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Problem 1 (Cyclic groups of order p2) :

1. Let G � `xe. The element xa generates G if and only if gcd�a, p2� � 1. The a >

�0, . . . p2 � 1� that are not coprime with p2 are exactly those divisble by p, so these
elements are 0, p, . . . , �p�1�p. There are p of those and all the other generateG. There
are p2 � p � p�p � 1� of those.

2. Let g > G be an element of order p2, then `ge is a cyclic subgroup of G of order p2.
Moreover, ifH andK are of order p2 and g >H9K has order p2, then `ge DH9K DH ,
K is a subgroup of order p2 � SH S � SK S and hence H � `ge � K . It follows that each
element of order p2 is in one and exactly one cyclic subgroup of order p2. Each of those
groups contain p�p�1� elements of order p2 by the previous question, son � p�p�1�m.

Problem 2 (Groups of order 2p) :

1. By Cauchy’s theorem, as 2 and p are two primes diving SGS � 2p, there exists a, b > G
such that SaS � 2 and SbS � p. Note that all the elementes in `ae except 1 have order 2
and that all the elementes in `be except 1 have order p. It follows that `ae9 `be � �1�. I
particular, if aibj � akbl, then ai�k � bl�j and hence ai�k � 1 � bl�j . It follows that i � k
mod 2 and j � l mod p, in particular the aibj for 0 D i @ 2 and 0 D j @ p are distinct.
There are 2p of them and thusG � �aibj � 0 D i @ 2 and 0 D j @ p� � `a, be.

2. The subgroup `be has index 2p~p � 2 inG and hence it is normal (we saw that in class).
So aba�1 � aba > `be.

In that cas it can actually be seen by hand quite easily. If aba � abj then a � bj�1, a
contradiction. So aba � bj >eb` for some j.

3. By the previous question, we have aba � bj for some j. Then b � a2ba2 � a�aba�a �

abja � �bj�j (because conjugation by a is a group homomorphism). If follows that
b � bj
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and hence j2�1 � 0 mod p, i.e. pSj2�1 � �j�1��j�1�. As p is prime, it follows

that pSj � 1 or pSj � 1 and hence j � 1 mod p or j � �1 mod p.

4. If aba � b then ab � ba�1 � ba. AsG is generated by a and b, it follows thatG is Abelian
(we have, by induction, aibjakbl � aiakbjbl � akblaibj ). Moreover �ab�k � akbk � 1 if
and only if ak � b�k and hence 2Sk and pSk so 2pSk. So SabS � 2p andG is cyclic of order
2p. It follows thatG � Z~2pZ.

Some of you also tried to construct an isomorphism directly, here is one that works:
ϕ�aibj� � ip � j2 mod 2p. It is well defined because �i � 2k�p � �j � pl�2 � ip �

j2 � �k � l�2p � ip � j2 mod 2p. It is now easily seen to be a group homomorphism:
ϕ�aibjakbl� � ϕ�aiakbjbl� � �i � k�p � �j � l�2 � ip � j2 � kp � l2 � ϕ�aibj� � ϕ�akbl�
mod 2p. Moreover it is injective because if ip � j2 � 0 mod 2p, then 2pSip � j2. In
particular 2Sip�j2 and thus 2Si and pSip�j2 and thus pSj, so ajbj � 1. As SGS � SZ~2pZS �
2p is finite, ϕ is an isomorphism.
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5. Let ϕ�aibj� � sirj where r > D2p is a rotation of order n and s is a symmetry. Then ϕ
is well defined because si�2krj�pl � si�s2�krj�rp�l � sirj . Moreover, ϕ is a homomor-
phism asϕ�aibjakbl� � ϕ�aiakb��1�

kjbl� � si�kr��1�
kj�l

� sirjskrl � ϕ�aibj��ϕ�akbl�.
Finally ϕ is a surjection because Im�ϕ� D D2n contains ϕ�a� � s and ϕ�b� � r which
generateD2p. As SGS � SD2pS � 2p, ϕ is an isomorhism.

I agree it is tempting to just say thatD2p and G are presented by the same generators
and relations and so are isomorphic, but we never actually proved that, so we have to
do it by hand... Also we have not really proved that G is presented this way, we only
proved that G has two generators with the right relations, but there could be more a
priori (except there are none for cardinality reasons, but one should show it).

2


