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Midterm

October 12th and 13th

To do a later question in a problem, you can always assume a previous question even if
you have not answered it.

Problem 1 :
Let T be a theory with infinite models in a language £ with one sort. Assume that:

e T eliminates quantifiers;
e Forall AcM T, acl(A) = A.

e For all L-formula ¢(z,y), there exists k € Zs( such that for all M =T and a € MY,
if |o(M,a)| > k, then ¢(M,a) is infinite. We say that T" eliminates 3°.

Let M =T and let < be a total order on M. We say that < is generic if for all M-definable
infinite X € M and a <be Mu{+co,-oc0o}, XN (a,b) + &, where (a,b) is the open interval
between a and b.

1. Show that if T is strongly minimal and only has infinite models, then it eliminates
3.

2. Let M & T be infinite and < be a total order on M. Show that there exists N > M
with a generic order extending <.

3. Let L. be £ with a new binary symbol <. Show that there exists an L.-theory T.
such that models of 7. are exactly the models of T" where < is generic (with respect
to the L-structure of M).

4. Show that T. eliminates quantifiers.
5. Show that T is complete.

6. Let M £ Tc and A ¢ M. Show that acl(A) = A (here, the algebraic closure is
understood in M as an L.-structure).

7. Assume L is countable. Show that T. is w-categorical if and only if T is w-
categorical.

Problem 2 :
Let T be a theory, k > |L|, M £ T be k-saturated, and X ¢ M* be @-definable. Consider
the following statements.

(i) Any M-definable set Y ¢ X" is X-definable.

(ii) For all a € M?, there exists C' ¢ X such that |C| < & and for all b e M?, tp™ (a/C) =
tpM (b/C) implies tp™ (a/X) = tpM (b/ X).

(iii) For all a,be M?, tp™™(a/C) = tp™™(b/C) implies tp™ (a/X) = tpM (b/ X ), where
C =dcl®(a) ndcl®Y(X).

1. Show that (i) implies (iii).



. Assume that (i) does not hold. Show that there exists a € M* and a formula
©(z,y) such that, for any C ¢ X with |C] < k, there exists bj,be € X" with
tp(b1/C) =tp(b2/C), M E ¢(a,b1) and M = -p(a,bs).

. Show that (i), (ii) and (iii) are equivalent.

. Assume (i). Let N > M, a € N* and X(N) := ¢(N) for any formula v such
that X = ¢(M). Show that tp(a/X) is realized in M if and only if dcl®(a) n
del®Y(X(N)) c M.

. Assume (i) and M is saturated (and |[M| > |L]). Let a,b € M* be such that
tp(a/X) = tp(b/X). Show that there exists o € Aut(M/X) = {o € Aut(M) :
0|y =1id} such that o(a) = b.



