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� To do a later question, you can always assume a previous question.

� There are three problems (the third one is on the other side).

� I know this is long. I don't expect you to do everything. My guess is that people

doing between ten and twelve questions will get a top grade.

Fact 0.1:

In the following problems, we will be assuming that the following is true (you do NOT

have to prove it):

� For all prime p E 3 and k > ZE0, there exists n > Z such that gcd�n, p� � 1 and

�1 � p�p
k
� 1 � npk�1.

Problem 1 :

1. Let K be a �eld, F D K be its prime sub�eld and σ � K � K be a (unitary) ring

homomorphism. Show that for all x > F , σ�x� � x.

2. Assume that K is a characterietic p A 0 �eld. Show that x ( xp is an injective

(unitary) ring endomorphism of K.

3. Using the above, show Fermat's small theorem : for all x > Z and p > Z prime such

that gcd�p, x� � 1,xp�1 � 1 mod p.

Problem 2 :

1. Let G be an Abelian group and x, y > G be elements of order m and n respectively

such that gcd�m,n� � 1. Show that `x, ye is a cyclic group.

2. Let G be an Abelian group and let x > G have maximal order n in G, show that

the order of every element in G divides n.

3. Let K be a �eld. Show that there are at most n elements in K� whose order divides

n.

4. Let K be a �eld, G bK� a �nite subgroup. Show that G is cyclic.

5. Form now on, let p E 3 be prime. Let ϕ � �Z~pkZ�� � �Z~pZ�� be the map sending

x mod pk to x mod p. Show that it is a well de�ned group homomorphism whose

kernel is cyclic of order pk�1.

6. Show that �Z~pZ�� is cyclic of order p�1. Conclude that there exists x > �Z~pkZ��

of order p � 1.

7. Show that �Z~pkZ�� is cyclic of order pk�1�p � 1�.
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8. Let n > ZE1 be relatively prime to 2. Show that �Z~nZ�� is isomorphic to a product

of cyclic groups whose orders you shall specify.

Problem 3 :

First some de�nitions:

� An integral domain R is said to be local if it has a unique maximal ideal M.

� An integral domain R is said to be a discrete valuation ring if there exists π > R
such that every element in Frac�R� is of the form uπn where u > R� and n > Z.

1. Let R be a local principal ideal domain, show that any two irreducible elements

are associated.

2. Let R be a discrete valuation ring (and π be as in the de�nition of a discrete

valuation ring), show that every non zero ideal of R is of the form �πn� for some

n > ZE0.

3. Let R be an integral domain. Show that the following are equivalent:

(i) R is a local principal ideal domain;

(ii) R is a unique factorisation domain whose irreducibles are all associated;

(iii) R is a discrete valuation ring.

4. Let R be a local integral domain. Show that M � R �R�.

2


