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Problem 1 (nilpotent elements and radical ideals) :
Let R be a unitary commutative ring. An element x € R is said to be nilpotent if there
exists n € Z.g such that 2™ = 0.

1. What are the nilpotent elements in Z/36Z?

Solution: We have 36 = 22 .32, Let 2 € Z, T is nilpotent in Z/367Z if for n big
enough 36[z™. So z™ is divisble by 2 and 3 and because 2 and 3 are prime, x itself
is divisible by 6. Conversely, if x is divisible by 6, 22 is divisible by 36 and 7 is

and 30.
2. Show that {x € R: x nilpotent} is an ideal. It is called the nilradical of R.

Solution: Let x, y € R be nilpotent and let n, m € Zso be such that 2" =0 = y™.

Then (z +y)™™ = Siyjemin () 2'y7. But if i + j = m +n and both 4, j > 0, then

either ¢ > m or j > n. It follows that 'y’ = 0 and (z +y)™™ =0, so x +y is
n, .n

nilpotent. Now pick a € R. (az)” = a™z™ = 0. It follows that the set of nilpotent
elements in R is an ideal.

3. Assume that x is nilpotent, show that 1 —x is a unit.

Solution: Let n € Zso be such that 2™ = 0. We have 1 =1-2" = (1 - z)(X7%' «¥)
so 1 —x is a unit in R.

4. Assume that x is nilpotent, show that for all u € R*, u + x is a unit.

Solution: Because the set of nilpotent elements is an ideal, —u~'z is nilpotent. By
the previous question 1+u™ 2 is a unit and hence so is u(1 +u™'z) = u + 2.

5. (Harder) Let S ¢ R~ {0} be closed under multiplication. Show that there exists a
prime ideal p € R such that pn S =g.

Solution: Adding it, we may assume that S contains 1. The ring Rg is not the
trivial ring (because 0 ¢ S) so there exists a maximal (and hence prime) ideal
q < Rg. Let p=qnR (where R is identified with a subring of Rg in the usual way).
Then p is a prime ideal (you can check it by hand or apply question 9 to ¢ and the
inclusion morphism R — Rg). Moreover, if x € pn S, then 2 € (Rg)* nq and q = Rg
contradicting the fact that it is a proper ideal. So pn S =g@.

6. Let = € R not be nilpotent. Show that there exists a prime ideal p € R such that
Tép.

Hint: Use the previous question!

Solution:Let S = {z" : n € Zg}, then S is closed under multiplication and does
not contain 0. So, by the previous question, there exist a prime ideal p € R such
that Snp=¢g. In particular, x ¢ p.
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Let N be the nilradical of R, show that

N= [ »

pCR prime

Solution:Let p € R be a prime ideal. Let us show by induction on n > 0 that
if x™ € p then x € p. If n = 1, this is obvious. Now assume it is true for n and
2™ = 22™ € p. Then, because p is prime, we either have 2 € p or 2" € p in which

case, by induction, x € p.

If follows that if n is nilpotent, 2™ = 0 € p for some n, so x € p. We have shown that
N ¢ p for all prime ideal p € R. Therefore, N € Nycr prime P- Conversely, let z not
be nilpotent. By the previous question, there exists a prime p € R such that = ¢ p,
SO T ¢ mpER prime P- So N = ﬂpgR prime P-

. Let I € R be an ideal. We define v/T := {z € R: 2" € for some n € Zyg}. Show that

VI < R is an ideal.

)m+n

Solution: Let x, y € R and n, m € Zso such that z", y™ € I. Then (z+y
Yitj=men (Z;J)xlyj. But if i + 7 = m +n and both 4, j > 0, then either i > m or

j»n. Tt follows that 2'y’ € I and (z +y)™™ €I, so x +y € v/I. Now pick a € R.
(ax)™ =a"z™ € I. Tt follows that VT is an ideal.

. Let f: R— S be a unitary ring homomorphism, p € .S be a prime ideal. Show that

f~Y(p) € R is a prime ideal.

Solution: We know that f~'(p) € R is an ideal. Because f is unitary, f(1) =1¢p
so f~Y(p) is a proper ideal. Let us show that it is prime. Let z, y € R be such that
ry € fH(p), i.e. f(zy) = f(x)f(y) € p. Because p is prime, it follows that either
f(z)ep (and z € f7'(p)) of f(y) ep (and ye f7'(p)).

Let I ¢ R be an ideal and 7 : R - R/I be the canonical projection. Let Njy < R/I
be its nilradical. Show that /T = 771 (N7).

Solution: We have z € /I if and only if 2™ € I for some I if and only if m(z)" =
m(z") = 2™ + I = I if and only if 7(z) € Ny if and only if z € 77 1(N;).

Let I € R be an ideal. Show that

Vi= N p
IcpeR
p prime

Solution: Let p € R be a prime ideal containing and x € R be such that 2" € I € p.
By the computation in question 7, we have x € p. There only remains to show
that if = ¢ v/T, there exists a prime ideal containing I that does not contain z. By
the previous question, 7(z) ¢ Ny. So, by question 7, there exists a prime q ¢ R/I
such that 7(z) ¢ q. Let p = 7 '(q). Then, by question 9, p is a prime ideal. Also,
I=n1(0)cri(q)=pand z ¢p.



