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� To do a later question in a problem, you can always assume a previous question

even if you have not answered it.

� I am aware that this is long. I don't expect you to do everything.

� There are 2 class material questions (in Problem1) and 3 independent problems.

You don't have to do them in any particular order.

� These exams will be scanned, so using a pen and writing clearly will make it much

easier for me to grade your exams.

Problem 1 :

To answer those questions, you are not allowed to use results we proved in class, only

the de�nitions.

1. Let f � G � H be a bijective group homomorphism. Show that f�1 � H � G is a

group homomorphism.

2. Let R be a principal ideal domain and I b R be prime. Show that I is maximal.

Problem 2 :

Let G be a group of order 8.

1. Assume G is Abelian. Show that G � Z~8Z or G � Z~4Z � Z~2Z or G � Z~2Z �

Z~2Z �Z~2Z.

2. Assume that G is not Abelian. Show that SZ�G�S � 2.

3. Assume that G is not Abelian and let x > G be order 4. Show that `xe9Z�G� x �1�
and hence x2 > Z�G�.

4. Assume that G is not Abelian. Let x > G be order 4 and y > G � `xe be order 2.
Show that xy � yx�1.

5. Assume that G is not Abelian and that there exists x > G of order 4 and y > G� `xe
of order 2. Show that G � D8.

Problem 3 :

Let X be some set and R � RX with coordinatewise addition and multiplication � i.e.

�f � g��x� � f�x� � g�x� and �f � g��x� � f�x� � g�x�. We admit that R is a ring under

these operations.

1. Let f > R. Show that the following are equivalent:

a) there exists a >X such that f�a� � 0;

b) f is a zero divisor;

c) f is not a unit.

2. Let f1, . . . , fn > R. Assume that for all a >X, there exists i D n such that fi�a� x 0.
Show that PiDn f

2
i > R�. Conclude that �f1, . . . , fn� � R.

3. For all a >X, de�ne Ia �� �f > R � f�a� � 0�. Show that Ia is a maximal ideal of R.
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4. Let I b R be a �nitely generated maximal ideal. Show that there exists a >X such

that I � Ia.

Problem 4 :

Let F be a �eld, F it algebraic closure and P > F �X� be a non-constant polynomial.

Assume that P only has simple root in F .

1. Show that if Q > F �X� is such that Q2 divides P , then Q is a constant polynomial.

2. Show that there exist k > ZA0 and �nite extensions Ki of F , for i � 1 . . . k such that

F �X�~�P � is isomorphic to Lk
i�1 Fi.

3. Show that F �X�~�P � is isomorphic to L
deg�P �
i�1 F .


