε2u.

• If X Ă Rn is definable, then so is its closure X̄ Ă Rn. Indeed,

X̄ “ tz P Rn : @ε P R, pε ą 0 ùñ Dx P R : x P X and |z ´ x|2 ă ε2qu.

• However, the multiplicative subgroup generated by 2 (which is tx P R : Dn P N :
px “ 2n or x ¨ 2n “ 1qu) is not definable.

Definition 1.14. A structure RF is o-minimal if every definable subset X of R is a
finite union of points and intervals.

Example 1.15 (‘non-example’). If sin : R Ñ R, sin P F , then RF is not o-minimal,
because X “ tx P R : sinpxq “ 0u would be definable, but it is infinite and discrete.
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Theorem 1.16 (Tarski-Seidenberg). If F “ H, the structure of RF is o-minimal. In-
deed, definable sets in n variables are exactly the semialgebraic sets. That is, a definable
set is given by a formula with no quantifiers. That is, the projection of a semialgebraic
set is again semialgebraic.

Example 1.17.

tpa, b, cq P R3 : a ‰ 0 and Dx P R : ax2`bx`c “ 0u “ tpa, b, cq P R3 : a ‰ 0 and b2´4ac ą 0u.

Lemma 1.18. If X Ă Rn is definable and discrete, then X is finite.

Proof. n “ 1 : X cannot contain an interval, so X is a finite union of points.
n “ 2 : Let a P R, and Xa “ tb P R : pa, bq P Xu Ă R (called the fiber over a). Then Xa

is definable and discreet, therefore finite by induction. So Xa is finite for all a. Define
π : R2 Ñ R by πpa, bq “ a. Then πpXq “ tx P R : Dy : px, yq P Xu Ă R is definable.
If πpXq were infinite, it would contain an open interval I Ă πpXq. Then, for all a P I,
Xa ‰ H, because a P πpXq so Db P R : pa, bq P X - but Xa is finite. Choose the smallest
element b P Xa, and call it ba. Consider now

g : I Ñ R, a ÞÑ ba.

Then px, yq P Γg ðñ x P I and px, yq P X and @z, ppx, zq P X ùñ y ď zq. It follows
that g is continuous! (Possibly after shrinking the interval). Choose a P I. Then there
exists a sequence panq P I : an ‰ a, an ÝÑ a. But then pan, gpanqq ÝÑ pa, gpaqq. As
pa, gpaqq P X and pan, gpanqq P X for each n P N, this shows that X is not discrete.

Definition 1.19. A cell C Ă Rn in n-dimensional space is defined inductively on n:
n “ 1: a cell is a point or an open interval (possibly unbounded).
n “ m` 1: there is a cell C 1 Ă Rm, and for definable functions f, g with domain C 1, C
is the graph of f or C “ tpx, yq P RmˆR : x P C 1 and fpxq ă y ă gpxqu (such a set is
called a band).

What of this is relevant? Cells are definable, and for some choice of coordinates, πpCq Ď
Rk is open and homeomorphic to C. The dimension of a singleton is 0 and the dimension
of an interval is 1. If C is a cell of Rn, then the dimension of C is dim pn,n´1pCq if C is
a graph and dim pn,n´1pCq ` 1 if C is a band. The dimension of a nonempty definable
set X is the supremum of all d P N such that there exists an injective definable map
Rd Ñ X. The dimension of the empty set is ´8. (The following is true by [M. Coste]:
take a CDCD of Rn adapted to X. Then dimpXq is the maximum of the dimension of
the cells contained in X.)

Theorem 1.20. Every definable set in Rn can be decomposed into finitely many cells.
For every r P N, the domain of every definable function f can be decomposed into sets
such that f |Cell is a Cr function.

Meaning to dimpXq: we have dimpXq “ 0 ðñ X is finite and dimpXzXq ă dimpXq.
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Remark 1.21. A structure is o-minimal if and only if every definable subset of Rn has
only finitely many definable components.

Theorem 1.22 (Wilko). Rexp is o-minimal.

Theorem 1.23 (Van den Dries, Macintyre, Marker). Ran,exp is o-minimal.

2 Bruno Klingler: o-minimality and transcendence, I

2.1 Remark after Amador’s talk

Superiority of model theory: the second definition as given by Amador is often more
convenient. For example, try to show that for A Ă Rn definable, its closure Ā Ă Rn is
definable, using both definitions.

2.2 More general o-minimal structures

Definition 2.1. A structure expanding pR,`, ¨q is a collection S “ pSnqnPN where
Sn Ă PpRnq such that

1. Algebraic subsets are in Sn.

2. Sn Ă PpRnq is a Boolean subalgebra.

3. A P Sp, B P Sq ùñ AˆB P Sp`q.

4. If p : Rn`1 Ñ Rn is the projection on the first n coordinates, then ppAq P Sn for
A P Sn`1.

Definition 2.2. A structure expanding pR,`, ¨,ăq is o-minimal if

5. any set in S1 is a finite union of points and intervals.

We can generalise this to a totally ordered ring pR,`, ¨,ăq. R is naturally a topological
ring, for which polynomials are continuous. R is characteristic 0 (because 0 ă 1 ă
1 ` 1 ă . . . ă p ă . . . ). It is a fact that a field R can be totally ordered if and only if
R is formally real, meaning that 0 is not a sum of squares. For example, Qp cannot be
ordered (by Hensel’s lemma).

Lemma 2.3. Suppose S is an o-minimal structure extending pR,`, ¨,ăq. Then R is a
real closed field (that is, every positive element in R is a square of an element in R and
any polynomial of odd degree over R has a root in R).
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2.3 Basic properties

Proposition 2.4 (Definable choice). Let Y Ă Rm`n be definable, and let Y be seen as
a definable family of definable subsets of Rm parameterised by Rn. (Indeed, for each
b P Rn, the fiber over b is Yb “ ta P Rm : pa, bq P Y u and this is a definable subset
of Rm). Then there is a definable function f : Rn Ñ Rm such that for all b P Rn, if
Yb ‰ H, then fpbq P Yb.

Proof. See [Coste, 3.1].

Definition 2.5. A cylindrical definable cell decomposition (CDCD) of Rn is a finite
partition of Rn into definable sets pCiqiPI , called cells, having the following definition:
n “ 1: the CDCD is a1 ă . . . , ap of R, where the cells are the taiu and the pai, ai`1q.
n ą 1: a CDCD of Rn is a CDCD of Rn´1 together with, for each cell D of Rn´1,
continuous definable functions

fD,0 :“ ´8 ă fD,1 ă . . . ă fD,mD
ă `8.

The cells of Rn are the graphs tpx, fDipxqq : x P Du and the bands pfD,k, fD,k`1q “

tpx, yq : x P D and fD,kpxq ă y ă fD,k`1pxqu.

Theorem 2.6 (Cell decomposition CDCDn). Let A1, . . . , Ak Ă Rn be definable. Then
there is a CDCD of Rn such that each Ai is a union of cells.

Theorem 2.7 (Piecewise continuity PCn). Let A Ă Rn be definable, f : A Ñ R a
definable function, and p P Zě0. Then there exists a Cp CDCD of Rn adapted to A: for
each cell C of A, the function f |C is Cp.

Theorem 2.8 (Uniform finiteness UFn). Let A Ă Rn be definable. Suppose for each
x P Rn´1, the fiber Ax “ ty P R : px, yq P Au is finite. Then there is a k P N such that
#Ax ă k for each x P Rn´1.

Theorem 2.9 (Stratification). Let A Ă Rn be definable. Fix p. Then A admits a finite
stratification, where a stratum consists of a Cp-manifold M together with a definable
graph of a function f : U Ñ Rn, where U Ă Rk is an open definable subset, and f is a
Cp function with bounded derivatives.

Corollary 2.10. Let A Ă Rn be definable, of dimension k, bounded. Then volkpAq is
finite.

Theorem 2.11 (Trivialisation). Let f : X Ñ Y be a continuous and definable function.
Then there exists a partition Y “

Ů

Yi, with Yi definable, and

f´1pYiq

„

��

f
// Yi

“

��

Yi ˆ Z
p

// Yi
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Theorem 2.12 (Monotonicity Theorem). Let f : pa, bq Ñ R be definable. Then there
exists a partition a “ a0 ă a1 ă . . . ă ad “ b such that f |pai,ai`1q

is continuous and
either constant or strictly monotonous.

Proof. The proof of CDCD, UF, PC follow simultaneously by induction on n (see
[Coste]).

3 Bruno Klingler: o-minimality and transcendence, II

3.1 The Pila-Wilkie counting theorem

3.1.1 Statement

Define a height function

H : QÑ N, 0 ÞÑ 0, pa{bq ÞÑ max |a|, |b| for a, b P Z zt0u : pa, bq “ 1.

Remark that Hp˘x˘1q “ Hpxq. This extends naively to Qn: take H : Qn Ñ N, defined
by Hpxq “ maxiHpxiq.

For X Ă Rn, and t P Rě1, we define

XpQ, tq “ tx P Qn, x P X,Hpxq ď tu, NpX, tq “ #XpQ, tq.

Remark that NpRn, tq „ C ¨ t2n, and if X “ ΓfR for f P Zrt1, . . . , tn´1s of degree
d, then NpX, tq „ t2pn´1q{d. This gives the slogan “semialgebraic subsets of Rn have
polynomically many rational points.”
Remark that for X “ Γsinpπxq Ă R2, we have NpX, tq ě t2.

Theorem 3.1 (Weak Pila-Wilkie). Let X Ă Rn be definable. Suppose that X contains
no positive dimensional semialgebraic sets. Then @ε ą 0Dc “ cpX, εq : NpX, tq ď c ¨ tε.

Example 3.2 (Bombieri-Pila). Consider a curve C in Ran. If C has “many” rational
points, then C is algebraic.

Can we say something interesting if X contains some positive dimensional semialgebraic
set?

Definition 3.3. Let X Ă Rn. Then we define Xalg to be the union of all positive
dimensional connected semialgebraic subsets contained in X, and Xtr “ XzXalg.

Remark that Xalg is usually not semialgebraic.

Theorem 3.4 (Pila-Wilkie). Let X Ă Rn be definable. Then

@ε ą 0 Dc “ cpX, εq ą 0 : NpXtr, tq ď c ¨ tε.

Remark that as Xtr is usually not definable, Theorem 3.4 is stronger than Theorem 3.1.
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Theorem 3.5 (Pila-Wilkie in family). Let X “ tXbubPB Ă RnˆRm be a definable
family of definable subsets of Rn, parameterised by B. Then @ε ą 0 there exists a
constant c “ cpX, εq and a definable family Y “ tYbubPB such that for all b P B,

Yb Ă Xalg
b and NpXbzYb, tq ď c ¨ tε.

One can replace rational points in the above construction and definitions by algebraic
points of small degree (and Q by Q̄).

Definition 3.6. A (semialgebraic) block B Ă Rn is a positive dimensional connected
definable set for which tehre exists a connected semialgebraic set YĂ Rn such that
B Ă Y smooth, and B agrees with Y in a open neighbourhood of every point b P B.

Theorem 3.7 (Pila-Wilkie for blocks). Let X Ă Rn be definable. Then for all ε ą 0
there exists a c “ cpX, εq such that XpQ, tq is contained in at most c ¨ tε semialgebraic
blocks of X.

3.2 Proof of Theorem 3.5

Theorem 3.8. Let X Ă p0, 1qn Ă Rn be definable in some o-minimal structure ex-
panding a real closed field R. Fix k P Ną0. Then X admits a strong k-parametrization:
a finite set I of maps φ : p0, 1qdimX Ñ X definable and Ck, with |φpαqpxq| ď 1 for all
x P p0, 1qdimpXq for all α : |α| ď 1, such that

Ť

iPI Imφi “ X.

Note that for R “ R, this is an easy consequence of CDCD: write X as a finite union of
Ck cells; hence we can suppose X is a cell, and therefore a bounded cell. A bounded cell
has image of a ball under a Ck map with bounded derivatives. Decomposing the domain
into finitely many pieces, and making a change of variables, we may arrange that the
bound is one.

Note that for R ‰ R, the hypothesis that X Ă r´N,N sn for some positive integer
N is stronger than the hypothesis that X is bounded by an element in R. Indeed, con-
sider R “ Rpxq, let P “ tSpxq{T pxq : the leading coefficients have the same sign u. If
f P R, either f P P , f “ 0, or ´f P P . If f, g P P then f ` g P P and f ¨ g P P . We
can therefore define f ą 0 if and only if f P P . Then x ą N for each N P Ną0, because
x´N “ x´N

1 where x and 1 have the same sign.

Corollary 3.9. Theorem 3.8 implies that if tXbubPB is a definable family of definable
sets of p0, 1qk, k P Ną0, then there are finitely many definable families of definable func-
tions ttφi,b : p0, 1qdimXb Ñ p0, 1qnubPBuiPI so that for each b P B, tφi,buiPI is a strong
k-parametrization of Xb.

Theorem 3.10 (Bombieri-Pila). Given m ă n, d P Ną0, there is another k P Ną0,
ε “ εpm,n, dq, c “ cpm,n, dq such that φ : p0, 1qm Ñ Rn is a Ck-function with bounded
derivatives (|φpαqpxq| ď 1@α : |α| ď k) with image X. Furthermore, XpQ, tq is contained
in the union of at most (not nececessarily irreducible ) hypersurfaces of degree d. Finally,
εpm,n, dq Ñ 0 as dÑ8.
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Corollary 3.11. If tXbubPB is a definable family of definable subsets of p0, 1qn Ă Rn,
each of dimension strictly smaller than n, and ε ą 0, there is a number d P Ną0 and a
constant c, depending only on ε and X, such that @b P B, XbpQ, tq is contained in the
union of c ¨ tε hypersurfaces of degree d.

Proof. (of Theorem 3.5): omitted.

4 Bruno Klingler: o-minimality and transcendence, III

4.1 Transcendence: Intro

Definition 4.1. Let K Ă L be a field extension. Then α P L is algebraic over K
if there exists a P P Krxs such that P pxq “ 0. Otherwise, α is transcendental. More
generally, α1, . . . , αn P L are algebraically dependent over K if there exists a nonzero P P
Krx1, . . . , xns such that P pα1, . . . , αnq “ 0. Otherwise, these elements are algebraically
independent over K. A subset Γ Ă L is algebraically independent over K if every finite
subset of Γ is. A transcendence basis for L over K is a subset L over K which is
algebraically independent over K and maximal for this property.

Lemma 4.2. The set tx P L : x is algebraic over Ku is a subfield of L.

Lemma 4.3. Any two transcendental bases for L over K have the same cardinality
(which we denote by trKpLq).

Example 4.4. Consider
Q Ă Q̄ Ă C .

Because Q̄ is countable, and C is not, most elements of C are transcendental.

Theorem 4.5 (Liouville (1844), Hermite (1873), Lindemann (1882)). The following
numbers are transcendental:

ÿ

nPN
10´n!, e, π.

Classical transcendence of the e‚ function:

e‚ : CÑ C˚

is expected to be highly transcendental. Indeed, if α1, . . . , αn P C are algebraically
dependent, we expect that eα1 , . . . , eαn are algebraically independent, and conversely.
But e‚ is a group homomorphism, so if

ř

λiαi “ 0 for λi P Q, then
ś

ipe
αiqλi “ 1, from

which we can obtain an algebraic relation between the eαi .

Conjecture 4.6 (Schanuel). If α1, . . . , αn P C are Q-linearly independent, then

trQQpα1, . . . , αn, e
α1 , . . . , eαnq ě 1.

Remark 4.7. 1. Conjecture 4.6 says nothing about when α1, . . . , αn are algebraically
independent.
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2. For n “ 1: this is the Hermite-Lindemann Theorem. For all nonzero α P C,
trQQpα, eαq ě 1. This has the following consequences: for α “ 1 we reobtain that
e is transcendental. For α “ πi, we reobtain that π is transcendental.

3. For n ě 2 this is open. Even for α1 “ 1, α2 “ πi,

trQQp1, πi, e,´1q “ trQQpπ, eq “ 2 ?

This is not known.

Theorem 4.8 (Gelfond-Schneider). For a, b P Q̄˚, then log b{ log a is either rational or
transcendental (to be precise: if a P Q̄, a ‰ 0, 1 and r P Q̄zQ, then ar is transcendental).

For instance, 2
?

2 is transcendental, eπ “ p´1q´i is transcendental, and log 3{ log 2 is
transcendental.

Theorem 4.9 (Lindemann-Weierstrass). Suppose that α1, . . . , αn P Q̄ are Q-linearly
independent. Then

trQQpeα1 , . . . , eαnq “ n.

4.2 Functional transcendence

Replace Q Ă C by C Ă Cppt1, . . . , tkqq. Does the analogue of Conjecture 4.6 hold? Is it
true that for all f1, . . . , fn P Crrt1, . . . , tkss,

trCCpf1, . . . , fn, e
f1 , . . . , efnq ě n ?

1. Any relation
C Q C “ r1f1 ` . . . rnfn, ri P Q

leads to an algebraic relation between the efi . Therefore, we need to assume the
fi are Q-linearly independent modulo a constant in C.

2. There might be formal relations P pf1, . . . , fnq “ 0 for P P Crrz1, . . . , zkss, while
the fi are still C-algebraically independent. For example, f1ptq “ t and f2ptq “ et,
with ppz1, z2q “ ez1 ´ z2.

3. The number of independent formal relations is equal to the dimension over Cppt1, . . . , tkqq
of the formal kernel of the Jacobian Jpf1, . . . , fnq :“ pBfi{Btjqi,j . So the formal
transcendence degree of f1, . . . , fn over C is defined to be the rank of Jpf1, . . . , fnq.

Theorem 4.10 (Ax-Schanuel). Let f1, . . . , fn P Crrt1, . . . , tkss be Q-linearly indepen-
dent modulo C. Then

trCCpf1, . . . , fn, e
f1 , . . . , efnq ě n` rank Jpf1, . . . fnq.

Corollary 4.11.

trCCpf1, . . . , fnq ` trCCpef1 , . . . , efnq ě n` rankJpf1, . . . , fnq.

Corollary 4.12. If trCCpf1, . . . , fnq “ rank Jpf1, . . . , fnq, then trCCpef1 , . . . , efnq “ n.
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4.3 Geometric functional transcendence

Define π : Cn Ñ pC˚qn by pz1, . . . , znq ÞÑ pe2πiz1 , . . . , e2πiznq.

Definition 4.13. An irreducible algebraic subvariety of Cn is said to be bi-algebraic if

dimV “ dimπpV q
Zar

. An irreducible subvariety Y Ă pC˚qn is said to be bi-algebraic if
dimπ´1pY qirr.comp. “ dimY .

Theorem 4.14 (Ax). Let Graph “ ∆ Ă CnˆpC˚qn. Let W Ă CnˆpC˚qn be an
irreducible algebraic subvariety. If W intersects ∆ atypically, meaning that there ex-
ists an analytic irreducible component U of W X ∆ such that codimCnˆpC˚qnpUq ă
codimCnˆpC˚qnpW q ` codimCnˆpC˚qnp∆q, then U is contained in the graph of a proper
bi-algebraic V Ă Cn.

Theorem 4.15 (Weak Ax-Schanuel (W “ V ˆY )). Let V Ă Cn an algebraic subvariety
and Y Ă pC˚qn an algebraic subvariety. If there is an atypical analytic irreducible
component U of V X π´1pY q, then W is contained in a proper bi-algebraic V 1 Ă Cn.

Theorem 4.16 (Ax-Lindemann-Weierstrass). Let V Ă Cn be an irreducible algebraic

subvariety. Then πpV q
Zar

is bi-algebraic in pC˚qn.

4.4 Proof of the Ax-Lindemann-Weierstrass Theorem using
o-minimality

Proposition 4.17. Y Ă pCnq˚ is bi-algebraic if and only if Y is a translate of a subtorus.

Proof. Omitted.

Lemma 4.18. If i˚π1pY q is not of finite index, then Y is contained in a coset of a proper
algebraic subtorus.

Proof. Omitted.

Proof. (of Theorem 4.16). Let V Ă Cn be algebraic irreducible, Cn π
ÝÑ pC˚qn. By

Proposition 4.17, we want to show that Y “ πpV q
Zar
Ă pC˚qn is a translate of a torus.

We can assume that Y is not contained in a translate of a strict subtorus. We can
assume that V Ă π´1pY q is maximal among the irreducible algebraic subvarieties of Cn
contained in π´1pY q (otherwise, replace V by the maximal one). Consider

Σpvq “ tv P Rn : dimRppV ` σq X π|
´1
F pY q “ dimRpV qu.

V is irreducible, and v P Σpvq if and only if V ` v meets F , V ` v Ă π´1pY q.

Step 1: Σpvq is Ran,exp definable. Proof: Omitted.
Step 2: StabZnpV q is infinite. Proof: Omitted.
Step 3: Induction. Note that StabCnpV q is an algebraic group. By Step 2 we get a

complex line C defined over Q. Decompose Cn “ Cn´1‘C over Q. Then V “ V 1 ˆ C,
so we can apply the induction hypothesis on Y 1 “ Y X pC˚qn´1.
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5 Bruno Klingler: o-minimality and transcendence, IV

5.1 Bi-algebraic geometry

Last lecture we discussed π : Cn Ñ pC˚qn, and the transcendence of this map. We make
the following observations.

1. Both Cn and pC˚qn are algebraic varieties, and π is transcendental.

2. The map Cn Ñ pC˚qn can shown to be a universal cover by a monodromy argu-
ment.

3. There exists an F Ă Cn semialgebraic, such that π|F : F Ñ pC˚qn is definable in
some o-minimal structure.

4. We can try to replace pC˚qn by a some algebraic variety S.

5. If we then consider the universal cover ĄSan Ñ San, the problem will be that in
general, as soon as π1pS

anq is infinite, ĄSan has no algebraic structure.

Theorem 5.1 (Claudon, Höring, Kollàr). Assume that the abundance conjecture holds.
Then, for any normal, projective variety X over C the following are equivalent.

1. The universal cover of X is biholomorphic to a quasi-projective variety.

2. There is a finite, é, Galois cover X 1 Ñ X that is a fiber bundle over an abelian
variety with simply connected fiber.

3. The universal cover X̃ is biholomorphic to a product CmˆF where m ě 0 and F
is a projective, simply connected variety.

If we relax condition 1 to the condition that the universal cover of X is biholomorphic
to a semialgebraic variety, then S “ ΓzD, a connected Shimura variety, where D Ĺ Cn
bounded symmetric, Γ an arithmetic lattice in G “ tbiholomorphic automorphismsu.

Conjecture 5.2 (Kollàr-Parden). Let S be a normal projective variety over C. Then
ĄSan is biholomorphic to a definable analytic space if and only if

ĄSan – CnˆD ˆ F an

where D is bounded and F an is simply connected.

5.2 Bi-algebraic geometry

We emulate to put an algebraic structure on ĄSan using an algebraic model.

Definition 5.3. Let S{C be an irreducible algebraic variety. A bi-algebraic structure

on S is given by a holomorphic map f : ĄSan Ñ Xan and a group homomorphism
h : π1pSq Ñ AutpXq, where X is an algebraic variety over C and f is equivariant under
h.
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Examples 5.4. 1.

Cn “ pAnqan

π

��

id // pAnqan

pC˚qn.

2. For A be a complex abelian variety of dimension n:

LiepAq – Cn “ pAnqan

��

id // pAnqan

Aan.

3.
ĄSan “ D

��

� � // pD_qan

San “ ΓzD

4.

ĄSan
ψ
//

��

D �
�

// pD_qan

San

where ψ is the period map.

Definition 5.5. Let S be endowed with a bi-algebraic structure.

1. An analytic irreducible V Ĺ ĄSan is called bi-algebraic if V “ rf´1ppV 1qanqs0 “

f´1pfpV q
Zar
q0, where V 1 Ĺ X algebraic.

2. An algebraic subset Y Ĺ S is bi-algebraic if one (equivalently, any) irreducible
component of π´1pY q is bi-algebraic.

Example 5.6. The Noether Lefschetz locus of a bi-algebraic subvariety is bi-algebraic.

Definition 5.7. Let S{C be an irreducible algebraic variety. A Q̄-bi-algebraic structure

pf : ĄSan Ñ Xan, h : π1pSq Ñ AutpXqq is a bi-algebraic structure if S is defined over Q̄, X
is defined over Q̄, and h : π1pSq Ñ AutpXq takes values in AutQ̄XQ̄. The Q-bi-algebraic
points are the arithmetic points.

Examples 5.8. 1. The map π “ pe2πi‚, . . . , e2πi‚q : Cn Ñ pC˚qn defines a Q̄-bi-
algebraic structure for An {C. Here S̃ “ Xan “ Cn

Lemma 5.9. s P pC˚qn is arithmetic if and only if it is a torsion point.

14



2. Consider LieAC “ Cn Ñ A, where A is a simple CM-type abelian variety over
Q̄. Then there exists a CM-field F of degree 2g over Q such that End0pAq “ F .
We have LieAC “ VF b FC where VF is a rank one F -module. Take VF bF Q̄ as
Q̄-algebraic structure on LieAC.

Theorem 5.10 (Masser). Let A be a complex Abelian variety of dimension g with CM.
Let VQ̄ be the Q̄-vector space generated by Kerpπq Ă LiepAq. Arithmetic bi-algebraic
points for this Q-bi-algebraic structure on A are exactly the torsion points of A.

Example 5.11 (Scheinder, ’37). Consider a connected Shimura variety S “ ΓzD, with
D Ĺ D_. Consider

H �
�

//

��

C �
�

// P1
C

Y0p1q – C

For τ P Q̄, jpτq P Q̄ if and only if τ is imaginary quadratic, Eτ is CM.

Theorem 5.12 (Ullmo-Yafaev). Y Ă S is bi-algebraic if and only if Y is weakly special,
that is, we have

Y “ ΓHzDH ˆ tpt.u Ď ΓHzDH ˆ ΓG1zDG1 Ă ΓzD,

where
pH ˆG1, DH ˆDG1q Ď pG,Dq

is a Shimura subdatum, and H ˆG1 “ MTgenpϕq for H an algebraic monodromy group.

[Cohen-Shiga-Wolfart]

Theorem 5.13. If S is of abelian type, then s P S is arithmetic if and only if s is a CM
point.

Example 5.14. S Ñ ΓzD a ZHS period map.

Theorem 5.15 (Klingler, ...). Y Ă S is bi-algebraic if and only if Y Ą NLpvq is weakly
special.

Conjecture 5.16. If S is defined over Q̄, and φ̄ is of generic origin. Then Y is Q̄-
bi-algebraic if and only if Y is a component of the Noether-Lefschetz locus. This is
essentially equivalent to pHodg ùñ absolute Hodgq.

5.3 Tame bi-algebraic structures

Proper case: fpĄSanq Ă D ĹRalg -def. X. hpπ1pS
anqq acts properly disctoninuous on D. In

that case, we ask: does there exists a semialgebraic subset F Ă D such that

π|F : F Ñ ΓzD

is definable?

15



5.4 Atypical intersection heuristic

Suppose S is endowed with a tame bi-algebraic structure. Then any irreducible subvari-
ety of S containing a Zariski set of Q̄-bi-algebraic points is a Q̄-bi-algebraic subvariety.

1. Manin’s Theorem

2. Raynard’s Theorem

3. Shimura varieties

5.5 Functional transcendence heuristic

5.5.1 Ax-Schanuel Principle

Theorem 5.17 (..?). Let S be endowed with a tame bi-algebraic structure. Let ∆ Ă

ĄSan ˆ San be the graph of W Ăalgebraic
ĄSan ˆ San. Let W be an analytic irreducible

component of ∆ X W . Then codimpXq ě dimW
bi-alg

, where W
bi-alg

is the smallest
bi-algebraic subvariety containing W .

5.5.2 Ax-Lindemann-Weierstrass principle

Theorem 5.18 (..? Klingler). Let S as above. If V Ĺ ĄSan is an irreducible algebraic

subvariety, then πpV q
Zar

is bi-algebraic.

5.5.3 Some ingredients in the hyperbolic case

Setting: Let S “ ΓzD be a Shimura variety.

Theorem 5.19 (Wilmo-Yafaev). Bi-algebraic “ weakly special.

Proof. Omitted.

Theorem 5.20 (Deligne). Let V be a Q-variation of Hodge structures on Y , with
MTgenpY q “ G. Then H CGder. So G “ HY ˆG

1, and D “ DY ˆD1.

5.6 Hyperbolic geometry

Proof. (of Ax-Lindemann Theorem 5.18 for Shimura varieties). Suppose V Ĺ D is

irreducible and algebraic, with π : D Ñ ΓzD. We need to show that πpV q
Zar

is b-
algebraic, hence weakly special.

Proposition 5.21.

HV :“ rGpZq X StabGpRqpV q
Zar{Q

s0

is positive dimensional and stabilises V .
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Proposition 5.22. Let V Ĺ D be an irreducible algebraic subvariety. Then there exists
a C1 ą 0 such that

γ P GpZq : V X γF ‰ H, Hpγq ď tu ě t4.

Height:
G{Q ãÑ GLpEq{Q .

Let v be a place of Q, then we get a norm || ||v on Ev. Choose || ||8 to be K-invariant.
Then || ||v is an operator norm on E8{Ev.

Definition 5.23. Let ϕ P EndpEq. We define H by

Hpϕq “
ź

vPP

maxp1, ||ϕ||vq.

For g P GpZq we define
Hpgq “ maxp1, ||g||8q.
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6 Benjamin Bakker: Definable analytic geometry, I

Fix an o-minimal structure S expanding R. When we say definable, we mean definable
with respect to S.
Goal of today: Define a category of complex analytic varieties, locally modelled on de-
finable sets.
Why:

• locally quite flexible (e.g. Ran “ restricted analytic functions, and these are acces-
sible)

• Ran,exp “ place where a lot of Hodge theory lives

• retain algebraicity globally.

6.1 Definable Chow

Theorem 6.1. Closed analytic subvarieties Y Ă pPnqan are algebraic. In other words,
Y “ Y an for some algebraic variety Y Ă Pn.

Example 6.2. Observe what can happen if we drop the properness condition of the
space in which Y is embedded. Consider Γez “ Graphpexppzqq Ď CˆC˚, this is a closed
analytic subvariety, but not algebraic.

There is an R-linear bijection C – R2, and so Cn has a notion of a definable subset
via such an isomorphism (note that this notion thus may depend on the chosen isomor-
phism).

Theorem 6.3. [Peterzil, Starchenko] A closed analytic subvariety Y Ă pAnqan whose
underlying set is definable is algebraic.

Remark 6.4. 1. Cn “ pAnqan. The notion of definability depends on choice of co-
ordinates, where we mean the coordinates are algebraic. (Exercise: show that the
notion of a definable subset only depends on the algebraic structure).

2. Peterzil and Starchenko proved it for arbitrary real closed fields.

Loosely speaking, the result says that “holomorphicity ` definability “ algebraicity”.

Lemma 6.5. An entire function f : CÑ C which is definable, is a polynomial.

Proof. The fibers are discrete and definable subsets of C “ R2, and therefore finite. This
implies that f cannot have an essential singularity.

Two proofs of Theorem 6.3:

1. Ease o-minimality, hard complex analysis.

2. Cell decomposition, easy complex analysis.
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Corollary 6.6. Let f : Rm Ą A Ñ B Ă Rn be definable. Then An “ tb P B :
dimpf´1pbqq “ nu is definable.

Proof. Observe from definition of cels that they are of constant (relative) dimension over
their projection. Now just order the coordinates in reverse: Graph Ă RmˆRn.

Corollary 6.7. Let f : A Ñ B be a definable function with finite fibers. Then An “
tb P B : #f´1pbq “ nu is definable, and the fiber size is uniformly bounded.

6.2 First proof of Definable Chow

Proof.

Theorem 6.8 (Bishop). Let Z Ă U Ă Cn, where U Ă Cn open and Z Ă U is a closed
analytic subvariety. Suppose that Y Ă UzZ is a closed subvariety (in other words, let Y
be a closed analytic subvariety in the complement of a closed analytic subvariety of an
open subset of Cn). Suppose that Y has locally finite volume in U . Then Y is analytic.

Lemma 6.9. A bounded k-dimensional definable subsetA Ă Rn has finite k-dimensional
volume.

Proof. Obvious for A Ă Rk of dimension k. By CDCD, after passing to a cell decompo-
sition, we can assume A Ă Rn is a cell. But then

volpAq ď
ÿ

proj. onto k coord.

degpπqvolpπpAqq.

To finish the proof of Definable Chow 6.3, observe that pAnqan “ Cn Ă Pn “ pPnqan Ą

Pn´1. We have that Y Ă Cn has locally bounded volume around Pn´1, by definability
and Lemma 6.9. By Theorem 6.8, Y Ă Pn is analytic. By Theorem 6.1, Y Ă Pn is
algebraic. But then Y “ Y X Cn Ă Cn must be algebraic, too.

6.3 Second proof of Definable Chow

Proof.

Lemma 6.10. A definable holomorphic function f : Cn Ñ Cn is algebraic.

Proof. This is true for n “ 1 by Lemma 6.5. Write Cn “ CˆCn´1. Then by induction,
fpz, wq is algebraic for each w P Cn´1, i.e. fpz, wq P Cpwqrzs for each w P Cn´1.
Moreover, degz fpz, wq is uniformly bounded, by Corollary 6.7. Therefore, we can write

fpz, wq “
N
ÿ Bkf

Bzk
p0, wq

zk

k!
.

Then Exercise: each Bkf
Bzk
p0, wq : Cn´1 Ñ C is definable. By induction, Bkf

Bzk
p0, wq is

algebraic. Therefore, f is algebraic.
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We can now induct on dimY. We may as well assume that Y is analytically irreducible
of dimension d.
Observe: It is enough to algebrize H ‰ Y X Uan for a Zariski open U Ă An. Indeed,
Y “ U X Uan.

Step 1: We have

Y Ă Cn Ă Pn Ą Pn´1,

and BY “ YzY is definable of smaller dimension than Y, thus with dimension ď 2d´ 1.
(The proof if this goes as follows: it is clear for cells, and we already saw this proof in
Amador’s talk).

Step 2: There exists a linear projection π : Cn Ñ Cd for which the restriction π|Y is
proper. Proof. We have d ă n so dim BY ă dimRpPn´1q “ 2n ´ 2. There is a point
p P Pn´1zY. We thus obtain a projection π : Cn Ñ Cn´1. Any fiber L of π intersects
Y boundedly, i.e. π|Y is proper. By Bemmert ` definability, this is closed analytic
subvariety that is definable, so iterate.

Step 3: The set Y0 Ă Y of points where π|Y is not étale is definable. Proof. Closed
analytic definable subvariety hence algebraic by induction, Y0 “ Y an

0 . Closed analytic
by complex analysis, definable by Corollary ... as it is the locus where fiber size is non-
generic.

Step 4: Y is algebraic. Proof. We have Cn “ Cn´dˆCd. So take π to be the pro-
jection onto the second factor. Let πpY0q “ Z. We know that π|Yzπ´1pZanq has finite
fibers of constant degree N (it is étale). Consider

F : Cd zZan Ñ SymN Cn´d, z ÞÑ π|´1
Y pzq.

This map is definable, holomorphic and locally bounded over Zan, therefore F extends to
F : Cd Ñ SymN Cn´d. This map is also definable (because the graph of F̄ is the closure
of the graph of F ). By Lemma 6.10, F̄ is algebraic. Therefore, Yzπ´1pZanq is algebraic,
being the pullback of the universal N -tuple. This implies that Y is algebraic.

Remark 6.11. Peterzil-Starchenko’s proof is basically the second proof. However, one
needs to replace the Weierstrass-Casorati with a version of Liouville that works in gen-
eral.

6.4 Definable topological spaces

Definition 6.12. A definable topological space is a topological space M with a definable
atlas:

• a finite open covering Vi ĂM

• homomorphisms ϕi : Vi Ñ Ui Ă Rn
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such that

1. Ui and Uij “ ϕipVi X Vjq are definable

2. ϕij “ ϕj ˝ ϕ
´1
i : Uij Ñ Uji is definable.

A morphism f : M ÑM 1 is a continuous map which is definable on charts, which means
that ϕ1i1 ˝ f ˝ ϕ

´1
i : Rn Ą ϕipVi X f

´1pV 1i1qq Ñ Ui1 Ă Rm is definable for each i, i1.

In this way, we get a category of definable topological spaces, which we denote by
(S-DefTopSp).

Examples 6.13. Consider the topological space C˚ Ă C – R2n.

1. The set C˚ is semialgebraic, therefore it is an Ralg definable topological space,
which we denote by Gdef

m .

2. For a P R we can define the ‘slope a’ fundamental domain: this is

Fa “ tz P C : a=pzq ď <pzq ď 1` a=pzqu.

Consider the image of Fa under e : C Ñ C˚, epzq “ e2πiz. By taking slightly
thinner strips, we get a covering of C˚ by semialgebraic sets with semialgebraic
transition functions. This gives a definable topological space which we denote by
C˚a.

Remark 6.14. Let S1 Ą S be o-minimal structures expanding R. Then there is a
functor (S-DefTopSp) Ñ (S1-DefTopSp).

Examples 6.15. • All C˚a are isomorphic over Ralg, by x` iy ÞÑ px` ayq ` iy, q ÞÑ
qeiq log |q|.

• The map id : C˚a Ñ Cdef
m is not definable in any o-minimal structure if a ‰ 0.

Indeed, id´1prayq has infinitely many components if a ‰ 0.

• The map id : C˚0 Ñ Gdef
m is not Ralg-definable if and only if

pe´2πi cosp2πxq, e´2πi sinp2πxqq “ e : F0 Ñ Gdef
m

is not Ralg-definable. This map is also not Ran-definable, and not Rexp definable.

7 Benjamin Bakker: Definable analytic geometry, II

7.1 Basic definable analytic spaces

Last time, we saw two examples of definable topological spaces, namely C˚a for a P R
and Gdef

m . We shall now consider two other examples of definable topological spaces.
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Example 7.1. 1. Consider the action on H of

Γp2q “ tA P PSL2pZq : A ”

ˆ

1 0
0 1

˙

mod 2u.

Define Y p2qan “ Γp2qzH. We can cover the fundamental domain by semialgebraic
opens U , such that the glueing maps are semialgebraic (because the action of Γp2q
on H is semialgebraic). In this way the tU, γUu form an Ralg-atlas for Y p2qan.
Denote the definable topological space thus obtained by Yp2q.

2. Note that Y p2q Ă A2 is affine algebraic, so Y p2qpCq is an algebraic set in AnpCq “
Cn, giving rise to a definable topological spaces denoted by Y p2qdef.

Exercise: When is Y p2qdef – Yp2q (that is, for which o-minimal structure S) ?

Recall Definable Chow: A definable closed analytic subspace (possibly non-reduced)
Y Ă pAnqan is algebraic, Y “ Y an.

How does the notion of reducibility behave with respect to definability? Consider the
zero locus of the ideal I “ px, yq2 ` px ´ ezyq in C3. This gives an infinitesimal wiggle
on the z-axis, and ZpIq is not algebraic, so definability of the modelling set is not enough.

We would like to define OCn , a sheaf on Cn, with OCnpUq “ tdefinable holomorphicf :
U Ñ C for U Ă Cn open and definable. But this naive definition goes wrong.

Definition 7.2. Let X be a definable topological space. The definable site of X, denoted
by X, is defined as follows: ObpXq “ open definable U Ă X, MorpXq “ inclusions, and
CovpXq is given by finite open coverings Ui of U in X.

Example 7.3. OCn is a sheaf on Cn.

Remark 7.4. For any morphism f : X Ñ Y of definable topological spaces we get
f˚ : ShpXq Ñ ShpY q, and f´1 : ShpY q Ñ ShpXq.

Remark 7.5. A definable siteX does not have enough points (we cannot check exactness
on stalks). To be vague: there exists an “o-minimal spectrum” X# obtained by adjoining
points valued in real closed fields. Then ShpXq – ShpX#q.

Definition 7.6. A locally ringed definable space over C is a definable topological space
together with a sheaf of C-algebras on its definable site for which the stalks are local
C-algebras.

Definition 7.7. A basic definable analytic space is given by the following data: an open
subset U Ă Cn which is definable and a finitely generated ideal I Ă OCnpUq, which gives
the underlying analytic space X “ |V pIq| Ă U . Often we shall denote basic definable
analytic spaces by pX Ă U Ă Cnq, and the ideal that defines X by IX . Such a definable
topological space comes together with a sheaf OX on X, defined as

OX “ j´1pOU {I ¨OU q.
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A morphism
pX Ă U Ă Cnq ϕ

ÝÑ pY Ă V Ă Cnq

is a definable holomorphic map ϕ : U Ñ V such that ϕ´1IY Ă IX .

Remark 7.8. From a morphism of definable topological spaces

ϕ : X Ñ Y

we get a morphism of definable sites

ϕ : X Ñ Y

and a morphism of sheaves
ϕ# : ϕ´1pOY q Ñ OX .

Remark 7.9. From a morphism of basic definable analytic spaces

ϕ : pX Ă U Ă Cnq Ñ pY Ă V Ă Cnq

we get functors
ϕ‹ : ModpOXq Ñ ModpOY q

and
ϕ‹ : ModpOY q Ñ ModpOXq, F ÞÑ OX bϕ´1 OY

ϕ´1F.

Definition 7.10. Let X be a basic definable analytic space. Then F P ModpOXq is
called:

1. Locally finitely generated if there exists a cover Xi of X in X such that

Oni
Xi
Ñ FXi Ñ 0 is exact.

2. Coherent if it is locally finitely generated, and, for any definable open subset
U Ă X, given an exact sequence

OnU
ϕ
ÝÑ FU Ñ 0,

Kerpϕq is locally finite generated.

3. Locally finitely presented if on some cover Xi of X, the sequence

OMi
Xi
Ñ ONi

Xi
Ñ FXi Ñ 0

is exact (in other words, locally, F is the cokernel of some matrix with coefficients
in OX).

Exercise: Let X be a basic definable analytic space. Show that CohpXq Ă ModpXq is
an abelian extension category. (That is, show that each hom-set in CohpXq carries the
structure of an abelian group such that the composition is bilinear, that CohpXq admits
finite coproducts, and that for any exact sequence 0 Ñ A Ñ B Ñ C Ñ 0 in ModpXq
such that A and C are in CohpXq, B is in CohpXq.)
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Theorem 7.11 (Bakker, Brunebarbe, Tsimerman). (OKA coherence) For a basic de-
finable analytic space X, the sheaf OX is coherent.

Example 7.12. Locally finitely generated ideals are locally finitely presented.

Proof. Exercise.

Example 7.13. Let X be a basic definable analytic space. A sheaf on X is coherent if
and only if it is finitely presented.

Proof. Exercise.

Lemma 7.14. Given a basic definable analytic spaceX Ă U Ă Cn which is d-dimensional,
there exists a covering Ui of U and linear projections πi : Cn Ñ Cd such that

πi : X X Ui “ Xi Ñ πipUiq

is finite (finite fibers and proper).

Lemma 7.15 (Weierstrass division). Let V Ă Cn be open definable, P P OCnpV qrts
monic (its coefficients are definable functions). Let Y “ V pP q Ă U Ă V ˆ C Ă Cn`1,
with U a definable open subset. Given f P OCn`1pUq there exist unique Q,R definable
holomorphic functions such that f “ QP `R, with R P OCnpV qrts.

Proof. By the classical Weierstrass division, we only have to show that Q and R are
definable. Let us assume P is irreducible, with degpP q “ d. Let V 1 Ă V be the
dense open set (definable) where the roots of P are distinct (the étale locus). We have
R|V 1 “

řd´1 ait
i with ai P OCnpV q, and this agrees with f fiberwise, and is therefore

definable. Now P |V 1 is also definable. Observe that the graph of R is the closure of
the graph of R|V 1 , and therefore definable (here the irreducibility is used). But then
Q “ pf ´Rq{P is definable.

Proof. (of Theorem 7.11). Case I: X Ă Cn is open and definable. We work by induction
on n. Let U Ă X be a definable open subset, and let f be the morphism

OnU Ñ OU

ei ÞÑ fi.

What do we need? We need to find a cover tUiu of U , and for each Uj we need relations
Rl in KerpϕqpUjq that generate Kerpϕq on Uj . Clearly, there are some obvious relations

fiej ´ fjei.

If the fi is invertible, then the ej ´
fj
fi
ei generate Kerpϕq. Let Y “ V pfiq Ă U . Then on

UzY we have a generator.
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Now by Lemma 7.14, we can assume that after taking a cover, we have Y Ă U Ă Cn
and a projection Cn Ñ Cn´1 such that

Y

��

// U //

��

Cn

��

V // Cn´1

commutes, and the map Y Ñ V is finite. If P is minimal polynomial of Y (definable,
same as above), P P OCnpV qrts. Weierstrass preparation gives f1{P is a definable
function. We may replace f1 by P . By Weierstrass division 7.15, replace fj with respect
to fj P OpV qrts with deg fj ă degP . Any relation over U can be expressed in terms of

ej ´
fj
f1
e1, and

ř

giei, with gi P Op V qrts, deg gi ă degP . Again, by Weierstrass division
Lemma 7.15, these arise in the kernel of

OnU // OU

OV rtsnăk
?�

OO

// OV rtsăk2
?�

OO

where k “ degP . This gives a map OnkV
ψ
ÝÑ Ok2V , and by induction, Kerpψq is locally

finitely generated by Rl.
Claim: the ej ´

fj
f1
e1, Rl generate Kerϕ is only true on sets of the form π´1pV q.

Lemma 7.16. Let f : X Ñ Y be a finite continuous map between definable topological
spaces, and given a cover tXiuiPI of X, there exists a refinement X 1i and a cover Yj of Y
such that f´1pYjq “

Ů

iPI X
1
i.

By Lemma 7.16, we can extend the relations on U 1 to a saturated open.

Corollary 7.17. For a morphism f of basic definable analytic spaces, the functor f˚ is
exact.

Case II: Let X Ă U Ă Cn arbitrary. Corollary 7.17 finishes the proof.

7.2 Definable analytic spaces

We have a full faithful embedding

pBasicDefAnSp{Cq ãÑ pC locally ringed sitesq.

pX Ă U Ă Cnq ÞÑ pX,OXq.

Consequences:

1. Exactness can be checked on stalks.

2. The analytification functor p´qan : CohpXq Ñ CohpXanq is faithful and exact.
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Definition 7.18. If X is a definable topological space and OX is a sheaf of rings on
X making it a C-locally ringed site, then we call pX,OXq a definable analytic space if
there exists a covering in X of X by basic definable analytic spaces.

Theorem 7.19. For pX,OXq a definable analytic space, the sheaf OX is coherent.

Example 7.20. We can analytify Y p2qdef and Yp2q to Γp2qzH.

The thus constructed categories fit in the following diagram:

p Finite type schemes over C q

**

p´qdef
// pS-DefAnSp{Cq

vv

pAnSp{Cq.

8 Benjamin Bakker: Definable analytic geometry, III

8.1 Analytification

We recall Definition 7.18.

Definition 8.1. If X is a definable topological space and OX is a sheaf of C-algebras
on the definable site X of X whose stalks are local rings, we call pX,OXq a definable
analytic space if there exists a covering of X in X by basic definable analytic spaces Xi.

In other words, X is a definable topological space, and OX is a sheaf of rings on the
definable site X of X such that there exists a definable cover Xi of X such that pXi,OXiq

are basic definable analytic spaces.

Example 8.2. Yp2q and Y p2qdef are definable analytic spaces.

But be aware: for this definition to make sense, we need

pBasicDefAnSp{Cq full
ÝÝÑ plocally ringed definable topological spacesq.

This is “up to shrinking / covering ” (exercise).

Example 8.3.

p Algebraic schemes over C q

**

p´qdef
// pS-DefAnSp{Cq

vv

pAnSp{Cq.

where p Algebraic schemes over C q Ñ pS-DefAnSp{Cq is defined locally by

X “ SpecCrXis{pfjq ÞÑ V pfjq Ă Cn,

and pS-DefAnSp{Cq Ñ pAnSp{Cq by pX Ă U Ă Cnq ÞÑ pX Ă U Ă Cnq, where the
latter is now considered as an analytic space, forgetting the definable structure.
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Let X be a definable analytic space. There is a functor

p´qan : CohpXq Ñ CohpXanq, F ÞÑ OXan bOsh
X
F sh

where F sh stands for the sheafification of the sheaf F (which was only a sheaf in the
definable topology).

Example 8.4. If Ran Ă S, then OXan “ Osh
X so this is just sheafification in the analytic

topology.

Remark 8.5. Any F P CohpXq is locally finitely presented. Consider a local presenta-
tion

OnX
g
ÝÑ OmX Ñ FX Ñ 0.

This gives

OnXan
gan
ÝÝÑ OmXan Ñ F an Ñ 0,

since sheafification is exact and the tensor product right exact.

Theorem 8.6. The functor p´qan : CohpXq Ñ CohpXanq is exact and faithful.

Proof. Step 1: Show that the local rings OX,x are noetherian. We may assume X is
a basic analytic space pX Ă U Ă Cnq. Consider the sequence OU,x Ñ OX,x Ñ 0 and
reduce to OCn,x. It is enough to show that for all f P OCn,x, OCn,x {pfq is noetherian.
By definable Noether normalisation, replace f by a definable Weierstrass polynomial.
We get V pfq Ă U Ñ V and by definable Weierstrass division, OCn,x {pfq is finite over
OCn´1,y. By induction we are done.

Step 2: Use Artin-Rees, implying that if the stalks are noetherian, completion is exact.

Exercise: zOX,x – {OXan,x (hint: polynomials are definable so you get all power series).
Step 3: Exactness follows since completion in the definable category is exact, and this
computes the completion of analytifications.

Step 4: Prove that E
f
ÝÑ F in CohpXq such that Ean faN

ÝÝÑ F an is the zero morphism,
then f “ 0. By exactness, it is enough to show F “ 0 if F an “ 0. Consider a cover of X
with presentations

OnX Ñ OmX Ñ F Ñ 0.

If F an “ 0, at every x P Xan, then OnXan
gan
ÝÝÑ OmXan has a section if and only if one of

the minors of gan is nonzero. Let Xi be the open cover where the i1th minor is nonzero.
This is a definable cover, and at this cover, OnXi

Ñ OmXi
has a section. Because this is a

rational function in the entries of g, this is a definable section.

Corollary 8.7.

pBasicDefAnSp{Cq ãÑ plocally ringed definable topological spaces{Cq.
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Proof. Consider two basic definable analytic spaces pX Ă U Ă Cnq and pY Ă V Ă Cmq.
Suppose we are given a morphism

f : pX,OXq Ñ pY ,OY q

in the category of locally ringed definable topological spaces. This consists of a morphism
f : |X| Ñ |Y | of definable topological spaces, and a morphism f# : f´1OY Ñ OX of
sheaves rings on X. By pulling back the coordinate functions of V , we get a definable
holomorphic map g : U Ñ V , such that g´1IY Ă IX . This gives a map

g : pX Ă U Ă Cnq Ñ pY Ă V Ă Cmq.

What we now need to show, is that f# “ g# : g´1OY Ñ OX . On completions, this is
true, because by pulling back they send the coordinate functions to the same holomorphic
equations, and the coordinate functions generate the completions. Therefore, f# and g#

agree on completions, as they agree on coordinate functions. By faithfulness, because a
section of OX is determined by its value in zOX,x for all x, it follows that f# “ g#.

Corollary 8.8. Let E Ă F in CohpXq. If s P F pXq such that san
x P EXan,x for all x P X,

then s P EpXq.

Exercise: Show that SupppF q Ă X, the support of F P CohpXq, is a definable closed
analytic subspace, cut out by the minors of a presentation. Furthermore, show that

1. ISupppF q “ AnnpF q

2. x R |SupppF q| ðñ Fx “ 0

3. SupppF anq “ SupppF qan.

8.2 Increasing sequences of coherent subsheaves

Theorem 8.9 (Definable noetherian induction). Let X be a definable analytic space.
Let F P CohpXq. Every increasing sequence

. . . F1 Ă F2 Ă F3 Ă . . .

of coherent subsheaves stabilises.

Corollary 8.10. Any decreasing chain of closed definable analytic subspaces stabilises.

Proof. Consider ideals.

Example 8.11. This is false in the analytic category. Consider ZN “ tn P N : n ě
Nu Ă C. Then Z1 Ą Z2 Ą . . . does not stabilise.
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Proof. (of Theorem 8.9). Since definable covers are finite, this is a local statement:
assume pX Ă U Ă Cnq. Assume OnX Ñ OmX Ñ F Ñ 0, and OmU Ñ OmX . By pulling back
the sequence, reduce to OnU . By pushing forward and pulling back, we can reduce to the
case F “ OU for an open definable subset U Ă Cn, and a sequence of ideals

I1 Ă I2 Ă . . . Ă OU .

We may assume there exists 0 ‰ f P I1, and we will quotient out by f to prove by
induction. This gives us

I1{pfq Ă I2{pfq Ă . . . Ă OY
where Y “ V pfq Ă U Ñ V , with π : Y Ñ V the projection which we may assume to be
finite by Lemma 7.14. Because π˚ is exact, π˚OY is ONV by Weierstrass division [...], so
reduce to ONV , and use the induction hypothesis.

8.3 Reduced spaces

In the analytic category, for V pIq “ X Ă U Ă Cn, we have X red “ V pIradq. The stalks
of OCn are noetherian, and the radical is finitely generated. In the definable category,
it is not clear if the radical of a coherent ideal is coherent.

Definition 8.12. Let X be a definable analytic space. Then Y Ă X is a closed definable
analytic subspace if one of the two following equivalent conditions holds:

1. Y Ă X is a closed reduced subspace which is a definable analytic space,

2. Y Ă Xan is a closed reduced analytic set, which is definable.

One implication is clear, we prove that 2 implies 1.

Proposition 8.13. Let U Ă Cn be open and definable. Let X Ă Uan be a closed,
reduced, analytic subset which is definable. Let I Ă OU be the ideal of definable
holomorphic functions which vanish on X . Then I is coherent, and analytifies to IX .

Corollary 8.14. Let X be a definable analytic space. Then there exists a subspace
Xred Ă X which is a definable analytic subspace such that pXredqan “ pXanqred.

Proof. Consider Xred :“ V pIXq Ă X Ă U Ă Cn.

Definition 8.15. We say that a definable analytic space X is reduced if Xred “ X.

Corollary 8.16. Let X be a definable analytic space. There is a bijection between the
closed reduced definable analytic subsets Y Ă X and the reduced and closed analytic
subsets Y Ă Xan such that |Y| Ă |X| is definable.

Corollary 8.17. Let X and Y be reduced definable analytic spaces. Then

HomDefAnSppX,Y q – HomAnSppX
an, Y anq.
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Proof. Consider the graph.

Proof. (of Proposition 8.13). The key of this proof lies in the fact that it is enough to
produce a coherent idea J Ă OU with J Ă I which analytically cuts out X .
If there is some open U 1 Ă U with a function f P IpU 1qzJpU 1q then J Ă J 1 Ă I, with
J 1 “ J ` pfq, and Jan “ pJ 1qan. By faithfulness, J “ J 1 “ J ` pfq, hence f P J ,
contradiction, so I|U 1 “ J |U 1 .
By Lemma 7.14 we may assume we are in the following situation:

X

finite
��

// U

��

// Cn

��

V // Cd,

where d “ dimpX q. Let X0 be the (non-étale locus of π)red. The non-étale locus is
cut out by finitely many polynomials which makes it definable, hence this is a closed
definable analytic subset. By induction X0 “ Xan

0 is a closed definable analytic subspace.
Let Y “ πpX0q. Proceed as in Lecture 1:

V zY Ñ SymN CN´d

where N is the generic degree of the map π. We can pull back and get a definable
holomorphic function which cuts out X zπ´1pY q. Therefore, we have a coherent ideal
J 1 on U cutting out X zπ´1pY q. By induction, IX0 is coherent, and we can take J “
IX0 ` J

1.

Corollary 8.18 (Definable Nullstellensatz). Let X be a definable analytic space. Then
there exists an n P N such that In

Xred “ 0.

Example 8.19. This is not true in the analytic category. Consider Zn, the nth order
neighbourhood of an element x P C, and Z “

Ť

Zn.

Proof. We go local, where it holds in the analytic category. Let E Ă E1 a subsheaf. Then
SupppEq Ă SupppE1q. Therefore, SupppIkredq is decreasing. Analytically, eventually it
contains a fixed point. By Theorem 8.9, SupppIn

Xredq “ H, which implies In
Xred “ 0.

Corollary 8.20. If X Ą Z then there exists a positive integer n such that In
Zred{X

Ă

IZ{X .

Remark 8.21. Consider the functors

pAlgSch{Cq def
ÝÝÑ pDefAnSp{Cq,

and for an algebraic scheme X over C:

CohpXq Ñ CohpXdefq, F ÞÑ OXdef bOsh
X
F sh.

Then OnX
g
ÝÑ OmX Ñ F in CohpXq gives rise to OnXdef

g
ÝÑ OmXdef Ñ F def in CohpXdefq.
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Theorem 8.22 (GAGA). For an algebraic scheme X over C, the functor p´qdef :
CohpXq Ñ CohpXdefq is fully faithful, exact, and closed under subobjects and quotients.

Corollary 8.23 (Definable Chow). For an algebraic scheme X over C, any closed de-
finable analytic subspace Y Ă Xdef is algebraic: we have Y “ Y def for Y in pAlgSch{Cq.

9 Benjamin Bakker: Definable analytic geometry, IV

9.1 Definable GAGA

Theorem 9.1 (Serre, Grothendieck). Let X be a proper algebraic scheme over C. Then

p´1qan : CohpXq
„
ÝÑ CohpXanq

is an equivalence of categories.

Remark 9.2. If X is not proper there are counterexamples:

1. p´1qan is not essentially surjective: let Y “ Graphpezq Ă CˆC˚ and consider OY
in CohpXanq.

2. p´1qan is not full: consider the morphism OC
¨ez
ÝÝÑ OC in CohpXanq.

Example 9.3. 1. Let X be a non-proper genus ě 1 curve. Then there are many
non-isomorphic line bundles. However, the all the analytified line bundles on Xan

are trivial.

2. Let X “ A2 zt0u. Now there are no non-trivial algebraic line bundles, but after
analytifying, there are many non-isomorphic ones.

Hidden behind these statements there are essential singularities causing problems.

By Yohan’s talk (see Section 12.2), quotients by closed étale equivalence relations exist
in DefAnSp{C. As such quotients do not exist in the category of schemes, we have to
turn to the category of algebraic spaces. We are thus in the following situation:

pAlgSch{Cq
p´qdef

((

// pAlgSp{Cq

p´qdefvv

pDefAnSp{Cq.

Let us assume all objects are separated.

Theorem 9.4. For an algebraic space X over C which is separated and of finite type
over C, the functor

p´1qdef : CohpXq Ñ CohpXdefq

is fully faithful, exact, and the essential image is closed under subobjects and quotients.
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Example 9.5. Let E Ă F def be a coherent subsheaf of a coherent sheaf F def that is the
definabilization of a coherent sheaf F on the algebraic space X. Then E “ Edef for a
coherent sheaf E on X.

Corollary 9.6 (Definable Chow`). Let Z Ă Xdef be a definable analytic subspace.
Then Z “ Zdef for an algebraic subspace Z Ă X.

Proof. Consider the sequence Odef
X Ñ OZ Ñ 0.

Example 9.7. The functor p´1qdef in Theorem 9.4 is not essentially surjective. Let
X “ Gm. Let Vλ be a rank 1 local system on Xan with monodromy α “ e2πiλ. We glue
these local systems on Gdef

m by identity maps and twists by α. This makes Lλ “ VλbOXdef

a definable line bundle. Then L “ Ldef if and only if L has a nowhere zero definable
section, that is, there exists a function

f : Gdef
m Ñ C˚

which is a multivalued definable holomorphic function with monodromy α. If we want
to make such a function, we set

f “ eλ log q`gpqqqn

which we can define on ∆˚ and extend to C˚.

Fact: Definable functions in Ran are polynomially bounded.

If S Ă Ran, and f “ qneλ log q, then this is not definable if λ R R; and if we restrict
to the ray q “ t P Rą0, then f “ tn`λ is not definable if λ R R. It is only definable for
S Ă Ralg and λ P Q.

Exercise: Show that X is a definable topological space. Show that there is a definable
cover tXiu such that each Xi is contractible. (Hint: use cell decomposition.)

Remark 9.8. 1. Proving the faithfulness and exactness in Theorem 9.4 is easy: this
amounts to observing that the functors CohpXq Ñ CohpXanq and CohpXdefq Ñ

CohpXanq are faithful and exact, hence the functor CohpXq Ñ CohpXdefq is so,
too.

2. The fulness claim follows from the subobject claim, for a map ϕ : Edef Ñ F def

between object in the essential image of p´1qdef is the same as giving a map

id‘ϕ : Edef ãÑ pE ‘ F qdef.

3. The subobject claim is true if and only if the quotient claim is true: consider a
sequence

0 Ñ E Ñ F def Ñ G Ñ 0.
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Proof. (of Theorem 9.4, Bakker, Brunebarbe, Tsimerman). Let X be a separated finite
type algebraic space over C. Let us prove the subobject claim: assume the existence of
an exact sequence

0 Ñ E Ñ F def Ñ G Ñ 0 (1)

in CohpXdefq.

Exercise / Step 1: Reduce to the case that X is reduced: show that, for X 1 Ă X cut out

by I2
X 1{X “ 0, Theorem 9.4 for X 1 implies Theorem 9.4 for X.

Assume X is reduced. Step 2: If E ,F ,G in 1 are vector bundles, then E “ Edef. Proof:

we have ApEq Ă ApF qdef, where ApEq is the total space of E , and the inclusion is as closed
analytic definable subspaces. By Theorem 9.6, ApEq is algebraic. But if the total space of
a coherent sheaf is algebraic, this implies that the sheaf is algebraic. Therefore, E “ Edef.

Step 3: For an affine Zariski open H ‰ U Ă X, the sheaf E |Udef is algebraic. That

is, E |Udef Ă pF |U q
def is algebraic. Proof: We are in the situation of Step 2 on the comple-

ment of a definable analytic subspace Z Ă Xdef cut out by some minors of presentation
matrices. Now Z red Ă Xdef has a definable structure, and therefore is algebraic by
Theorem 9.6, i.e. Z def “ Z 1def. Take U “ XzZ 1.

Step 4: Use induction.

Exercise: We can assume E |Udef “ pF |U q
def, and by looking at sequence 1 we see that G

is supported on a strictly smaller definable analytic subspace Z “ SupppGq Ă Xdef. So
sequence (1) extends to a diagram

0 // E // F def // G // 0

F def{IZ F
def.

OO
(2)

Now Z is not algebraic, however, by Theorem 9.6, Z red “ Zdef
0 is algebraic. By Corol-

lary 8.18 we have InZ Ď IZ (the nilpotents are bounded). Hence diagram (2) extends to
a diagram

0 // E // F def //

����

G // 0

F {IZ redF def // //

66 66

F def{IZ F
def

OO

pF {IZ redF qdef.

(3)
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9.2 Definable images

Recall Definable Chow` (Theorem 9.6), with slogan ‘definable subspaces of algebraic
spaces are algebraic’.

Theorem 9.9 (Definable images). Suppose X is an algebraic space over C, let V be a
definable analytic space, and

ϕ : Xdef Ñ V

be a analytically proper morphism of definable analytic spaces. Then there exists a up
to isomorphism unique morphism gdef : Xdef Ñ Y def fitting in a commutative diagram

Xdef

gdef ##

ϕ
// V

Y def
. �
ι

==

where ι is a closed immersion and where g : X Ñ Y is a scheme theoretically surjec-
tive morphism of algebraic spaces, meaning that it is surjective on points and that the
sequence 0 Ñ OY Ñ g˚OX is exact.

Proof. Assume X is reduced and irreducible. The image of ϕ exists analytically (Rem-
mert), and it exists in the definable analytic category. Assume ϕ is surjective, so that
Y “ V. We need to algebrise ϕ : Xdef Ñ Y.

Step 1: Reduce to ϕ being a modification (note that ϕ is proper so the fibers are proper

analytic subspaces of X). Let Hilb0pXq be the compact subscheme of HilbpXq containing
a general fiber of ϕ. We obtain the diagram

pZHq
def

{{ ��

Xdef
0

��

� � // Xdef

��

Hdef pHilb0pXqqdef

spUq

��

spUq
?�

OO

_?
oo

Y0
� � // Y U ,_?oo

where spUq is closed in an open definable analytic subset of pHilb0pXqqdef, for U Ă Y a
Zariski open in pDefAnSp{Cq on which ϕ is flat.

Now ψ is definable analytic, and has the same image as ϕ. Therefore, it is enough
to algebrise ψ. Then Y is algebraic, and so by Theorem 9.6, ϕ is algebraic.
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Step 2: Induction. We have the reduced exceptional locus W def Ă Xdef ϕ
ÝÑ Y, and

the map W def Ñ Y factors through W def gdef
ÝÝÑ Zdef, of which the image is definable by

induction.

Theorem 9.10 (Artin). ϕ is algebraic if and only if yXW “W
ϕ̄
ÝÑ Z “ xYZ is algebraic,

i.e.. if and only if all the ϕn : Wn Ñ Zm for Wn and Zm the n-th (resp. m-th) order
neighborhoods are algebraic.

One shows that the ϕn are algebraic by algebrising. Zm is a non-reduced space, with
reduced space Z. Use Theorem 9.6.

9.3 Applications

Theorem 9.11. Let X be a reduced algebraic space over C, and let

ϕ : Xan Ñ GpZqzD

be a period map associated to a Z-polarised variation of Hodge structures. Then there
is uniquely (up to isomorphism) a factorisation

Xan

gan
""

ϕ
// GpZqzD

Y an,
, �

ι
::

where ι is a closed immersion and 0 Ñ OY Ñ g˚OX is exact. Moreover, Y is quasi-
projective.

Remark 9.12. 1. Theorem 9.11 was conjectured by Griffiths in 1969, and it was
proved by him in the case X is proper. Also, some special cases were known, due
to Sommese.

2. There is a natural line bundle L on GpZqzD defined as L “ bi detF i. For curvature
reasons, one expects this to be ample.

3. It is not strictly necessary to assume X is reduced, but in case one does not, one
needs to assume ϕ is definable.

Proof. The first part of Theorem 9.11 will follow from Theorem 9.9 together with the
definability of period maps (see...). As soon as we embed the period map into a proper
period map, which can be done as Griffiths has shown.

Corollary 9.13 (Borel-Algebraicity-Theorem). Suppose X is an algebraic space with a
quasi finite period map, i.e. ϕ : X Ñ GpZqzD having finite fibers (for example, consider
the local Torelli map for an irreducible variety X). Suppose Z is a reduced algebraic

space. Any period map pZan ψ
ÝÑ Xanq is algebraic.
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Proof. We obtain the diagram

Xan // GpZqzD

Zan.

ψ

OO ::

Now ψ is definable as all period maps are, therefore algebraic by Theorem 9.6.

Corollary 9.14. Let Z be a reduced algebraic space. Any analytic family of polarised
Calabi-Yau manifolds over Zan is algebraic.

Corollary 9.15. Suppose X is a reduced separated Deligne-Mumford stack with a
quasi-finite period map. Then its coarse moduli space is algebraic.
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10 Yohan Brunebarbe: Applications to Hodge theory, I

10.1 Intro: What is Hodge theory?

Let X be a smooth projective variety over C. Let k ě 0, and HkpX,Zq be the singular
integral cohomology group of degree k. This has a polarizable Z-Hodge structure.
There will be a functor: (geometric objects) Ñ (linear algebra data).
Useful: - for 1. to study many moduli spaces of algebraic varieties (e.g. abelian varieties,
curves, K3-surfaces, ...), and - for 2. the study of algebraic cycles on X. This is related to
the Hodge conjecture. Loosely formulated: can we understand the existence of algebraic
cycles on X in terms of linear algebra data?
A big drawback: of the theory is that the classifying spaces for Hodge structures are in
general not algebraic. But they turn out to be definable in Ralg, and the period maps
are definable (in Ran,exp).
Goals:

1. ‘reprove’ algebraicity of Hodge loci

2. ‘algebraicity’ of period maps (algebraic in some sense).

10.2 Recollections from Hodge theory

Definition 10.1. Let H be a finite Z-module. A Hodge structure on H is a decompo-
sition into complex vector spaces

HC :“ H bZ C “
à

Hp,q

satisfying Hpq “ Hqp.

We write hpq “ dimHpq, these are called Hodge numbers. We say that the hodge
structure is pure of weight n if hpq “ 0 for p ` q ‰ n. If H is a Z-Hodge structure of
weight n, then it is determined by its Hodge filtration F p “ ‘rěpH

r,s. Note that

Hpq “ F p X F q.

Conversely, a descending filtration F ‚ on HC is a Z-Hodge structure of weight n if and
only if it satisfies F p ‘ Fn´p`1 “ HC for all p. Let us proceed to the main example.

Theorem 10.2. [Hodge, 40’s] Let X be a smooth projective variety over C. Then for
any k ě 0, the singular cohomology in degree k HkpX,Zq is equipped with a canonical
pure Hodge structure of weight k, and this is functorial with respect to algebraic maps.

Proof. We have HkpX,Cq “ Hk
dRpX,Cq. By Hodge theory, these classes are in linear bi-

jection with classes of harmonic forms, and so we can use the decomposition of Harmonic
forms in terms of type.

There is an alternative proof using holomorphic Poincare
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Lemma 10.3. For a complex manifold X, and the constant sheaf C on X, the following
complex defines a resolution of C:

0 Ñ CXan Ñ OXan Ñ ΩXan Ñ . . .Ñ Ωn
Xan Ñ 0

Proof. (of Theorem 10.2). By Lemma 10.3, we have HkpXan,Cq “ HpXan,Ω‚dR,Xanq.
We also have F pΩ‚ “ p0 Ñ 0 Ñ . . . Ñ Ωp Ñ . . . q. This induces a filtration F p on Ω‚,
and hence a filtration on HkpXan,Ω‚q:

F pHkpXan,Ω‚q “ ImpHkpF pΩ‚q Ñ HkpX,Ω‚qq.

By Hodge theory, we get the same as via the Hodge filtration on HkpX,Cq. By Hodge
theory, the corresponding spectral sequence

Ep,q1 “ HqpXan,Ωp
Xanq ùñ HkpX,Cq

degenerates at E1, and this degeneracy implies the Hodge structure.

GrpFH
kpX,Cq “ HqpX,Ωpq – Hp,q.

In fact, HkpXan,Ω‚Xanq “ HkpX,Ω‚q (GAGA) .

Definition 10.4. Suppose HZ carries weight n Hodge structure, and let qZ be a p´1qn-
symmetric bilinear form (symmetric if n is even, skewsymmetric otherwise) on HZ.

1. The Weil operator C P EndpHRq is the real endomorphism acting by multiplication
by ip,q on Hpq. (This commutes with complex conjugation, so is defined over R
indeed).

2. The Hodge form is a hermitian form h on HC defined by hpu, vq “ qCpC ¨ v, v̄q¿

3. We say: the Hodge structure on HZ is polarised by q if h is positive definite and
the Hodge decomposition is h-orthogonal.

If pHZ,‘H
pqq is poarised by qZ, then the Hodge filtration F ‚ is qC-isotropic.: pF pqK “

Fn`1´p.

Example 10.5. Let X be a smooth be a smooth projective variety. Consider X Ă

PN pCq. There is a hyperplane class µ “ rH|Xs P H
2pX,Zq (which is c1pOp1qq|Xq. Then

define
L : H ipX,Zq Ñ H i`2pX,Zq, α ÞÑ µ^ α.

For k ď dimpXq, we get a map

HkpX,Zq Ln´k

ÝÝÝÑ H2n´kpX,Zq.

Theorem 10.6 (Lefschetz). If one replaces Z with Q, this map becomes an isomor-
phism.
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Denote Hk
primpX,Zq :“ KerpLn´k`1q Ď HkpX,Zq. We have µ P H2pX,ZqXH1,1. There-

fore, the wedge by µ is a morphism of Hodge structures. This implies that Ln´k`1 is
a morphism of Hodge structures, and so the kernel Hk

primpX,Zq has a Hodge structure.
The Lefschetz decomposition then says that

HkpX,Qq “ biě0L
iHk´2i

prim pX,Qq.

There is a bilinear form Hk
primpX,Zq ˆ Hk

primpX,Zq Ñ Z “ H2 dimpXqpX,Zq sending

pα, βq ÞÑ p´1qkpk´1q{2µn´k ^ α ^ β. Claim: this is a well-defined bilinear form, and
defines a polarisation on Hk

primpX,Zq.

Remark 10.7. If HZ carries a pure Hodge structure, then HblZ , SymlpHZq,
ŹlHZ in-

herit a pure Hodge structure. The same is true for polarised Hodge structures. This
implies that the category of Z- or Q-Hodge structures is an abelian category with tensor
products. The category of Q-Hodge structures whose homogeneous component admit a
polarisation, is moreover semi-simple.

10.3 Hodge structures in weight one

The functor

(Complex toriCg {Z2gq Ñ pweight ´1 Hodge structure with decomposition types p´1, 0q and p0,´1qq

defined by X ÞÑ H1pX,Zq is an equivalence of categories. If you restrict this two abelian
varieties, you get (abelian varieties) – (polarisable weight ´1 Hodge structures with
type p´1, 0q and p0,´1q). Proof: exercise. Every weight ´1 polarisable Hodge structure
comes from geometry! This is not true in higher dimensions.

10.4 Classifying spaces

(“ quotients of period domains)
Fix an integer n. Let H be a Z module of finite type, and q a p´1qn-symmetric bilinear
form on H, let hp,q be a collection of nonnegative integers such that hpq “ hqp and
(hpq ‰ 0 ùñ p` q “ nq and dimHC “

ř

hpq.

The associated period domain:

D̂ Ą D “ t Hodge structures of weight n on H polarised by q and with dimHpq “ hpqu

where

D̂ “ t filtrations on HC, qC-isotropic, and such that dimpF pq “
ÿ

rěp

hr,s .u

The condition of being qC-isotropic is a closed condition, therefore D̂ Ă
ś

Grass is a
closed analytic subvariety. If G “ AutpH, qq (this is an algebraic subgroup of GLpHq
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defined over Q), then GpCq acts transitively on D̂, via g ¨ F p “ gpF pq. So this gives an
action of the Lie group GpCq, hence D̂ is in fact a complex manifold.
Now D is an open subset of D̂ in the Hausdorff topology, which is a smooth projective
manifold, hence D is a complex manifold.

Note that GpRq acts transitively on D, and GpCq on D̂. We get that

tF ‚u P D “ GpRqzKF ‚ Ă GpCqzBF ‚ “ D̂

where KF ‚ “ StabF ‚ “compact subgroup of GpRq.

NowGpZq Ă GpCq andGpZq acts properly discontinuously onD. The stabilizerGpZqXK
is discreet and compact, thus finite. We get a map

GpZq XD Ñ GpZqzD

where the latter is a normal complex analytic space (no fixed points ùñ manifold).

10.5 Period maps

Consier a smooth projective morphism X Ñ S, for complex manifolds X and S, and let
s P S. We get a diagram

PN ˆS

##
X

;;

// S

XS

OO

// s.

OO

Let n ě 0. Locally on S, for every s P S, there is an isomorphism pHn
primpXs,Zq, qq –

pH, qq where H is a Z-module of finite type, and q a p´1qn-symmetric bilinear form on
H. This gives, for each s P S, a q-polarised Hodge structure of weight n on H. We
obtain a map

S
π
ÝÑ GpZqzD

s ÞÑ rHn
primpXs,Zqs{iso.

(Alternatively, go to the universal cover of S first, and define the morphism from there).

Theorem 10.8 (Griffiths). The map π is locally liftable and holomorphic.

D

��

S

;;

π // GpZqzD

(Remark that this is true if and only if the Hodge filtration on pH, qq varies holomorphi-
cally.)
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Theorem 10.9 (Griffiths). The map π is a horizontal map, i.e. its differential takes
values in the horizontal tangent bundle of GpZqzD.

Define GC “ LiepGpCqq “ tx P EndpHCq : qpxv, µq ` qpµ, xvq “ 0@v, µ P HCu Ă

EndpHCq. Then for all tF ‚u P D̂, we get an induced filtration on GC:

F pGC “ tx P GC : xpF kHCq Ă F k`pHC @ku.

At tF ‚u P D̂, we have

TD̂|tF ‚u “ GC{bC p quotient by stabiliser, bC “ F ‚GC q.

This implies that
F´1{F 0 “ H Ă TD̂ “ GC{F

0.

Exercise: Consider a period domain D Ă D̂ for which H Ĺ TD̂. Prove that ‘most’
elements in D do not come from geometry (i.e., cannot be obtained as the primitive
cohomology of a smooth projective variety over C).
Exercise: Consider the following example: Z2, with weight 1, Hodge structures on Z2.
Show that (open unit disc) “: ∆ “ D Ă D̂ “ P1.

11 Yohan Brunebarbe: Applications to Hodge theory, II

Problem: Let X Ñ S be a smooth projective morphism of varieties. Fix s P S, and
Zs Ă Xs a closed algebraic subvariety. Question: Can we deform Zs for t P S close to s?

11.1 Hodge Conjecture

Definition 11.1. A Hodge class of degree 2k in X is an element α P H2kpX,QqXHk,k.
Denote Hdg2kpXq “ H2kpX,Qq XHk,k.

Lemma 11.2. Let α P H2kpX,Qq. Then α P Hdg2kpXq if and only if α P F kH2kpX,Cq.

Proof. Hk,k “ F k X F k, as α has rational coefficients, it is stabilised by complex conju-
gation.

Remark 11.3. Let Z Ĺ X a closed irreducible subvariety of complex dimension k.
To Z, one can associate a Hodge class as follows: take Z̃ Ñ Z a desingularization.
The composite of algebraic maps pZ̃ Ñ Z Ñ Xq defines a morphism of Q or Z
Hodge structures: H2n´2kpX,Qq Ñ H2n´2kpZ̃,Qq “ Q. In this way we get an ele-
ment of HompH2n´2kpX,Qq,Qq – H2kpX,Qq (Poincaré duality), which we denote by
rZs P Hdg2kpXq (indeed, this element lands in Hk,k because the Hodge decomposition
is functorial).

Conjecture 11.4 (Hodge, 1950). Hodge classes on X are linear combinations with
rational coefficients of classes rZs of algebraic cycles Z Ă X.

Remark 11.5. Hodge asked this with Z-coefficients, but this is false. Atiyah and
Hirzebruch proved there exists torsion classes that are of even degree, but not algebraic.
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11.2 Kollár counterexamples

LetX Ă P4 be a hyperplane of degree d. ThenH4pX,Zq “ Z ¨α. For h “ rHyperplane|Xs P
H2pX,Zq, we have ă h, α ą“ 1, but by Poincaré duality, this is false. Observe that
d ¨ α “ h2 (since both have intersection number d with h), hence d ¨ α is algebraic.

Theorem 11.6 (Kollár). Let p be a prime different from 2 and 3. Let d P Zě1 such that
p3|d. Then, for very general hypersurface of degree d in P4, the class α is not algebraic.

Theorem 11.7 (Soulé-Voisin). The locus where α is algebraic is a dense countable
union of proper algebraic subsets of the parameter space.

Note that 11.7 indeed implies that for a general hypersurface, the class of α is not alge-
braic, because the complement cannot be the entire space by Baire’s category theorem
(a topological argument).

11.3 Hodge classes in families

Let X Ñ S be a smooth projective morphism.

Lemma 11.8 (Ehresmann). Any proper submersive surjective map between smooth
manifolds is locally on the base a fibration. That is, let 0 P S and let 0 P U Ă S be a
small open ball around 0 P S. Write X0 “ X0. Then there exists a C8 diffeomorphism
X |U

„
ÝÑ X0 ˆ U over U .

Because U is contractible, we have, for any s P U , canonical isomorphisms

HkpXs,Zq – HkpXU ,Zq – HkpX0,Zq.

Let α P Hdg2kpX0,Zq. Question: what is the locus Uα Ă U for which α remains Hodge?

Lemma 11.9. Uα is a closed analytic subset of U .

Proof. For all t P U , we have αt P Hdg2kpXtq if and only if αt P F k if and only if
rαts “ 0 P H2kpXt,Cq. So Uα is the vanishing locus of a section of a holomorphic vector
bundle (corresponding to the local system R2kf˚C with f : X Ñ S), and therefore an
analytic subset.

In particular, the germ of Uα at s has a finite number of (analytic) irreducible com-
ponents. The Hodge conjecture predicts that these are irreducible components of the
germ of an algebraic subvariety of S. To sketch why, note that every point of s P S
parameterises a closed subvariety of X via the Hilbert scheme: with X Ñ S we get
HilbX {S

ϕ
ÝÑ S, and HilbX {S is a countable union of subvarieties of finite type over S. As

Uα “ Impϕq, this proves what we want.

Theorem 11.10 (Cattani-Deligne-Kaplan, 1995). The germ Uα at s is ‘algebraic’ (that
is, algebraic is some sense).
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Definition 11.11. The Locus of Hodge Classes (LHC) is the subset of the total space
H of the sheaf R2kf˚QbOS , where

H “ tps, αq P S ˆ
ď

sPS

H2kpXs,Cq : s P S, α P H2kpXs,Cqu,

consisting of pairs ps, αsq P H: such that αs P Hdg2kpXsq.

It can be shown that LHC is a countable union of subvarieties of H.

Theorem 11.12 (Cattani-Deligne-Kaplan). The connected components of the locus of
Hodge classes are closed algebraic subsets.

11.4 Mumford-Tate groups

Let H be a Q-Hodge structure, pure of weight n. Then the group GLpHq Ñ SpecQ acts
on

T a,b :“ Hba b pH_qbb,

where T a,b has an induced Hodge structure. Denote T :“ ‘a,bT
a,b, which is a bigraded

Q-algebra. We have Hdg‚,‚ Ă T ‚,‚, a bigraded subalgebra.

Definition 11.13. The Mumford-Tate group MT pHq of H is the subgroup of GLpHq
of elements that fixes the Hodge classes.

By definition, MT pHq is an algebraic subgroup of GLpHq over Q.

Theorem 11.14. 1. The elements of T a,b (with coefficients in Q) that are fixed by
MT pHq are exactly the Hodge classes - that is, there are no other elements fixed
by MT pHq than the Hodge classes.

2. The Q-subvector spaces of T a,b stabilised by MT pHq are exactly the sub Q-Hodge
structures. (Exercise!)

Theorem 11.15. • The algebraic group MT pHq is connected.

• If H admits a polarisation q, then MT pHq Ă AutpH, qq, and MT pHq is a reductive
algebraic group.

Theorem 11.16. MT pHq can be realised as the fixator of a well-chosen Hodge class
(which is not in H).

Consider HC “ ‘p`q“nH
p,q. Define an action of C˚ on HC as following: z ¨ v “ zp´qv,

for z P C˚ and v P Hp,q. This gives a map

h : C˚ Ñ GLpHCq.

Let M “ smallest subgroup of GLpHq defined over Q such that hpC˚q ĂMpCq.
Claim 1: M verifies the conclusion of Theorem 11.14 and Theorem 11.15. Proof. An
element t P T a,b “ ‘Lr,sr`s“npa´bq is fixed by C˚ if and only if t P Lr,r.

Take t P T a,b fixed by M . In particular, it is fixed by C˚, hence it is a Hodge class.
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Proof. (of Theorem 11.15). True because C˚ is connected.

The category of polarised Hodge structures is semi-simple, hence abelian and every ob-
ject is a finite direct sum of simple objects (a simple object is an object for which there
are precisely two quotient objects, namely the initial object and the object itself). We
have M Ă GLpHq faithfully.

Claim 2: M “MT pHq.

Theorem 11.17 (Chevalley). Let V be a finite dimensional C-vector space. Any sub-
group of GLpV q can be realised as the stabiliser of a line in T ‚,‚ (tensor algebra).

Apply Theorem 11.17 to M , then M “ StabpLq for a line L defined over Q. Then M
must be a sub-Hodge structure. Necessarily, L “ Qpuq. In fact, M “ Fixptq for all
t P Lzt0u. Therefore, t is a Hodge class.

Conclusion: Since M fixes Hodge classes, H ‰M ĂMT pHq. Conversely, M “ Fixptq Ą
MT pHq for a Hodge class t. We conclude that M “MT pHq.

12 Yohan Brunebarbe: Applications to Hodge theory, III

12.1 Noether-Lefschetz loci

Let D be a period domain associated to pH, qq.

Definition 12.1. For any ϕ P D, its Noether-Lefschetz locus is

NLpϕq “ tϕ1 P D : Hdg‚,‚ϕ1 Ě Hdg‚,‚ϕ u “ tϕ
1 P D : MTpϕ1q Ď MTpϕqu.

Remark 12.2. For ϕ P D, NLpϕq is the intersection with D of an algebraic subvariety
Ô. Indeed, there exists an element v P T a,b such that MTpϕq “ Fixpvq, therefore

NLpϕq “ tϕ1 P D : v is Hodge at ϕ1u “ D X tϕ P D̂ : v P FmT a,bu.

Here FmT a,b is the middle piece of the Hodge filtration.

Remark 12.3. Let tviu be a collection of elements in T ‚,‚ (with coefficients in Q), and
L Ă GLpHq the fixator if these classes. Then the locus where the classes tviu are Hodge
is equal to

NLpLq :“ tϕ1 P D : MTpϕ1q Ă Lu.

Then NLpϕq “ NLpMTpϕqq.

Lemma 12.4. Let L Ă GLpHq be a Q-algebraic subgroup. Then any irreducible com-
ponent NLpLq0 of NLpLq is an irreducible component of NLpϕq for every very general ϕ
in NLpLq0.
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Proposition 12.5. For every ϕ P D with MTpϕq “M , NLpϕq “MpRq¨ϕ. In particular,

NLpϕq –MpRq{MpRq X V Ă GpRq{V “ D

is a homogeneous complex manifold.

Recall that D “ H{V where H “ GpRq` for some Q-group G.

Proof. We have MpRq ¨ ϕ Ă NLpϕq. Indeed, since MpRq preserves the Hodge classes at
ϕ, we have

Hdg‚,‚pm ¨ ϕq Ě Hdg‚,‚pϕq @m PMpRq.

Theorem 12.6. Let S be a smooth algebraic complex variety, and S Ñ GpZqzD a
period map (i.e. locally liftable, holomorphic, horizontal, but not necessarily coming
from geometry). Then the preimage of any Mumford-Tate subvariety of GpZqzD is
algebraic.

Definition 12.7. Given a period domain D, a Mumford-Tate subdomain D1 Ă D is any
subvariety of the form

NLpϕq “MpRq{pV XMpRqq

for some ϕ P D. A Mumford-Tate subvariety of GpZqzD is the image by D Ñ GpZqzD
of a Mumford-Tate subdomain.

A Mumford-Tate subvariety of GpZqzD is then any analytic subvariety of GpZqzD of the
form

MpZqzD1 –MpZqzMpRq{pV XMpRqq.

Recall that M Ă G “ AutpH, qq Ă GLpHq.

Proof. (of Theorem 12.6, by Bakker-Klingler-Tsimerman). Assuming S is compact,
the proof is easy: it is a consequence of Theorem 6.1 using that the period map is
holomorphic, and that Mumford-Tate subvarieties are closed subvarieties of GpZqzD. In
general, the strategy of Bakker-Klingler-Tsimerman consists of endowing GpZqzD with
a functorial Ralg structure: Mumford-Tate subvarieties are definable. Then one proves
that period maps are definable in Ran,exp. One concludes by using Theorem 6.3.

Theorem 12.8. For any (connected) linear semisimple Q-group, any (torsion-free)
arithmetic lattice Γ Ă GpQq, and any connected compact subgroup M Ă GpRq, the
arithmetic quotient

ΓzGpRq{M

admits a functorial structure of an Ralg definable manifold.

Definition 12.9. A subgroup Γ Ă GpQq is arithmetic if it is commensurable to GpQqX
GLpn,Zq for some embedding G Ă GLpn, q{Q.
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In the case of quotients of period domains by arithmetic groups (GpZqzD) or, more gen-
erally, a Mumford-Tate subvariety, this structure underlies a definable analytic structure.

Theorem 12.10 (Bakker-Klingler-Tsimerman). Let S be an algebraic variety. Then
period maps

Sdef Ñ ΓzD

are definable in Ran,exp.

12.2 Definable quotient spaces

Consider the category of definable topological spaces, with morphims the continuous and
definable maps. We shall restrict ourselves to the definable topological spaces X where
the diagonal ∆X Ă X ˆX is closed, i.e. which are Hausdorff as a topological space. If
X Ď Rn we call it an affine definable topological space.

Let X be a definable topological space, and let R Ă X ˆ X be a closed equivalence
relation that is definable.

Does there exist a quotient X{R, and in which sense?

Definition 12.11. Let X be a definable topological space, and let R Ă X ˆ X be a
closed equivalence relation which is definable. A categorical quotient of X by R is a
morphism X Ñ Y which is constant on equivalence classes and such that any morphism
X Ñ Z that is constant on equivalence classes factorises uniquely through X Ñ Y .

Definition 12.12. Let X be a definable topological space, and let R Ă X ˆ X be a
closed equivalence relation which is definable. A geometric quotient of X by R is a
surjective morphism p : X Ñ Y where Y has the quotient topology such that the fibers
of p are exactly the equivalence classes.

Remark 12.13. A geometric quotient of X by R is also a categorical quotient of X by
R (exercise). In particular, it is unique if it exists (up to unique isomorphism).

Theorem 12.14 (Brumfiel, Van den Dries). Let X be a definable topological space,
and let R Ă X ˆX be a closed equivalence relation which is definable. If R is definably
proper over X, then the geometric quotient exists. Moreover, if X is affine, then X{R
is affine.

Definition 12.15. A morphism f : X Ñ Y is called definably proper if for any definably
compact subset K Ă Y , f´1pKq is compact.

Definition 12.16. A closed definable equivalence relation R Ă X ˆ X is definably
proper if the morphism pr1 : R Ñ X is, which is equivalent to pr2 being definably
proper.
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12.3 Application

Corollary 12.17. Let M be a compact real algebraic group equipped with a continuous
and semialgebraic action on a semialgebraic space X. Then the orbit space X{M admits
a canonical structure of a semialgebraic space. Moreover, the canonical map X Ñ X{M
is semialgebraic.

Proof. We have
X{G “ X{R

where

R “ tpx, xmq : x P X,m PMu Ă X ˆX, Gp{RRq{M, M Ă GpRq.

Lemma 12.18. Any compact subgroup of GLpn,Rq is equal to LpRq for L Ă GLpn, q
an R-algebraic subgroup.

Example 12.19. Consider SLp2,Qq. We have Up1q Ă SLp2,Rq, an action of SL2pZq on
H, and a diagram

SLp2,Rq{Up1q – // H

��

F_?oo

��

SL2pZqzH “ SL2pZq2zF

(where “SL2pZq” stands for the equivalence relation obtained from the action by SL2pZq
on F ).

12.4 Closed étale equivalence relations

Theorem 12.20. For R Ă XˆX a definable and closed equivalence relation, such that
pr1 (or pr2) is étale, the geometric quotient of X by R exists.

Proof. There exists finitely many open definable subsets Ui of X: restrict to

RX pUi ˆ Uiq “ ∆i.

Remark that the Ui meet every equivalence class.

13 Yohan Brunebarbe: Applications to Hodge theory, IV

13.1 Definable structures on quotients of period domains

Recall: G Ă GLn is a semi-simple Q-algebraic group, M Ă GpRq a compact subgroup,
and

Γ Ă GpZq “ GpQq XGLpn,Zq
a torsion-free, finite index subgroup. In Section 12 we have seen that X “ GpRq{M has
a canonical structure of an Ralg definable space, for the action of GpRq is definable.
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Remark 13.1. When X “ D is a period domain, you can recover this semi-algebraic
structure as follows: we have an action of GpRq on D Ă D̂ and an action of GpCq
on D̂, which is a smooth projective variety. You can then recover D as the orbit of a
semialgebraic action, therefore semialgebraic.

Definition 13.2. A fundamental set for the action of Γ on X is an open definable subset
F Ă X such that

1. Γ ¨ F “ X

2. StabpF q “ tγ P Γ : γF X F ‰ Hu is finite.

Proposition 13.3. There exists a unique definable structure on ΓzX such that the map
F Ñ ΓzX is definable.

Proof. Let R Ă X ˆX be the equivalence relation associated to the action of Γ on X,
that is,

R “ tpx, γxq : x P X, γ P Γu.

Then, as a topological space,

Γ zX “ Γ zΓ ¨ F “ RF zF,

where RF “ R X F ˆ F . The equivalence relation RF on the product F ˆ F is closed,
étale and analytically definable. We have

RF “
ğ

γPStabpF q

tpx, γxq : x P F, γx P F u,

which shows RF is definable, because each tpx, γxq : x P F, γx P F u is definable, and it
is a finite disjoint union. Therefore Γ zX obtains a definable structure from the equality
Γ zX “ RF zF .

Remark 13.4. 1. The definable structure on Γ zX depends on the choice of F .

2. Two fundamental sets F and F 1 define the same structure on Γ zF if and only if
F is contained in a finite union of translates of F 1.

3. The map F Ñ Γ zX admits locally on the base some continuous definable section.
Therefore, giving a morphism from a definable space Y to Γ zX is equivalent to
giving a finite definable cover Y “ YYi and morphisms Yi Ñ F such that the
induced maps Yi Ñ RF zF “ Γ zX coincide on overlaps.

4. This construction is compatible with the complex structure.
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13.2 Specify the fundamental sets

1. Consider GLpn,Zq zGLpn,Rq{Opnq. Fact:

GLpn,Rq “ t

¨

˚

˚

˚

˝

1 ˚ ¨ ¨ ¨ ˚

0 1 ¨ ¨ ¨ ˚
...

...
. . .

...
0 0 ¨ ¨ ¨ 1

˛

‹

‹

‹

‚

¨

˚

˚

˚

˝

a1 0 ¨ ¨ ¨ 0
0 a2 ¨ ¨ ¨ 0
...

...
. . .

...
0 0 ¨ ¨ ¨ an

˛

‹

‹

‹

‚

u ¨Opnq

Let FA,B Ă GLpn,Rq be the subset of matrices such that |‹| ă B and ai{ai`1 ą A.

Theorem 13.5 (Minkowski). The set FA,B is a fundamental set for the action
of GLpn,Zq or GLpn,Rq, when A ă 1 and B ą 1. A forteriori, its image in
GLpn,Rq{Opnq is a fundamental set for the action of GLpn,Zq.

2. We proceed to the general case of a subgroup G Ă GLn. We have M Ă GpRq Ă
GLpn,Rq and M Ă g´1Opnqg Ă GLpn,Rq for some g P GLpn,Rq, and these
inclusions commute. The map

Γ ýGpRq{M p
ÝÑ GLpn,Rq{Opnq ýGLpn,Zq

is an equivariant continuous definable map.

Proposition 13.6. One obtains a fundamental set for the action of Γ on GpRq{M
by taking the union of γp´1pFA,Bq for finitely many γ P GpZq.

Remark 13.7. a) One can prove that fundamental sets obtained from different
embeddings G Ă GLn give the same quotient structure.

b) Consider the case of a period domain D “ GpRq{V ,

GpRq{V – D Ñ t positive definite quadratic forms on HRu – GLpn,Rq{Opnq,

ϕ ÞÑ qpCpϕq, q “ hpϕ, q|HR .

Therefore, lifting a period map S Ñ Γ zD is equivalent to finding a flat basis
of the corresponding Z-local system in which the Hodge is Minkowski-reduced.

13.3 Structures on quotients of period domains

Now we have seen how to put a definable structure on quotients of period domains, we
proceed to the following theorem.

Theorem 13.8 (Bakker-Klingler-Tsimerman). Let S be a smooth algebraic variety, and

π : San Ñ Γ zD

a period map, with Γ Ă GpZq torsion free of finite index. If one equips San and Γ zD
with the Ran,exp-structure coming from the canonical Ralg-structure, then π is Ran,exp-
definable.
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Proof. (in Ran,exp). Let S̄ Ą S be a log smooth compactification: this is a smooth com-
pactifiaction such that S̄ zS is a normal crossing divisor. Let S̄ “ YVi be a finite open
cover such that pVi, ViXSq is biholomorphic to p∆n, p∆˚qrˆp∆˚qn´rq. We need to prove
that π is definable in restriction to Vi X S.

Assume for simplicity that r “ n. Let

S “ tx` iy P H : ´
1

2
ă x ă

1

2
u.

Then S n is a fundamental set of Hn for p : Hn Ñ p∆˚qn defined by z ÞÑ expp2πizq. We
obtain the diagram

S n π̃ //

p

��

D

��

p∆˚qn
π // Γ zD.

It is sufficient to prove that the composition S n Ñ Γ zD is definable.

By Borel’s Monodromy Theorem, the monodromy is quasi-unipotent. By going to a
finite étale cover of p∆˚qn, one can assume that it is unipotent, so that Ti “ exppNiq

with Ni nilpotent.

Proposition 13.9. The map π̃ : S n Ñ D is definable.

Proof. Recall the following theorem.

Theorem 13.10 (Schmid Nilpotent Orbit Theorem). If V “ pH,∇, F ‚, qq is a polarised
variation of Hodge structures on p∆˚qn with unipotent monodromies, then the Hodge
filtration F ‚ extends to ∆n as a filtration by sub vector bundles in the Deligne extension
of pH,∇q.

In coordinates, we have

π̃pzq “ expp
n
ÿ

j“1

zjNjq ¨ ψpppzqq,

with p : ∆n Ñ D̂ holomorphic and definable. Therefore, π̃ is definable. We need to
prove that the induced map S n Ñ Γ zD is definable.

Theorem 13.11 (Bakker-Klingler-Tsimerman). There exist finitely many γ P GpZq
such that π̃pS nq is contained in γ ¨ F , where F is a fundamental set.

Equivalently, up to refining S n by a finite cover, there exists a flat basis of the underlying
Z-local system which is Minkowski-reduced. In dimension 1, this is due to Schmid (1973).
In dimension n, we omit the proof because of a lack of time.
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Remark 13.12. Not all quotients of period domains are algebraic. In fact, most quo-
tients of period domains are not algebraic.

Let D “ GpRq{V be a period domain. Assume that GpRq is not of hermitian type.

Theorem 13.13 (Griffiths, Robles, Toledo). Any quotient of the form ΓzGpRq{V such
that Γ Ă GpZq is of finite index, cannot be equipped with an algebraic structure.

In fact, it is not possible to compactify the quotient ΓzGpRq{V by a compact Kähler
manifold.

Proof. We have
Γ ýGpRq zV p

ÝÑ GpRq{K ýΓ,

where GpRq{V “ D Ă D̂, K Ą V a maximal compact in GpRq (V Ă K Ă GpRq),
GpRq{K the associated symmetric space. Note that the fibers p´1paq – K{V are smooth
projective varieties. This map p lands in D̂, and therefore induces a cycle on D̂. This
gives a point in the Hilbert scheme. In fact, D̂ is the real part of a component of the
Hilbert scheme. One can show that there exists a family Zv of complex subvarieties of
D, parameterised by a Stein manifold U , which are all deformations of fibers of p. In
fact, U Ď Hilb contains G{K as a totally real submanifold.

Theorem 13.14 (Griffiths, Robles, Toledo). Any two points in D are joined by a finite
chain of Z 1vs (which are smooth subvarieties and Fano manifolds).

If Γ zD “ Xan, with X smooth algebraic, then in particular X is rationally connected.
So Xan is necessarily simply connected. By Shafarevich morphism (Kaplan, Kollár),
rationally connected implies simply connected. But then p is a fibration whose codomain
is contractible. As the fibers and the target are simply connected, the total space must
be simply connected, which is a contradiction.
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14 Exercises

1. Show that a totally ordered ring that admits an o-minimal structure expanding it
is a real closed field.

2. Show that C˚0 and Gdef
m are not isomorphic definable topological spaces in Ralg.

3. Prove that id : C˚a Ñ C˚b is not definable, and that thus there exist no biholomor-
phic definable map between them.

4. Consider the polarised Hodge structures arising from elliptic curves. What is the
underlying Z-module and polarisation? What D Ă D̂ in this case? The Hodge
form?

5. Take a period domain D Ă
ś

Grass such that TxD Ĺ TD (example?). Prove that
most elements of D are not isomorphic to the polarised Hodge structure of the
(primitive) cohomology of a smooth projective variety.

6. Let X Ñ S a smooth projective morphism of algebraic varieties over C. Let D be
the period domain and π : S Ñ GpZqzD be the holomorphic horizontal period map
(horizontal means that the image of the tangent space at every point is contained
in the tangent space of the flag manifold). Prove that πpSq has no interior points.

7. Calculate the Mumford-Tate group of question 4.

8. For z P H, show that

h “
1

y

ˆ

1 ´x
´x |z|2

˙

where z “ x` iy.

9. Calculate G “ AutpH, qq, show that GpCq “ SL2pCq ý̂D and SL2pRq ýD “ H,
and confirm that the latter action coincides with the usual action of SL2pRq on H.

10. Let X be a compact complex manifold. Show that there is a unique Ran definable
analytic space X such that Xan “ X .

11. Let X Ă X be a log smooth compact complex manifold (this is the complement of
a log smooth divisor). Use punctured polydiscs to make an Ran definable analytic
space structure on X that is not coming from X .

12. Prove that a geometric quotient is a categorical quotient.

13. Let D be the period domain associated to pH, qq. Let L be an algebraic subgroup
of GLpHq. Prove that for a very general element ϕ of NLpLq, the irreducible
component of NLpLq at ϕ is equal to MTpϕqpRq0 ¨ ϕ “ NLpϕq0.

14. Show that there is an equivalence of categories

pElliptic curves E Q 0q Ø p weight ´1 Hodge structures on Z2 : h´1,0 “ h0,´1 “ 1q.
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15. Consider the inclusion of D “ H in D̂ “ PpHCq, where GpRq “ SL2pRq acts on H
and GpCq “ SLp2,Cq acts on PpHCq. What is the quotient generic Mumford-Tate
group?

16. When is it generic and when not? Use the fact that the only reductive Q-subgroups
of SL2 are the 1-dimensional connected ones.
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