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Problem 1 :
Recall that a universal sentence is a sentence of the form ∀x1 . . .∀xnφ where φ si quantifier
free. Let T be an L-theory and let T∀ = {φ ∶ T ⊧ φ and φ is a universal sentence}.

1. LetM ⊧ T∀. Show that the L(M)-theory∆(M) ∪ T is consistent
Hint: Recall that if T ⊧ φc1/x1,...,cn/xn

where the ci are constants that do not appear in
T , then T ⊧ ∀x1 . . .∀xnφ.

2. Show thatM ⊧ T∀ if and only if there existsN ⊧ T and an embedding f ∶M→ N .

3. Let T and T ′ be two theories, show that the following are equivalent:

a) T∀ ⊆ T ′∀;
b) Every model of T ′ can be embedded in a model of T .

4. Show that T is stable under substructure (i.e. if N ⊧ T and f ∶M → N is an embed-
ding, thenM ⊧ T ) if and only if T is equivalent to T∀.

Problem 2 :
Recall that an order (X,⩽) is said to be total if for all x, y ∈X , x ⩽ y or x ⩾ y.

1. Let (X,⩽) be a finite total order and (Y,⩽) be an infinite total order. Show thatX can
be embedded in Y .

2. Let L = {⩽} and T be a consistent L-theory containing the theory of infinite total
orders. Let (X,⩽) be a total order, show that∆(X) ∪ T is consistent.

3. Show that T∀ is equivalent to the theory of total orders.

1


