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In this note we show that groups with de�nable generics in a separably
closed valued of �nite imperfection degree can be embedded into groups de-
�nable in their algebraic closure.

In [Hru90], Hrushovski showed that a pro-de�nable group (i.e. a pro-de�nable set with
a pro-de�nable groups law) in a stable theory is isomorphic to a pro-limit of de�nable
groups. In other terms, the two natural notions of �groups in in�nitely many variables�
� (pro-de�nable) groups, i.e. group objects in the category of de�nable groups, and
pro-(de�nable group), an object in the pro-category of de�nable groups � coincide in
structure whose theory is stable. In [HR], it is shown that this result extends, in any
theory, to any pro-de�nable group with a d-generic, that is a de�nable type concentrating
on the group with boundedly many translates action of G (cf. De�nition (2.4)).
The second result of [Hru90] which is generalized in [HR], is the possibility of reconstruct-
ing groups out of generic data. The idea is initially due to Weil [Wei55] in the setting of
algebraic groups. It was then transposed to a more general topological setting in [vdD90]
and to the stable setting in [Hru90]. Here, we will be considering the slightly more gen-
eral notion of pro-de�nable group chunks which �rst appeared in [Pil97]. Put together,
these two results show that for any theory T , the inclusions between the categories of
pro-limits of de�nable groups with d-generics, pro-de�nable groups with d-generics and
group chunks over de�nable types, are equivalences. Note that for this equivalence to
hold of all groups and not just the �connected� ones, we have to consider de�nable partial
types.
Our goal in this note is to use those results to study groups de�nable in separably closed
valued �elds. In [Pil97], Pillay showed, using the reconstruction of groups from generic
data, as well as the fact that pro-de�nable groups in algebraically closed �elds are pro-
limits of de�nable groups, that every group de�nable in a di�erentially closed �eld of
characteristic zero can be de�nably embedded in a group de�nable in the underlying
algebraically closed �eld (i.e. an algebraic group). A similar result was then proved in
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1 Pro-de�nable sets

[BD01] for the groups de�nable in separably closed �elds of �nite imperfection degree. In
both these cases, both theories involved are stable and Hrushovski's tools from [Hru90]
can be used.
In this note we give an abstract version of these proofs, Proposition (4.1), by showing
that, under certain hypothesis, if the de�nable closure in a theory T is bounded by the
de�nable closure in a theory T0, then groups with de�nable generic in T embeds in groups
de�nable in T0. This is, to the best of the author's knowledge, the only existing such
embedding result that does not require T0 to be stable. This result is then applied, in
Theorem (5.5), to prove that all groups interpretable in a separably closed valued �eld
of �nite imperfection degree, with a d-generic, can be de�nably embedded in a group
interpretable in the algebraic closure (as a valued �eld).
The paper is organized as follows. In Section 1, we discuss pro-de�nable sets. In Section 2,
we de�ne the notion of d-generics and describe some of their properties. In Section 3,
we explain how to reconstruct a group out of generic data over a de�nable type. In
Section 4 we give an abstract criterion for groups with de�nable generics to be de�nably
embeddable in a group de�nable in a reduct. In Section 5, we apply those results to
separably closed valued �elds of �nite imperfection degree.

1 Pro-de�nable sets

In what follows we will be mostly considering �de�nable sets in in�nitely many variables�.
There are two equivalent formalisms: partial types in in�nitely many variables or for-
mal �ltered projective limits of de�nable sets. We will, in this note, prefer the second
formalism. Recall that an order is �ltered if any two points have an upper bound. A
pro-de�nable set is a family �Xi�i>I of de�nable sets with I a �ltered order, and for any
i @ j > I, a de�nable map fj,i �Xj �Xi. We consider this family as the formal projective
limit lim

�Ð
Xi. If we want to specify the language, we will say that X is pro-L-de�nable

meaning that all the Xi and the transition maps fj,i are L-de�nable. A pro-de�nable
map f � lim

�Ð
Xi � lim

�Ð
Yj is a family of de�nable maps fj � Xij � Yj which is compatible

with the projective system. In other words, it is an element of lim
Ð�i

lim
�Ðj

Hom�Xi, Yj�.
Note that if X � lim

�Ð
Xi is pro-de�nable, xi is a tuple of variables sorted like Xi and

x � �xi�i>I , then we can consider X as a partial type in the variable x (which states
that xi �Xi and fj,i�xj� � xi). In particular, we can consider (partial) types p�x� which
concentrate on X. Following usual model theoretic terminology, when all the maps fj,i
of a given projective system lim

�Ð
Xi are injective then we say that lim

�Ð
Xi is ª-de�nable.

Note that in that case, we can and will consider that all the Xi are subsets of a given
Xi0 . It is then natural to consider that lim

�Ð
Xi is nothing else than the intersection of the

Xi.
Note that, by compactness, a pro-de�nable map between pro-de�nable sets is exactly a
function whose graph is pro-de�nable. Also, a pro-de�nable map between ª-de�nable
sets is the restriction to an ª-de�nable set of a de�nable map.
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2 De�nable generics

2 De�nable generics

Let T be any L-theory that eliminates imaginaries and M à T be su�ciently saturated
and homogeneous and A bM . Let �G, �� be a pro-L�A�-de�nable group, i.e. a pro-L�A�-
de�nable set with a pro-L�A�-de�nable group law.

De�nition 2.1 (de�nable partial type):
Let p�x� be a partial type over M (in the possibly in�nite tuple of variables x). We

say that p is L�A�-de�nable if for every formula ϕ�x; y� there is an L�A�-formula θ�y�,
usually denoted dpxϕ�x; y�, such that for all tuple m >M :

p�x� Ø ϕ�x;m� if and only if M à dpxϕ�x;m�.

As the de�nition above makes explicit, the partial types that appear in this note are
considered to be closed under implication. In particular, if p�x� is a partial type and
ϕ�x; y� an L-formula, pSϕ denotes �ϕ�x;m� � p�x� Ø ϕ�x;m�� and pSA denotes �ϕ�x� >
L�A� � p�x� Ø ϕ�x;m��.

De�nition 2.2 (gp):
Let p�x� be a partial type over M concentrating on G and g > G�M�. We de�ne

gp �� �ϕ�x; y� � p Ø ϕ�g � x; y��.

Remark 2.3:

1. The realizations of gp are exactly the elements of the form g � x for some x à p.

2. If p is L�A�-de�nable, then gp is L�Ag�-de�nable and we can choose dgpxϕ�x; y�
to be dpxϕ�g � x; y�.

3. This operation de�nes an action of G�M� on partial types over M which concen-
trate on G.

Following [HR], we want to consider groups with a de�nable generic (recall that A bM
is supposed to be small):

De�nition 2.4 (d-generic type):
Let p�x� be a partial type over M concentrating on G. We say that p is a d-generic of G
over A if for all g > G�M�, gp is L�A�-de�nable.

When we do not want to specify the (small) set of parameters A, we will simply say that
p is a d-generic in G.

Remark 2.5:

The notion of genericity that is usually considered in unstable contexts (see [NP06,
HP11]) is de�ned using forking: a p�x� partial type over M concentrating on G is said
to be f -generic over A if for all g > G�M�, gp does not fork over A. If T is NIP and
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3 Group chunks

A � acl�A�, a complete d-generic type is nothing more than a de�nable f -generic type.
Indeed, in an NIP theory, a complete type which is non forking over A is Lstp�A�-
invariant and hence, if it is de�nable, its de�nable scheme is over acl�A� � A.

The main property of pro-de�nable groups with d-generics that we will be using is that
pro-de�nable groups with d-generics are pro-limits of de�nable groups.

Proposition 2.6 ([HR, Proposition 3.4]):
Let G be a pro-L�A�-de�nable group. Assume that G admits a partial type p d-generic
over A. Then there exists a projective system of L�A�-de�nable groups �Hα�α>A and a

pro-L�A�-de�nable group isomorphism f � G�H �� lim
�Ðα

Hα.

Remark 2.7:

There is a classic counter-example to Proposition (2.6) when the group does not have
a d-generic. Let M be an ¯0-saturated real closed �eld. The group I of in�nitesimal
elements �x > M � ¦n > ZA0, �

1
n @ x @

1
n� is an ª-de�nable subgroup of the additive

group Ga�M� but there is no proper de�nable subgroup of Ga containing I.

3 Group chunks

Let us now consider group chunks, a fundamental tool to construct groups in model
theory. Recall that if p�x� is a partial type over M and f is a pro-L�M�-de�nable
function de�ned on p�x�,

f�p�y� �� �ϕ�y; z� � ϕ�f�x�; z� > p�.

If p is L�A�-de�nable and f is pro-L�A�-de�nable, then f�p is L�A�-de�nable and we can
choose df�py ϕ�y; z� � dpxϕ�f�x�; z�. Also if p�x� and q�y� are partial L�A�-de�nable
types, let

pa q � �ϕ�x, y;m� � ¦a à pSAm¦b à qSAma, M à ϕ�a, b;m��.

Note that pa q is also L�A�-de�nable and that we can choose:

dpaqxy ϕ�x, y; s� �� dpx �dqy ϕ�x, y; s��.

Note that we are not considering group chunks on complete types, but on partial types
(as does Wagner in [Wag00, Theorem 4.7.1]). Restricting oneself to complete types only
allows generic reconstruction of connected groups. Considering partial types allows the
generic reconstruction of non-connected groups.

De�nition 3.1 (Group chunk):
Let x be a possibly in�nite tuple and p�x� an L�A�-de�nable partial type. A pro-L�A�-
de�nable group chunk over p is a triple �F,H,K� of pro-L�A�-de�nable maps de�ned on

pa2 such that:

(i) For all a à πSA, �Fa��p � p, where Fa�x� � F �a, x�;
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4 Groups in enrichments

(ii) pa2�x, y� ØH�x,F �x, y�� � y and pa2�x, y� ØK�F �x, y�, y� � x;

(iii) pa3�x, y, z� Ø F �x,F �y, z�� � F �F �x, y�, z�.

Remark 3.2:

The data describing a group chunk is somewhat redundant. Condition3.1.(ii) could be
replaced by:

(ii)' For all �a, b� à pa2, b > dcl�A,a,F �a, b�� and a > dcl�A,F �a, b�, b�.

and not mention H and K.

Example 3.3:

Let G be a pro-de�nable group with a d-generic p, by [HR, Remark 3.3], we may assume
that p is G�M�-invariant. Then the group law induces a pro-de�nable group chunk on
p.

The converse is also true:

Proposition 3.4 ([HR, Proposition 3.15]):
Let p�x� be a partial L�A�-de�nable type and �F,H,K� be a pro-L�A�-de�nable group

chunk over p. Then there exists a pro-L�A�-de�nable group �G, �� and a pro-L�A�-
de�nable one-to-one function f such that f�p is an L�A�-de�nable G�M�-invariant type
and pa2�x, y� Ø f�F �x, y�� � f�x� � f�y�.

Furthermore, there is an equivalence of categories between groups with d-generics and
pro-de�nable group chunks over de�nable types:

Proposition 3.5 ([HR, Proposition 3.16]):
Let �G, �� and �H, �� be two pro-L�A�-de�nable groups, p be a G�M�-invariant partial type
over M and f0 be a pro-L�A�-de�nable function. If �f0��p�x� Ø y > H and pa2�x, y� Ø
f0�x � y� � f0�x� � f0�y�, then there exists a unique pro-L�A�-de�nable group morphism

f � G�H such that for all p > P , p�x� Ø f�x� � f0�x�.
Moreover, if f0 is one-to-one, so is f .

Injectivity is not proved in [HR] but is easy to check (and follows, in fact from the
equivalence of categories).

4 Groups in enrichments

Let us now use all of our tools to show that certain groups with a d-generic are in fact
de�nable in a reduct, provided the group law is not too far from being de�nable in the
reduct.

Proposition 4.1:

Let L b ÇL be two languages, R be the set of L-sorts, T be an L-theory which eliminates

quanti�ers and imaginaries and ÇT c T¦ be an ÇL-theory. Let ÈM à ÇT be su�ciently
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4 Groups in enrichments

saturated and homogeneous. LetM à T containing ÈM and such that any automorphism of
ÈM extends to an automorphism of M . Let ÇA b ÈM be such that R�dclÇL� ÇA�� �R� ÇA� �� A.
Let �G, �� be an ÇL� ÇA�-de�nable group. Assume:

(i) The group G has a d-generic type p > S
ÇL�ÈM� over acleqÇL

� ÇA�;

(ii) There exists a pro-ÇL� ÇA�-de�nable one-to-one function f and pro-L�A�-de�nable
functions m and i such that for all g1, g2 > G, f�g1 � g2� � m�f�g1�, f�g2�� and

f�g�11 � � i�f�g1��;

(iii) For any ÇL�ÈM�-de�nable p > S
ÇL�ÈM�, there exists qp > SL�M� which is L�ÈM�-

de�nable and such that pSL � qSÈM . Moreover if f is a (pro)-L�ÈM�-de�nable function
de�ned on p, Çσ > AutÇL�ÈM� and σ > AutL�M� extends it, then σ�f�qp� � qσ�f�p�.

(iv) For all e > dclL�ÈM�, there exists c > ÈM such that dclL�e� � dclL�c�.

Then there exists an L�A�-de�nable group H (in ÈM) and an ÇL� ÇA�-de�nable one-to-one

group morphism h � G�ÈM��H�ÈM�.

Proof . Let A �� R� ÇA�, P �� �Çσ�gp� � g > G�ÈM� and Çσ > AutÇL�ÈM~ ÇA�� � �g�σ�p�� � g >

G�ÈM� and Çσ > AutÇL�ÈM~ ÇA��, Q �� �qf�r � r > P� and q � �s>Q s. Since every s > Q

is L�ÈM�-de�nable and, by [HR, Proposition 3.2], there are only �nitely many ϕ-types
involved for any formula ϕ, q is also L�ÈM�-de�nable. Moreover, for all Çσ > AutÇL�ÈM~ ÇA�,
all σ > AutL�M� extending it and all s > Q, σ�s� > Q. It follows that σ�q� � q. As
the canonical basis of q can be assumed to be in ÈM by Hypothesis4.1.(iv), q is L�A�-
de�nable.
Let m1�x, y� ��m�i�x�, y� and m2�x, y� ��m�x, i�y��.

Claim4.2: The tuple �m,m1,m2� is a pro-L�A�-de�nable group chunk over q.

Proof . For all g > G�ÈM�, qf��gp� � �mf�g���qp, and thus �mf�g���q � q, i.e. for every
L-formula ϕ�x; t�, à ¦t �dqxϕ�m�f�g�, x�; t�� dqxϕ�x; t�� �� θ�g�. Since θ is an L�A�-
formula, it is in q. This is exactly Condition3.1.(i).
For all x, y and z > G, we have:

m�f�x�,m�f�y�, f�z��� � f�x � y � z� �m�m�f�x�, f�y��, f�z��,

m1�f�x�,m�f�x�, f�y��� � m�i�f�x��,m�f�x�, f�y���
� m�f�x�1�, f�x � y��
� f�x�1 � x � y�
� f�y�.

Similarly,m2�m�f�x�, f�y��, f�y�� � f�x�. It follows that Conditions3.1.(ii) and 3.1.(iii)
also hold. Æ

By Proposition (3.4), there exists a pro-L�A�-de�nable group �L, �� and a pro-L�A�-
de�nable one-to-one function l such that qa2�x, y� Ø l�m�x, y�� � l�x� � l�y� and l�q is an
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4 Groups in enrichments

L�A�-de�nable L�N�-invariant type. By Proposition (2.6), there exists a projective sys-
tem of L�A�-de�nable groups �Hβ, ��β>B and a pro-L�A�-de�nable groups isomorphism
j between L and lim

�Ð
Hβ . For all β > B, let πβ � lim

�Ð
Hβ �Hβ be the canonical projection

and hβ � πβ X j X l X f . Since lim
�Ð

hβ is one-to-one, by compactness (in ÈM), there exists
β0 > B such that hβ0 is already one-to-one.
Let u �� �r>P r. Note that f�u Ø qSM . By Hypothesis4.1.(iv), we can �nd an L�A�-
de�nable bijection k � Hβ0 � H � such that for any a à u, k�hβ0�a�� > ÈM . Moreover,
H � can be made into an L�A�-de�nable group such that k is a group isomorphism. Let
h� � kXhβ0 . Then h

� is ÇL� ÇA�-de�nable and, ta2�x, y� Ø h��x�y� � h��x��h��y�. The partial
type u is G�ÈM�-invariant and L� ÇA�-de�nable type. Therefore, by Proposition (3.5),
there exists an ÇL� ÇA�-de�nable one-to-one group morphism G�ÈM��H ��ÈM�. Ì

Remark 4.3:

1. Note that the above proposition requires the existence of a complete d-generic type,
but the proof actually makes use of partial d-generics to be able to work over bases
that are not models or even algebraically closed. Note also that, in a de�nable
group, the existence of a partial d-generic is an empty assumption since the group
itself is a partial d-generic.

2. Instead of assuming that m and i exist, by compactness, it su�ces to know that:

(ii') There exists a pro-ÇL� ÇA�-de�nable one-to-one function f such that for all g1
and g2 > G, f�g1 � g2� > dclL�A,f�g1�, f�g2�� and f�g�11 � > dclL�A,f�g1��.

3. Note that our setting is slightly more complicated than often considered since ÇT only
contains T¦ and not T itself. If we assume that T b ÇT , then Hypothesis4.1.(iv) is
trivial. Moreover, taking ÈM �M , we may replace Hypothesis4.1.(iii) by:

(iii') For any ÇL�ÈM�-de�nable p > S ÇL�ÈM�, pSL is L�ÈM�-de�nable.

As a �rst corollary, let us reprove the aforementioned result about groups de�nable in
di�erentially closed �elds of characteristic zero. Recall that Lrg is the language of rings
and Lrg,∂ �� Lrg 8 �∂� is the language of di�erential rings.

Corollary 4.4:

Let K à DCF0, k DK a di�erential �eld and G an Lrg,∂�k�-de�nable group, then G
embeds Lrg,∂�k�-de�nably into an Lrg�k�-de�nable group.

Proof . Note that for all C b K à DCF0, dclLrg,∂
�C� � dclLrg�∂ω�C��. In particular, we

have that dclLrg,∂
�k� � k and the multiplication and inverse in G are of the right form to

apply Proposition (4.1). As DCF0 and ACF0 are ω-stable, any type of maximal Morley
Rank in G is d-generic over aclLrg,∂

�k� and, since ACF0 is stable, the reduct of a DCF0-
type is obviously de�nable. Applying Proposition (4.1), we �nd an Lrg,∂�k�-de�nable
embedding of G into an Lrg�k�-de�nable group H. Ì

Remark 4.5:
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1. It follows from [Art70, Théorème 3.7.(iii) and Corollaire 3.13.(i)] that every Lrg�k�-
de�nable group chunk is Lrg�k�-de�nably isomorphic to the group chunk of an
algebraic group over k. In particular the group G in Corollary (4.4) is Lrg,∂�k�-
de�nably embedded in an algebraic group over k.

2. The result obtained here is slightly more general than the one in [Pil97]. Indeed,
Pillay only proves it for connected groups. The reduction to connected groups
requires to work over a model of DCF0 to be able to pick points in every coset
of the connected component and thus recover the whole group. The above proof
circumvents this issue by working directly with partial types and non-connected
groups and allows to obtain the algebraic group and the isomorphism over any
di�erential �eld.

5 Separably closed valued �elds

Proposition (4.1) can also be applied to separably closed �elds of �nite imperfection
degree, but we prefer to give a similar example in which the generalization of the above
results to the unstable context is necessary: separably closed valued �elds. We will be
needing a few preliminary results.
The geometric language LG for valued �elds consists of a sort K interpreted as the �eld
itself, sorts Sn interpreted as GLn�K�~GLn�O� (where O denotes the valuation ring)
and Tn interpreted as GLn�K�~GLn,n�O� (where GLn,n�O� consists of those matrices
in GLn�O� whose last column modulo the maximal ideal M consist of only 0 except for a
1 on the diagonal). The geometric language has the �eld language onK and the canonical
projections σn � Kn2

� Sn and τn � Kn2
� Tn. Actually for technical reasons, we want

the LG-theory ACVFG of algebraically closed valued �elds to eliminate quanti�ers so the
L
G we consider here is the Morleyization of the language we just described. For a more

throughout description of the geometric language, the reader can refer to [HHM06].
The main reason one introduces the geometric sorts is the following theorem:

Theorem5.1 ([HHM06, Theorem 1.0.1]):

The LG-theory ACVFG of algebraically closed valued �elds eliminates imaginaries.

In [HKR], it is shown that this results extends to the separably closed setting. Since this
the most general result, we will be working with commuting Hasse derivations.

De�nition 5.2 (Iterative Hasse derivations):
An iterative Hasse derivation on a �eld K is a sequence of linear operators �Di�i>ZE0 such
that, for all i, j > ZE0:

(i) D0�x� � x;

(ii) Di�xy� � Pj�k�iDj�x�Dk�y�;

(iii) Di�j�x� � �i�j
i
�Di�Dj�x��.
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5 Separably closed valued �elds

Two Hasse derivations D1 � �D1,i�iE0 and D2 � �D2,i�iE0 are said to commute if for all

i, j E 0, D1,i XD2,j �D2,j XD1,i.

Let p be a prime and e be non-negative, the theory SCVHG
p,e denotes the theory of

separably closed valued �elds with e commuting iterative Hasse derivations, such that
�K �Kp� � pe and Kp � �x > K � ¦n D e, Dn,1�x� � 0�, in the language LG∂ �� L

G 8 �Dn,i �

0 @ n D e, i E 0�.

Theorem5.3 ([HKR, Corollary 4.20 and Proposition 5.5]):

(i) The theory SCVHG
p,e eliminates imaginaries;

(ii) For all ADM à SCVHG
p,e, dclSCVHGp,e

�A� � dclACVF�A�.

Let us now show how to extend de�nable types over M à SCVHG
p,e to de�nable types

over Malg.

Lemma5.4:

Let M à SCVHG
p,e and p > S

L
G

∂ �M� be LG∂ �M�-de�nable. Let LP �� L
G

∂ 8 �P�. We make

Malg into an LP-structure by interpreting LG in Malg, the predicate P as M and the

functions Di,n in M . Then there exits q > SL
G

�Malg� which is LP�M�-de�nable and

such that p Ø q.

Proof . Let a à p and a� �� aclSCVHGp,e
�a�. Note that tp

L
G

∂
�a�~M� is also LG∂ �M�-de�nable.

Moreover, there exists a de�nable map f whose domain Kn such that a > f�Kn�. By
density of de�nable types in SCVHG

p,e (cf. [HKR, Theorem4.19]), there exists an LG∂ �a
��-

de�nable LG∂ -type r such that r�x� Ø f�x� � a. We have that rSM is LG∂ �M�-de�nable
and if we �nd s > SL

G

�Malg� which is LP�M�-de�nable and such that rSM Ø s. then
q �� f�s has the required property.
So we may assume that p concentrates on Kn for some n. We proceed by induction
on n. Let �a, c� à p where ScS � 1. By induction, there exists q > SL

G

�Malg� which is
LP�M�-de�nable and such that tp

L
G

∂
�a~M� Ø q. Let B be the set of balls (open and

closed, with radius in Γ 8 ��ª,�ª�), B�l� the set of subsets of B of cardinality at most

l and B�l�
n �M� the set of LG�M�-de�nable maps f �Kn

� B�l�.

Let E �� �f > B�l�
n�1�M� � c > �b>f�a� b�. Then the generic type of E over q, αE~q�x, y� ��

q�x� 8 �y > �b>f�x� b � f > E� 8 �y ¶ �b>g�x� b � g > B
�l�
n�1�M� and ¦f > E, q�x� Ø �b>g�x� b `

�b>f�x� b� is LP�M�-de�nable and, by density of K�M� in K�Malg�, �a, c� à αE~p. Ì

We can now describe groups with de�nable generics in SCVHG
p,e in terms of groups

de�nable in the algebraic closure.

Theorem5.5:

Let ADM à SCVHG
p,e and let G be an LG∂ �A�-interpretable group with a complete

d-generic over A. Then, there exists an LG�A�-de�nable group H (de�ned in Malg)

and an LG∂ �A�-de�nable group embedding f � G�M��H�M�.
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Proof . By Theorem5.3.(i), the group G can be assumed to be LG∂ �A�-de�nable. We now
want to apply Proposition (4.1). Hypothesis4.1.(ii) follows from Theorem5.3.(ii) and,
if we consider the pair �Malg,M�, Hypothesis4.1.(iv) follows from the existence of the
Frobenius automorphism on the �eld sort and the fact that, by density, both valued �elds
have the same purely geometric sorts.
There remains to prove Hypothesis4.1.(iii). Pick an LG∂ �M�-de�nable type p > SL

G

∂ �M�.
Let qp > SL

G

�Malg� be given by Lemma (5.4). By [RS, Corollary 1.7] and [HKR, Propo-
sition 4.16], we know that qp is LG�Malg�-de�nable. Since p Ø qp, one can easily check
that the construction of qp is compatible with push-forwards by de�nable functions and
the action of AutLP

�Malg�. Ì

There are two natural improvements that could be expected of the previous theorem.
First, can anything be said of groups de�nable in SCVHG

p,e that do not have de�nable
generics. Although the general case seems quite out of reach, one could study weaker
notions of genericity:

Question 5.6: Does Theorem (5.5) hold of groups with f -generics (equivalently, de�n-
ably amenable groups)?

The second potential improvement comes from the non valued case. In [BD01], Bous-
caren and Delon show that a group de�nable in a separably closed valued �elds of �nite
imperfection degree K is isomorphic to the K-points of a group de�nable in Kalg, i.e.
an algebraic group. One can only wonder if the same is true in the valued setting:

Question 5.7: Can the embedding f in Theorem (5.5) be made surjective?

The method illustrated here could be applied to other settings, for example the model
completion of valued di�erential �elds (without any interaction). Some of the results
regarding elimination of imaginaries in the geometric language, as well as the description
of the de�nable closure are not known but they can be proven by adapting [HKR].
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