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Problem 1 :

1. Show that a group homomrphism f is injective if and only if ker(f) = {1}.

Solution:Let us first show that if f ∶ G → H is injective then ker(f) = {1}. Recall
that ker(f) = f−1(1) = {g ∈ G ∶ f(g) = 1}. Since f is a homomorphism, f(1) = 1.
Now let us assume that f(g) = 1 = f(1). Since f is injective, g = 1 and therefore
ker(f) = {g ∈ G ∶ f(g) = 1} = {1}.
Conversely, let us assume that ker(f) = {1}. Pick any g, h ∈ G such that f(g) = g(h).
It follows that f(g ⋅ h−1) = f(g) ⋅ f(h)−1 = 1 and hence that g ⋅ h−1 ∈ ker(f) = {1}.
Since g ⋅ h−1 = 1, we must have g = h.

2. Define what a k-cycle in Sn is.

Solution:Apermutationσ ∈ Sn is ak-cycle if there existsa1, . . . , ak ∈ {1, . . . , n}distinct
such that for all i ∈ {1, . . . , k − 1}, σ(ai) = σ(ai + 1), σ(ak) = σ(a1) and for all x ∈
{1, . . . , n} ∖ {a1, . . . , ak}, σ(x) = x.
Equivalently, we can say that there are distinct elements ai for all i ∈ Z/kZ such that
σ(ai) = σ(ai+1) and σ fixes all the other elements of {1, . . . , n}.

3. Show that two disjoint cycles commute.

Solution:Let σ, τ ∈ Sn be two disjoint cycles. We have σ = (a1 . . . ak) and τ = (b1 . . . bl)
where ai, bj ∈ {1, . . . , n} are all distinct. For all i ∈ Z/kZ, we have τ(σ(ai)) = τ(ai+1) =
ai+1 and σ(τ(ai)) = σ(ai) = ai+1. Similarly, for all j ∈ Z/lZ, we have τ(σ(bj)) =
τ(bj) = bj+1 = σ(bj+1) = σ(τ(bj)). Finally, if x is neither ai or bj , then τ(σ(x)) =
τ(x) = x = σ(x) = sigma(τ(x)).
It follows that τ ○ σ = σ ○ τ .

Problem 2 :
LetG be a group whose only subgroups are {1} andG. Show thatG is isomorphic to {1} or
Z/pZ for some prime p.

Solution: If G = {1}, then it is isomorphic to the trivial group. If not, let x ∈ G not be the
identity. We have {1} < ⟨x⟩ ⩽ G. By hypothesis onG it follows thatG is cyclic.
If cardx = ∞, then {1} < ⟨x2⟩ < G, contradicting our hypothesis on G. So ∣x∣ = n < ∞
and G ≃ Z/nZ. There remains to show that n is prime. Since G = ⟨x⟩, for all k∣n, there is a
subgroupH ⩽ G of order k. By hypothesis onG, we must haveH = {1} orH = G, i.e. k = 1
or k = n. So the only divisors of n are 1 and itself (and n ≠ 1 since {1} < G) and n is prime.

Problem 3 :
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1. Let A = {1, s, r2, sr2} ⊂D8, compute CD8(A) andND8(A).

Solution:We have s1s−1 = 1, sr2s−1 = r−2 = r2, sss−1 = s and ssr2s−1 = sr−2 = sr2

so s ∈ CD8(A). Similarly, r21r−2 = 1, r2r2r−2 = r2, r2sr−2 = r4s = s and r2sr2r−2 =
sr−2 = sr2 so r2 ∈ CD8(A). Since CD8(A) ⩽D8, all the products of s and r2 are also in
CD8(A) and thusA ⊆ CD8 .

Now rsr−1 = sr2 ≠ s so r ∉ A, since CD8(A) ⩽ D8, we cannot have r3 = rr2, sr and
sr3 = sr2r in CD8(A) either. So CD8(A) = A.
We have s ∈ CD8(A) ⊆ ND8(A). Moreover, r1r−1 = 1 ∈ A, rsr−1 = sr2 ∈ A, rr2r−1 =
r2 ∈ A and rsr2r−1 = sr0 = s ∈ A, so r ∈ ND8(A). Because ND8(A) ⩽ D8 contains r
and s which generateD8, we haveND8(A) =D8.

2. Show that Z(D2n) = {1} if n is odd.

We have risrjr−1 = sr−2i+j = srj if and only if −2i + j = j mod n, since ∣r∣ = n.
This implies that n divides 2i and since n is odd, n divides i. So the only power of r
commuting with an element of the form srj is rkn = 1. Since every element of D8 is
either of the form ri or of the form sri, it follows that the only element ofD2n which
commutes with every other element is 1. So Z(D2n) = {1}.

Problem 4 :
LetG be a group. For all g ∈ G, we define fg ∶ G→ G by fg(x) ∶= g ⋅ x ⋅ g−1.

1. Show that fg is a group automorphism.

Solution:Pick x, y ∈ G. We have fg(x)⋅fg(y) = g ⋅x⋅g−1 ⋅g ⋅y ⋅g−1 = g ⋅x⋅y ⋅g−1 = fg(x⋅y).
So fg is a group homomorphisme.

We have fg−1(fg(x)) = g−1 ⋅g ⋅x ⋅g−1 ⋅g = x and fg(fg−1(x)) = g ⋅g−1 ⋅x ⋅g ⋅g−1 = x so fg
and fg−1 are inverse functions and fg is bijective. So fg is a bijective homomorphism
fromG to itself, i.e. an automorphism.

One can also check injectiveity and surjectivity directly. If fg(x) = g ⋅x ⋅g−1 = g ⋅y ⋅g−1 =
fg(y), then, multiplying on the left by g−1 and on the right by g, we get that x = y. And
since fg(g−1 ⋅ x ⋅ g) = g ⋅ g−1 ⋅ x ⋅ g ⋅ g−1 = x, fg is surjective.

2. Show that θ ∶ g ↦ fg is a group homomorphism fromG intoAut(G).

Solution:Pick g, h ∈ G. Wewant to show that θ(g ⋅h) = fg⋅h = fg ○fh = θ(g)○θ(h). Pick
x ∈ G, we have fg⋅h(x) = g ⋅h ⋅x ⋅(g ⋅h)−1 = g ⋅h ⋅x ⋅h−1 ⋅g−1 = g ⋅fh(x) ⋅g−1 = fg(fh(x)).
We do have fg⋅h = fg ○ fh.

3. Show that ker(θ) = Z(G)

Solution:We have that g ∈ ker(θ) if and only if θ(g) = fg = id, i.e. for all x ∈ G,
g ⋅ x ⋅ g1 = fg(x) = x. So ker(θ) = {g ∈ G ∶ ∀x ∈ G,g ⋅ x ⋅ g1 = x} = Z(G).
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