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Introduction

Since the work of Ax, Kochen and Ersov on valued fields (e.g. [AKO65]) and their proof that the
theory of a Henselian valued field is essentially controlled (in equicharacteristic zero) by the
theory of the residue field and the value group, model theory of Henselian valued fields has
been very active and productive. Among later developments one may note Macintyre’s result
in [Mac76] of elimination of quantifiers for p-adic fields and the proof by Pas of valued fields
quantifier elimination for equicharacteristic zero Henselian fields with angular components
in [Pas89], which implies the Ax-Kochen-Ersov principle. Another notable result is the one
by Basarab and Kuhlmann (see [Basgr; BKg2; Kuhg4]) of valued field quantifier elimination
for Henselian valued fields with amc-congruences, a language that does not make the class of
definable sets grow (whereas angular components might). Another result in the Ax-Kochen-
Ersov spirit is the proof by Delon in [Del81] — extended by Bélair in [Bélgg] — that Henselian
valued fields do not have the independence property if and only if their residue field does not
have it (their value group never has the independence property by [GS84].)

*Partially supported by ANR MODIG (ANR-09-BLAN-0047) and ValCoMo (ANR-13-BS01-0006)
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But model theorists have not limited themselves to giving an increasingly refined description
of the model theory of Henselian valued fields. There have also been attempts at extend-
ing those results to valued fields with more structure. The two most notable enrichments
that have been studied are, on the one hand, analytic structures as initiated by [DD88] and
studied thereafter by a great number of people (among many others [Drig2; DHMg9; LRoo;
LRos; CLRoG6; CL11]) and, on the other hand, D-structures (a generalization of both differ-
ence and differential structures), first for derivations and certain isometries in [Scaoo] but
also for greater classes of isometries in [Scao3; BMSo7; AD10] and then for automorphisms
that might not be isometries [Azgro; Pali2; Hru; GP10; DO]. The model theory of valued dif-
ferential fields is also quite central to the model theoretic study of transseries (see for example
[ADH13]) but the techniques and results in this last field seem quite orthogonal to those in
other references given above and to our work here.

The goal of the present paper is to study valued fields with both an analytic structure and an
automorphism. The main result of this paper is Theorem A, which states that o-Henselian
(cf. Definition (4.10)) valued fields with analytic structure and any automorphism o eliminate
field quantifiers resplendently in the leading term language (cf. Definition (1.1)). We then
deduce various Ax-Kochen-Er$ov type results for analytic difference valued fields (both with
respect to the theory and the independence property). We also try to give a systematic and
comprehensive approach to quantifier elimination in (enriched) valued fields through some
more abstract considerations (mainly found in the appendix).

In [Scao6], Scanlon already attempted to study analytic difference valued fields in the case of
an isometry, but the definition of o-Henselianity given there is too weak to actually work,
although some incorrect computations hide this fact. The axiomatization and all the proofs
had to be redone entirely but, as stated earlier, this paper does not only contain a corrected
version of the results in [Scao0], it also generalizes these results from the isometric case to
the case of any valued field automorphism.

Some ideas from [Scao0] could be salvaged though, among them the fact that Weierstrass
preparation (see Definition (3.22)) allows us to be close enough to the polynomial case to
adapt the proofs from the purely valued difference setting. Nevertheless this adaptation is
not as straightforward as one would hope, essentially because Weierstrass preparation only
holds in one variable, but one variable in the difference world actually gives rise to many vari-
ables in the non difference world. The main ingredient to overcome this obstacle is a careful
study of differentiability of terms in many variables (see Definition (4.4)) that allows us to
give a new definition of o-Henselianity in (4.10). These techniques can probably be used to
prove results in greater generality, for example: valued fields with both analytic structure and
D-structure.

Our interest in the model theory of valued fields with both analytic structure and difference
structure is not simply a wish to see Ax-Kochen-Er$ov type results extended to more and more
complicated structures and in particular to the combination of two structures where things
are known to work well. It is also motivated by possible applications to diophantine and
number theoretic problems. In particular, it is the right model-theoretic setting in which to
understand Buium’s p-differential geometry. More precisely any p-differential function over

W(I[*Tpalg) is definable in W(Fpalg) equipped with the lifting of the Frobenius and symbols
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for all p-adic analytic functions ¥ ayz’ where val(ay) — oo as |I| - oo. See [Scao6, Section 4]
for an example of how a good model theoretic understanding of this structure can help to
show uniformity of certain diophantine results.

The organization of this text is as follows. Section 1 is a description of valued field languages,
with either angular components or RV -structure. In Section 2, we show that it is possible to
transfer elimination of quantifier results from equicharacteristic zero to mixed characteristic
(using the theoretical framework of Appendix B). Sections 3 and 4 describe the class of ana-
lytic difference valued fields we will be studying. Section 5 is concerned with purely analytical
matters, it describes the link between analytic 1-types and the underlying algebraic 1-type.
In Section 6 we prove the main result of this paper, Theorem A, a field quantifier elimination
result for o-Henselian analytic difference valued fields. We also prove an Ax-Kochen-Ersov
principle for these fields. Finally Section 7 shows how this quantifier elimination result also
allows us to give conditions on the residue field and the value group for such fields to have
(or not have) the independence property. The appendix contains an account of the more
abstract model theory at work in the rest of the paper to help smooth out the arguments.
Appendix B, in particular, sets up a general setting for transfer of elimination of quantifier
results.

1 would like to thank Elisabeth Bouscaren and Tom Scanlon for our numerous discussions.
Without them none of the mathematics presented here would be understandable, correct or
even exist. | also want to thank Raf Cluckers for having so readily answered all my questions
about analytic structures as 1 was discovering them. Finally, I would like to thank Koushik
Pal for taking the time to discuss the non-isometric case with me. Our discussions led to the
generalization of the proofs to the non-isometric case.

1. Languages of valued fields

We will be considering valued fields of characteristic zero. They will mainly be considered
in two kinds of languages. On the one hand, the language with leading terms, also known
in the work of Basarab and Kuhlmann (cf. [Basgr; BKg2; Kuhg4]) as amc-congruences and
in later work as RV-sorts (e.g. [HKo6]) and on the other hand the language with angular
components, also known as the Denef-Pas language.

Definition .1 (LR, the leading term language):

The language LRV has the following sorts: a sort K and a family of sorts (RV;,)pen.,. On the
sort K, the language consists of the ring language. The language also contains functions rv,, :
K — RV, forall n € N,g and rv,, ,, : RV,, > RV, for all m|n.

Any valued field can be considered as an LBV -structure by interpreting K as the field and

RV, as (K*/1 + n9) u {0} where 90t is the maximal ideal of the valuation ring O. We will
write RV," for (K*/1+n9) = RV, \{0}. Thenrv, is interpreted as the canonical surjection
K* — RV, and it sends 0 to 0; vy, ., is interpreted likewise. Note that the sorts RV,, have a
rich structure given by the following commutative diagram (where R, := O/n9t, I" denotes
the value group and all the lines are exact):
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We will denote the LRV -theory of characteristic zero valued fields by Tys. If we need to
specify the residual characteristic, we will write Ty¢ g o or Tyt g ,,. Let RV := U,, RV,. These
sorts are closed in LBV (see Definition (A.7)). In order to eliminate K-quantifiers, we will
have to add some structure on the RV sorts.

Definitionr.2:
The language LRV is the enrichment of with, on each RV, the language of (multiplicative)

groups {1,,,-n}, a symbol 0,, and a binary predicate |,,, and functions +p, ,, : RVn2 — RV, forall
m|n.

ﬁRV

The multiplicative structure on RV, is interpreted as its multiplicative (semi-)group struc-
ture, i.e. the group structure of RV, and 0, - = z-,0,, = 0,,. The relation x|,y is interpreted
as val, (x) < val,(y). For all z,y € K such that val(z + y) < min{val(x),val(y)} + val(n) —
val(m), rvy () +mntvy(y) is interpreted as rv,, (z+y) and 0,, otherwise. This is well defined.
We will denote by Ty, the theory of characteristic zero Henselian valued fields in LRV"

Remark1.3:

I. If K has equicharacteristic zero, then for all m|n, rv,;, ,, is an isomorphism. Hence if we
are working in equicharacteristic zero, we will only need to consider RV;. In that case
we also have that R; = Rj u {0} < RV, u {0} = RV;. The additive structure is also
simpler: we only need to consider the +; ; function on RV;. It extends the additive
structure of R; and makes every fiber of val; into an R;-vector space of dimension 1
(if we consider 0; to be the zero of every fiber).

2. If K has mixed characteristic p, then whenever m|n and val(n) = val(m) (i.e. when p
does not divide n/m) rv,, ,, is an isomorphism. In particular for all n € Ny, IV, pval(n)
is an isomorphism (where we identify val(p) and 1).

3. One could wonder then why consider all the RV,, when the only relevant ones are the
RV,» in mixed characteristic p and RV; in equicharacteristic zero. The main reason is
that we want enough uniformity to be able to talk of T\ without specifying the residual
characteristic or adding a constant for the characteristic exponent (in particular if one
wishes to consider ultraproducts of valued fields with growing residual characteristic,
although we will not do so here).

The use of this language is mainly motivated by the following result that originates in [Basor;
BKoz2], although the phrasing in terms of resplendence first appears in [Scag7]. By resplen-
dent quantifier elimination relative to RV, we mean that quantifiers on the sorts other than
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those in RV can be eliminated (namely the field quantifiers here) and that this result is true
for any enrichment on the RV -sorts (see Appendix A for precise definitions).

Theorem1.4:
The theory Te, eliminates K-quantifiers resplendently relatively to RV.

Later, we will add analytic and difference structures, hence we will consider an enrichment
of LRV by new terms on K and predicates and terms on RV (although none on both K and
RV;; this is what we call in Appendix A an RV -enrichment of a K-term enrichment of LRV).
Let £ be such alanguage and let ¥ gy denote the new sorts coming from the RV -enrichment.

Remark 1.5:
Any quantifier free £-formula ¢(Z,y) where T are K-variables and 3 are RV -variables, is

equivalent modulo T to a formula of the form ¢ (rv5(w(Z)),y) where ¢ is a quantifier free
Llgvusg, -formulaand @ are L]y -terms. Indeed the only predicate involving K is the equal-
ityand t(7) = s(7) is equivalent to rvy (¢(Z) — s(Z)) = 0. The statement follows immediately.

Here is an easy corollary that will be very helpful later on to uniformize certain results.

Corollary1.6:
Let T be an L-theory that eliminates K-quantifiers, M = T, C' < M (i.e. C'is a substructure of M)

and ,y € K(M) be such that for all Ly (C)-terms7, and all n € Nso, rv, (u(T)) = 1v,, (u(7)).
Then T and y have the same L(C')-type.

Proof. Let f : M — M be the identity on RV u ¥gv (M) and send u(T) to u(y) for all
Ll (C)-term u. By Remark (1.5), f is a partial LBV-Mor_jsomorphism. But K-quantifiers
elimination implies that f is in fact elementary. ]

The other kind of valued field language, the one with angular components, essentially boils
down to giving oneself a section of the short sequences defining the RV,,. That statement is
made explicit in (1.8).

Definition 1.7 (£?°, the angular component language):

The language L has the following sorts: K, I'*® and (R, )nen.,. The sorts K and R, come
with the ring language and the sort I'>° comes with the language of ordered (additive) groups
and a constant oo. The language also contains a function val : K — I'*, for all n, functions
ac, : K - Ry, resy, : K > Ry, valgr , : Ry, > T, spp, : ' - Ry, and for all m|n, functions
res;n i Ry = Ry and tr pmn : Ry = R

As one might guess, the R,, are interpreted as the residue rings O/n9. As with RV, we
will write R := U,, Ry,. The res,, and res,, , denote the canonical surjections O - R,, and
R, — R,,, extended by zero outside their domains. The function ac,, denotes an angular
component, i.e a multiplicative homomorphism K* — R which extends the canonical sur-
jection on O* and sends 0 to 0,,. Moreover, the system of the ac,, should be consistent, i.e.
resy, n 0acy = acy,. The function valg ,, is interpreted as the function induced by val on R, ~
{0} and sending 0,, to co. The function s, is defined by sr »(val(z)) = res, (z)ac, (z)™*
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and sg (o) = 0,,. Finally, the function tg , ,, is defined by tr , » (res,(z)) = acp, () when
val(z) < val(n) - val(m) and 0,,, otherwise (this is well-defined).

It should be noted that any valued field that is sufficiently saturated can be endowed with
angular components (cf. [Pasgo, Corollary 1.6]).

The following pages, up to Definition (1.10) contain a (very technical) account of how to de-
duce quantifier elimination results in the angular component language from results in the
leading term language. Although they are essential to prove Ax-Kochen-Ersov type results,
angular components only appear again in Sections 6.3 and 7, and a reader mostly interested
in the broader picture can safely skip those pages.

Let LBV be the enrichment of LBV obtained by adding a sort I, equipped with the lan-
guage of ordered (additive) groups, a family of sorts R,,, equipped with the ring language,
symbols val,, : RV,, - I'*® for the functions induced by the valuation, symbols i, : R,, = RV,
for the injection of R;, - RV, extended by 0 outside R;,, symbols resgry , : RV, - R,
for the map sending a(1 + n9N) to a + n9MN, s, : T — RV, for a coherent system of
sections of val,, compatible with the rv,,,, and symbols t,, : RV,, - R,, interpreted as
tn(2) = i N(wsp(val,(z))™!). Let TS, be the LBV -theory of characteristic zero valued
fields and T2 the £*°-theory of characteristic zero valued fields.

Let £%¢ be an RV -enrichment (with potentially new sorts Y ry) of a K-enrichment (with
potentially new sorts k) of LRV and T° be an £°-theory extending LRY". We define
L£2%¢ to be the language containing:

ac s,e .
L L0 L%k n s
2. The new sorts Yrv;

3. For each new function symbol f : [TS; - RV, two functions symbols fr : [17; - R,
and fr : [17T; — I'*° where T; = R,;, x I'*° whenever S; = RV,, and T; = S; otherwise;

4. For each new function symbol f : [1S; - S, where S # RV, the same symbol f but
with domain [] 7; as above;

5. For each new predicate R c ] .S;, the same symbol R but as a predicate in [] 7; for T;
as above.

We also define T?““ to be the theory containing:

I T&C.

v

2. For all new function symbol f, whenever f or fgr and fr (depending on the case) is
applied to an argument (corresponding to an RV,,-variable of f) outside of R, x " U
{0, 00}, then f has the same value as if f were applied to (0, co0) instead,;

3. For all new symbol f with image RV, Im(fr, fr) € R,, xT'u (0, c0);

4. For all new predicate R, R applied to an argument outside of R}, x I' U {0, oo } is equiv-
alent to R applied to (0, o0) instead,;

5. The theory T translated in £2“¢ as explained in the following proposition.
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In the following proposition, Str(7") denote the category of substructures of models of 7', i.e.
models of Ty. See Appendix B, for precise definitions.

Proposition 1.8:

There exist functors F' : Str(T?>¢) — Str(7°¢) and G : Str(T¢) — Str(T?>°) that respect
models, cardinality and elementary submodels and induce an equivalence of categories between
Str(T?¢) and Str(T*). Moreover G sends RuT* to RVURuTI'*.

Proof. Let C be an £**°-substructure (inside some M = T?>¢), we define F'(C') to have the
same underlying sets for all sorts common to £2“¢ and £5° and RV,,(F(C)) = (R,,(C) x
(T(C) N {o0})) U {(0,,00)}. All the structure on the sorts common to £>¢ and £*>¢ is
inherited from C. We define rv,,(z) = (ac,(z),val(z)) and rv,, »(x,7) = (resmn(x),7).
The (semi-)group structure on RV, is the product (semi-)group structure, 0,, is interpreted
as (0, 00). We set (z,7)|n(y, d) to hold if and only if v < § and we define (z,7) +m.n (y,9)
as (respyn(z),7) if v < 0, (respmn(y),0) if 6 < v and (trmn(x + y),v + valrn(z + y))
if § = 7. The functions val,, are interpreted as the right projections and the functions t,,
as the left projections. Finally, define i,,(x) = («,0) on R, and i,,(z) = (0, 00) otherwise,
resrv n(2,7) = zsrn(7), sn(y) = (1,7) if v # oo and s, (o0) = (0, 00). For each function
f:T1S; = RV, for some n, define @ : []S; - [17; to be such that u;(Z) = x; if S; #+ RV,
and u;(T) = (tm(2i),valy,(x:)) if S; = RV, Then fF(O(7) = (f§@(@)), fS (@(x))).
If f : [1S; — S where S # RV, for any n, then define f(“)(z) = f¢(@(z)) and finally
F(C) e R(z) ifand only if C = R(u(T)).
If f:C1 — Cyisan L*>-isomorphism, we define F'(f) to be f on all sorts common to £*%°
and £5¢and F(f)(x,v) = (f(x), f()). ltiseasy to check that F'( f) is an £L%¢-isomorphism.
Let D be an £%-structure (inside some N = T°), define G(D) to be the restriction of D to
all £2*¢-sorts enriched with val = val,, o rvy, res,, = resrv », © IVy, ac, =ty o rv,. Moreover,
for any function f : [ S; -~ RV, for some n, let v : [T 7T; — []S; to be such that v;(¥) = z; if
S; # RV, for any m and v;(T) = i (ys)sm (i) where x; = (y4,7:), if S; = RV,,,. Then define
CO) (@) =t (f2(0())) and fEP)(Z) = val, (f2(5(Z))). If f : T1.S; - S where S # RV,
for any n, then f9(P)(z) = fP(%(Z)) and finally G(D) £ R(Z) if and only if D £ R(T(T)).
If f: Dy — Dy is an L%°-isomorphism, it is easy to show that the restriction of f to the
L2%¢-sorts is an L*°-isomorphism.
Now, one can check that for any £5°-formula ¢(Z) there exists an £**¢-formula p*>¢(7)
such that for any C' € Str(T%¢) and ¢ € C, C £ ¢(¢) if and only if F(C) & ¢***(u(c))
where w is as above (for the sorts corresponding to ). Similarly, to any £2%¢-formula ¢ ()
we can associate an £5°-formula ¢*°(Z) such that for any D € Str(T) andd € D, D &
Y(d) if and only if G(D) £ 1*¢(d). One can also check that for all £5¢-formula ¢, T =
(*°)>(u(T)) < »(T) and for all £L***-formula ¢, T*€ & (¢*°)*%¢ <= ). The rest
of the proposition follows. ]

Remark 1.9:

1. The functions tg , , are actually not needed, if we Morleyize on R u I"*, as they are
definable using only quantification in the R,,.

2. Aswith the leading terms structure, in equicharacteristic zero, the angular component
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structure is a lot simpler. We only need val and ac; (and none of the val,, sr , or
tR,m,n)-

3. In mixed characteristic with finite ramification (i.e. I" has a smallest positive element 1
and val(p) = k-1 for some k € N) the structure is also simpler. The functions valg j,,
SR, and tgr ,, » can be redefined (without K-quantifiers) knowing only sg ,,(1). Let
L£2%J7 be the language (£ \ {valr n,SRn; tRmn M1 € Nug}) U {c,} where ¢,
will be interpreted as sg ,, (1) — i.e. as res,(x)ac,(z)"! for z with minimal positive
valuation. This is the language in which finitely ramified mixed characteristic fields
with angular components are usually considered — and eliminate field quantifiers.

To finish this section let us define balls and Swiss cheeses.

Definition 1.10 (Balls and Swiss cheeses):

Let (K,v) be avalued field, v € val(K ) and a € K. Write l%w(a) ={xeK(M):val(z-a) >~}
for the open ball of center a and radius ~, and B.(a) = {x e K(M) : val(x - a) > v} for the
closed ball of center a and radius .

A Swiss cheese is a set of the form b\ (U;=1,... , b;) Where b and the b; are open or closed balls.

We allow closed balls to have radius co — i.e. singletons are balls — and we allow open balls
to have radius —co — i.e. K itself is an open ball.

Definition r.11 (L 4;y):
The language L 43, has a unique sort K equipped with the ring language and a binary predicate |.

In a valued field (K, val), the predicate x|y will denote val(x) < val(y). If C' ¢ K, we will
denote by SC(C), the set of all quantifier free Lg;,(C')-definable sets in one variable. Note
that all those sets are finite unions of swiss cheeses.

Note that later on, our valued fields may be endowed with more than one valuation. In
that case, we will write B? (a) or SCP(C) to specify that we are considering the valua-
tion associated to O. For a tuple @ € K, we will extend the notation for balls by writing
Z%,Y(E) = {b:val(b-a) >~} and B, (@) := {b: val(b-a) > v} where val(@) := min;{val(a;)}.

2. Coarsening

The goal of this section is to provide the necessary tools for the reduction to the equichar-
acteristic zero case. This is a classical method , which underlies most existing proofs of K-
quantifier elimination for enriched mixed characteristic Henselian fields. We present it here
on its own, as a general transfer principle which we will then be able to invoke directly, in
order, hopefully, to make the proofs clearer.

Definition 2.1 (Coarsening valuations):
Let (K, val) be a valued field, A ¢ T'(K) a convex subgroup and 7 : T'(K) - T'(K)/A the
canonical projection. Let val® := 7 o val, extended to 0 by val®(0) = oco.
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Remark 2.2:
The valuation val® is a valuation coarser than val. Its valuation ring is O := {z € K : 3 €

A, § < val(x)} 2 O(K) and its maximal ideal is > := {z € K : val(z) > A} ¢ M(K). Its
residue field R{ is in fact a valued field for the valuation vl defined by A (z +MA) :=
val(z) for all z € O « M2 and val” (M2) = co. Then val (R2) = A% = A U {oo}. The
valuation ring of RlA is 2 := O/MA, its maximal ideal i 1s I /M2 and its residue field is
R;. Moreover, if rv2 : K — K*/(1+n9M?) u {0} = RV* is the canonical projection, v,
factorizes through rv2; i.e. there is a function 7,, : RVnA - RV, such that rv,, = m, o1v4.

O*C—> (OA)*% K*

A

rest { (O4)* (R9)* (RVS)* " Valn;} =
Vs N
] RVA T/A)%
' N — / )

Before we go on let us explain the link between open balls for the coarsened valuations and
open balls for the original valuation.

Proposition 2.3:
Let (K, val) be a valued field and A a convex subgroup of its valuation group. Let S be an O-Swiss
cheese, b an O?-ball, ¢, d € K such that b = églAA(d)(c). Ifb € S, there exists d' € K such that

val®(d') = val®(d) and b € B, (c) € S.

Proof. Let (g ) be a cofinal (ordinal indexed) sequence in A. We have b = N, Ogl( dge )(c)
Indeed, val®(dg,) = val®(d) and hence b = BOIA(d )(c) c val(dg )(c) Conversely, if
z €Ny égl(dga )(¢), then val((z - c)/d) > val(ga) for all a, hence (x - ¢)/d € M2,

Let b’ be any O-ball, then b = N, l%fal( dga)(c) c ' if and only if there exists « such that
l’;’gl(dgao)(c) cbvandbnd’ =N, l’;’gl(dga) (¢) nb' = @ if and only if there exists «g such that
Bf?al( dgao)(c) N b = @. These statements still hold for Boolean combinations of balls hence
there is some o such that l’;’fil( d ngO)(c) cS. ]

When (K, val) is a mixed characteristic valued field, the coarsened valuation we are inter-
ested in is the one associated to A, the convex group generated by val(p) as (K, val®#) has

equicharacteristic zero. We will write valy, := val®?, Ry = RIAP , O 1= OB = 0,1 and
Moo 1= MA? = M "IN, As the coarsened field has equicharacteristic zero, all RVnA" are
the same and we will write RV, := K*/(1 + Mo, ) U {0} = RVlA”
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Remark 2.4:
We can — and we will — identify RV, (canonically) with a subgroup of lim RV, and the

canonical projection K -~ RV, then coincides with limrv,, : K — lim RV,,, in particular,
RVe = (limrvy, ) (K). Similarly, O%» can be identified with a subring of lim Ry, and R, =
Frac(O%») ¢ Frac(limR;) = (lim Ry )[rve (p)~!]. The inclusions are equalities if K is
Rj-saturated. In particular, Lgl v, is surjective.

K—""- RV,
yrln \h(il IV j
v N
RY, RV, <—

1(iLn RV,

M TVm,n n T
Tm

Hence (K, vals ) is prodefinable — i.e. a prolimit of definable sets — in (K, val) with its
LBV _structure.

Let £ be an RV -enrichment of a K-enrichment of LBV with new sorts Yk and Yry respec-
tively. Somewhat abusing notation, when writing K we will mean K u Y.k and when writing
RV we will mean U,, RV,,UuX Ry (and rely on the context for it to make sense). Let 7" 2 Tyt g ,
be an L-theory. Let LEV= be a copy of LRV (as £LBV= will only be used in equicharacteristic
zero, we will only need its RV;, which we will denote RV, to avoid confusion with the orig-
inal RV}). Let £ be L& U L 5 U Llgyusyy, U {7 i 7 € Nog} where m, is a function
symbol RV,, - RV,,. Let T* be the theory containing:

« T2, o i-e. the theory of equicharacteristic zero valued fields in £L8V>;
o The translation of 7" into £* by replacing rv,, by 7, 0 rve.

Recall that Str(7") is the category of substructures of models of T" and that whenever F' :
Str(Ty) — Str(73) is a functor and & a cardinal, we denote by Strz ,(7%) the full subcat-
egory of Str(T5) of structures that embed into some F' (M) for M = T k-saturated. See
Appendix B for precise definitions.

The main goal of the following proposition is to show that quantifier elimination results
in equicharacteristic zero can be transferred to mixed characteristic using result from Ap-
pendix B.

Proposition 2.5 (Reduction to equicharacteristic zero):

We can define functors € : Str(7T') — Str(T*) and U€* : Str(T*) — Str(7T") which respect
cardinality up to R and induce an equivalence of categories between Str(1) and Strge », (T).
Moreover, € respects R -saturated models and UC* respects models and elementary submodels
and sends RV to RV u RV, (which are closed).

Proof. Let C<M &= T be L-structures. Then €*°(C') has underlying sets K(€*(C)) =
K(C), RV (€=(C)) = limRV,(C) and RV (€= (C)) = RV (C), keeping the same struc-
ture on K and RV, defining rve, to be lim rv,, and m,, to be the canonical projection RV, —

10



3. Analytic structure

RV,. Now, if f : C; - (5 is an L-embedding, let us write fo, := lin flrv,- By def-
inition, we have 7, o fo, = f |RVn o m, and by immediate diagrammatic considerations,
I'Voo © flg = foo ©1Veo and foo is injective. Then, let €*°(f) be f|x U foo U flgy- As fis
an L-embedding, f|k respects the structure on K, f|gy respects the structure on RV and,
as we have already seen, € ( f) respects rvo, and 7,. Hence €*°( f) is an £L*°-embedding.

If M = T is ®;-saturated, it follows from Remark (2.4) that € (A/) £ T*. Beware though
that € (M) is never Rg-saturated because if it were, we would find = + y € RV, (M) such
that for all n € Ny, m,(z) = m,(y), contradicting the fact that RV, (M) = liilRVn(M 1)-
Let C be a substructure of M. We will denote ¢ the injection. Then €*°(7) is an embedding
of €*°(C) into € (M) and €* is indeed a functor to Str(7T’).

The functor € is defined as the restriction functor that restricts £ -structures to the sorts
K and RV. ltis clear that if C is an £-structure in some model of T', then UC> o €< () is
trivially isomorphic to C. Now if D is in Str(T*) there will be three leading term structures
(and hence valuations) on D: the one associated with the £BV=-structure of C' (which is
definable), whose valuation ring is O, the one given by rv,, = 7, o rv., (Which is definable),
whose valuation ring is O, and the one given by limrv, (which is only prodefinable), whose
valuation ring is O,-1. In general, we have O ¢ O,1 ¢ O, butif D = €*(C) — or D
embeds in some €*(C') — Op-1 = Ow and limrvy, (D) = rvee (D). Hence, if C embeds in
some €% (M) then €% o 1€ (C) is (naturally) isomorphic to C.

Functoriality of all the previous constructions is a (tedious but) easy verification ]

3. Analytic structure

In [CL11], Cluckers and Lipshitz study valued fields with analytic structure. Let us recall some
of their results. From now on, A will be a Noetherian ring separated and complete for its /-
adic topology for some ideal I. Let A{X) be the ring of power series with coefficients in A
whose coefficients I-adically converge to 0. Let us also define A, ,, = A(X)[[Y]] where
|X| =mand|Y|=nand A:=U,,, Ann. Note that A is a separated Weierstrass system over
(A, I) as defined in [CL11, Example 4.4.(1)]. The main example to keep in mind here will be
W[Ealg] (X)[[Y']] which is a separated Weierstrass system over (W[Ealg] ,DW [Ealg] )-
Definition 3.1 (Q):

We will extensively use a quotient symbol Q : K? — K that is interpreted as Q(x,y) = x/y, when
y #0and Q(z,0) = 0.

Definition 3.2 (R):

Let R be a valuation ring of K included in O, let )N be its maximal ideal and val™® its valuation.
We have 9 € N c R < O. Also, note that 1 + n9 € 1 + nO € R* and hence the valuation val™
corresponding to R factors through rv,, i.e. there is some function f,, such that val® = fnorvy.
We will also be using a new predicate x|y on RV; interpreted by f1(x) < f1(y).

Note that O is the coarsening of R associated to the convex subgroup O*/R* of K*/R*.
Note also that R is then definable by the (quantifier free) formula, rvy(1)[Rrvy(z). In fact
the whole leading term structure associated to R is interpretable in LRV u {|}}.
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3. Analytic structure

Definition 3.3 (Fields with separated analytic .A-structure):

Let L 4 be the language LBV enriched with a symbol for each element in A (we will identify the
elements in A and the corresponding symbols). For each E € A}, , let also E}, : RV,"™ — RV,
be a new symbol and L 4.0 := LA U{|¥, Q} U{E}): E € A}, ,,, m,n, k € N}. The theory T 4 of

fields with separated analytic A-structure consists of the following:
(i) Tyt
(i) Qs interpreted as in Definition (3.1);
(iii) | comes from a valuation subring R ¢ O with fraction field K;

(iv) Each symbol f € A, ,, is interpreted as a function R"™ x 9" — R (the symbols will be
interpreted as 0 outside R™ x N");

(v) The interpretations iy, n : Amn = RR™N gre morphisms of the inductive system of rings
Um.n Am,n to U n RR™N" where the inclusions are the obvious ones.

(vi) do,0(1) €

(vii) im n(X;) is the i-th coordinate function and iy, (Y ) is the (m+j)-th coordinate function;

*

(viii) For every E € A7, ,, E is interpreted as the function induced by E on RV, when it is
well-defined (we will see shortly, in Corollary (3.9), that it is, in fact, always well-defined).

To specify the characteristic we will write T 4.9 o or T 4,0, p.

Remark 3.4:

1. These axioms imply a certain number of properties that it seems reasonable to require.
First (iv) implies that every constant in A = Ay is interpreted in R. By (v) and (vii)
polynomials in A are interpreted as polynomials. And (v) implies that any ring equal-
ity between functions in A,, ,, for some m and n are also true in models of T 4. Using
Weierstrass division (see Proposition (3.12)) one can also show that compositional iden-
tities in A are also true in models of T 4.

2. We allow the analytic structure to be over a smaller valuation ring in order to be able
to coarsen the valuation while staying in our setting of analytic structures.

From now on, we will write (C) := (C)z, , and C(¢) = C(¢). 4 o for the L4 o-structures
generated by C' and C¢ (cf. Definition (A.12)).

We could be working in a larger context here. What we really need in the proof is not that
A is a separated Weierstrass system, as in [CL11], but the consequences of this fact, namely:
Henselianity, (uniform) Weierstrass preparation, differentiability of the new function sym-
bols and extension of the analytic structure to algebraic extensions. One could give an ax-
iomatic treatment along those lines, but to simplify the exposition, we restrict to a more
concrete case.

Also note that if A is not countable we may now be working in an uncountable language
Let us now describe all the nice properties of models of T 4.
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3. Analytic structure

Proposition 3.5:
Let M = T 4, then M is Henselian.

Proof. 1f O = R, this is proved exactly as in [LR99, Lemma3.3]. The case R # O follows as
coarsening preserves Henselianity. [ |

Remark 3.6:
As T 4 implies Tyen, by resplendent elimination of quantifiers in Ty, (cf. Theorem (1.4)), as

Lo~ (Au{Q})isan RV-enrichment of LRV any £ A0 (Au{Q})-formulais equivalent
modulo T 4 to a K-quantifier free formula.

Let us now show that functions from A have nice differential properties.

Definition 3.7:
Let K be a valued field and f : K™ - K. We say that [ is differentiable at a € K™ if there exists
d e K™ and £ and vy € val(K*) such that for all € € B¢ (a),

val(f(a+2) - f(@) - d-%) > 2val(g) + 7.

There is a unique such d = (d;) and we will denote it df;. The d; are usually called the
derivatives of f at a. We will denote them 9 f/0x;(a).

Proposition 3.8:
Let M =T g and f € A, ,, for some m and n. Then for all i < m + n there is g; € A,y », such that
foralla e K™, f is differentiable at a and 0 f |0x;(a) = g;(a).

Proof. 1f@ ¢ R™ x M" then f is equal to 0 on By(a) and the statement is trivial. 1f not, as

f e A(X)[Y]], it has a (formal) Taylor development:

f(XO + XaYO + Y) = f(X()?}/b) + ZgZ(X07Y0)X’L + ng+](X07}/b)1/] + h’(XO7Y07X7Y)
i J

where h is a sum of terms each divisible by some quadratic monomial in X and Y. As the
interpretation morphisms are ring morphisms, this immediately implies that the interpreta-
tion of f is differentiable in K(/) at @ and that the derivatives are given by the g;. ]

Corollary3.9:
Let M = Ty, E(Z) € Apppand S € K(M)™". If, forall T € S, val(E(Z)) = 0 then, for all
T €S, 1v,(E(T)) only depends on res,, (T).

In particular if F' € A7, ,, then for all T e R™ x N", val®(E(Z)) = 0 and hence val(E(T)) =
0 and thus rv, (FE(7)) is a function of res, () which is a function of rv, (7). Outside of
R™ xN", v, (E(T)) is constant equal to 0 and hence it is also a function of rv,,(Z). Hence,

as announced earlier, £ does induce a well-defined function on RV, for any k.

Proof (Corollary (3.9)). Any element with the same res), residue as 7 is of the form z + nm for
somem € M. By Proposition (3.8), E(z+nm) = E(Z)+G(T)-(nm)+H (Z,nm) where G(T) €
R € O and val(H(Z,nm)) > 2val(nm) > val(n), hence res,, (E(Z + nm)) = res, (F(T)). As
forallz e S, val(E(Z)) = 0,rv,(E(Z)) =res,(E(Z)) and we have the expected result. =

3



3. Analytic structure

Let us now (re)prove a well-known result from papers by Cluckers, Lipshitz and Robinson.
There are two main reasons for which to reprove this result. The first reason is that although
the proof given here is very close to the classical Denef-van den Dries proof as explained
in [LRos, Theorem 4.2], the proof there only shows quantifier elimination for algebraically
closed fields with analytic structures over (Z,0). The second reason is to make sure that
O # R does not interfere.

Theorem 3.10:
T 4 eliminates K-quantifiers resplendently.

The proof of this theorem will need many definitions and properties that will only be used
here and that will be introduced now.

For all m, n € N, we define J,, , to be the ideal {¥,, , aW,Y“?V € An t apuy € T} of Ay .
Most of the time we will only write J and rely on context for the indices. We will also write
X ., for the tuple X without its n-th component.

Note that in the definition below and in most of this proof, elements of .4 will be considered
as formal series (and not as their interpretation in some £ 4 o-structure) and hence infinite
sums as the one below do make sense.

Definition 3.11 (Regularity):
Let f € Ay ng, m < mo, n < ng. We say that:

() f=3;ai(Xem, V)X is regular in X, of degree dif f is congruent to a monic polynomial
in X,,, of degree d modulo J + (Y');

(i) f = ¥;ai(X,Y )Y, is regular in Yy, of degree d if f is congruent to Y, modulo J +
(Vi) + (Y44,
If we do not want to specify the degree, we will just say that f is regular in X, (resp. Y;,).

Proposition 3.12 (Weierstrass division and preparation):

Let f, g € A n, and suppose f is regular in X, (resp. in'Y;,) of degree d, then there exists unique
q € Amnandr e AX o) [[Y [ Xm] (resp. 7 € A(X)[Y 2n]][Yn]) of degree strictly lower than
dsuch that g = qf +r.

Moreover, there exists unique P € A{X 1) [[Y]][Xm] (resp. P € A(X)[[Y 2n]][Yn]) regular in
Xm (resp. in'Yy,) of degree at most d and u € Ay, , such that f = uP.

Proof . See [LRos, Corollary 3.3]. [
We will be ordering multi-indices p of the same length by lexicographic order and we write
|l = Xs -

Definition 3.13 (Preregularity):
Let f =%, fu,l,(Xg,Yg)X’le{ € Api+mony+no- We say that f is preregular in (X1,Y1) of
degree (o, Vo, d) when:

(l) f/.to,l/() = 1)

(ii) Forall ;v and v such that ||+ |[v| > d, fu € J + (Y2);

14



3. Analytic structure

(iii) Forallv <vgand forall p, f,,, € J + (Ys);
(iv) Forall i1 > pio, fuuy € J + (Y2).

Remark 3.14:
Note thatif f =}, F,(X)Y" is preregular in (X,Y) of degree (10, 1o, d) then fuo is prereg-
ular in X of degree (uo,0, d).

Let Ty(X) = (Xo+ X2 X+ X9 Xpnoo + X% Xpny) where m = [X].
We call T;; a Weierstrass change of variables. Note that Weierstrass changes of variables are

bijective.

Proposition 3.15:
Let f =X, fuw (X2, Y2) X1V € Ay sy +ny- Then:

(i) If f is preregular in (X1,Y 1) of degree (1i0,0,d) then f(Ty(X1),X>,Y) is reqular in
X1mq-1-

(i) If f is preregular in (X1,Y 1) of degree (0,vg,d) then f(X,Ty(Y1),Y?2) is regular in
Yin, -1

Proof. Letm = m; —1and n = ny — 1. First assume f is preregular in (X1,Y) of degree
(10,0,d), then - -
f= Y fuoXi modJ+(Y2)+ (Y1)
p<pio,lpl<d

m—

Furthermore, T;(X1)* = (1% (X 1+ X {{m X {‘;’;L is a sum of monomials whose highest
degree monomial only contains the variable X ,,, and has degree }*i" d™ ;. 1t now suffices
to show that this degree is maximal when p = pg, but that is exactly what is shown in the
following claim.

Claim 3.16: Let p and v be two multi-indices such that ;1 < v and || < d then

Z dm_lui < Z dm_ZVZ'.
1=0 =0

Proof . Let ig be minimal such that y; < v;. Then for all j < i, p1; = v;. Moreover,

m . m .
Z dm—z'ui < Z dm—z(d_ 1)
i=i0+1 i=30+1
= 4" -1
< dm,

5



3. Analytic structure

hence

. io—1 . . .
dmfz'ui < Z dmfzui + dmfzoluio + dm*lo
=0
i0—1 ) )

Z dm—zMi + dm_ZOViO
=0

INNgE

IN

IN
ISH

3
S{Q

and we have proved our claim. ¢

Let us now suppose that f is preregular in (X1,Y ;) of degree (0, v, d). Then

f= 7'1/0 + Z f#,yylf?g mod J + (?2)

V>0,
Now,
— n-l n—i X Zn A"y, — —
Ta(Y1)” = (TT(Via+ Y15, )Y = Y00 7 mod J +(Y2) + (Yien)
i=0
and we conclude again by Claim (3.16). ]

Proposition 3.17 (Bound on the degree of preregularity):
Let

f = Z f,u,,u(YQ;?Q)YT?,I € Am1+m2,n1+n2~
wv
There exists d such that for any (u, v) with |u|+[v| < d, there exists gy, € A, +ms,ny+ns Preregular
in (X1,Y1) of degree (p,v,d) and L 4o -terms Ty, and 5, , such that for all M = T 4 and
everya € R(M) and b € W(M), if f(X1,@,Y1,b) is not the zero function, then there exists
(Mo,V@) with |,u0| + |I/0| <dand

f(Yl,a, ?135) = fuo,l/o (5, B)guo,uo (Ylvﬂuo,l«) (E, 5)7?15#0,1/0 (E, B))

Proof. This follows, as in [LRos, Corollary 3.8], from the strong Noetherian property [CLi1,
Theorem 4.2.15 and Remark 4.2.16]. [

As R and D1 are not sorts in £ 4 ¢, there is no way in this language to have a variable that
ranges uniquely over one or the other. Hence we introduce the notion of well-formed for-
mula that essentially simulates that sorted behaviour.

A K-quantifier free £ 4-formula ¢(X,Y, Z, R) will be said to be well-formed if X, Y, Z are
K-variables and R are RV -variables, symbols of functions from A are never applied to any-
thing but variables and ¢(X,Y, Z, R) implies that A; val™(X;) > 0, A; val™(Z;) > 0 and
A val®(Y;) > 0. The (X, Y )-rank of ¢ is the tuple (|X|,|Y|). We order ranks lexicographi-
cally.
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3. Analytic structure

Lemma 3.18:

Let o(X,Y, Z, R) be a well-formed K -quantifier free L 4-formula. Then there exists a finite set of
well-formed K-quantifier free L 5-formulas goZ(XZ, Y, Z;, R) of (X;,Y;)-rank strictly smaller
than the (X, Y )-rank of ¢ and L 4 oy -terms w;(Z) such that

i

Proof. Let m := | X|and n := |Y|. As polynomials with variables in R are in fact elements of
A and A is closed under composition (for the R-variables), we may assumes that any £ |-
term appearing in ¢ is an element of A. Let f;(X,Y,Z) be the L 4|k -terms appearing in
. Splitting ¢ into different cases, we may assume that whenever a variable S appears as an
-variable of an f; then ¢ implies that val™(.S) > 0 (in the part of the disjunction where
val® () < 0 we replace this f; by zero).

If an X; appears as an 91 variable in an f;, then o implies that val® (X;) > 0 and hence we can
safely rename this X; as Y;, and we obtain an equivalent formula of lower rank. If Y; appears
as an R-variable in an f;, we can change this f; so that Y; appears as an 91-variable. Thus
we may assume that the X; only appear as R-variables and the Y; as 91-variables. Similarly
adding new Z; variables, we may assume that each Z; appears only once (and in the end we
can put the old variables back in) and that ¢ implies that val®(Z;) > 0 1f it 1s an N-variable.
Applying Proposition (3.17) to each of the f;(X,Y, Z) = Zpw fuw ()XY, we find d, g; v
and u; ,,,(Z) such that g; ,, ,, is preregular in (X,Y") of degree (11, v,d) and for every M
Ty and @ € M, if f;(X,Y,a) is not the zero function, then there exists (j, ) such that
lul+ V| < dand £i(X,Y,a) = fi (@) Gi (X, Y, Ui (@)). Splitting the formula into the
different cases, we may assume that for each i, there are y; and v; such that f;(X,Y,a) =
fiaws (@) Gi s s (X,Y,u;(a)) (in the case where no such y; and v; exist, we can replace f; by
0). Let us now introduce a new variable 7 to replace any argument of a g; ;,,, that is not in X
or Y; and for each of these new T, we add to the formula val®(T}) > 0if T} is an’ R -argument
of g; . or val® (T; ) > 0 if it is an M-argument. Let us write g; ., ., Zy givY . Note that
Gi.v; is preregular in X of degree (u;, 0, d). We can split the formula some more (and still call
it ) so that for each i, one of the the two conditions valR( Giw;) > 0or ValR(gi,Vi) = (0 holds.
If a condition V&lR( Gi;) > 0occurs, let us add valR(Yn) > 0Agiy, — Yy = 0to the formula. By
Proposition (3.15), after a Weierstrass change of variable on the X, we may assume that g; ,,, -
Y,, is regular in X,,,_. By Weierstrass division, we can replace every f; by a term polynomial
in X,,—; and by Weierstrass preparation we can replace the equality g; ,, — Y;, = 0 by the
equality of a term polynomial in X,,,_; to 0. In the resulting formula, no f € A s ever applied
to a term containing X,,,_; and we can apply Remark (3.6) to the formula where every f € Ais
replaced by a new variable S to obtain a K-quantifier free formula ¢)(X z,-1,Y, Z, T, S, R)
such that

TaEeIXpm1p = V(Xem-1,Y,Z,0(2), f(X2m-1,Y,Z),R)

and (X um-1,Y, 2, T f(X¢m 1,Y,Z), R) is well-formed of (X,Y)-rank (m —1,n +1).

If for all i we have val® (gi;) = 0, we add ValR(Xm) 0A X, I1; giw; — 1 = 0 to the for-
mula. As every g;,, is preregular in X of degree (113,0,d), g = X I1; G, — 1 is preregu-
lar in X of degree (u,0,d") for some y and d’. After a Weierstrass change of variables in
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3. Analytic structure

X, we may assume that g and each g, ,, are in fact regular in X,,. Hence by Weierstrass
preparation we may replace g in ¢ = 0 by a term polynomial in X,,. Furthermore, by Re-
mark (r.5) the f; appear as rvy,, (f;) for some n; in the formula. Replacing f; by f..; 1, i ;v
we only have to show that rvy,,(g; ,,.,) can be replaced by a term polynomial in Y,,_; (and
Xm). Leth; = X]\/[(Hjﬂ i, )gi,ui,,ui =2 hi,uyyo Then hi,ui =Xn Hz iy, = landifv < Vi,
hiw = X (T4 95w, )9iy =0 mod J+(Z; : Zjisan N-argument). Hence h; is preregular in
(X,Y) of degree (0, v;,d). After a Weierstrass change of variables of the Y, we may assume
that h; is in fact regular in Y,,_;.

Note that rvy, (gi,v,0,) = TV, (Xm) ™ T1j2i V0, (9i, )" TVn, (hi). By Weierstrass preparation
we canreplace h; by the product of a unit and p; a polynomialin Y;,_;. Aswe have included the
trace of units on the RV,, in our language, the unit is taken care of and by Weierstrass division
by g, we can replace each coefficients in the p; and each of the g;,, by a term polynomial
in X,,,. Note that because we allow quantification on RV, although the language does not
contain the inverse on RV, the inverses can be taken care of by quantifying over RV. Hence
we obtain a formula where X,,, and Y;,_; only occur polynomially and we can proceed as in
the previous case to eliminate them. ]

Corollary3.19:
Let @(7,7L7L§) be a well-formed K-quantifier free £ o-formula. Then there exists an L 4,0~
formula ¢)(Z, R) such that T, £ 3X3Y ¢ < 1.

Proof . This follows from Lemma (3.18) and an immediate induction. [

Proof (Theorem (3.10)). Resplendence comes for free (see Proposition (A.9)). Hence, it suffices
to show that if (X, Z) is a quantifier free £ 4 o-formula, then there exists a quantifier free
L 4.o-formula ¢(Z) such that T4 = 3X¢ <= 1. First, splitting the formula , we can
assume that for any of its variables S, ¢ implies either val®(S) > 0 or val®(S) < 0, in the
second case replacing S by S~! we also have val®(.S) > 0. We also add one variable X; (resp.
Y;) per R-argument (resp. t-argument) of any f € A applied to some non variable term v and
we add the corresponding equality X; = u (resp. Y; = u) and the corresponding inequalities
val®(X;) > 0 (resp. val®(Y;) > 0) and quantify existentially over this variable. Splitting
the formula further — whether denominators in occurrences of Q are zero or not — we can
transform ¢ such that it contains no Q. Now 3X ¢ is equivalent to a disjunction of formulas
3X3Y¢ where ¢ is well-formed and we conclude by applying Corollary (3.19).

This concludes the proof of Theorem (3.10). [

Recall that we denote by SC™(() the set of all quantifier free £g;, (C)-definable sets.

Definition 3.20 (Strong unit):

Let M = Ty, C = K((C)) and S € SC*(C). We say that an Laolg(C)term E: K - K
is a strong unit on S if for any open O-ball b := l’;’gl(d)(c) C S, there exists a, e € C(cd) and
F(t,Z) € Asuchthat e + 0 and for all x € b,

val(F((z-¢)/d,a)) =0
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3. Analytic structure

and
E(z)=eF((z-c)/d,a).

Note that if M is taken saturated saturated — i.e. at least (|.A| + |C|)*-saturated — if E is
a strong unit on S then, by compactness, there exist a tuple a(y, z) of L4 0|k (C)-terms,
a finite number of £ 4 ol (C)-terms e;(y, z) and Fi[t,u] € A such that for all balls b =

o

Byai(a)(c) € S, there is an i such that for all z € b,
E(z) = ei(c,d) Fi((z - ¢)/d,a(c,d))

and
Fi((z-c¢)/d,a(e,d)) € O".

Hence if E is a strong unit on S there is an £ 4 o(C')-formula that witnesses it. If £ and S
are defined using some parameters 3 and for all j in some definable set Y, £/ = Ey is a strong
unit on S = Sy then we can choose this formula uniformly in 7.

We will say that E is an R-strong unit on S if it verifies all the requirements of a strong unit,
where all references to O are replaced by references to R (and references to R remain the
same).

Proposition 3.21:
If E is an R-strong unit on S then it is also a strong unit on S.

Proof. 1f b ¢ S is an O-ball, then by Proposition (2.3) there exists d and ¢ such that b =
Bf?al( ) (¢) BvRalR (@ (¢) € S. But F being a strong unit on S for R, it has the expected form

on BR

vel® (d) (¢) and hence also on 5’59&1( a) (c). ]

Definition 3.22 (Weierstrass preparation for terms):
Let M be an L 4 go-structure, C = K((C)) ¢ M, t : K - Kan L4,0|(C)-term and S ¢

SCR(C). We say that t has a Weierstrass preparation on S if there exists an Lol (C)-term E

that is a strong unit on S and a rational function R € C'(X') with no poles in S(K(M)alg) such
that forall z € S, t(x) = E(z)R(z).

The structure M has a Weierstrass preparation if for any C' = K({C)) and L 4,0l (C)-termst
and u : R - K we have:

(i) There exists a finite number of S; € SC™(C) that cover R such that t has a Weierstrass
preparation on each of the S;.

(ii) Ift and u have a Weierstrass preparation on some open ball b, and for all x € b, val(t(x)) >
val(u(x)), then t + u also has a Weierstrass preparation on b.

Remark 3.23:

1. An immediate consequence of Weierstrass preparation is that all £ 4 ol (M )-terms
in one variable have only finitely many isolated zeros. Indeed a zero of ¢ is the zero of
one of the R; appearing in its Weierstrass preparation. That zero is isolated if R; is
non-zero or the corresponding S; is discrete, i.e. is a finite set. In particular, let m be
the parameters of ¢, then any isolated zero of ¢ is in the algebraic closure (in ACVF) of
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3. Analytic structure

K ((m)). As the algebraic closure in ACVF coincides with the field theoretic algebraic

closure, any isolated zero of ¢ is in fact also the zero of a polynomial (with coefficients
in K(())).

2. As for strong units, for each choice of term ¢ (with parameters 3), there isan £ 4, o(¥)-
formula that states that (i) holds for t; in M and we can choose this formula to be
uniform in 7. For each choice of terms ¢, u and formula defining S, there also is a
(uniform) formula saying that (ii) holds for ¢, w and b in M.

Proposition 3.24:
Any M & T 4 has Weierstrass preparation.

Proof. If R = O, then the proposition is shown in [CL11, Theorem 5.5.3] and (ii) — called from
now on invariance under addition — is clear from the proof given there. The one difference
in the Weierstrass preparation is that in [CL11], there is a finite set of points algebraic over the
parameters where the behavior of the term is unknown. But this finite set can be replaced
by discrete S; and as these exceptional points are common zeros of terms u and v such that
Q(u,v) is a subterm of ¢, it suffices to replace Q(u, v) by 0 and apply the theorem to the new
term to obtain the Weierstrass preparation also on the discrete S;. The fact that the strong
units in [CL11] have the proper form on open balls follows, for example, from the proof of
[CL11, Lemma 6.3.12].

If R # O, the proposition follows from the O = R case and Proposition (3.21). ]

Remark 3.25:

1. Let t; be an £ 4 gl -term with parameters . As shown in Remark 3.23.2, there is an
L 4 0-formula 0 that states that Weierstrass preparation holds for ¢ in models of 7.
More explicitly, there are finitely many choices of S¥, E¥ and RF (with parameters
u(y) where  are L 4 oy -terms) such that for each 7/ there is a k such that the Sk, E¥
and RY work for t;;. As T 4 eliminates K-quantifiers, for each k there is a K-quantifier
free £ 4 o formula 6, () that is true when the k-th choice works for ¢ (and not the ones
before). Hence taking S; ;. to be S¥ A6}, we could suppose that Weierstrass preparation
for terms is uniform, but we will not be using that fact.

2. Conversely, the proof of Proposition (5.3) can be adapted to show that uniform Weier-
strass preparation for terms implies K-quantifier elimination. This is exactly the proof
of quantifier elimination given in [CLr1], although its authors did not see at the time
that they were relying on a more uniform version of Weierstrass preparation for terms
than what they had actually shown. Hence it would be interesting to know if one could
prove uniform Weierstrass preparation for terms without using K-quantifier elimina-
tion to recover their proof (see [CL] for more on this subject).

Proposition 3.26:

Let M = T 4, then the L 4 o-structure of M can be extended (uniquely) to any algebraic extension
of K(M), so that it remains a model of T 4. Moreover, if C < M and a € K(M) is algebraic over
K(C), then K(C(a)) = K(C)[a].
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3. Analytic structure

Proof. The case R = O is proved in [CLR06, Theorem 2.18]. The same proof applies when
R=+0. ]

To conclude this section, let us show that under certain circumstances analytic terms have a
linear behavior.

Proposition 3.27:

Let M = T 4 and suppose that K (M) is algebraically closed. Lett : K — Kbean L 4 o(M )-term
and b be an open ball in M with radius £ + oo. Suppose that t has a Weierstrass preparation on b —
hence t is differentiable at any a € b — and rv(dt,) is constant on b. Also assume that val(t(x))
is constant on b or t(x) is polynomial. Then for all a, e € b, rv(t(a) —t(e)) =rv(dty) -rv(a-e).
Moreover, if v(t(x)) is constant on b then val(t(a)) < val(dt,) +&.

Proof. 1f val(t(x)) is constant on b, then val(¢(z)) — val(t(a)) > 0 and by invariance under
addition, t(x) —t(a) has a Weierstrass preparation on b. If () is polynomial this is also clear.
Hence there is F}, € A (with other parameters in K(M)), P,, Q, € K(M)[X] such that for

all z € b,
Pu(z)

t(x) —t(a) = F, (x,%a) Qa(x)

where val(F,(y)) = 0 for all y € 9 and val(g) = £ 1f ¢ is constant on b, i.e. P, = 0, then
the proposition follows easily. If not, P, has only finitely many zeros. Let a; be the zeros of
P, in K(M) — recall that M is assumed algebraically closed — and m; be the multiplicity of
a;. Let ¢; be the zeros of ), and n; be their multiplicities. Note that every zero of Q,(x) is
outside b, hence forall j, val(c;—a) < £ Forall e € b, note that t(x) —t(a) is also differentiable
at e with differential dt, and hence, if e is distinct from all a;, then:

ol ) -t
t(e) —t(a)) t(e) —t(a)
0(Fu(52)) 100:(9) ar, | d<Qa>e)

= 1V

R(g) R @l
d(Fa)efu. Z m; Z nj)
= 1V +
oF.(52) T Tena

For any y € M, val(d(Fy),) > 0 = val(Fu(y)), hence val(d(Fa),/(9Fa(y))) > —val(g) >
—val(e — a). We also have that for all j, val(1/(e - ¢;)) = —val(e — ¢;) > —val(e — a). Finally,
suppose that there is a unique a;, such that val(e — a;,) is maximal, then, for all i # iy,
val(1/(e-a;)) > val(1/(e-aj,)) and hence rv(m;, )rv(e—ai, )~ = rv(dt,)rv(t(e) —t(a)) ™,
ie. rv(t(e) —t(a)) = rv(dtami_ol(e —a;,)).

Ast(e) # t(a), this immediately implies that d¢, # 0. Let us now show that if a; € b it cannot
be a multiple zero. If it were

dta, = d(Fa((z - a)/¢)/Qa(x)) o, Pala:) + Py(ai) Fa((ai — a)/c)/Qalai) = 0
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4. o-Henselian fields

which is absurd. Hence for all a; € b, m; = 1 and if we could show that there is a unique a; € b
— namely a itself — we would be done.

Suppose there are more that one a; in b and let v := min{val(a; — a;) : a;,a; ebAi # j}. We
may assume val(ag — a1) = . Let us also assume the a; have been numbered so that there
exists i¢ such that for all 7 < ig, val(a; —ag) = v and forall i > i, val(a;—ag) < . In particular,
forall i # j <ip, val(a; — aj) = ~. For each i < iy, let e; be such that val(e; — a;) > y. Then we
can apply the previous computation to e; and we get that rv(t(e;)—t(a)) = rv(dty)rv(e;—a;).
But

v (t(es) = @) = rv(Fy (22 v (p) [T v (es - )™ ev(@) ™ TTGv(e: - )™
g k J
where p and ¢ are the dominant coefficients of respectively P, and ), and hence

rv(dty) =1v(F, (ei_:;%w))rv(p) H(rv(ei - a,,c))m’“lrv(q)_1 H(rv(ei -c¢j))".

k+i 7

Asrv(Fo((ei — Tag+1)/9)), rv(e; — ay) for all k > iy and rv(e; — ¢j) do not depend on ¢, and
for all k <ig, k # 14, rv(e; — ar) =rv(a; — ax ), we obtain that for all 7, j < i¢:

[T rv(ai-ag) = [] rv(a;-ax).

i+k<ig j#k<ig

Replacing a; by (a; — ag)/g where val(g) = 7, we obtain the same equalities but we may
assume that for all ¢ < i, a; € O and for all i # j, a; — a; € O". The equations can now
be rewritten as [;.; res(a; — ax) = [1;.x(res(a;) — res(ag)) = c for some ¢ € R(M). Let
P = T1;(X —res(ay)) then our equations state that P’(res(a;)) — ¢ = 0 for all 7 < ig. But
P’ — cis a degree iy polynomial, it cannot have iy + 1 roots.

Finally, if val(¢(x)) is constant on b, then, for all « and e € b, val(t(a)) < val(t(a) — t(e)) =
val(dt,) + val(a — e). As this holds for any e, we must have val(t(a)) < val(dt,) + C. ]

Remark 3.28:
The conclusion of Proposition (3.27) seems very close to the Jacobian property (e.g. [CLi1,

Definition 6.3.5]). In fact, this lemma is very similar (both in its hypothesis and its conclusion)
to [CL11, Lemma 6.3.9].

4. o-Henselian fields

Definition 4.1 (Analytic field with an automorphism):

Let us suppose that each A, ,, is given with an automorphism of the inductive system t — 17 :
A = A n. An analytic field M with an automorphism is a model of T 4 with a distinguished
LBV U {|R}-automorphism o such that for symbols t € A, ,, and T € K(M)™™", o(t(T)) =

17 (0 (T)).

Let L4006 = LagU {0} u{oy,:neN}. An analytic field M with an automorphism 7 can
be made into an £ 4, ¢ ,-structure by interpreting o as 7| and oy, as 7|gy; . Note that o also
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4. o-Henselian fields

induces a ring automorphism on every R,, and an ordered group automorphism or on I'.
We will write T 4, for the £ 4 ¢ ,-theory of analytic fields with an automorphism. We will
most often write o instead of o, as there should not be any confusion.

If K is a field with an automorphism o (also referred to as a difference field in this text), we
will write Fix(K) := {z € K : o(z) = z} for its fixed field. For all x € K, we will write 7(x)
for the tuple z,0(z),...,0"(x) where the n should be explicit from the context.

Remark 4.2:
In fact o induces an action on all £ 4 g|y-terms and we have T4, = o(t(Z)) = t7(0o(Z)).

It follows immediately that for any £4, 9 | -term ¢ there is an £ 4 ol -term u such that
Tae Et(T) =u(o(T)).

Definition 4.3 (Linearly closed difference field):
A difference field (K, o) is linearly closed if every equation of the form Y-, a;o'(z) = b, where
an, # 0, has a solution.

Definition 4.4 (Linear approximation):
Let K be a valued field with an automorphism o, f : K™ — K™ a (partial) function and d € K.

(i) Letb be a tuple of open balls in M. We say that d linearly approximates f on b if for all a
and ¢ € b we have:

val(f(¢) - f(@) -d- (c-a)) > miin{val(di) +val(c; —a;)}.

(ii) Let b be an open ball of M. We say that d linearly approximates f at prolongations on b if
for all a, ¢ € b we have:

val(f(7(c)) - f(7(a)) —d-T(c-a)) > miin{val(di) +val(c'(c—a))}.
Remark 4.5:

I. Let M = T 4. Suppose that o is an isometry, i.e. or = id. Let t be an £ 4| (O(M))-
term and a € O(M ), we can show that d¢; linearly approximates ¢ on B,(a) where

7 = min {val(0f/0xi(@))}.

2. We allow a slight abuse of notation by saying that terms constant on a ball are linearly
approximated (at prolongations) by the zero tuple, even though the required inequality
does not hold as co ¥ oo.

Let us first prove that it suffices to show linear approximation variable by variable to obtain
linear approximation for the whole function. We will write (a.;, ;) for the tuple @ where the
i-th component is replaced by x; (with a slight abuse of notation as the x; does not appear in
the right place) and @<’ for the tuple @ where the j-th components for j > i are replaced by
Zeros.

Proposition 4.6:
Let (K,val) be a valued field, f : K™ - K, d ¢ K" and b a tuple of balls. Ifforalla e bandj <n,
d; linearly approximates f(a.;,x;) on bj, then d linearly approximates f on b.
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4. o-Henselian fields

Proof. Letaand € € band £ = € — @. Then, we have

val(f(@+e) - f(@)-d-8) = val(} f@+eV)~ f@a+e97") - dje;)

WV

min{f(@+&Y) - f(@+z91') ~dje;}
J

\

mjin{val(dj) +val(ej)}.

And that concludes the proof. ]

Although linear approximation (at prolongations) looks like differentiability, one must be
aware that linear approximations are not uniquely determined, because, among other rea-
sons, we are only looking at tuples that are prolongations but also because the error term is
only linear. But when ¢ is an isometry, we can recover some uniqueness, and give an alterna-
tive definition (perhaps of a more geometric flavor) of linear approximation at prolongations.

Definition 4.7 (R ,):

Let (K, val) be a valued field and ~ € val(K*). We define R,  := BW(O)/[;’W(O) and let resy
denote the canonical projection B, (0) - R . Note that Ry ., can be identified (canonically)
with val; 1 (y) u {0} ¢ RV..

Proposition 4.8:

Let (K ,val) be a valued field with an isometry o and a linearly closed residue field. Let f : K™ —
K, d be a linear approximation of f at prolongations on some open ball b with radius &, ¢ € K",
6 = val(d) and n := val(€). The following are equivalent:

(i) €is a linear approximation of f at prolongations on b;
(ii) val(d —€) > min{d,n};
(iii) n =96 and resljg(a) =resy 5(€).
Proof .

(i)=(ii) Supposed # e. Letebe such thatval(e) > £andlet g € K be such that val(g) = val(d—
€). Then P(c(z)) = ¥,(d; — e;)o*(e)g te Lo?(x) is a linear difference polynomial
with a non zero residue. As K is residually linearly closed, the residue of P cannot
always be zero and hence there exists ¢ € O* such that val(P(a(c))) = 0, i.e. val((d -
€)-a(ec)) =val(g) + val(e). But then, for all a € b:

val((d-e)-7(ec))

= val(f(a(a+ec)) - f(@(a)) -2-a(eh))
~f(@(a+ec)) + f(a(a)) +d-a(cb)

> val(e) + min{d,n}

val(g) + val(e)

i.e. val(d - €) > min{d,n}.
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4. o-Henselian fields

(ii)=(iii) First, suppose that 0 < 7, then if val(d;) is minimal, val(d;) = § < n < val(e;) and
hence val(d; — ¢;) = val(d;) = 6 = min{d,n} contradicting our previous inequality.
Hence we must have, by symmetry, § = 77. Now inequality (i) can be rewritten val(d —
€) > 0 which exactly means that res; s5(d) = res 5(€).

(iii)=(i) For all € such that val(e) > &, as val(d — ) > §, we have:
wl(f(@a+e) - f@@) --o(e)

val(f(c(a+¢)) - f(o(a))-d-a(c) + (d-€)-0(c))

0 +val(e)

N+ val(e).

\

This concludes the proof. ]

Remark 4.9:

I. In the isometry case, linear approximations describe the trace of a given function on
RV). More precisely, a function f is linearly approximated at prolongations on some
open ball b with radius ¢ if and only if there exists § € val(K) and d € Ry 5(K) such
that for all v > £ and a € b, the function res; ,(€) = res; .5(f(G(a+¢€)) - f(T(a))) :
R, - Ry 445 is well defined and coincides with the function « — d-7(x) (where the
sum is given by +1 1).

2. 1f we are working in a valued field with a linearly closed residue field, it follows from
Proposition (4.8), that § and d from 4.9.1 are actually uniquely defined.

Definition 4.10 (0-Henselianity):
Let M & Ta,, thean L gly(M)-term, d e K(M), a e K(M) and ¢ € T'(M). We say that
(t,a,d, €) is in 0-Hensel configuration if d linearly approximates t at prolongations on l%g (a) and:

val(t(a(a))) > min{val(d;) + o*(€)}.
We say that M is o-Henselian if for all (t, a, d, €) in o-Hensel configuration, there exists c € K (M)
such that t(7(c)) = 0 and val(c - a) > max;{val(o ™ (t(5(a))d;1))}.

Remark 4.11:
By Remark 4.5.1, when o is an isometry, this form of the o-Hensel lemma is equivalent to

classical forms for difference polynomials — i.e without any analytic structure — as stated in
[Scaoo; Scao3; AD10] for example. In particular, it implies Hensel’s lemma (for polynomials).

Definition 4.12 (Pseudo-convergence):
Let M T Ao

(i) Asequence (x4)qep of (distinct) points in K(M ) indexed by an ordinal is said to be pseudo-
convergent if for all o, 7y, 6 € 3 such that o < y < 0 we have val(xq — x5) < val(z — x5);
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(i) We say that a € K(M) is a pseudo-limit of the pseudo-convergent sequence () — and
we write xo~a — if forall o <y < 3, val(zq — a) < val(z, — a);

(iii) A pseudo-convergent sequence of elements of C' ¢ K (M) is said to be maximal (over C) if
it has no pseudo-limit in C;

(iv) We say that a sequence (T.,) of tuples pseudo-solves an L 4ol (M)-term tif t = 0 or for
a > 0 — ie. for ain a final segment — t(To)~0.

(v) We say that a sequence (x,) o-pseudo-solves an L 4,g|y (M )-term t if (G (x,)) pseudo-
solves t.

(vi) We say that M is maximally complete if any pseudo-convergent sequence in M (indexed by
a limit ordinal) has a pseudo-limit in M;

(vii) We say M is o-algebraically maximally complete if any pseudo-sequence (x,) from M (in-
dexed by a limit ordinal) o-pseudo-solving an L 4, gl (M )-term t # 0 has a pseudo-limit
in M.
Remark 4.13:

I. Let (z,) be a pseudo-convergent sequence, then for all oy < a1, val(za, — Tay) =
val(Zay — Tag+1) = Yao- The 7o form a strictly increasing sequence. If z,~a then
val(a—qa,) = Yo, and if bis such that for all o, val(b—a) > ~y, then we also have x,,~b.

2. As,in any valued field, balls with a non infinite radius always have more than one point,
if (z,,) is a maximal pseudo-convergent sequence over K then either ~,, is cofinal in
val(K*) and (z,) is indexed by the successor of a limit ordinal or (z,,) is indexed by a
limit ordinal.

Proposition 4.14:
If M is o-algebraically maximally complete and Ry (M) is linearly closed then M is o-Henselian.

Proof . First an easy claim:
Claim 4.15: Let (t,a,d, &) be in o-Hensel configuration, then
max{val(o ™" (t(7(a))d; "))} > €.
Proof. As (t,a,d,¢) is in o-Hensel configuration, there exists iy such that val(¢(a(a))) >

val(d;,) + 0™ (€) and hence val(o~™ (£((a))d;.})) = o~ (val(t(5(a))) - val(dy)) > € ¢

And now, two lemmas about finding better approximations to zeros of terms.

Lemma 4.16:

Let (t,a,d, &) be in o-Hensel configuration such that t(5(a)) # 0. Then there exists ¢ such that
val(c - a) = max;{val(c ™ (t(5(a))d;1))}, val(t(5(c))) > val(t(a(a))) and (t,c,d,£) is also
in o-Hensel configuration.
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Proof. Choose any ¢ € K(M) with val(¢) = max;{val(c™(t(5(a))d;!))}. By Claim (4.15),

val(e) > . Forall z € O, let R(a,e,x) :=t(c(a) +a(ex)) —t(a(a)) —d-a(ex) and

t(c(a) +o(ex)) 14y dio(e) i(2) + R(a,e,x)

17 (a)) ~ 4(5(a))” 1@ (a)

u(z) =

For all 7,

val (df—(s)) > val(d;) + val(t(a)) - val(d;) — val(t(a)) = 0
t(a(a))

and for any ig such that val(e) = val(o™% (t(E(a))di’Ol)) it is an equality. As d linearly ap-

proximates t at prolongations on l%g (a), we also have

val(R(a,e,x)) > miin{val(ai(e)) +val(d;)} = val(t(a(a)))

and res; (u(x)) = 0 is a non trivial linear equation in the residue field. As R; (M) is linearly
closed, this equation has a solution res; (e). Note that we must have res; (e) # 0.

Let ¢ = a + ee. 1t is clear that val(c - a) = val(e) = max;{val(c " (+(5(a))d; 1))} > ¢ and that
val(t(a(c))) = val(t(a(a))u(e)) > val(t(c(a))) > min;{val(d;) + 0;(§) }. ¢

Lemma 4.17:

Let (x,,) be a pseudo-convergent sequence (indexed by a limit ordinal). Assume that for all a,
(t,%q,d, &) is in o-Hensel configuration, val(zas1 — o) > max;{val(c " (t(5(x4))d; 1))} and
t(7(x4))~0. If ¢ is such that x,~c, then (t,c,d, £) is in o-Hensel configuration and for all o,

val(t(@(c))) > val(t(F(za))).

Proof. First of all, as (¢, xq,d, ) is in o-Hensel configuration, d continuously linearly ap-
proximates ¢ at prolongations on B¢(zo). By Claim (4.15), val(c — z¢) = val(z1 — z9) > &
Moreover, let R(x,¢) :=t(a(c)) —t(c(z)) —d-T(c—x). Then for all ¢,

val(t(7(c))) = val(t(7(za)) +d(T(x)) -7(c— xa) + R(zq,c))
> miin{val(t(E(:za))),Val(di) +val(o'(c-xq))}
> val(t(a(zq)))-
Finally, as val(t(7(c))) > val(t(3(z0))) > min;{val(d;) + o*(€)}, (t,c,d,€) is also in o-
Hensel configuration. ¢

Let (t,a,d,&) be in o-Hensel configuration. 1f t = 0, we are done, if not let (24 )acs be a
maximal sequence (with respect to the length) such that 2y = a and for all o, (¢, x4, d, €) is in
o-Hensel configuration, val(z,+1 — 7o) > max;{val(c ™ (t(c(z4))d; 1))} and t(5(z4))~0.
If «v is a limit ordinal, as M is o-algebraically maximally complete, and ¢ # 0, (x,) has a
pseudo-limit zg. By Lemma (4.17), the sequence (24 )qeg+1 still meets the same requirements,
contradicting the maximality of (24 )qes. 1t follows that 3 = v + 1. If t(5(z4)) # O, then
applying Lemma (4.16), to (¢, z.), we obtain an element xg such that (z4)qep11 still meets
the same requirements, contradiction the maximality of (24 )qes Once again. Hence we must
have that t(7(x,)) = 0 and ¢ = z., is a solution to the o-Hensel configuration (¢,a,d,£). ®
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Definition 4.18 (T 4 ;—Hen):
Let T 4 —Hen be the L 4 o »-theory of analytic fields with an automorphism that are o-Henselian
and have a non-trivial valuation group. To specify the characteristic we will write T 4 5_Hen,0,0 O

T.A,o'—Hen,O,p'

Proposition 4.19:

Let A=Uxy W[F_palg] (X)[[Y]] and W, be the L 4 o ,-structure with base set W(I[*Tpalg), the

. . . . Py ——al
obvious valued field structure and analytic structure and interpreting o as the lifting to W(IE"‘I,‘er £)

. . —al
of the Frobenius automorphism on F,"®. Then W, = T 4 5 Hen 0

Proof. 1t is clear that W), & T 4. As W(Ealg) is complete with a discrete valuation it is
maximally complete. It follows from Proposition (4.14) that it is o-Henselian. ]

In the definition of T 4 ,—fen, We have not required the residue field to be linearly closed,
since it comes for free:

Proposition 4.20:
Let M = T A o—tien, then K(M) is linearly closed.

Proof. Let ce K(M) and P(x) = ¥; ajx; be a non zero linear polynomial. Let ¢ ¢ K(M ) be
such that val(e) < val(c) - val(ag). Then P(c(cx)) = ¥ a;0'(e)o’(x) and

%in{val(aiai(s))} < val(ag) + val(e) < val(c).

Thus, we may assume that min;{val(a;)} < val(c) = val(P(a(0)) — ¢). But, as P is linear, @
linearly approximates P at prolongations on 9t and (P - ¢, 0,a, 0) is in o-Hensel configura-
tion. As M is o-Henselian, there exists e € K(M) such that P(c(e)) = c. ]

To conclude this section, let us show that T 4 ,_pen behaves well with respect to coarsening.
The following results will mainly be used in Section 6.3 to transfer quantifier results form
equicharacteristic zero to mixed characteristic.

Let £ be an RV -enrichment of £ 4 ¢ » and T be an £L-theory containing T 4 ;—Hen,0,, Mor-
leyized on RV (cf. Definition (A.3)). By Section 2 we can find an RV, -enrichment £* of
LBV _ the oo in LBV= is there to recall that the leading term structure is given by RV,,
and not the RV, although, to add to the general confusion, the RV, are indeed present in
the enrichment — an £*°-theory T{® 2 T3, and two functors €3° : Str(7T") - Str(T7°)
and UCT” : Str(TT°) - Str(7). For any C in Str(T) we enrich €5°(C') by defining:

e - and 1., to be the multiplicative group structure of RV,;
e 0o tobe (05)nen.o;
* 2|,y to hold if for some n, m (x)|;rvi(p~")m (v) holds;

* Ttoo,00Y tODE (T () +mm.mTmn (Y) )men,, if there exists n € N, such that 7, () +y 1
Tn(y) # 01 and 0o, otherwise;

o 2[Ry to hold if 71 ()| 71 (y) holds;
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4. o-Henselian fields

o Ew(x) tobe (Ei(x))ken,, for all Ein some A;, ;

m,n’
* U tO be (O—’rl(x))nEN>0;

and we obtain a new functor €5° : Str(T") — Str(T*2) where T5® := T U TR . One
can check that we still have an equivalence of categories induced by €5° and £(€7° and that
€5 also respects cardinality up to Xo and R;-saturated models. Finally, by Corollary (B.4),
as T is Morleyized on RV, we obtain functors €3 : Str(7) — Str(TQ(RV“URV)_Mor) and
Ue - Str(TQ(RVwURV)_Mor) — Str(T'). Note that in this case, because we only enrich by
predicates, the full subcategory § of Str(7") is not actually needed.

Let us now show that forall M & T, € (M) = T | _gen0.0-

Proposition 4.21:

Let M =T andt: K" - Kbean L4 gly (M)-term, d e K(M) and b an open Ooo-ball. Then
if, in €° (M), d linearly approximates t at prolongations on b, then for any open O-ball b’ < b, d
also linearly approximates t at prolongations on b’ in M.

Proof. Forall a and e € b’ ¢ b, we have

vale (t(7(a)) - t(a(e)) —d-a(a-e€)) > miin{valoo (d;) + vale (o' (a —€))}.

Let 49 be such that vale (d;,) + valeo (6% (a — €)) is minimal, then we have val(t(7(a)) -
t(@(e)) —d-a(a—-e)) > val(d;,) + val(c®(a - €)) > min;{val(d;) + val(c'(a - €))}. ]

Proposition 4.22:
Let M =T, then €5° (M) is o-Henselian (for the valuation vals).

Proof. Let (t,a,d, &) bein o-Hensel configuration in €5° (M ). Let i be such that vale (d;, ) +
o' (&) is minimal. As (¢,a,d,¢) is in o-Hensel configuration, val(t(z(a))) > vale(d;,) +
00 (&). Letr = o (t(a(a))d;'p!). Then

val(t(@(a))) > val(d;, ) + val(a™(r)) > miin{val(di) +val(a'(r))}.

Moreover,
valoo (cr’-O (r)) = vale (t(a)) — valeo (diy) > o' (&),

i.e. valoo (1) > . It follows that Bf?

al(r) (a) c B?“’ (a) and hence, by Proposition (4.21), d lin-
early approximates ¢ at prolongations on l’;‘f?al(r) (a) and (t,a,d,val(r)) is in o-Hensel con-
figuration.

By o-Henselianity of M, we can find ¢ € K(M) such that t(c(c)) = 0 and val(c — a) >
max; {val(o~(t(5(a))d;'))}, and hence vale (¢ - a) > vale (07 (£(5(a))d;!)) foralli. m

URV)-Mor

It follows from those two propositions that we can further enrich TQ(RV“’ so that it

. . o )
isan RV-enrichment of T | 1., ¢ o- Hence we have proved:
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5. Reduction to the algebraic case

Proposition 4.23:

Let L be an RV -enrichment of L 4,0 - and T’ be an L-theory containing T 4 s—_Hen 0, Morleyized
on RV. There exists an RV -enrichment L* of sz,g, » — with new sorts RV = U, RV,, —
and an L= -theory T 2 T |y, oo Morleyized on RVs U RV, and functors € : Str(T') -
Str(T*) and Y€ : Str(T*) — Str(7T") that respect cardinality up to X and induce an equiv-
alence of categories between Str(T") and Strge (zx1)+(T*) and such that {&™ respects models
and elementary submodels and sends RV, U RV to RV and € respects (|A[X*)*-saturated
models.

Similarly, we can prove the existence of these functors in the analytic and in the algebraic
setting, and these functors are actually induced by those in the analytic difference case.

Proposition 4.24:

Let Lan be any RV -extension of L 4 g contained in L and L, be any RV -extension of
contained in L,y,. Define T,y = T|Ean’ and Tye := T|Ealg' Assume that both T, and T, are
Morleyized on RV.

,CRV+

oo

(i) There exists an RV -enrichment L, of L o and an L33, -theory T35 2 T o Morleyized

an —

onRV,, URV, and functors €22, : Str(Tan ) — Str(T) and U€ : Str(Tan) — Str(Tan)

an
with the same properties as in Proposition (4.23).

Moreover €3, (- |, ) = €7 ()| 2 and similarly for UCZ.
(i) There exists an RV -enrichment L3}, of LBV" and an Loy, -theory T3 2 T, o o Mor-
leyized on RVs URV, and functors €, : Str(Tayg) — Str(Ty),) and U, : Str(Tg,) —

Str(Tyig) with the same properties as in Proposition (4.23).

{ee]
alg

Moreover €3 (- |£alg) = le,) = = Qﬁ""(-)|£;<fg and similarly for U
alg

5. Reduction to the algebraic case

In the following section, let £,, be an RV -enrichment of £ 4 ¢ and let T},,, be an £, -theory
containing T 4, Morleyized on RV. We define L1, = Lan N (AU {Q}) — it is an RV-
enrichment of L8V — and T, alg = Tan| Lug’ As previously, if there are new sorts Yry, we
write RV for RV U YRy.

Remarks.1:

Let M and My = Ty, C; € M; and f : Cy — Co an L,,-isomorphism. Obviously, f extends
uniquely to (C4). As L,, contains Q, K({C1)) is a field. Hence any partial £,,-isomorphism
with domain C' has a unique extension to Frac(K(C)).

Although it is well-known, the algebraic case (i.e. in L) is a bit more complicated because
we do not have Q in L,j,.

Proposition 5.2:
Let My and My & T, be two Lyg-structures, C; ¢ M; and f : C1 — C3 be an LRV
isomorphism. If rv(Frac(K(C1))) € RV (C1) then f has a unique extension to Frac(K(C)).
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5. Reduction to the algebraic case

Proof. Let f'|x be the unique extension of f|k to Frac(K(C1)). ltis a ring morphism. By
Lemma (A.13), it suffices to show that f'|x U f|gy respects the rv,. As rv(Frac(K(C1))) ¢
RV (C1), flgy commutes with the inverse on any rv,, and hence

va(f'(a/b)) = tva(f(a) f() ") = F(1vn(a)) f (v (b)) = f(rva(a/b)).

This concludes the proof. ]

In the following proposition we will be working in equicharacteristic zero, hence, to avoid
needlessly cluttered notation, we will write R, res, RV and rv for Ry, res;, RV; and rv;.

Proposition 5.3 (Reduction to the algebraic case):

Suppose Ty, 2 T 400. Let My and My = Ty, f 2 My — My be a partial L,y,-isomorphism with
domain Cy < M, and a; € M. If f can be extended to an L,4-isomorphism f' whose domain
contains ay, then f can be extended to an L,y -isomorphism sending a; to f'(ay).

Proof . First, because Talg‘R,V = Tanlgy> Talg is also Morleyized on RV. By Lemma (A.11),
we can extend f’ on RV and we may assume that RV (C1(a1)) € RV(C}). Moreover, as f’
respects |, f’ respects R and by Remark (5.1) and Proposition (5.2), replacing, if need be, a;
by its inverse, we can assume that a; € R.

Let az = f'(a1) and let us define " on K({C1)a1) by f”(t(a1)) = t/(az), where t/ is the
term obtained by applying f to the parameters of t. This morphism f” clearly coinciding
with " on K(C1)[a1] and it is well defined. Indeed, it suffices to check that if t(a;) = 0
then tf (az) = 0. But, by Weierstrass preparation, there exists S € SC*(C}), an £ A0k (C1)
term E (a strong unit on S) and P, @ € K(C1)[X] such that @ does not have any zero in
SK(CD)™®), a1 ¢ Sand forall z € S, t(z) = E(z)P(2)/Q(z). As t(a1) = 0 and E(z) # 0,
we must have P(a;) = 0. As f' is a partial £,),-isomorphism, we have as € S and P/ (az) =
0. As f is an L,,-isomorphism, by Theorem (3.10) it is in fact an elementary partial L,),-
isomorphism and we also have that for all z ¢ S/, t/(z) = Ef(2)P/(2)/Q/(x) and E7 is a
strong unit on S7. Hence, t/ (as) = E¥ (a2) P' (a2)/Q” (az) = 0.

Let us show that f” U f|gy is an L4 g-isomorphism. By Lemma (A.13), it suffices to show
that for all £4 ol (C1)-termst,rv(t/(a2)) = f(rv((a1))). By Remark (1.5), S is defined by
aformula of the form 6(rv(R(x))) where fisan Lo, ‘Rv—formula and the R; are polynomials
in K(C1)[X]. By [CLo7, proof of Theorem 7.5], there exists an L,,(C )-definable function
g : K — [1; RV,, such that every fiber is an open O-ball and for any polynomial 7" equal to
P, Q or one of the R;, rv(T'(z)) is constant on any fiber of g. It follows immediately that
every fiber of g is either in S or in its complement. Let @ = g(a;) and 5 = rv(¢(a1)). As E'isa
strong unit, on g7 (@) = [;,val(d) (c)itisof the form eF'((x—c)/d) with val(F((z—c)/d)) = 0.
Asres((z—-c)/d) = 0onall of g~ (@), by Corollary (3.9), rv(F(z)) is constant on g~ (@), and
hence rv(t(z)) is constant on g~ (@). As f is a partial elementary L,,-isomorphism and @
and e RV (C1),the £L 4 o(Cy)-formulaVz, g(z) =@ = rv(t(z)) = fispreserved by f. And
as f’isapartial elementary £,js-isomorphism (by Theorem (1.4)) and g is L,15 (C1)-definable,
g7 (az) = f(@) and we have that rv(tf (a2)) = f(B8) = f(xv(t(ar))). ]

Corollarys.4:
The previous proposition holds without any assumption on residue characteristic.
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5. Reduction to the algebraic case

Proof . Recall Proposition (4.24) and assume M; and M have mixed characteristic and f and
f" are as in Proposition (5.3).

Then &3, (f') is an extension of €}, () whose domain contains a;. By Proposition (5.3), we
obtain f’ "an L -isomorphism extendlng 22 (f) whose domain contains a; and we con-
clude by applying U7 . ]

Corollarys.5:
Let p(x,7,T) be any Lan-formula where x and y are K-variables and 7 are RV U ¥y -variables,
then there exists a K-quantifier free L,1o-formula 1)(x,%,7) and Lan|k-terms u(y) such that

Ton F 90(55’@7F) — d)(l‘,ﬂ(@),?)

Proof . This follows from the previous corollary by a (classic) compactness argument. For the
sake of completeness (and also because the uniformization part of that argument may be less
usual), let us state it. Consider the set of formulas

Tan U {90(951,@7) —mp(x%y?F)}U
{W(z1,u(y),7) <= Y(22,u(y),T) : ¢ is an Lyg-formula and w are £ 4 oy -terms}.

By Corollary (5.4), this set of formulas cannot be consistent. Hence there is a finite set of L4~
formulas (v;)o<i<n — that we can take K-quantifier free by Theorem (1.4) — and £ 4 olk-
terms u; such that:

Ton £ Vyz122( A\ i(21,0:(9), ) = $i(e2,%(Y), 7)) = (p(21,7,7) < ¢(22,7,7)).

Forall € € 2, let 0. := Avi(z, W (), 7)) where ¢! = ¢ and ¢° = —). For fixed j and 7, the
0 (,7,7) form a partition of K compatible with ¢(x,7,7). For all n € 22", let x, (7, 7) be a
K-quantifier free L,,-formula equivalent to A.(3z 0. (z,y,7) A (2,7, r))”(e) Note that for
any choice of 7j and 7 there is exactly one 7 such that x,,(y,7) holds. 1t is now quite easy to
show that p(z,7,7) <= V,(xn(7,7) A Veey 0=(2,7,7)). ]

Remark s5.6:

1. This corollary is a stronger version of [DHMgg, Theorem B]. Not only is it resplendent
but it also has better control of the parameters (essentially due to a better control of
the parameters in Weierstrass preparation in [CL11]). In particular, it is uniform.

2. Let Eiﬁg be £ enriched with symbols for all the functions from 4, a symbol Q :
K? - K, for all units E € A a symbol Ej, : R;, - Ry, a symbol [* ¢ (I')2. Then, any
L% o-formula (or even formulas in an R u I'-enrichment of £% o) can be translated
1nto an RV -enrichment of £ 4 ¢ (see Proposition (1.8)), and hence Corollary (5.5) also
holds (resplendently) for the L% 5-theory T% ., of Henselian valued fields with sepa-
rated A-structure and angular components Note that some of the symbols we should
have added have disappeared, like the trace of Ej on I'** which is constant equal to 0.
Similarly the £}, and | are missing one of their arguments — the I'*-argument in the
case of Ej, and the R,,-argument for |* — but they depend trivially on it.
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6. K-quantifier elimination in T 4 ;_Hen

6. K-quantifier elimination in T 4 ,_pe,

Up to Section 6.3, we will be working solely in equicharacteristic zero, hence, we will once
again write RV and rv for RV; and rv;. We will also be considering that variables are indexed
by N and we will sometimes identify a variable and its index. But hopefully no confusion
should arise.

Let M ET 4and C< M.

Definition 6.1 (Order-degree):

We say that an L4,y (C)-term t = Y4 o ti(Tum )2, is polynomial of order (at most) d in x,y,.
If t is not of this form, we take the convention that t has infinite degree in x,. Let T (C') be the
set of tuples (t,1,m,d) where I is a finite set of variables, m € I, d € NuU {oo} and t + 0 is
an L 4,0l (C)-term whose variables are contained in I and which is either polynomial in x., of
degree at most d or not polynomial in z,,, (and d = o). Let |(C) = T(C) u{0}.

We (partially) order T (C') by saying that (u, J,n,e) has lower order-degree than (t,1,m,d) if
one of the following holds:

(i) max(J) < max(I);
(i) max(J) =max([)and J c I, ie. J is strictly included in I;
(i) J=Tandn>m;
(ivi J=ITandn=mande <d.
We extend this order to (C') by making the zero term greater than any element of T (C').

Remark 6.2:
1. This is a well-founded (partial) order.

2. In condition (iii), the order is inverse of what one would expect but that is because we
want minimal terms to be polynomial in the last variable.

3. We will also write J < I to mean that conditions (i) or (ii) hold.

When @ is indexed by some set I € N and n € I, we will denote by @, the tuple @ missing its
n-th component and (@, x,, ) for the tuple @ where the n-th component is replaced by x,.
We define 7., (a) and (74, (a), zy,) similarly and let 5¢,, (a) := (a,0(a),...,0"(a)). Finally,
we will write (C), := (C) and C(¢), := C(c) (cf. Definition (A.12)).

La,0,0 L4,0,0

6.1. Residual and ramified extensions

Definition 6.3 (Regularity):
Let t(z) = X; ti(Tem )y, bean L 4, o(M) term and a € K(M). We say that t is regular at @ in
T, if

val(t(a)) = min{val(¢;(azm)) + ival(am)}.

By convention the zero term is never reqular.
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6. K-quantifier elimination in T 4 ;_Hen

First, we state a proposition which has nothing to do with automorphisms:

Proposition 6.4:

Let@ e rv(R(M)), @ € rv (@) and (t,I,m,d) € F(C) be of minimal order-degree such that
t(x) is polynomial in x,, and t is not regular at a. Then for all (u, J,n,e) < (t,I,m,d), rv(u(T))
is constant on rv1 (@). Moreover for all @4, € rv ™ (Qsn, ), U(@sn, ) has Weierstrass division on
v (o).

Proof . First, we may assume that K(M )alg = K (M) (see Proposition (3.26)). We work by
induction on J for the order defined in Remark 6.2.3. The proposition is trivial for constant
terms. Now, assume the proposition is true for any (v, K, p, f) with K < J.

Let us first assume that u is polynomial in z,,. Then, u = ¥; u; (T4, )z, must be regular at @
and hence val(u(a)) = min;{val(u;(@s,))+ival(a,)} and rv(u(@)) = ¥; rv(u; (@sn ) ), # 0.
Forany € € rv (@) and 4, rv(u;(€x))rv(en)? = 1v(u;i(@sn))al,. Moreover, if ¥, 1v(c;) # 0
thenrv(Y; ¢;) = ¥; rv(c;) hence we must also have rv(u(€)) = ¥, 1v(u;(@sn ) ), # 0. As uis
polynomial in x,, it has a Weierstrass preparation. Hence for polynomial u, the proposition
is proved.

Suppose now that u is of infinite degree in x,, and hence that all terms (v, J,n,e) with e # oo
have been taken care of in the previous paragraph. By Weierstrass preparation, there exists
S € SC*(C(@.y)) such that u(@xp, z,,) has a Weierstrass preparation on S and a,, € S. But

then either rv~!(a,) € S or rv (o) contains a K(C (Em))alg-ball and hence a point ¢ €
K(C(am))alg. Let P = ¥ pi(@sn) X" € K(C(@sp,))[X] be its minimal polynomial, then
for all e € rv!(ay), rv(P(e)) = 0 —i.e. P(e) = 0 — but that is absurd. Hence ¢ has a

Weierstrass preparation on rv~!(a,,) and there exists F(z,Z) € A, ¢ € K(C(a)), P and
Q € K(C(@4y,))[X] such that for all z,, € rv~ (o, ):

W(Asn, T ) = F (:En —n ,E) ggz;

and val(F((zp, — an)/an,¢)) = 0. But rv(P(zy,)) and rv(Q(zy)) do not depend on z,, and
rv(F((zy, — an)/an,c)) only depends on res((x,, — ay)/a,) = 0 (see Corollary (3.9)). Hence
B = 1v(u(@sn, T, )) does not depend on z,, € rv ' (e, ). The £ 4 o-formula

YV, tv(xn) = an = tv(u(Gsn, on)) = B

is in the £ 4 o-type of @,, over Ca, 3. By induction (and Corollary (1.6)), all tuples @.,, €
v (@.,,) have the same £ 4 o(Ca3)-type and rv(u(a)) = B for all @ e rv™ ! (@). ]

Let us now prove the first embedding theorem we will need to eliminate quantifiers. Let M;
and M be models of T 4 5—Hen, Cs < M; and f : Cy - Cy an E}}VQ’E_/IOT-isomorphism.

Proposition 6.5:

Let a € tv(R(M1)) nRV(CY), a € v () and (t,1,m,d) € | (C) be polynomial in ., for
somem € N. Assume that (t, I, m, d) is of minimal order-degree such that t is not regular at 5(a).
Then:

(i) There exists ay € R(M) and ay € R(My) such that t((a1)) = 0 = t/ (5 (a2)), rv(ai) =
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6. K-quantifier elimination in T 4 ;_Hen

aandrv(az) = f(a).

(ii) For any such a;, f can be extended to an ﬁﬁ’vgjg/lor-isomorphism sending a; to as.
Proof. Lett = Y% t;(Tsm )’ . By minimality of ¢, we cannot have t4(G+, (a)) = 0. Dividing
by ¢4, we may assume that ¢, = 1.

Claim 6.6: There exists ¢ € K (M) that linearly approximates t on rv~'(«) at prolongations and
such that

mjin{val(cj) +val(o?(a))} = miin{val(ti(ﬁ(a))) +ival(c™(a))}.

Proof. lLet N; = Malg (see Proposition (3.26)). Let s, := ¥, t;z! and s := s4. For all i and
J # m, by Proposition (6.4) applied in Ny, t;(+;(a), ;) has Weiestrass preparation on the
ball b; := rv7!(«;) and constant valuation. By Proposition (6.4), for all e < d, s, also has
constant valuation on rv~!((«)). By invariance under addition — and an induction on e —
we can show that s(7;(a), ;) also has Weiestrass preparation on b;. Moreover ds/0z;(T)
is also given by an £ 4 o(C1)-term of degree d — 1 in z,,, hence rv(0s/0x;(T+j(a),z;)) is
constant on b; (equal to some rv(c;), where ¢; e K(M7)). By Proposition (3.27), for all y; and
zj € by

rv(8(05(a), y5) = 1(T+(a), 7)) = v(s(a2(a),y;) = 5(T+(a), 2))) = rv(ej)rv(y - 2).

This last statement is in the £ 4 o-type of 7.;(a) over Cirv(c;). By Proposition (6.4) and
Corollary (1.6), any €.; € 1v 1 (7.;()) has the same £ 4 o(Cirv(c;))-type and hence the
same c; works for any € € 1v ! (7()).

By minimality of ¢, s is regular at 7(a) and

val(s(a(a))) = rgi;l{val(ti(5¢j(a))) +ival(c™(a))}.

Because val(s(c;(a),x;)) is constant on bj, by the last statement of Proposition (3.27) and
because rad(b;) =rv(o’(a)), we obtain that:

val(c;) +val(o? (a)) > val(s(7(a))) > miin{val(t,-(ﬁ(a))) +ival(c™(a))}.

When j = m, as t is polynomial in z,,, and 9t/0z,(T) is of degree d - 1 in z,,, by Proposi-
tion (3.277), we also find c,, € K(M) that linearly approximates (€., &, ) on rv (o™ (c))
for any € e v (7(c)). And

val(cp, ) +val(c™(a)) = val(0t/ 0z (T)) +val(c™(a)) = miin{val(ti(ﬁ(a)))+ival(0m(a))}.

It now follows from Proposition (4.6) that ¢ linearly approximates t on rv=! (/) at prolonga-
tions. ¢
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6. K-quantifier elimination in T 4 ;_Hen

If t # 0, as ¢ is not regular at 5(a), val(¢t(a(a))) > min;{val(t;(g(a))) + ival(c™(a))} =
val(cp) +val(0™(a)) = min;{val(c;) +val(o?(a))}, and (t,a, ¢, val(a)) is in o-Hensel con-
figuration. Hence there exists a; € Mj such that val(a; - a) > max;{o~"(t(c(a)c;'))} and
t(a1) = 0. In particular,

val(c" (a1 —a)) = val(t(a(a))) - val(cn,)
> rrzin{val(ti(ﬁ(a))) +ival(c™(a))} — val(ep)

= val(o™(a)),

and thus rv(a;1) =rv(a).

If x,, is not the highest variable appearing in ¢ — that we call x,, — then, applying Propo-
sition (6.4) to (t,I,n,o0) < (t,I1,m,d), we get that rv(#(T)) is constant equal to 0 on all
of v 1(7(a)). As t(G+m(a), T, ) is polynomial and has infinitely many zeros, we must have
t;(c(a)) = 0forall 4, but that contradicts the non-regularity of ¢ in x,,, at (a). Thus x,,, must
be the highest variable appearing in ¢. For the same reasons, we cannot have rv(c¢,,) = 0.
Note that we have also proved that for all € € rv~!(7(«)), t is minimal such that it is not reg-
ular in €, hence the £ 4 o-type of &(«) says so and hence, as T 4 eliminates field quantifiers,
t/ has the same minimality property (relatively to f(«a)) and we find ay in the exact same
way. If ¢ = 0 then any a; and as € rv=! () will work.

Let us now show that f can be extended to send a; to as. For all n < m, any term u(Z<") €
B(C) has order-degree strictly smaller than (¢,1,m,d) and hence g := rv(u(€)) does not
depend on the choice of e € v }(7(a)). The formula “VZ1v(Z) = 7(a) = rv(u(z)) = 5
is an £ 4 o(C1)-formula respected by f and thus f(8) = f(rv(u(c(a1)))) = u(c(az)). 1t
follows immediately that the function f,, sending u(c(a1)) to u(c(az)) is well defined. It
is obviously an £ 4 g -morphism, and, as it respects rv, by Lemma (A.13), it is an £ 4 o-
morphism.

Let us now assume that ¢ # 0.

Claim 6.7: Let P := t(Tsm(a1), zm) € K(Cim-1)[X]. Foralln > m, c™(ay) is the only zero
of P whose leading term is o™ ().

Proof . Because o is an automorphism of valued fields, it suffices to prove the case n = m. Let
eervi(o™(a)) {o™(a1)}, thentv(P(e)) = rv(P(e)-P(a)) = rv(cm)rv(e—a™(a1)) # 0.
¢

The same claim is true of 0™ (ay) with respect to f(P?" ) and f(c™(«)). Therefore, it
suffices to extend f,,,—1 to the £ 4 o-definable closure of C} ,,-1, which we can certainly do
as fm-1 is an £ 4 g-elementary isomorphism (by resplendent field quantifier elimination in
T 4).

Thus we have obtained an £ 4 g-isomorphism between C(c(a1)) and C2(G(a2)). By Re-

mark (4.2), it is an £ 4 g s-isomorphism. This morphism is also an Ef}‘ggﬁor—isomorphism
by Lemma (A.13). [
Corollary 6.8:

Let « € RV(C1), then there exists a1 € M suchthatrv(a,) = aand f extends to an isomorphism
on Cl (a1 >U.
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Proof. If o € res(R(M)), then Proposition (6.5) applies. If not apply Proposition (6.5) to o~
and conclude by extending the isomorphism to the analytic field generated by its domain by
Remark (5.1). [

6.2. Immediate extensions

Let M = T 4 be sufficiently saturated and C' < M.

Definition 6.9 (Pseudo-convergent *-sequences):

Let (T, ) be a sequence of tuples of the same length. We say that it is a pseudo-convergent sequence
if for all i, (T; ) is pseudo-convergent. Moreover, we will say that @ is a pseudo-limit of (Z,,) if
forall i, T; o ~ai.

Definition 6.10 (Equivalent pseudo-convergent sequences):

We will say that two pseudo-convergent sequences are equivalent if they have the same pseudo-
limits.

Lemma 6.11:

Let T, be a pseudo-convergent sequence, a a pseudo-limit of this sequence and Y, a sequence such
that for all i, val(a; — yi ) = val(a; — i), then (yo) is also a pseudo-convergent sequence,
equivalent to ().

Proof. We may assume that |z,| = 1. Note thatforall 3 > o, val(ys—ya) = val(yg—a+a—ya) =
val(a-zo) = val(zg—x4),asval(a-xg) > val(a—xz). Hence (y, ) is also pseudo-convergent.
Moreover, if b is any pseudo-limit of (z,, ), then val(b-y, ) = val(b— a1+ Tas1—a+a—-yq) =
val(a — yo) = val(a — x4) = val(b - ) and y,~b. The symmetric argument shows that if
Ya~b then z,~b. [ ]

Definition 6.12 (Rich enough families):

We say that a family F of equivalent pseudo-convergent sequences of C'is rich enough if for any
linear polynomial P(X) = ¥,; 7 X; € rv(K(C))[X], there exists (Zo) € F such that for all
pseudo-limit @ and all o, P(rv(a — T,)) # 0, i.e. if rv(p;) = m; then val(X; pi(ai — ziq)) =
min;{val(p;) + val(a; - z;q)}.

We will say that a term u = Zfzo i (Tem )o™(z)* is monic if ug = 1. As in section 6.1, let us
begin by a proposition that does not seem to have anything to do with automorphisms.

Proposition 6.13:

Let F be a rich enough family of equivalent pseudo-convergent sequences of C' that are eventually
in R and (t,1,m,d) € H(C). Suppose that (t,I, m,d) has minimal order-degree such that t is
a monic polynomial in x, and there exists a pseudo-convergent sequence (T,,) € JF that pseudo-
solves t. Then for all (u, J,n,e) < (t,I,m,d), there exists cg such rv(u(T)) is constant on by :=
l’;’% (Tag+1), where 7 := val(Toy+1 — Tay ) — it follows immediately that rv(u(x)) € rv(K(C))
— and for any @ € bg, u(@sn, v, ) has a Weierstrass preparation on by, .

————al
Proof. We may assume that K(M )a = K(M). The proof proceeds by induction on J.
Suppose that Proposition (6.13) holds for any term (v, K, p, f) such that K < J. Let us prove
a few claims to take care of certain induction steps.
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Claim 6.14: Fix e and n € N. Suppose the lemma holds for all (u, J,n, €), then it holds for any
(u, J,n,e+ 1) where u is a monic polynomial in x,.

Note that the case e = 0 does not require any hypothesis (other than the induction hypothesis
on J).

Proof. Letu = a5 + ¥ ui(Ten)al, and for all f < e, sp = Y ui(Ten)al,. Leta be
a pseudo-limit of (%, ). Then we can find «q such that, for all j # n, val(sf(a+;,z;)) and
val(uysi1(@z+j,;)) are constant on b; o and us,1(@+;,z;) has a Weierstrass preparation. By
induction on f and invariance under addition, s.(@;,z;) has a Weierstrass preparation on
bjo. Let s := s.. Making aq bigger we can also assume that val(0s/0z;(@xj,x;)) is con-
stant on bjo. By Proposition (3.27), we find ¢; € K(C) such that for all y; and z; € bj,
rv(u(@sg, yj) = w(@sj, 25)) = 1v(8(@+j,y5) = s(azj, 2j)) = rv(c;)rv(y; - z;). By field quanti-
fier elimination, this statement only depends on the value of rv(v(ax;)) for a finite number
of £ 40|k (C)-terms v and hence, by induction, making o bigger, we may assume that this
statement is true of all @ € by. When j = n, the same arguments yields some ¢,, € K(C) as u
is already polynomial in x,, and Ou/0x, () is polynomial in x,, of degree at most e. It now
follows from Proposition (4.6) that ¢ linearly approximates u on by.

Let (7,) € F be such that for any pseudo-limit @, val(¢- (@ -7, )) = min;{val(c;) + val(a; -
Yja)}- Then val(u(a@) - u(y,)) = minj{val(c;) + val(a; — y;q)}. If for all o, val(u(a)) >
min;{val(c;)+val(a;j—y;q)}, thenval(u(y,)) = min;{val(c;)+val(a;-y; )} and u(y,)~0
contradicting the minimality of ¢. Hence val(u(@)) < min;{val(c;)+val(a;-y;.)} for o > 0
and rv(u(a)) = rv(u(Ya)) € rv(K(C)). By compactness, making « bigger, this is true for
any @ € by. ¢

Claim 6.15: Fix e and n € N. Suppose the lemma holds for (u, J, n, e) monic polynomial in x,,
then it holds for any (u, J,n,e).

Proof. Dividing by the dominant coefficient u, (which has constant rv on by by induction),
we obtain a term v monic polynomial of degree at most e in z,, and which must also have
constant rv on by if we take o big enough. ¢

Claim 6.16: Fix n € N. Suppose that for all e € N, the lemma holds for all (u, J,n,e). Then it
also holds for all (u, J,n, o).

Proof. Let @ be a pseudo-limit of (z4). Any S € SC*(C(a.y)) that contains a,, must con-

tain by, o for o big enough. If not, there exists ¢ ¢ K(C (Em))ag such that =, o~c. Let
P(Gsn, ) = ¥; pi(@sn ) !, be its minimal polynomial. Then, by hypothesis, for all € € b (for
ap big enough), rv(P(€)) = 0 and we must have p;(a., ) = 0 for all i, but that is absurd.

It follows that we can find ag such that, u(@.,, x,,) has a Weierstrass preparation on by, g, i.e.
there exists F' € A, ¢ € K(C(a,)) and L AQ]K(C)-terms P and Q polynomial in z,, such
that for all =, € b; 0,

Tp—T P(a
U(E¢n,$n) _ F( n n,ap+1 75) (f#naxn)
Tn,a0+1 ~ Tn,ag Q(aﬂw xn)
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and val(F'((2n, — Zn,ap+1) (Tn,a0+1 — Tn,ap )» €)) = 0. In turn, this implies that rv(u(a:n, z5))
does not depend on z,, € by, o and by the usual uniformization argument (making o bigger),

we can ensure that rv(u(€)) does not depend on € € by. ¢
Proposition (6.13) follows by induction. ]
Remark 6.17:

Note that the proof of Claim (6.14) also shows that there exists d e K(C) that linearly ap-
proximates t on by for g big enough.

Let M & T 4, be sufficiently saturated and C' < M such that res(K(C')) is linearly closed.

Proposition 6.18:
Let x, be a pseudo-convergent sequence of C. The family {G(ya) : Ya is a pseudo-convergent

sequence of C' equivalent to x, } is a rich enough family of equivalent pseudo-convergent sequences
of C.

Proof. Let P(X) = ¥, piX; ¢ K(C)[X]. If for all i p; = 0, we are done. Otherwise, let
€a = Ta+l — Ta, let 7o such that val(p;, ) + val(c"(e4)) is minimal, and let

Qu(T(X)) =, 0" (ea) ' P(T(caX)) = X pivi, o' (€a)o™ (510" (X).

As res(Qy) is linear with coefficients in res(K(C')), which is linearly closed, we can find
do € K(C) such that res(Qq(a(dy))) # res(Qq(a(1))). In particular, res(d,,) # res(1) and
val(dy, — 1) = 0. Let yo = Tq + €ada-

Let @ be such that 5(z, )~a, then

rv(ai‘ - ai(xwl) + qi(xa+1) - O'i(ﬂ?a) + O'i(ﬂfa) - Ui(ya))
rv(o'(eq))rv(l - o'(dy)).-

It follows that val(ag — yo ) = val(es) = val(ag — x4 ). By Lemma (6.11), (y,,) is equivalent to
(7a). Letc; = (a; — 0'(ya)) /o' (e4). Then

rv(ai =o' (ya))

res(P(@-a(ya))pig ca’) = res(Q)(res(c))
= res(Q)(res(a(1) -7 (da)))
= res(Q(a(1))) —res(Q(a(da)))
# 0.

Hence, we have val(P(a - 5(ya))) = val(pi,) + val(c%(e4)) = min;{val(p;) + val(a; -
0" (Ya))}- n
And now let us prove another embedding theorem for immediate extensions. Let A, and
My = T 4 »—Hen be sufficiently saturated, N; < M; have no immediate extension in M; and be
o-Henselian — as we will see in Remark (6.21) this second hypothesis follows from the first
one —, C; < N; be such that res(K(C1)) is linearly closed and f : C; - C3 an Eivg_vg/lor-
isomorphism.
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Definition 6.19 (Minimal term of a pseudo-convergent sequence):

Let (x4 ) be a pseudo-convergent sequence of C1. We say that (t,I,m,d) € F(C1) is its minimal
term if it is minimal such that it is monic polynomial in x,, and it is o-pseudo-solved by a pseudo-
convergent sequence equivalent to ().

Note that any pseudo-convergent sequence has a minimal term, as any pseudo-convergent
sequence o-pseudo-solves 0.

Proposition 6.20:
Let (z4) be a pseudo-convergent sequence of K(C ) (indexed by a limit ordinal) which is eventu-
ally in R. Let (t,I,m,d) be its minimal term. Then:

(i) There exists a; € N1 and ay € N such that zo~aq1, f(x4)~ag and t(c(a1)) = 0 =
t (T (az)).

(ii) Forany such ay, C1(a1), is an immediate extension of C1;

(iii) For any such a;, f can be extended to an ﬁf}?gg/[or-isomorphism sending a; to as.
Proof . 1f t is zero, it suffices to choose any a1 and as such that z,~a; and f(xz4)~as. These
exist in M; and we will see in the end why they exist in N;. Let us now assume that ¢ is not
zero. By Remark (6.17) — and Propositions (6.13) and (6.18) — we find ag and d € K(C})
that linearly approximate ¢ at prolongations on by := Byai(,,1-wa,) (Zag+1)- By Proposi-
tion (6.18), we can find a pseudo-convergent sequence ( z,, ) of C equivalent to (x,,) such that
for all pseudo-limit a of (z4), val(t(7(a)) — t(7(24))) = min;{val(d;) + val(c®(a — z4))}.
If for all such a, val(t(c(a))) < min;{val(d;) + val(c'(a — z,))} for a big enough, then
val(t(a(a))) = val(t(a(ya))). By compactness, val(t(a(x))) is constant on some by. But
this contradicts the fact that we can find y, equivalent to z,, that o-pseudo-solves t.
Hence there exists a pseudo-limit a such that val((z(a))) > min;{val(d;) + val(c’(a -
20))} > min;{val(d;) + val(c(&))} where & is the radius of by and (t,a,d, &) is in o-
Hensel configuration. As N is o-Henselian, we can find a; € K(N;) such that ¢(a;) = 0
and val(a; — a) > max;{val(c~(t(c(a))d; "))} > val(Ta+1 — Ta), i-€. Ta~>ai. As f is an
L .4.0,,-isomorphism, (t/,I,m,d) is the minimal term of (f(x,)) and the same argument
shows that there is ay € K(Ny) such that t/ (az) = 0 and f(z4)~as.
If ¢ + 0, let us now show that z,,, must be the last variable appearing in ¢. If it is not, let
r,, be that last variable. By Proposition (6.13), we can find L4 ol (A)-terms E, P and Q
such that F is a strong unit in x,,, P and Q are polynomial in z,, and for all @ € by, t(@) =
E(a)P(a)/Q(a). Ast(c(a1)) = 0 we also have P(c(a1)) = 0 and because (P,I,n, ) <
(t,1,m,d), we have rv(P(@)) = 0 — and hence rv(#(@)) = 0 — for all @ € by, contradicting
the fact that we can find y,, equivalent to x,, that o-pseudo-solves ¢.
We can now conclude as in Proposition (6.5) by extending f to C' ,, := C1(0<,(a1)) progres-
sively, by sending 0" (a1) to 0" (az). For n < m, it is exactly the same and for n > m, use
the fact that 0" (ay) is the only zero of P7" " (X) in (bu) for ag > 0, where P(X,,) =
t(Tem(a1), Xm).
If n < m, we have proved in Proposition (6.13) that the extension is immediate. 1If n > m,
we have just seen that 0" (ay) is ACVF-definable over K(C1(d<;,-1(a1))). It follows that
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0"(a1) € K(C1(F<n-1(ay)))" which is an immediate extension of K(C' (<, 1(a1))) and
we conclude by Proposition (3.20).

In the case where t is zero, we have yet to show that we can take a; € N;. Let (u,J,n,e)
be minimal over N; that is o-pseudo-solved by a pseudo-converging sequence equivalent to
Zq. We can find a; in M; such that «(c(a1)) = 0 and z4~a;. But then K(Nj(a1),) is an
immediate extension of N and we must have a; € Vy. ]

Remark 6.21: _ . _ . o
Note that we have just shown that if we only assume that N; has no immediate extension in

M, (and not that V; is o-Henselian), then N is maximally complete and hence, by Proposi-
tion (4.14) it is o-Henselian.

Definition 6.22 (Minimal term of a point):
Let a € M. We say that (t,I,m,d) € §(C1) is the minimal term of a over C if it is minimal
such that it is monic polynomial in x.,, and t(c(a)) = 0.

Note that because of Weierstrass preparation, minimal terms will always be polynomial in
their last variable.

Definition 6.23 ((¢, I, m, d)-fullness):

Let (t,1,m,d) € B(C1). We will say that Cy is (t, I, m,d)-full if for all pseudo-convergent se-
quences () (indexed by a limit ordinal) of elements in C that are eventually in R with minimal
term (u,J,n,e) < (t,I,m,d), (xs) has a pseudo-limit in C.

Corollary 6.24:

Let (xo) be a maximal pseudo-convergent sequence in C (indexed by a limit ordinal) pseudo-
converging to some a; € R(My). If (t,I,m,d) € H(C1) is its minimal term over Cy and C
is (t,I,m,d)-full, then K(C1{a1),) is an immediate extension of K(C1) and f extends to a
morphism from C(a1), into Na.

Proof . Since Cy is (t, I, m,d)-full, (x) (or any equivalent pseudo-convergent sequence) can-
not pseudo-solve a term of order-degree strictly less than (¢, I, m, d) (this would contradict
either (t,1,m,d)-fullness of C; or maximality of (x,)). By Propositions (6.13) and (6.18),
there is a tuple d and a sequence (¥, ) equivalent to () such that

val(t(F(ya))) = val(t(7(a)) ~ (@ (ya))) = min{val(d;) + val(o* (a - ya))},
i.e. t¢(d(ya))~0. We have just showed that ¢ is the minimal term of the pseudo-convergent

sequence (z,,) and thus we can now apply Proposition (6.20). ]

From now on, suppose that K(N;) is an immediate extension of K(C; ), hence it is a maximal
immediate extension of K(C;) in M;.

Corollary 6.25:
Suppose that all a € R(Ny) with a minimal term of order-degree strictly smaller than (t, 1, m,d)

are already in C4, then Cy is (t,1,m,d)-full.

Proof. Let (x,) be a pseudo-convergent sequence of C (indexed by a limit ordinal) that
is eventually in R and (u, J,n,e) < (t,1,m,d) that is o-pseudo-solved by (z,). We may
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assume that (u, J,n, e) is its minimal term. By Proposition (6.20), there is a; € N; such that
Zo~a1 and u(ay) = 0. Hence a; has a minimal polynomial of order-degree strictly lower
than (¢,1,m,d), so aj € Cq and C1 is indeed (¢, I, m, d)-full. [

Corollary 6.26:
The isomorphism f extends to an isomorphism between Ny and Na, i.e. maximum immediate

extensions (in some saturated model) — and hence maximally complete extensions — are unique
up to isomorphism.

We could prove this corollary without using the notion of fullness and without doing the
extensions in the right order — just pick any maximal pseudo-convergent sequence indexed
by a limit ordinal, find its minimal term and apply Proposition (6.20) to extend f some more
and iterate. But the following proof provides a better description of the information needed
to describe the type of a given point in an immediate extension.

Proof . Let us consider the extensions C < L, < N7 defined by taking L,+1 = Lo (cq ), Where
Co € R(N1) N L, has a minimal term of minimal order-degree over L1 and L) = Uq<) Lo
for A limit. Then we can show by induction that we can extend f to L,, in a coherent way.
Let us suppose that we have extended f to f, on L,. Let a = c,. Let xg~a be a maximal
pseudo-converging sequence of L,,. Thenif (¢, I, m, d) is a minimal term of a, then by Corol-
lary (6.25), Lo, is (¢, I, m, d)-full. Applying Corollary (6.24), we obtain that f,, can be extended
to Lo(a)s = La+1. The limit case is trivial.

As N is the field generated by U, Ly, by Remark (5.1) we can extend f to a morphism from N
into No. Now if f is not onto, pick a € K(N2)NK( f(N1)), (z4) maximal pseudo-converging
toaand (¢, I,m,d) its minimal term. Then applying Proposition (6.20) the other way round,
we would find an immediate extension of Ny in My, but that is absurd. ]

6.3. Relative quantifier elimination

Theorem A:
The theory T 4 5_Hen eliminates quantifiers resplendently relatively to RV.

Proof . By Proposition (A.9), it suffices to show that T 4 ,_pen eliminates quantifiers relatively
to RV. Note that if two models of T 4 ;—Hen contain isomorphic substructures they have the
same characteristic and residual characteristic, hence it also suffices to prove the result for
T A o-Hen,0,0 and T 4 5_Hen,0,p- Let us first consider the equicharacteristic zero case.

It suffices to show that if M; and M are sufficiently saturated models of Tﬁ,\gi%ldgé,o,o’ fa

partial E}}?’Q‘Mor—isomorphism with (small) domain C4, and a1 € K (M), f can be extended

to C1{ay)s. Let N1 < M; with no immediate extension in M; and containing both C and a;.
By Morleyization on RV and Lemma (A.11) we can extend f to D < N7 such that RV (D) =
RV (N1). Then applying Corollary (6.8) repetitively we can extend f to E; < N; such that
rv(K(E7)) = RV(E7). Now K(N;) is a maximal immediate extension of K(F7) and we
can extend f to N} by Proposition (6.20).

Now that we know the equicharacteristic zero case, the mixed characteristic case follows
from Propositions (B.5) and (4.23). [
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We also obtain the corresponding results when there are angular components. Let £ o
be L7 o enriched with a symbol o : K — K, symbols 6" : R" - R" and a symbol or :
> - I'”. Let T% |y, be the L% 5 -theory of o-Henselian analytic difference valued
fields with a linearly closed residue field and angular components that are compatible with
o,i.e. ac, 00 =0, 0ac,. Let Eiﬁ’ga be the enrichment of £2%/" with the same symbols and

Tiﬁ’ﬁ:ézmp be the theory of finitely ramified characteristic (0, p) valued fields as above with

ramification index at most e, i.e. e- 1 > val(p).

Corollary 6.27:

o o Hen and Ti{:’;:{én , for all p and e, eliminate K-quantifiers resplendently.

Proof . By Proposition (A.9), resplendence comes for free once we have K-quantifier elimina-
tion. Moreover, by Propositions (1.8) and (B.5), we can transfer quantifier elimination in an
RV -enrichment of T 4 ;_Hen (cf. Theorem A) to quantifier elimination in a definable RuI'-
enrichment of T% |y, and hence K-quantifier elimination in T% | _y,,,-

The proof for Tif’;:f;zn , now follows by Remark 1.9.3. [

Remark 6.28:

I. Inavalued field with an isometry and val(Fix(K)) = val(K), angular components that
are compatible with o are determined by their restriction to the fixed field. Indeed
if val(x) = val(e) where ¢ € Fix(K), then ac,(z) = R,(zc !)ac,(¢). In fact, any
angular components on the fixed field can be extended using this formula to angular
components on the whole field that are compatible with ¢ and hence any valued field
with an isometry and val(Fix(K)) = val(K) can be elementarily embedded into a
valued field with an isometry and compatible angular components.

2. In fact, the existence of angular components in a o-Henselian valued field with an
isometry implies that val(Fix(K)) = val(K).

Until the end of this section, we will add constants to L% 5 , and ch’gg forac, (t) and val(t)
for every £ 4,0,0|k-term ¢ without any free variables. The reason for which we need to add

theses constants is that although these are L% 5 ,-terms, we may have no trace of them in

A ool and ‘CilC,Q,o“F' Ax-Kochen-Ersov type results now follow by the usual arguments.

Corollary 6.29 (Ax-Kochen-Ersov principle for analytic difference valued fields):
(i) Let L bean R-extensionof aI'-extensionof L o ,, T an L-theory containing T% | ., 00
and M and N e T then:
(@ M = N ifand only if Ri(M) = R1(N) as L|g -structures and T'**(M) = T*°(N)
as L|pe-structures;

(b) Suppose M < N then M < N ifand only if R1(M) < R1(M) as L|g -structures and
(M) <T*(N) as L|p~-structures.

ac,e—fr

(i) Let L be an R-extension of a I'-extension of L o ,, T an L-theory containing T A Henp
and M and N e T then:
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(@ M = N ifand only if R(M) = R(N) as L|g-structures and T'*°(M) = T*°(N) as
L|pe -structures;

(b) Suppose M <N then M < N if and only if R(M) < R(N) as L|g-structures and
(M) <T*(N) as L|p«-structures.

Remark 6.30:

I. In mixed characteristic with finite ramification, if R = O, we have better results. In-
deed, the trace of any unit £ on any RV;, is given by the trace of a polynomial (which
depends only on F and not on its interpretation) and the Ej, are in fact useless. Hence
the R,, are pure rings with an automorphism. If there is no ramification (i.e. e = 1), the
R, are ring schemes over R (the Witt vectors of length n) — the ring scheme struc-
ture does not depend on the actual model we are looking at, contrary to the general
finite ramification case — and the automorphism on R,, can be defined using the au-
tomorphism on R, hence R is definable in R;. Finally if o is a lifting of the Frobenius,
09 is definable in the ring structure of R;. It follows that we obtain Ax-Kochen-Er$ov
results looking only at R; as a ring and I'*® as an ordered abelian group (after adding
some constants).

2. The fact that the F}, are useless is also true in equicharacteristic zero when R = O.

3. Italso follows that in equicharacteristic zero or mixed characteristic with finite ramifi-
cation (with angular component), R and I'* are stably embedded and have pure L|g-
structure (resp. L|pe-structure) where £ is either L% o  or 5?46,’50' In particular it
will make sense to speak of the theory induced on R or I"*°.

Proposition 6.31:

Let L be the language L 4,0 » enriched with predicates P,, on RV; interpreted as n|val; (z). The
L-theory of W, is axiomatized by T 4 ;_Hen and o is the Frobenius, the induced theory on R is
ACF), p has minimal positive valuation, I' is a Z-group and or is the identity. Moreover Ry is a
pure algebraically closed valued field and T is a pure Z-group and they are stably embedded.

Proof. Any model of that theory has definable angular components compatible with o. And
these angular components extend the usual ones on the field of constants W(]F_palg). Hence

the only constants we add are for elements of Fpalg c Ry and Z c T'. The proposition now
follows from the discussion above (and the fact that ACF and Z-groups are model complete).
]

7. The NIP property in analytic difference valued fields

Let us first recall what is shown by Delon and Bélair in the algebraic case [Del81; Bélgg]. Let
Ti., be the £2“-theory of Henselian valued fields with angular component maps.
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7. The NIP property in analytic difference valued fields

Theorem 7.1:

Let L be an R-enrichment of a I'**-enrichment of L% and T 2 T, | be an L-theory implying
either equicharacteristic zero or finite ramification in mixed characteristic. Then T is NIP if
and only if R (with its L|g-structure) and I'* (with its L|p.. -structure) are NIP.

Proof. See [Bélgg, Théoreme 7.4]. The resplendence of the theorem is not stated there but
the proof is exactly the same after enriching on R and I"*°. ]

This result can be extended first to analytic fields then to analytic fields with an automor-
phism.

Corollary 7.2:

Let £ be an R-enrichment of a I **-enrichment of L o and T' 2 T% y,, be an L theory implying
either equicharacteristic zero or finite ramification in mixed characteristic. Then T is NIP if and
only if R (with its L|g-structure) and T'*° (with its L|p~ -structure) are NIP.

Proof. Suppose T is not NIP. Then there is a formula p(z,7) which has the independence
property and where |z| = 1. Note that, since for any sort there is an @-definable function
from K onto that sort, we may assume that = and j are K-variables. By Remark5.6.2, there
isan £\ (Au {Q})-formula ¢(x,Z) and L4 0| terms %(y) such that p(xz,7) is equiva-
lent to a ¥ (z,u(y)). But then 1) would have the independence property too, contradicting
Theorem (7.1). [

Corollary7.3:

Let £ be an R-enrichment of a I'**-enrichment of L o , and T' 2 T% |y, be an L theory
implying either equicharacteristic zero or finite ramification in mixed characteristic. Then T is
NIP if and only if R (with its L|g-structure) and '™ (with its L|p.. -structure) are NIP.

Proof. Suppose T is not NIP, then there is a formula ¢(z,y) which has the independence
property (where = and the j are K-variables). By Corollary (6.27), we may assume that ¢ is
without K-quantifiers, i.e. there is a K-quantifier free £ 5 , ~ {o}-formula 1(7, %) such
that p(z,7) is equivalent to ¢)((x),a(y)). But then 1) would have the independence prop-

erty too, contradicting Corollary (7.2). ]

Remark 7.4:

In the isometry case with val(Fix(K)) = val(K), this last result also holds without angular
components because any such valued field can be elementarily embedded into a valued field
with angular components compatible with o.

Corollary7.5:
The L 4,0,5-theory of Wy, is NIP.

Proof. This is an immediate corollary of Remark (7.4), Corollary (7.3) and the fact that R is
definable in R; which is a pure algebraically closed field (where the Frobenius automorphism
is definable) and that I' is a pure Z-group (see Proposition (6.31)). ]
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Appendices

A. Resplendent relative quantifier elimination

The following section, although it may appear fastidious and nitpicking, is actually an at-
tempt at clarifying some notions and properties that are often assumed to be clear when
studying model theory of valued fields, but may actually need precise and careful presenta-
tion. In all this section, £ will denote a language and ¥, I a partition of its sorts.

Definition A.1 (Restriction):
If L' € L be another language and T' an L-theory we will denote by T -, the L'-theory {y an L'-

formula : T = ¢} and if C is an L-structure, C|, will have underlying set Uge, S(C') with the
obvious L'-structure. In particular, when X is a set of L sorts, let L|y. be the restriction of L to the
predicate and function symbols that only concern the sorts in .. Then we will write Ty, := T| £l

and Cly; = Clpy .

Note that the restriction is a functor from Str(7’) to Str( 7’| .,) respecting models, cardinality
and elementary submodels (see Section B for the definitions).

Definition A.2 (Enrichment):
Let L. 2 L be a another language and X the set of new L.-sorts, i.e. the L.-sorts that are not L-

sorts. The language L. is said to be a ¥-enrichment of L if L. \ £e|EU2F c L, i.e. the enrichment
is limited to the new sorts and the sorts in . If, moreover, %, = @ and L. ~ L consists only of
function symbols, we will say that L. is a X-term enrichment of L.

Let T' be an L-theory. An L.-theory T, 2 T is said to be a definable enrichment of T if there are
no new sorts and for every predicate P(T) (resp. function f()) symbol in L. \ L, there is an
L-formula pp(T) (resp. (T, y) such that T £ V237 y, ©(Z,y)) and that T, = TU{P(T) <
er(@}u s E F(@))).

Definition A.3 (Morleyization):

The Morleyization of L on ¥ is the language L> ™M == L U {P,(Z) : ¢(T) an L|y-formula}.
If T is an L-theory, the Morleyization of T on X is the following £L>~M"-theory T=~M°r := T u
{P,(z) < ()} and if M is an L-structure, MM s the LM structure with the same
L-structure as M and where P, is interpreted by o (M ).

On the other hand, we will say that an L-theory T' is Morleyized on X if every L|s,-formula is
equivalent, modulo T, to a quantifier free L|s,-formula.

Note that 7>"Mor js a definable ¥-enrichment of T and if M & T then M>Mor  pX-Mor

Definition A.4 (Elementary on X):
Let My and My be two L-structures. A partial isomorphism My — Mo is said to be Y.-elementary

if it is a partial £L>~M°"-isomorphism.

Definition A.5 (Resplendent relative elimination of quantifiers):
Let T be an L-theory. We say that T eliminates quantifiers relatively to ¥ if T>~M°" eliminates
quantifiers.
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A. Resplendent relative quantifier elimination

We say that T' eliminates quantifiers resplendently relatively to Y. if for any Y-enrichment L. of
L (with possibly new sorts ¥.) and any L.-theory T, 2 T, T, eliminates quantifiers relatively to
DI

Definition A.6 (Resplendent elimination of quantifiers from a sort):
We will say that an L-theory T eliminates 11-quantifiers if every L-formula is equivalent modulo

T to a formula where quantification only occurs on variables from the sorts in .
We will say that T eliminates 11-quantifiers resplendently if for any -enrichment L. of £ and any
L-theory T, 2 T, T, eliminates 11-quantifiers.

Definition A.7 (Closed sorts):
We will say that ¥ is closed if L ~ (L|; U Lls;) only consists of function symbols f : [1; P; = S

where P; € Il and S € 3. Equivalently, any predicate involving a sort in 3 and any function with
a domain involving a sort in . only involves sorts in 3.

Remark A.8:
1. Note that if, the sorts X are closed then in any >-enrichment — with possibly new sorts
3¢ — of a IT-enrichment of £ (or vice-versa), the sorts 2 U %€ are still closed.

2. Elimination of quantifiers relative to ¥ implies elimination of II-quantifiers. But the
converse is in general not true. Indeed, if £ is a language with two sorts S; and S, and
apredicate on S x Sg, then the formula 3z R(x, y) is an Sa-quantifier free formula but
there is no reason for it to be equivalent to any quantifier free £ ~M°"-formula.

3. However, if the sorts X are closed, then it follows from Remark A.1o0.1 that T elimi-
nates II-quantifiers if and only if 7" eliminates quantifiers relatively to 3. 1f L. is a
Y-enrichment of £ with new sorts %, then ¥ u ¥ is still closed, thus the equivalence
is also true resplendently.

We will now suppose that ¥ is closed and we will denote by F the set of functions f : [T, P; —
S where P, eIland S € X.

Proposition A.9:
Let T be an L-theory. If T eliminates quantifiers relatively to 3 then T' eliminates quantifiers
resplendently relatively to X..

Let us begin with some remarks and lemmas that will have a more general interest.

RemarkA.10:
1. Anyatomic £-formula ¢ (7, 7) where T are [I-variables and 7y are Y-variables, is either of
the form 1(Z) where 1 is an atomic £|;-formula or of the form ¢ ( f(%(Z)), 7) where
1 is an atomic £|y-formula, @ are £|-terms and f are functions from F.

2. If T eliminates quantifiers relatively to ¥, it follows from Remark A.10.1 above that for
any M & T, any L(M)-definable set in a product of sorts from ¥ is defined by a for-
mula of the form ¢ (%, f(@), b) where ¢ is a L|y,-formula. Hence ¥ is stably embedded
in T, i.e. any £(M )-definable subset of ¥ is in fact £(X(M ))-definable. Moreover,
these sets are in fact L|y,(X(M))-definable. In that case, we say that 3 is a pure L|;-
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A. Resplendent relative quantifier elimination

structure.

LemmaA.11:
Suppose T is an L-theory Morleyized on ¥, then for any sufficiently saturated My, Ms = T, any

partial L-isomorphism f : My, — My with small domain C and any ¢; € ¥(M;), f can be
extended to a partial L-isomorphism whose domain contains c;.

Proof.. First we may assume that Cy < M) and in particular for all g € F, g(C;) ¢ X(Ch).
Because f is a partial £-isomorphism and 7" is Morleyized on ¥, f|y, is a partial elementary
L|s,-isomorphism. By saturation of M5 we can extend f|y; to f'|y, : M|y, = Mals, a partial
elementary L|s,-isomorphism whose domain contains c¢;. Let f' = f|; U f'|s.

As f|y; is a partial £|-isomorphism, f’ respects formulae ¢ (7) where ¢ is an atomic L|;-
formula (f|y; also respects L[ -terms). Moreover, as for all g € F, f'|; 0y = flycyy [/
still respects g. As f'ls, is a partial £|,-isomorphism, it respects all atomic L|y,-formulae. It
follows that f’ also respects formulae of the form ¢ (g(u (7)), y) where ) is an atomic L|y.-
formula, ware £|;-termsand g € F. By Remark A.10.1, f’ respects all atomic £-formulae and
hence is a partial £-isomorphism. ]

Definition A.12 (Generated structure):
Let L be a language, M an L-structure and C ¢ M. The L-structure generated by C will be

denoted (C').. If C is an L-structure and ¢ € M, the L-structure generated by C' and ¢ will be
denoted C(¢) .

LemmaA.13:

Let My, My & T, f: My — My a partial L-isomorphism with domain Cy < M; and ¢y € I1(M;)
such that X(C1{c1)z) € X(C1). Suppose that f' is a partial L|;; U F-isomorphism extending f
whose domain is C1(c1), then f' is also a partial L-isomorphism.

Proof. First, by hypothesis, f’ respects atomic L|;-formulae. Moreover as 3(Ci({c1)z) <
Y(Ch), f'ls; = fly, and it is a partial £|s,-isomorphism. As, by hypothesis, f’ respects g € F,
it respects all formulae of the form ¢ (g(u(Z)),y) where 1 is an atomic L|y,-formula, @ are
L|;;-terms and g € F. Hence by Remark A.10.1, f’ is a partial £-isomorphism. ]

Proof (Proposition (A.9)). We want to show that if £, is a ¥:-enrichment of £ (with new sorts
Ye)and T, 2 T an L.-theory, then TEUEE’M‘“ eliminates quantifiers. It suffices to show
that for all M; and My & T, that are |£.|*-saturated, for all partial £>"*<~M°"isomorphism
f+ My — Ms of domain Cy with |Cy| < |L|, and for all ¢; € M7, f can be extended to a partial
LZVEeMor_jsomorphism whose domain contains c;.

Note first that 3 u 3, is closed. If ¢; € ¥ U 3 (M), then we can conclude by Lemma (A.11)
(where £ is now £ZV%e~Mer) 1f ¢; ¢ TI(M)), by repetitively applying Lemma (A.I1), we can
extend f to f’ whose domain contains all of ¥ U 3.(Ci(c1)z,). Then f’ is in particular an
L3 Mer_jsomorphism and, as T eliminates quantifiers relatively to 3, f’ is in fact a partial
elementary £-isomorphism that can be extended to a partial £-isomorphism f” whose do-
main contain c¢;. But, by Lemma (A.13), f"|¢, (c1)z, 1 also a partial £ZV*<~M°r_isomorphism.
]

L
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B. Categories of structures

B. Categories of structures

Recall that structures are always non empty.

Definition B.1 (Str(7")):

Let L be a language, T an L-theory. We will denote by Str(T') the category whose objects are the
L-structures that can be embedded in a model of T' — i.e. models of Ty — and whose morphisms
are the L-embeddings between those structures.

Moreover, let T; be an L;-theory fori = 1,2, F' : Str(Ty) — Str(T%) be a functor and « be a
cardinal. We will denote by Strr. ., (1%) the full subcategory of Str(I%) of structures that embed
into some F (M) for M = T} k-saturated.

A functor F : Str(77) — Str(7Ty) is said to respect:
e modelsifforall M =Ty, F(M) & Tb;

o k-saturated models if for all x-saturated M = Ty, F(M) = T5;

cardinality if for all C' = Ty v, |F'(C)| < |C];
o cardinality up to s if forall C' = T} v, |F(C)| < |C|";
o elementary submodels if for all My < My = T4, F/(M;) < F(M>).

Let X; be a closed set of £;-sorts for i = 1,2. We say that f : C1; - C5 in Str(7}) is a
Y1-extension if Co \ f(C1) € X1(Cs). We say that the functor F sends X1 to X if for all
¥1-extensions Cy - Coq, F(C1) - F(C3) is a ¥a-extension.

Let me recall some basic notions of category theory. A natural transformation « between
functors F, G : C; — C associates a morphism a. € Home, (F(¢),G(c)) to every object
¢ € C; such that for all morphism f € Home, (¢, d), we have G(f) o o = g0 F(f). A natural
transformation is said to be a natural isomorphism if for all ¢ € Cy, a, is an isomorphism
in Co. 1t is easy to check that when « is a natural isomorphism, its inverse — namely the
transformation that associates a,! to any ¢ € C; — is also natural.

A pair of functors F' : C; - C2 and G : Co — C; are said to be an equivalence of categories
between C; and Cs if GF and F'G are naturally isomorphic to the identity functor of resp. C;
and Cy. We can always choose the natural isomorphisms a: F'G - Id and § : GF' — Id such
that ap = F/(8) and Bg = G(a) where a : ¢ = ap) and F(a) : ¢ = F(ac).

Until the end of this section, let x be a cardinal, 7; be an £;-theory and ¥; be a set of closed
L;-sorts fori = 1,2 and § be a full subcategory of Str(77 ) containing the x*-saturated models
such that for any C' - M; & T where M, is k™ -saturated and |C| < k, there is some D in
§ such that C - D — Mj and C — D is a ¥1-extension. Let F' : Str(71) — Str(73) and
G : Str(Tz) — Str(T1) be functors that respect cardinality up to x and induce an equivalence
of categories between § and Strp .+ (72). We will also suppose that G respects models and
elementary submodels and sends 35 to X1 and F respects " -saturated models.

The goal of this section is to show that these (somewhat technical) requirements are a way
to transfer elimination of quantifiers results from one theory to another and to give a mean-
ing to — and in fact extend — the impression that if theories are quantifier free bi-definable
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(whatever that means) then elimination of quantifiers in one theory should imply elimina-
tion in the other. Proposition (B.5) will be used, for example, to deduce valued field quan-
tifiers elimination with angular components from valued field quantifiers elimination with
sectioned leading terms. 1t will also be used to reduce the mixed characteristic case to the
equicharacteristic zero case.

Proposition (B.2) is only used to prove Corollary (B.4) which in turn will be very useful to show
that the functors between mixed characteristic and equicharacteristic zero can be modified
to take in account Morleyization on RV while remaining in the right setting to transfer elim-
ination of quantifiers.

Proposition B.2:
Suppose Ty is Morleyized on ¥, and let My and My = T; be (|L2|")* -saturated. Then any partial
Lo-isomorphism f : F(My) - F(Ms) is Xo-elementary.

Proof. To show that f is ¥o-elementary, it suffices to show that the restriction of f to any
finitely generated structure is 3a-elementary. To do so it suffices to show that the restric-
tion of f can be extended (on both its domain and its image) to any finitely generated Y-
extension. By symmetry, it suffices to prove the following property: if Dy, Dy < F'(M;) are
such that Dy — Dy is a Xg-extension, |Dy| < |£o] and f : D1 — F(Mz) is an L£2-embedding,
then f can be extended to some g : Dy - F'(M>).

Applying G to the initial data, we obtain the following diagram:

GF(M,) My 2 GF(My)
G(Ds) a0

G(D1)

where g comes from the fact that, as 7' is Morleyized on X1, B, o G(f)ly, is in fact ele-
mentary and, as |G(D2)| < |L2], My is (|£2]*)*-saturated and G(D;) - G(D2) is a X1-
extension, by Lemma (A.11), 817, © G(f) can be extended to g : G(D2) — M,. Applying F,
we now obtain:

a—l
Dy — 22 FG(Dy) 22 F(0)

17

D1 _—> FG(Dl)

f

and F'(g) o o@é is the extension we were looking for. ]
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Remark B.3:

1. One could hope the proposition to be true without the saturation hypothesis. But
without some saturation, it is not even true that M; < My implies F'(M1) < F'(M2).
Take for example the coarsening functor €* of Section2 and Q, < M where M is
Ro-saturated, then €*°(Q,) is trivially valued but €*° (M) is not.

2. One should beware that as F'(M;) and F'(M3) are not saturated, we have not proved
that T, eliminates quantifiers.

3. We have proved nonetheless that, if 3; is the set of all £; sorts (in that case we ask
that 75 eliminates all quantifiers) then for all M and My = T sufficiently saturated,
M1 = MQ 1mphes F(Ml) = F(MQ)

Corollary B.4:

Let Ti be a definable ¥5-enrichment of T5 (in the language L5). Then F' induces a functor
F¢:Str(T1) - Str(Ts) and G induces a functor G° : Str(Ty) — Str(17). We can also find a
full subcategory §¢ of § such that F° and G° induce an equivalence of categories between §° and
Strpe (12o05)+ (15 ). The functor G still respects cardinality up to x, models and elementary sub-
models and sends Yo to Y31 and F° respects cardinality up to k+|Ls| and (|L2|")* -saturated mod-
els. Finally, §¢ contains all (|L2|")*-saturated models and any C in Str(T}) has a X1 -extension
D in§°. Moreover, if C < My & Ty and My is (|L2|*)* -saturated, then we can find such a D < M;.

Proof. Let C<M = Ty. We can suppose that M is (|Lo|*)*-saturated. As F'(M) = Ty, we
can enrich F'(M) to make it into an L5-structure (M) & Ty and we take F'*(C') = (C)s.
Note that if M; and M, are two (|L2|*)"-saturated models containing C, then Proposi-
tion (B.2) implies that id (¢ is a partial isomorphism F'(M;) — F'(Mz) Ya-elementary and
hence the generated £§-structures are £5-isomorphic. As F*(C') does not depend (up to £5-
isomorphism) on the choice of (|£2|*)*-saturated model containing C, F¢ is well-defined
on objects. If f : C1 - C5 is a morphism in Str(77), by the same Proposition (B.2), F'(f)
is Y9-elementary and can be extended to a £5-isomorphism on the £§-structure generated
by its domain. Note that if we denote by i the embedding F/(C) — F¢(C'), we have also
defined a natural transformation from F' to F'° (a meticulous reader might want to add the
forgetful functor Str(7s) — Str(7%) for it all to make sense).

We define G° to be G (precomposed by the same forgetful functor). All the statements about
G follow immediately from those about G. As (F'(C)) g has cardinality at most |C|*[L2| <

|2l F respect cardinality up to x + L9 and if M = T} is (|£2|*)* -saturated then seeing
it as a substructure of itself we obtain that F*(M) = Ty.

We define §° to be the full-subcategory of § containing the C' such that i¢ is an isomorphism.
In particular, it contains (|L2|")*-saturated models. Let D be an £§-substructure of F°(M)
for some (|£2|")"-saturated M & Ti. Then F*G*(D) = (FG(D))cs, where the generated
structure is taken in F'(M). By Proposition (B.2), the (natural) isomorphism D - FG(D) is
¥s-elementary and can be extended (uniquely) into an £§-isomorphism between D = (D) ¢
and F°G*¢(D). This new isomorphism is also natural. It follows that FG(D) = F°G®(D)
and that ig(p) is in fact an isomorphism, hence G(D) € §°.

IfC € §° Bo o G(ig') : GEF*(C) — C is a natural isomorphism. Finally, there remains to
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show thatany C' — M & T, where M is (|£2|*)*-saturated, can be embedded in some E € §¢
such that C' - FE'is a ¥;-extension and £ — M. We already know that there exists D € §
suchthat C - D — M and C' —» D isaX;-extension. Now F'(D) - F¢(D) isa Xs-extension
hence D 2 GF(D) - GF°(D) is a ¥ -extension. Moreover GF¢(D) - GF¢(M) = M and,
as F¢(D) is an L§-structure of F'°(M ), GF¢(D) € §°. Thus we can take £ = GF°(D). =

Let us now prove a second result in the spirit of Proposition (B.2), but the other way round.

Proposition B.5:
If Ty is Morleyized on 1 and T eliminates quantifiers, then T eliminates quantifiers.

Proof. To show that 77 eliminates quantifiers it suffices to show that for all x*-saturated
M; e Ty,1=1,2,and C1<Cy € My and f : C; - Mj an L1-embedding, then f can be
extended to an embedding from C into some elementary extension of M. Let Dy € § be
such that C; - D; — Mj and C; — D is a Xj-extension. As T} is Morleyized on X1,
by Lemma (A.11), we can extend f to an embedding from D; into an elementary extension
of Ms. Replacing C by Dy, Cs by (D1C5)r, and Ms by its elementary extension, we can
consider that C € §. Applying F', we obtain the following diagram:

F(My) M;

|k

F(C2) F(M3)

| o

F(Ch)

where M is a (|C1]™°)*-saturated extension of F'(M3) and g comes from quantifier elimi-
nation in 75 and saturation of M. Applying G we obtain:

] [+

C1 —= GF(C1) =—= GF(M3) <—= M>

GF(f)
f
and we have the required extension. ]
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