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Solutions to homework 10

Due December 1st

Problem 1 :

1. Let A = Az (x)z. There are eight A-terms that are reducts of (Az ((I)x)z) Az ((I)x)x:
o (\z((Dx)x) x ((I)x)x itself,
o (A)Az((I)x)z,
o (Az((I)z)x)A,
o (A)A,
o (DAz ((I)x)z)Azx ((I)x)z,
o (DA)z((1)z)z,
o (DAz((I)z)z)A,
e (I)A)A.

2. The sixteen reducts of ((W)I)W I are:
o (W))W itself,
o Ay ((Dy)y)(W)I,
o (A)(W)I,
o (A)y((Dy)y,
o (W)DAy ((1)y)y,
o (W)D)A,
o (M ((Dy)y)A,
o (A)A,
o Ay ((Dy)y)ry ((Dy)y,
o (H(W)DHWI,
o (DAy((Dy)y)(W)I,
o (AW,
o (DAY ((1)y)y,
o (W) y ((1)y)y,
o (HW)NA,
o (DAY ((Ny)y)A,
o (1)A)A,
o (DAY ((Dy)y)Ay (Dy)y.
And hopefully, I have not forgotten any.

Problem 2 :



. We have:

(m)NH(@)z —=p ((M)f)(Axtn)z
—g (M) [f)tn
B ()\xtm)tn
-3 (tm)tn/a}'

We now prove by induction on m that (tm)s, /2 = tmen- I m =0, (tm)e, /e = ta-
Otherwise (tm+1)t,/2 = (f)(tm)tnjz = (F)lman = tmatin.

. Let S=AnAfAx ((n)f)(f)z. We have:

(Sn =g Afrz((m)f)(f)z
-5 Az (Azty)t

=g AT (tn)t, /e
= AfAZtn.
In fact, S" = AnAfAx (f)((n)f)z also works.

. Let A= mAnAfaz ((m)f)((n)f)x. We have:

((Am)n - (AnAfrz ((m)f)((n)f)z)n
=g Afaz((m)f)((n)f)x
—>E AfAZ tan.

Note that A" = AmAn ((m)S)n also works.
. Let M = AmAnAf (m)(n)f. We have:

((M)ym)n =5 AnAf(m)(n)f
-5 Af(m)(n)f
-3 Af (m))\fv tn
=5 AT (tm)rzt,/f

Let us now show, by induction on m, that (tm)zt,/s =5 tmn. If m =0, then
(tm)xzt,/f = ® = to. Otherwise,

tms aetn)f = ((FDtm)rwtnyr = Artn)(Em) ety
—>E (Axtn)tmn
_)/B (tn)tnvn/x

tn+m-n

= t(m+1)-n'
Note that M = AmAn((m)(A)n)0 also works.
. Let E = mAnAfAzx (((m)n)f)z. We have:

(Bym)n =g AnAfde (((m)n)f)z
—g Az (((m)n)f)z
=5 M Az ((Az (tm)myp) e
=g AfAx (((tm)7/f) pfa) -

If m =0, ((to)a/f) /e = Tf/e = f and we have the expected result. If m > 1, we
show by induction on m that ((tm)nyf) /e =5 Axtem. I m =1,

((M)x) 12
(@) f
Ax ty,.

((t)m/f) f/a



Otherwise,
(EmsDasf) e = (D)) fla
= (M) (Em)mys) f/e
—>E) (ﬁ) AL tnm
_>ﬁ )\x (tn)AI tp,m /f
—>E) AT tn.nm
= )\x tnm+1 .

It follows that:
(B)ym)n =5 Az (Aztyme)z
=5 AfATt mer.

Note that E' = AmAn((m)(M)n)1 also works.

Problem 3 :

1. Let us prove by induction on n that {f: A— A,z: A} +t,: A holds. If n =0, then
to = x and

(Ax)

{f:A-Az:A}rx: A

Let us now assume that {f: A - A,z : A} + ¢, : A holds. We have the following
derivation:

Ax
(—E)

f:A-A-f:A- A {f:A—>A,x':A}|—tn:A
(Fids AaiAfr (s A

We can now conclude by the followind derivation:

{f:A—>A,m':A}i—tn:A
(9(;1) FiAs Aty A A
YN fAxt,: (A> A) > (A > A)

2. LetT'={z:A-> (B->C),y: A— B,z: A}. We have the following derivation:

AXI‘l—x:A—>(B—>C) Axm AXFI—y:A—>B Ax F'rF2z:A
(= (>£) ' (z)z:B->C (=5) '(y)z:B
(jl) [+ ((z)2)(y)z:C
(1) {r:A->(B->C)y:(A->B)}+Xz2((z)2)(y)z: (A= C)
(1) x:A-> (B->C)r Xy z((2)2)(y)z: (A—>B) > (A->C)

Az (2)2) ()7 : (A= (B~ 0)) ~ (A~ B) > (A~ C))

3. Let us prove that ((T)K)K + A — A holds for any A € T. First for any A and
B €T, we have the following derivation:

Ax {r:Ay:B}raz:A

E_)I% x:Ardyx:B—-> A
UK A> (B A)




We also have the following derivations:

T:(A—>((B—>A)—>A)):—>(A—>(B—>A))—>A—>A I—K:A—>((:B—>A)—>A)
- A

-
(=p) (YK + (A= (B> A)) S A

and

CTYK (Ao (Bo A) s Ao A wK:As(Bo A)
T (IE)K-A>A

(=E)



