Silvain Rideau silvain.rideau@berkeley.edu
1091 Evans www.normalesup.org/ srideau/en/teaching

Solutions to homework 3
Due September 18th

Problem 1 :
Let G be a finite group and n = |G|.

1. For any a € G, let f,(x) = a-z. Show that a — f, is an injective group homomor-
phism from G into Sg.

Solution: We have first to check that f, : G — G is a bijection. Because G is finite,
it suffices to check it is an injection (but this map will also be a bijection when G
is not finite). Assume a-z =a-y, then x = y and hence f, is injective.

So ¢ :a+— f, is a map from G into Sg. We have to check that it is an injective
homomorphism. Let a, b € G and x € G, then fu,(z) = abz = f, o f(x). So the
maps fqp and f, o fp(z) are equal and ¢ is a homomorphism.

Let us now show it is injective. Assume that f, =id, then f,(1)=a-1=a=1, so
ker(y) = {1} and ¢ is injective.

2. Show that every finite group is isomorphic to a subgroup of Sz_,,.

Solution: We have just shown that G is isomorphic to a subgroup of Sg which is
itself isomorphic to S|g). To conclude, is suffices to show that S, is isomorphic to
a subgroup of Sy (and take n = |G|). Let 0 :S,, > Sy be the map that send o € S,
to the bijection of Sy that fixes every x > n and acts as o on {0,...,n—1}. Let
cand 7€ S, and x eN. If 2 2 n, 0(co7)(x) =2 =0(c)0ob(7)(x) and if z < n,
O(cor)(x)=0(7(x))=0(c)ob(7)(x), so # is an homomorphism. The kernel of 6
is easily seen to be {id} and hence 6 is a monomorphism.

Problem 2 :
Let G be a finite group and ¢ € Aut(G). Assume that for all x € G, o(z) = = implies

x =1 and that 0% = 1 (in this equation, the product and identity are considered in the
group Aut(G)).

1. Show that the map f:G — G defined by f(z) = 2710 (z) is a bijection.

Solution: Let us first show that f is injective. If z, y € G are such that 2~ o (z) =

f(z) = f(y) = y'o(y), then ya™" = o(y)o(z)™" = o(ya™). By hypothesis, it
follows that yz ™' = 1, i.e. & =y. Moreover, since G is finite, any injection of G into
itself is a surjection, so f is a bijection.

2. Show that for all 2 € G, o(z) = z7L.

Solution: Pick y € G. By the previous question, y = f(z) = 7 'o(z) for some
reG. Soo(y)=c(zto(x))=0c(x) o?(z) =o(x) ta= (27 o(x)) =y L.

3. Show that G is Abelian.

Solution: Since ¢ is a group automorphism and o(z) = z7!, for all z, y € G, we
have zy = o(a o(y ™) =o(a ly™!) = (a7 ly )" = ya.



Problem 3 :
If G is an Abelian group, let tor(G) := {x € G : |z| < 0o}. It is called the torsion group of

G. For all n € Zsg, let Z, :={e"n" :keZ} cC. Let Z:=U, Z,

1. Show that tor(G) < G

Solution: Pick any a € tor(G). Then |a™!| = |a| = n < 00 s0 a € tor(G). Let us now
also pick c € tor(G). Let m :=|c|, then, because G is Abelian, (ac)™" = a™" ™" =1,
s0 |ac| < oo.

2. Show that tor(C*) = Z.

Solution: Firstly, (621%)” = (e2™F =1,50 Z ¢ tor((C*). Conversely, let a =
re?®™ ¢ C, where r € Ry and « € R, be such that a” = 1 for some n. Then 7" =1

2ikm

sor=1landnf=keZso 0= k . It follows that a =e™» € Z

3. Pick some k dividing n. Show that the only subgroup of Z,, of order k is Zj.

2T

Solution: Note that Z ={(em):keZ}=(e 2sz> is cyclic. Moreover (e%)k =1
if and only if n|k so |e | =n =|Z,|. By the results proved in class about cyclic
groups, there is a unique subgroup of order kln in Z,,. This group is ((eQZTW)%) =

2im

((ex)) =
But since the problem was asked before we knew what cyclic groups were, let us
also prove it by hand. Let us first prove that if k|n, then Z < Z,,. Indeed, if n = ki,

then for all m € Z, eQiZm = eZiTﬂ € Z,. Now, let H < Z, have order k. Assume
2ilm
x:=en €H and let d = ged(l,n). There exists u,v,ng € Z such that ul +vn = d
2dulm 2i(d-vn)m 2idm 2im

and n =dng. Then z¥=¢ » =e~ = e n -e?WT=eno € H.

24l
Let Iy € Z>20 be minimal such that e = ¢ H ?nd ly divides n—this minimum exists
because e n =1¢€ H. Then for all z:=e» € H, if [ = lgq +r with ¢, € Z and

2ilgm irT
0 <7 <lp, then z (e = )1 = et e H. By the above computation, if r # 0, and
d= gcd(r n) B € H, but d < r < ly, a contradiction. It follows that r = 0 and

H = {(e " )‘1 qel} = Zn Since k = |H| = |Zx| =, we are done.
0

4. Show that Z,, < Z,, if and only if n|m.

Solution: The statement that if n|m then Z, < Z,, is proved in the previous
24T
question. Let us prove, the converse Assume Z, < Z,,, then e » € Z,, so there
2ikm
exists k € Z such that en = e m". Tt follows that ¢2™(3~%) = 1 and hence l -k

m
[ € Z. Mulitplying by nm we obtam that m = n(k +1m), i.e. nlm.

Since we know that |Z,| = n, we can also conclude by Lagrange (when we’ll know
Lagrange).

5. Show that there does not exists aq,...,ax € Z such that Z = (a1, ..., ax)

Solution: Let us prove, first, that (Z, U Z,) = Ziem(mn). By Question4, Z,,
Zm € Ziem(mn) 80 (Zn U Zm) < Zlcm(m n)- Let d =ged(m,n). There exists u, veZ

2im M 2idn 2im

such that un +vm = d. Then (e n ) (em ) = mn = enm = elm(mn)

follows that Zjem(m,n) = (elcm(m M) < (Zp U Zy).

Let us now prove by induction on k that (ai,...,ax) = Z, for some n € Z.y. If
k=0,let a; = e”n" where ged(l,n) = 1. There exists u, v € Z such that ul +vn = 1.



2iulw 2i(1-vn)m 2i 2im 2ix

We have af =e » =e~ » =en. Soen €(ar). Since a; = (e’ )!, we also
have a; € (62177() =Zyp so {a;) = Zy.

Let us now this holds for k£ and pick a,...,ars1 € Z. By induction, we find n € Zq
such that (ai,...,ar) = Z,. By the case k = 1 case we also find m € Z such

that (ag41) = Zm. It is easy to check that (a1,...,ax+1) = (Zn U Zin) = Ziem(m,n)-
Indeed, any group containing {a; : 0 < ¢ < k+ 1} contains {a; : 0 < i < k} so it
contains (ai,...,ax) = Z,. It also contains (axy1) = Z,, so it contains (Z,, U Z,,).
Conversely, any group containing Z, U Z,, contains {a; : 0 < i < k+ 1} and hence
(al, ey ak+1).

So we have (ai,...,ar+1) = Zny for some m. To conclude it suffices to show that
Zm C Z. But e% € Z N\ Zp,. Otherwise we would have e% = e% for some k € Z.
That would imply that ﬁ - % =l € Z and hence m = (Im + k)(m +1). It would
follow that m + 1jm, a obvious contradiction since m > 0.

There is in fact a faster way of solving that question. The group Z is Abelian so

(a1,...,ar) = {I1; afi : k; € Z}. Since every a; has finite order, we have, in fact,

(a1, ar) = {[l;af" : 0 < k; < |ail} and so (a1, ax)| < IT;lail < 0o. But Z is
2im

infinite (indeed, by an argument similar to the one above, all the e » | for p prime,

are distinct). So we cannot have Z = (aq,...,ax).



