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Problem 1 :
1. Let f:G — H be a group homomorphism and Hy < H. Show that f~'(Hy) < G.

Solution: Recall that f~'(Hy) = {g € G: f(g) € Hy}. Since f(1) = 1 € Hy, it
follows that 1 € f~1(Hy). Moreover, for all =, y € f~'(Hy), we have f(z), f(y) € Hy
and f(xz-y™') = f(x)-f(y)~' € Hy too since Hy < H. It follows that z-y~' € f~1(Hp)
and hence that f~1(Hp) < G.

2. Define what a cyclic group is and give an example of a cyclic group of every order
(finite and infinite).

Solution: A group G is cyclic if there exist x € G such that G = {z" :n € Z}. The
group Z is cyclic of infinite order and for any n € Z.g, Z/nZ is cyclic of order n.

Problem 2 :
Let G be a group and z,y € G, we define [z,y] = z-y-2™ 1.y and [G] := {[z,y] : 2,y € G}.

1. Let f: G - H be a group homomorphism and assume H is Abelian. Show that
[G] cker(f).

Solution: Recall that ker(f) :={ge G : f(g) = 1}. We want to show that for all

@y € G, wehave f([z,y]) =1. But f([z,y]) = f(aya™'y™) = f(2) f(y) f(@) f(y) " =
f@)f(x) f(y)f(y)~! = 1. The third equality holds because H is Abelian.

2. Show that G is Abelian if and only if [G] = {1}.

Solution:If G is Abelian, then for all z, y € G, zyz~'y™' = za~lyy™t = 1. So
[G] < {1}. You can also see that by the previous question: [G] is included in the
kernel of the identity map which is {1}.

Conversely, if [G] = {1}, then for all z, y € G, zyz~'y~! = 1.Therefore zyz~' =y
and xy = yx.

3. Show that [Dy,] = {r? :i e Z}.
Solution: We have risris™t = 1215571 = 1215571 50 every element of the form r
is in C'(Day,). To conclude, we can now compute every possible [z, y] to check that
we only get 2. We have:
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(risk) (7“jesl)(7“i.sk)_1 (1"jsl)_1 = plghpiglghpiglymi
Tz’+(—1)kjsk+l—k—l7ﬂ(—1)*l(—i)—j
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Ifl=k=0 weget1=r>0 Ifl=k=1, weget 7209 If [ =0 and k = 1, we get
2 and if I =1 and k = 0, we get r%. Any of these elements is of the form 7% for
some % € Z.



Problem 3 :
Let n, m € Zsg be coprime, G be a group of order mn, a € G have order n and b € G have
order m.

1. Show that {a)n {b) = {1}.

Solution: Pick any z € (a)n(b). Then (x) < (a) and (z) < (b). By the classification
of subgroups of cyclic groups, |z| divides both |a| and |b]. Tt follows that it divides
ged(lal, b)) = 1. So |z| =1 and x = 1. Conversely, a® =1 =1 so 1 € {a) n (b).

2. For all i1, 49, j1 and js € Z, show that a’'b’t = a’2b’2 if and only if i; = i3 mod n
and j1 = jo mod m.

Solution:If a"b’* = a™2b2, then a2 = b/2771 ¢ (a) n (b) = {1}. So a2 =1 =
b2771. Since |a| = n and a"* = a2, it follows that i; = i mod n. Similarly j; = jo
mod n.

Conversely, if i1 = iy mod n and j; = jo mod m, then a’* = a2 and b = b2, so
a' bt = g2,

3. Show that every elements of G is of the form a’t’ for some i, j € Z.
Solution: Since G is a group, {a't’ :i € Z and j € Z} ¢ G. In particular, |{a’d’ :i €
Z and j € Z}| < |G| = mn. Moreover, by the previous question, for all 0 <i <n and

0<j <m, the a't’ are distinct. It follows that {a't’ i eZ and j e Z}| > mn = |G].
So {a'tV :ieZ and jeZ}| =mn and {a't :i€Z and jeZ} =G.



