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Ever since Ax, Kochen [1] and Ershov’s [2] celebrated results on the model theory of non
archimedean local fields, valued fields have been among the “classical” algebraic structures stud-
ied inmodel theory. This is in large part due to the ubiquity of valuations in number theory and
algebraic geometry, making the study of valued fields an important bridge between model the-
ory and these subjects and leading to numerous beautiful applications. Most of the subsequent
work on the model theory of valued fields focused on the class of henselian valued fields — in
particular in the large body of work on (uniform) p-adic, and eventually motivic, integration.
However, the earlier seminal work of Robinson [8] focused on the smaller class of the alge-
braically closed valued fields; and this class eventually came back into the spotlight in the early
2000’s when ideas and techniques imported from geometric stability theory allowed a deep
understanding of the structure of algebraically closed valued fields, eventually leading to such
masterpieces as theHrushovski-Kazhdan theory ofmotivic integration [5] and theHrushovski-
Loeser theory of rigid analytic geometry [6]. In these notes, our goal is to give a self-contained
exposition of two cornerstones of this geometric theory of algebraically closed valued fields.
The first is a description of the definable sets in the guise of an elimination of quantifiers, es-
sentially dating back to Robinson’s aforementioned work [8]. The second is a description of
all interpretable sets, in the guise of the Haskell-Hrushovski-Macpherson elimination of imag-
inaries [3].

1 Valuations

1.1 Definitions and examples

We start by recalling the definition of a valuation:

Definition 1.1.1. Let K be a field, a valuation on K is a (surjective) map v ∶ K → Γ, where
(Γ,+,0,<, ) is a totally ordered commutative monoid1, such that for every x, y ∈K:

1. v(0) ≠ v(1) = 0;
2. v(x + y) ⩾min{v(x), v(y)};
3. v(xy) = v(x) + v(y).

*cbaThis work is licensed under a Creative Commons Attribution-ShareAlike 4.0 International License.
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1 Valuations

This definitionwould alsomake sense ifRwere a commutative ring, and this notion is central
to analytic geometry (be it Berkovich’s orHuber’s). But althoughmodel theory of valued fields
is indeed related to these subjects, valuations on rings will mostly not appear in this text.

Before giving classical examples of valuations, we first prove a few easy consequences of the
definition of a valuation:

Lemma 1.1.2. Let (K,v) be a valued field. For every x, y ∈K :
1. v(−x) = v(x);
2. if v(x) < v(y) then v(x + y) = v(x)— that is, every triangle is isoceles;
3. v(x) ⩽ v(0), and v(x) = 0 if and only if x = 0.

Proof. 1. If 0◻ v(−1), with◻ ∈ {⩽,⩾}, then v(−1)◻v(−1)+v(−1) = v((−1)2) = v(1) = 0.
So v(−1) = 0 and thus v(−x) = v(−1) + v(x) = v(x).

2. Assume v(x) < v(y). Since v(x+y) ⩾min{v(x), v(y)} = v(x) it suffices to rule out that
v(x+y) > v(x). If so, we would have v(x) = v(x+y−y) ⩾min{v(x+y), v(y)} > v(x),
a contradiction.

3. If v(x) > v(0), then v(x) = v(x+0) = v(0), a contradiction. As for the second assertion,
it follows from the fact that {x ∈ K ∣ v(x) = v(0)} is a proper (prime) ideal; which is
thus equal to 0. Indeed, for any x, y ∈ K with v(y) = v(0), then v(xy) = v(x) + v(0) =
v(x ⋅0) = v(0). Also, if v(x) = v(y) = v(0), we have v(x+y) ⩾min{v(x), v(y)} = v(0)
and hence v(x + y) = v(0) by the first assertion.

Remark 1.1.3. 1. From now on, we will write∞ ∶= v(0), which is both maximal and an-
nihilating. We have v(K) = v(K×) ⊔ {∞}, where v(K×) ⩽ Γ is a subgroup.

2. Let (Γ,+,0,<,∞) = (R⩾0, ⋅,1,>,0). Then a valuation ∣.∣ ∶ K → R⩾0 is exactly a multi-
plicative norm onK verifying the strong triangular inequality:

∣x + y∣ ⩽max{∣x∣, ∣y∣} ⩽ ∣x∣ + ∣y∣

for every x, y ∈K.
Note that, for historical reasons, the order convention is reversed between norms and
valuations. Being close to zero is having a small norm but a large valuation.

Let us now give some classical examples of valuations. FixK a field.

Example 1.1.4. The map v(x) = 1x=0 is a valuation, called the trivial valuation.

Example 1.1.5. 1. The map −deg ∶K(x)→ Z ∪ {∞}2 is a valuation.

1That is, < is a total order and for every x, y, z ∈ Γ:
1. (x + y) + z = x + (y + z);
2. x + y = y + x;
3. x + 0 = x;
4. if x ⩽ y then x + z ⩽ y + z.

2By convention, deg(0) = −deg(0) =∞.
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1 Valuations

2. For any a ∈K, define va ∶K(x)→ Z ∪ {∞} by:

va(f) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

n if f has a root of mutiplicity n at a;
−n if f has a pole of mutiplicity n at a;
0 if f has neither a root or a pole at a;
∞ if f = 0.

This is a valuation. Note that, for any f ∈ K(x)×, va(f) is the unique n ∈ Z such that
f = (x − a)nP /Qwhere P,Q ∈K[x] are prime to x − a.

Note that, for any f ∈ K(x), va(f) = v0(f(x + a)). We say that f ↦ f(x − a) is a val-
ued field isomorphism (K(x), va) → (K(x), v0). Similarly, for every f ∈ K(x), we have
−deg(f) = v0(f(x−1)). Indeed, letP,Q ∈K[X]∖{0}. ThenP (x−1) = x−deg(P )P1(x)where
P1(x) = xdeg(P )P (x−1) ∈K[X]∖(X) andhence v0(P (x−1)/Q(x−1)) = v0(xdeg(Q)−deg(P ))+
v0(P1(x)Q1(x)) = −deg(P /Q). Sof ↦ f(x−1) is a valuedfield isomorphism (K(x),−deg)→
(K(x), v0).

Therefore, all these examples are essentially the same. By a theorem of Ostrowski, they are
the only example of valuations onK(x)which are trivial onK. They have natural analogs on
number fields, and in particular, onQ:

Example 1.1.6. Fix p ∈ Z a prime. For every x ∈ Q×, we define the p-adic valuation vp(x) to be
the unique n ∈ Z such that x = pna/bwith a, b ∈ Z prime to p; and vp(0) =∞.

By another theorem of Ostrowski, they are the only non trivial valuations onQ.

1.2 Some algebra

Fix (K,v) a valued field. Let us describe some of the natural algebraic objects associated to
valuations:

Definition 1.2.1. We define:
• the value group vK× ∶= v(K×) and its associated monoid vK ∶= v(K) = vK× ⊔ {∞};
• the valuation ring O = Ov ∶= {x ∣ v(x) ⩾ 0} ⊆K, a local subring;
• its unique maximal idealm = mv ∶= {x ∣ v(x) > 0} ⊂ O;
• the residue fieldKv ∶= O/m and res = resv ∶ O → k the canonical projection.

Proof. We have v(0) = ∞ > 0 and v(1) = 0, so 0,1 ∈ O. Also, for every x, y ∈ O, v(x + y) ⩾
min{v(x), v(y)} ⩾ 0 and v(xy) = v(x) + v(y) ⩾ 0 + 0 = 0. SoO ⊆K is a subring. Similarly, if
x, y ∈ m, v(x+y) ⩾min{v(x), v(y)} > 0 and if x ∈ O and y ∈ m, then v(xy) = v(x)+v(y) > 0
and hence m ⊆ O is a ideal. Note also that x ∈ O is invertible if and only if x−1 ∈ O, i.e.
−v(x) = v(x−1) ⩾ 0, or, equivalently, v(x) = 0. So O× = O ∖ m and m is indeed the unique
maximal ideal inO.

Lemma 1.2.2. The ring O is integrally closed — that is, for every P = Xd +∑i<d aix
i ∈ O[x]

and c ∈K = O(0), if P (c) = 0, then c ∈ O.

Proof. Assume v(c) < 0. Then, for every i < d, v(cd) = d ⋅ v(c) < v(ai) + iv(c) and hence
v(P (c)) = v(cd +∑i<d aic

i) = d ⋅ v(c) ≠∞.
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1 Valuations

IfR is a ring and p ⊆ R is a prime ideal, we denote byRp the localisation ofR at p— that is,
the ring of fractions a/b with a ∈ R and b ∈ R ∖ p. In particular, if R is integral, R(0) denotes
the usual field of fractions. Let us now describe the valuation rings and residue fields of the
previous examples:

Example 1.2.3.
• Let (K(x), va) be as defined in Example 1.1.5. Then

Ova = {P /Q ∣ P,Q ∈K[x] andQ /∈ (x − a)} =K[x](x−a)

and
mva = (x − a)Ov0 .

It follows thatKva =K[x](x−a)/(x−a) ≃ (K[x]/(x−a))(0) ≃K. The isomorphism is
induced by the map: K[x]→K sending P to P (a).

• We haveO−deg = {f ∈K(x) ∣ deg(f) ⩽ 0}, and since f ↦ f(x−1) is an isomorphism be-
tween (K(x),−deg) and (K(x), v0), the residuefieldof−deg is isomorphic toK, where
the isomorphism is induced by the map O−deg → K given by ∑n

i=0 aix
i/∑n

i=0 bix
i ↦

an/bn where bn ≠ 0. In a (very precise) sense, this is the map f ↦ f(∞).
• If vp be the p-adic valuation onQ defined in Example 1.1.6, thenOvp = Z(p) andQvp ≃
Fp.

Aswe saw, a valuation comeswith a lotmore algebraic structure than the typical archimedean
norm. Let us also show that valuation rings can be characterised in a purely algebraic manner
— this will be useful in Corollary 1.2.8 to construct extensions of valuations.

Proposition 1.2.4. LetK be a field andR ⊆K be a subring. The following are equivalent:
1. there exists a valuation v onK such thatR = Ov ;
2. for some prime ideal p ⊂ R, (R,p) is maximal for domination3inK — in particular, R

is local and p is its maximal ideal;
3. for all x ∈K×, either x ∈ R or x−1 ∈ R;
4. principal ideals ofR are totally ordered by inclusion andK = R(0);
5. sub-R-modules ofK are totally ordered by inclusion;
6. the monoid (K/R×, ⋅,1) is totally ordered, where a ⩽ b if b ∈ R ⋅ a, and π ∶ K → K/R× is

a valuation.

We say thatR is a valuation ring if these equivalent conditions hold.
Moreover,R = Rp is local and p is itsmaximal ideal, indeed, sinceR ⩽ Rp ⩽K andRp ⋅p∩R =

p, (Rp,Rp ⋅ p) dominates (R,p). By maximality, they are equal.

Proof. Let us first assume (i) and prove (ii). Let v be such that R = Ov and let us assume that
(R,mv) is dominated by some (S, q)withS ⩽K. Wewant to show thatS ⩽ R. Fix some s ∈ S.
If v(s) < 0, then s−1 ∈ p. So 1 = ss−1 ∈ S ⋅ p ⊆ q, a contradiction. It follows that v(s) ⩾ 0 and
s ∈ R = Ov.

3IfR1,R2 ⩽K are subrings and pi ⊂ Ri are prime ideals, (R2, p2) dominates (R1, p1) ifR1 ⩽ R2 and p2 ∩R1 =
p1.
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1 Valuations

Let us now assume (ii) and prove (iii). Fixing some x ∈ K, first assume that p[x] ⊂ R[x]
and let m ⊇ p[x] be some maximal ideal of R[x]. Then m ∩R is a ideal of R containing p but
that does not contain 1. So it is equal to p and (R[x],m) dominates (R,p). By maximality, we
have R[x] = R and thus x ∈ R. Applying this to x−1, we see that, if p[x−1] ⊂ R[x−1], then
x−1 ∈ R. So we may assume that 1 ∈ p[x] and 1 ∈ p[x−1] to derive a contradiction. Let m
and n be minimal such that∑i⩽m aix

i = 1 = ∑j⩽m bjx
−j , for some ai, bj ∈ p. We may assume

thatm ⩽ n. Since 1 − a0 ∈ R×, we have ci = ai(1 − a0)−1 ∈ p and∑m
i=1 cix

i = 1 it follows that
1 = ∑j<n bjx

−j +∑m
i=1 bmcix

−(n−i), contradicting the minimality of n.
We now prove that (iii) implies (iv). It follows from (iii) thatK = R(0). Moreover, for every

a, b ∈ R, If a−1b ∈ R, then (b) ⊆ (a). If not, by (iii), we must have b−1a ∈ R and thus (a) ⊆ (b).
Let us now prove that (iv) implies (v). Let a,b ⩽ K be sub-R-modules and let us assume

that there is some a ∈ a ∖ b. We want to show that b ⊆ a. Let b ∈ b and write a = a0/a1 and
b = b0/b1 with a0, a1, b0, b1 ∈ R. By (iv) we either have a0b1 ∈ (b0a1), in which case a ∈ R ⋅b ⊆ b,
a contradiction, or b0a1 ∈ (a0b1), in which case, b ∈ R ⋅ a ⊆ a.

To prove that (v) implies (vi), note that the ordered set (K/R×,⩽) is isomorphic to the set of
principal sub-R-modules ofK which is totally ordered by (v). Let us show that it is a monoid
order. If b ∈ R ⋅ a, then for every c ∈K, bc ∈ R ⋅ ac. So a ⩽ b does indeed imply a ⋅ c ⩽ b ⋅ c.

Let us now check that π is a valuation. We have π(0) = 0 ≠ 1 = π(1). For every x, y ∈ K we
have x+y ∈ (x)∩(y), so π(x+y) ⩾min{π(x), π(y)}, and, by definition, π(xy) = π(x) ⋅π(y).

Finally, note that (vi) trivially implies (i).

In fact, the valuation in condition (i) is essentially unique — and is thus the valuation con-
structed in (vi). In fact, we can read off various relations between valuations from their valua-
tions rings:

Lemma 1.2.5. Let v be a valuation onK , f ∶K → L a field morphism andw a valuation on L.
The following are equivalent:

1. (Ow,mw) dominates (f(Ov), f(mw));
2. Ov = f−1(Ow);
3. there is a (unique) injective morphism g ∶ vK → wL such that:

K
v //

f
��

vK

g

��
L w

// wL

commutes — in other words, f is a valued field embedding.

Proof. We first prove that (i) implies (ii). If (Ow,mw) dominates (f(Ov), f(mw)), by defini-
tion, we have f(Ov) ⊆ Ow — so Ov ⊆ f−1(Ow)— and f(mv) ⊆ mw. Let now x ∈ K ∖Ov.
Then x−1 ∈ Ov ∖O×v = mv. So f(x)−1 = f(x−1) ∈ f(mv) ⊆ mw and hence f(x) /∈ Ow. So we
do have f−1(Ow) = Ov.

We now prove that (ii) implies (iii). For the above diagram to commute, for every x ∈K, we
must have

g(v(x)) = w(f(x)). (1)
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1 Valuations

Note that, by (ii), for every x, y ∈ K, we have v(x) ⩽ v(y)— that is y ∈ xOv — if and only
if f(y) ∈ f(x)Ow — that is w(f(y)) ⩽ w(f(x)). It follows that Equation (1) gives rise to a
well-defined increasing function g ∶ vK → wL.

Finally, if (iii) holds, then, for every x ∈ Ov,w(f(x)) = g(v(x)) ⩾ 0 and hence f(Ov) ⊆ Ow.
Moreover, if x ∈ mv, then w(f(x)) = g(v(x)) > 0 and hence f(mv) ⊆ mw ∩ f(Ov), which is
an ideal of f(Ov)whose unique maximal ideal is f(mv). So f(mv) = mw ∩ f(Ov).

Lemma 1.2.6. Let vi ∶K → Γi, for i = 1,2, be valuations. The following are equivalent:
1. Ov1 = Ov2 ;
2. there is a unique isomorphism g ∶ v1K → v2K such that:

v1KOO

g

��
K

v1 66mmmmmm

v2 ((QQ
QQQ

Q

v2K

commutes.

We then say that v1 and v2 are equivalent valuations.

Let us now conclude this brief introduction to valuations by showing that they can always
be extended to larger fields.

Proposition 1.2.7. Let R be a ring, p ⊂ R be prime and K ⩾ R a field. Then there exists a
valuation ringO ⊆K = O(0) with maximal idealm such that (O,m) dominates (R,p).

Proof. The set of pairs (S, q), where S ⩽ K and q ⊂ S is prime, ordered by domination is
inductive. Indeed, let (Si, qi)i be a chain and let S = ⋃i Si ⩽ K, a subring, and q = ⋃i qi =
⋃i S ⋅ qi ⊂ S an ideal. If, for some a, b ∈ S, ab ∈ q, let i be sufficiently large such that a, b ∈ Si
and ab ∈ qi. Then one of a or b is in qi ⊆ q and hence q ⊂ S is prime. Moverover, for any i,
by construction qi ⊆ q ∩ Si and if a ∈ q ∩ Si, then, for some j ⩾ i, a ∈ qj ∩ Si = qi, so (S, q)
dominates (Si, qi).

By Zorn’s lemma, (R,p) is contained in a maximal element (O,m). By Proposition 1.2.4,
O is a valuation ring andm is its maximal ideal.

Corollary 1.2.8 (Chevalley’s extension theorem). Let (K,v) be a valued field andK ⩽ L be a
field extension. Then there exists a valuation w on L extending v.

Proof. Applying Proposition 1.2.7 to (Ov,mv) in L, we find a valuation ring O ⊆ L = O(0),
with maximal idealm, that dominates (Ov,mv). We conclude with Lemma 1.2.5.

1.3 Some topology

Let us now also describe the natural topology associated to a valuation:

Definition 1.3.1. Fix x ∈K and γ ∈ vK. We define:
• the closed ball B⩾γ(x) ∶= {y ∈K ∣ v(y − x) ⩾ γ} of radius γ around x;
• the open ball B>γ(x) ∶= {y ∈K ∣ v(y − x) > γ} of radius γ around x.
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1 Valuations

By convention,K is considered to be the open ball of radius −∞. Note that points are closed
balls of radius∞.

However, due to the ultrametric inequality, the combinatorics of balls is much simpler than
in the Archimedean setting.

Lemma 1.3.2. Let b be a ball inK . Then Ib ∶= {x − y ∣ x, y ∈ b} ⊆ K is a sub-O-module and
b = x + Ib for any x ∈ b.

Proof. Let us first assume that b = B⩾v(d)(c) with c, d ∈ K, then {x − c ∣ x ∈ b} = dO is a
sub-O-module of K. Moreover, if x, y ∈ b, then x − y = (x − c) − (y − c) ∈ dO and hence
Ib ⊆ {x − c ∣ x ∈ b} = dO ⊆ Ib. Similarly, if b = B>v(d)(c), then Ib = dm a sub-O-module ofK.
By definition b = c + Ib is an additive coset of Ib and hence b = c + Ib = x + Ib for any x ∈ b.

Lemma 1.3.3. Let b1, b2 be balls ofK , then at least one of the following holds:
1. b1 ∩ b2 = ∅;
2. b1 ⊆ b2;
3. b2 ⊆ b1.

Proof. Note that we either have Ib1 ⊆ Ib2 or Ib2 ⊆ Ib1 . So we may assume that b1 ∩ b2 ≠ ∅ and
Ib1 ⊆ Ib2 . Let x ∈ b1 ∩ b2, we then have b1 = x + Ib1 ⊆ x + Ib2 = b2.

But balls do generate a somewhat well-behaved topology:

Proposition 1.3.4. Open balls generate a Hausdorff field topology. Moreover, open balls are
closed in this topology.

In other words, the ideals γm ∶= B>γ(0) ⊆ O, for γ ∈ vK×⩾0, form a basis of neighbourhoods
of 0 andwe consider the (unique) additive group topology generated by this basis of neighbour-
hoods of 0.

Proof. Let U ⊂K be open and a, b ∈K be such that a+ b ∈ U . Then there exists γ ∈ vK× such
that U ⊇ (a + b) + γm = (a + γm) + (b + γm), i.e. (a, b) is in the interior of the preimage by +
of U inK2. So + is continuous. Similarly, if −a ∈ U , for some γ ∈ vK× we have U ⊇ −a + γm =
−(a + γm), So − is continuous. Finally, if ab ∈ U , there exists γ ∈ vK×, that we may assume
larger than 0, with U ⊇ ab+ γm ⊇ ab+ a ⋅ δm+ b ⋅ δm+ δm ⋅ δm ⊇ (a+ δm) ⋅ (b+ δm), provided
γ ⩽min{δ + v(a), δ + v(b), δ}.

Moreover, for every a ∈K×, γ ∈ vK× andx ∈ (max{v(a), γ−2⋅v(a)})m, by Lemma1.1.2.2,
we have v(a+x) = v(a), and thus v((a+x)−1−a−1) = v(xa−1(a+x)−1) = v(x)−2 ⋅v(a) > γ;
so the inverse map is indeed continuous at a.

The topology is Hausdorff since, for every a, b ∈K distinct, B>v(a−b)(a) ∩B>v(a−b)(b) = ∅.
Finally, for any γ ∈ vK× and c /∈ B>γ(a),B>γ(a)∩B>γ(c) = ∅, so any open ball is closed in that
topology.

Remark 1.3.5. However, every non trivial ball is both open and closed in this topology and the
topology is also generated by the non trivial closed balls.
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1 Valuations

Let us conclude this section by introducing diverse notions of convergence adapted to the
valued field setting,

Definition 1.3.6. Fix F a (proper) filter4onK and x ∈K.
1. The filter F is Cauchy if for every γ ∈ vK, there is an open ball of radius γ in F— equiv-

alently if there is a ball of radius γ in F.
2. The filter F converges to x, and we write limF = x, if for every γ ∈ vK×, B>γ(x) ∈ F—

equivalently, if F ⊇Nx, the neighbourhood filter of x.
3. The fieldK is complete if every Cauchy filter onK converges to some x ∈K.

Let us now show that every valued field admits a (unique) completion.

Definition 1.3.7 (Leading terms). Fix γ ∈ vK×⩾0. We define the multiplicative monoid of γ-
leading terms RVγ = RVγ,v ∶= K/(1 + γm). Let rvγ = rvγ,v ∶ K → RVγ denote the canonical
projection.

Remark 1.3.8. 1. It is naturally a multiplicative monoid and we have the following short
exact sequence :

1→ R×γ → RV×γ → vK× → 0,

whereRγ = O/γm andRV×γ ∶= RVγ ∖ {0}. We also denote by v the natural mapRVγ →
vK

2. There is also the trace of an additive structure onRVγ . We will describe it later.
3. We usually simply denoteRV0 asRV and rv0 as rv.

Definition 1.3.9. Let
K̂ = K̂v ∶= lim←Ð

γ∈vK×⩾0

RVγ

as multiplicative monoids, where the transition maps rvγ,δ ∶ RVγ → RVδ, for∞ > γ > δ ⩾ 0,
are the natural maps. We also define:

• v ∶ K̂ → vK by v(x) = v(xγ) for any γ ∈ vK×⩾0;
• + ∶ K̂2 → K̂ by (x + y)γ = rvγ(Xε), whereXε ∶= rv−1ε (xε) + rv−1ε (yε) does not contain
0, for sufficiently large ε ∈ vK×⩾0. If 0 ∈Xε for all ε, then define x + y = (0)γ =∶ 0.

Proof. Since v = v ○ rvγ,δ, v is indeed well-defined on K̂. As for +, let us fix x, y ∈ K̂. Note that
Xε is the open ball of radius δ = ε +min{v(x), v(y)} around any of its elements. If 0 /∈ Xε,
then v(Xε) is a singleton {γ} and rvδ−γ(Xε) is also a singleton. Since the Xε form a chain,
(x + y)γ−δ is well defined and γ is independent of ε, whereas δ increases as ε increases.

Proposition 1.3.10. The valued field (K̂,+, ⋅, v) is complete.

4That is, F ⊆ P(K) such that:
1. K ∈ F,∅ /∈ F;
2. for every U,V ∈ F, U ∩ V ∈ F;
3. for every U ⊆ V ⊆K, if U ∈ F then V ⊆K;
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1 Valuations

Proof. The fact the (K̂,+, ⋅) is a field follows more or less directly from the definitions. Let
us check distributivity, for example. Let x, y, z ∈ K̂. Then rv−1ε (zε)(rv−1ε (xε) + rv−1ε (yε)) =
rv−1ε (zε) ⋅rv−1ε (xε)+rv−1ε (zε) ⋅rv−1ε (yε). Since these sets characterise both z(x+y) and zx+zy,
they must be equal.

As for completeness, for every x ∈ K̂, and γ ∈ vK̂ = vK, B>γ(x) = rv−1γ−v(x)(xγ−v(x)) ⊆ K̂.
It follows that aCauchy filter on K̂ is generated by sets of the form rv−1γ (ζγ), for every γ ∈ vK×⩾0
and thus converges to ζ ∶= (ζγ)γ ∈ K̂.

Remark 1.3.11. We have:
• ι ∶K → K̂ has dense image5;
• OK̂ ≃ lim←ÐO/γmK is the closure ofOK ⊆ K̂;
• mK̂ = OK̂ ⋅mK is the closure ofmK ⊆ K̂;
• vK̂ = vK;
• K̂v ≃Kv;
• K/(1 +mK) ≃ K̂/(1 +mK̂).

Let us now weaken the notion of Cauchy filter and convergence, to obtain the stronger no-
tion of spherical completion, which will prove very important to study valued fields.

Definition 1.3.12. Fix F a filter onK and x ∈K.
1. The filter F is pseudo Cauchy if it is generated by balls.
2. The filter F accumulates at x, if any open ball around xmeets any element of F—equiv-

alently, x ∈ ⋂U∈FU =∶ F.
3. ThefieldK is spherically complete if every pseudoCauchyfilter onK accumulates at some

in x ∈K.

Remark 1.3.13. • Usually, the accumulation points of a pseudo Cauchy filter F are called
its pseudo limits. Since balls are closed, in that case, we have F ∶= ⋂u∈FU .

• If it is not empty, the set I = {x − y ∣ x, y ∈ F} is anO-submodule ofK called the width
of F. As for balls, we have F = x + I for any x ∈ F.

The (potential) uniqueness of spherical completions is amuchharderquestion. Weconclude
this section with the useful notion of the pushforward of a filter:

Definition 1.3.14. Let F be a filter on some setX and f ∶X → Y . We denote by f⋆F the filter
generated by {f(U) ∣ U ∈ F}— that is, the filter {V ⊆ Y ∣ f(U) ⊆ V , for some U ∈ F}.

Proof. Let U,V ∈ F. Note that, since U ≠ ∅, f(U) ≠ ∅. and since f(U ∩ V ) ⊆ f(U) ∩ f(V ),
the set {f(U) ∣ U ∈ F} has the finite intersection property and thus generates a filter.
5In fact, K̂ is the unique, up to uniqueK-isomorphism, complete dense valued field extension ofK. It also has
the following universal properties: for every f ∶ K → L with L complete and g ∶ K → F with dense image, we
have:

K̂

∃!

��

K̂

K

::tttttt

%%KK
KK

KK K

::tttttt

%%KK
KKK

K

L F

∃!

OO
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2 Algebraically closed valued fields

2 Algebraically closed valued fields

Wenowmove on themoremodel theoretic part of these notes and focus on algebraically closed
(non trivially) valued fields. The following language is one of the classically considered lan-
guages for valued fields. As we will see later, elimination of quantifiers will yield some more
information (on the structure of the residue field and valued field) than we would typically get
by working with a single sort for the field.

Definition 2.0.1. Let Lk,Γ be the three sorted language with:
• a sortKwith the ring language Lrg = (+,−,0, ⋅,1);
• a sort Γwith the ordered group language Log = (+,−,0,<) and a constant∞;
• a sort kwith the ring language;
• a map v ∶ K→ Γ;
• a map ρ ∶ K2 → k.

Any valued field (K,v) can be made into a Lk,Γ-structure by interpreting K as the fieldK,
k as the field k and Γ as vK, with its ordered monoid structure, 0 = v(1),∞ = v(0) and − is
interpreted as the inverse on vK× and −∞ =∞. The map v is interpreted as the valuation and
ρ(a, b) is interpreted as res(a/b) if b ≠ 0 and a/b ∈ OK , and 0 otherwise.

Definition 2.0.2. LetVF denote the Lk,Γ-theory of valued fields andACVF denote the Lk,Γ-
theory of algebraically closed non trivially valued fields.

Remark 2.0.3. 1. For all n ∈ Z>0,ACVF ⊧ (∀x ∶ Γ)(∃y ∶ Γ) n ⋅ y = x— that is, the group
Γ× ∶= Γ ∖ {∞} is divisible.

2. For every P ∈ Z[x, y] where y is a tuple, ACVF ⊧ (∀y ∶ k)(∃x ∶ k) P (x, y) = 0— that
is, the residue field k is algebraically closed.

3. Any M ⊧ VF embeds into N ⊧ ACVF. If M is not trivially valued, we may assume
K(N) = K(M)a.

In other words,VF ⊧ ACVF∀, the set of universal consequences ofACVF.

Proof. 1. Let c ∈ K be such that v(c) = x and a ∈ K such that an = c. We have n ⋅ v(a) =
v(an) = v(c).

2. Let c ∈ O be such that res(c) = y and a ∈ K such that P (c, a) = 0. By Lemma 1.2.2,
a ∈ O and we have P (res(c), res(a)) = res(P (c, a)) = 0.

3. IfM is trivially valued, then (K(M),v) embeds in (K(M)(x), v0)which is non trivially
valued. So we may assumeM is not trivially valued. This is then an immediate conse-
quence of Corollary 1.2.8.

2.1 Elimination of quantifiers

In this section, we prove the elimination of quantifiers inACVF, Theorem 2.1.8. To do so, we
prove an embedding lemma, Proposition 2.1.6, of which quantifier eliminationwill follow for-
mally. In fact, we will first prove three specific cases of the embedding lemma that, put together
yield Proposition 2.1.6.

10



2 Algebraically closed valued fields

LetM ⊧ ACVF andA ⩽M . Assume thatK(A) and k(A) are fields. In Propositions 2.1.2,
2.1.3 and 2.1.5, we describe various extensions by one valued field element. We start by exten-
sions lifting a given residue element.

Definition 2.1.1. Anexact lift ofQ ∈ k[x] isP ∈ O[x]with res(P ) = Q anddeg(P ) = deg(Q).

Proposition 2.1.2 (Purely residual 1-types). Fix any α ∈ k(M). Let P ∈ O(A)[x] be an exact
lift of its minimal polynomial6 over res(O(A)) and Q ∈ k(A)[x] be its minimal polynomial
over k(A).

1. For everyR = ∑i rix
i ∈ K(A)[x], every non zeroS = ∑j sjx

j ∈ K(A)[x], both with degree
smaller than P , and every a ∈ res−1(α):

• v(R(a)) =mini v(ri) ≠∞;
• ρ(R(a), S(b)) = ρ(ri0 , sj0)res(R0)(α)/res(S0)(α), where R = ri0R0, S = sj0S0
and v(ri0) and v(sj0) are minimal.

2. There exists a ∈ K(M) with res(a) = α and P (a) = 0.
3. Such an a is uniquely determined, up toLk,Γ(A)-isomorphism, by P andQ: for everyN ⊧

ACVF, every embedding f ∶ A→ N , every a ∈ K(M) and b ∈ K(N), if:
• P (a) = 0 and res(a) = α;
• f(P )(b) = 0 and f(Q) is the minimal polynomial of res(b) over k(f(A));

then f can be extended by sending a to b.

Proof. 1. Let i0 be such that v(ri0) is minimal. Let R0 ∶= r−1i0 R. Then res(R0) ≠ 0. By
minimality of res(P ), res(R0(a)) = res(R0)(α) ≠ 0 and hence v(R0(a)) = 0. It follows
that v(R(a)) = v(ri0) = mini v(ri). Similarly res(S0(a)) = res(S0)(α) ≠ 0. It follows
that R(a)/S(a) ∈ O if and only if ri0/sj0 ∈ O and, in that case, res(R(a)/S(a)) =
res(ri0/sj0)res(R0(a))/res(S0(a)).

2. Let P = c∏j(x − ej), where c ∈ O×A. Since O is integrally closed, cf. Lemma 1.2.2, we
have ej ∈ O for all j. For any a ∈ res−1(α), res(P )(α) = res(P (a)) = res(c)∏j res(a) −
res(ej) = 0. It follows that there exists a j such that res(ej) = res(a) = α.

3. Let C be the structure generated by Aa. By 1, P is the minimal polynomial of a over
K(A). SowehaveK(C) = K(A)[a] ≃ K(A)[x]/P . Also by 1,Γ(C) = Γ(A) andk(C) ⊆
k(A)(α) ≃ (k(A)[x]/Q)(0). Since f(Q) is the minimal polynomial of β over k(f(A)),
we also have a ring embedding g∣k ∶ k(A)(α) → k(N) extending f ∣k and sending α to
β. In particular, k(f(P )) is the minimal polynomial of β over k(O(f(A))); and f(P )
is an exact lift. Applying 1 to β ∶= res(b), we see that f(P ) is the minimal polynomial of
b overK(f(A)) and thus f ∣K extends to a ring embedding g∣K ∶ K(C)→ K(N) sending
a to b. Finally, let g∣Γ = f ∣Γ.
For anyR = ∑i rix

i ∈ K(A)[x]with degree smaller than P , by 1, we have g(v(R(a))) =
f(mini v(ri)) = mini v(f(ri)) = v(f(R)(b)) = v(g(R(a))). Similarly, for any non

6We allow P to be 0; in which case, α is transcendental over res(O(A))

11



2 Algebraically closed valued fields

zero S = ∑i six
i ∈ K(A)[x]with degree smaller than P ,

g(ρ(R(a), S(a))) = g(ρ(ri0 , sj0)res(R0)(α)/res(S0)(α))
= ρ(f(ri0), f(sj0))f(res(R0))(β)/f(res(S0))(β)
= ρ(f(R)(b), f(S)(b))
= ρ(g(R(a)), g(S(a))),

with i0, j0,R0 andS0 defined as in 1. So g ∶ C → N is indeed anLk,Γ-embedding sending
a to b.

We now consider extensions lifting a given value group element:

Proposition 2.1.3 (Purely ramified 1-types). Fix any γ ∈ Γ×(M). Let n (respectivelym) be its
order in Γ×(M)/v(K×(A)) (respectively Γ×(M)/Γ×(A)) and c ∈ K(A) be such that n ⋅ γ =
v(c)7.

1. For every R = ∑i rix
i ∈ K(A)[x], every non zero S = ∑j sjx

j ∈ K(A)[X], both with
degree smaller than n and every a ∈ v−1(γ):

• v(R(a)) =mini(v(ri) + iγ) and the minimum is attained exactly once;
• ρ(R(a), S(a)) = 1i0=j0ρ(ri0 , sj0), where v(ri0)+i0γ and v(sj0)+j0γ areminimal
and 1i0=j0 = 1 if i0 = j0 and 0 otherwise.

2. There exists a ∈ K(M) with v(a) = γ and an = c8.
3. Such an a is uniquely determined, up to Lk,Γ(A)-isomorphism, by n, c,m,m ⋅ γ ∈ Γ(A)

and, when m = ∞, by the set {ε ∈ Q ⋅ Γ(A) ∣ ε < γ}. That is, for every N ⊧ ACVF,
embedding f ∶ A→ N , a ∈ K(M) and b ∈ K(N), if:

• an = c and v(a) = γ;
• bn = f(c);
• v(b) is orderm in Γ×(N)/Γ×(f(A)) andm ⋅ v(b) = f(m ⋅ γ);
• whenm =∞, for all ε ∈ Γ(A) and r ∈ Q, v(b) > r ⋅ f(ε) if and only if γ > r ⋅ ε;

then f can be extended by sending a to b.

Proof. 1. We always have v(R(a)) = v(∑i(riai)) ⩾ mini v(riai) = mini(v(ri) + i ⋅ γ). If
the inequality were strict, there would exist i < j < n such that v(riai) = v(rjaj), i.e.
(j − i)v(a) = v(ri) − v(rj) ∈ v(K(A)), contradicting the minimality of n. We have also
proved that all the v(riai) = v(ri) + i ⋅ γ are distinct — in particular the minimum is
unique. It follows that res(R(a)/ri0ai0) = res(∑i ri) = 1. Note also that v(R(a)) −
v(S(a)) = 0 if and only if v(ri0) − v(sj0) + (i0 − j0)γ = 0. Since ∣i0 − j0∣ < n, this
is, in turn, equivalent to i0 = j0 and v(ri0) = v(sj0). In that case, res(R(a)/S(a)) =
ρ(ri0ai0 , sj0aj0) = ρ(ri0 , sj0).

2. Assume n <∞. For any a with an = c, we have nv(a) = v(c) = nγ and hence v(a) = γ.
If n =∞, pick c = 0.

7By convention,∞ ⋅ γ =∞
8By convention a∞ = 0
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2 Algebraically closed valued fields

3. LetC be the structure generated byAa. By 1, the minimal polynomial of a overK(A) is
xn−c. SowehaveK(C) = K(A)[a] ≃ K(A)[x]/(xn−c). Alsoby1,Γ(C) = Γ(A)+Z⋅γ ≃
(Γ(A) ⊕ Z ⋅ x)/(m ⋅ x −m ⋅ γ) and k(C) = k(A). Since, by hypothesis, δ ∶= v(b) also
has order m in Γ×(N)/Γ×(f(A)) and m ⋅ δ = f(m ⋅ γ), we have a group embedding
g∣Γ ∶ Γ(C) → Γ(N) sending γ to δ. In particular, δ is order n in Γ×(M)/v(K×(f(A)))
and n ⋅δ = v(f(c)). Applying 1 to δ, we see that xn−f(c) is theminimal polynomial of b
over f(K(A)) and hence f ∣K extends to a ring embedding g∣K ∶ K(C)→ K(N) sending
a to b. Finally, let g∣k = f ∣k.
Ifm ≠ ∞, for every r ∈ Z and ε ∈ Γ(A), we have r ⋅ γ > ε if and only if r ⋅m ⋅ γ > m ⋅ ε,
if and only if f(r ⋅m ⋅ γ) > f(m ⋅ ε), if and only if r ⋅ δ > f(ε). If m = ∞ and r ≠ 0,
r ⋅γ > ε if and only if γ > r−1 ⋅ ε, if and only if, by hypothesis, δ > r−1 ⋅ f(ε), if and only if
r ⋅ δ > f(ε). So g∣Γ preserves <. Also, for anyR = ∑i rix

i ∈ K(A)[x]with degree smaller
than P , by 1, we have g(v(R(a))) = g(mini(v(ri) + i ⋅ γ)) = mini(v(f(ri)) + i ⋅ δ) =
v(f(R)(b)) = v(g(R(a))). And, for any non zero S = ∑i six

i ∈ K(A)[x] with degree
smaller than P , g(ρ(R(a), S(a))) = g(1i0=j0ρ(ri0 , sj0)) = 1i0=j0ρ(f(ri0), f(sj0)) =
ρ(f(R)(b), f(S)(b)) = ρ(g(R(a)), g((a))), with i0, j0 as in 1. So g ∶ C → N is indeed
an Lk,Γ-embedding sending a to b.

Finally, we consider extensions that add a pseudo-limit to a pseudo-Cauchy filter. It will
be practical to use the morphism rv of Definition 1.3.7 since it computes both valuative and
residual information at the same time.

Lemma 2.1.4. LetB be a pseudo Cauchy filter on K(A), without a minimal element, and P ∈
K(A)[x]. Then one of the following holds:

• there is a ball b ∈B such that rv(P )∣b is constant.
• there is a root of P inB and any ball b ∈ B contains two points a1, a2 ∈ K(A) such that
rv(P (a1)) ≠ rv(P (a2)).

Proof. Let b ∈ B contain the minimal number of roots of P . Then for every x, y ∈ b and every
root a a root of P outside b, we have v(x − a) < v(y − x) and thus y − a = y − x + x − a ∈
x − a + (x − a)m = (x − a)(1 +m). So rv(x − a) = rv(y − a). If b contains no root of P , then
rv(P (x)) = rv(c∏P (a)=0(x − a)ma) = rv(c)∏P (a)=0 rv(x − a)ma = rv(c)∏P (a)=0 rv(y −
a)ma = rv(P (y)). So rv(P )∣b is contant.

If b does contain some root of P , since b is not minimal inB, we find a ball b0 of K(A) in
B with b0 ⊂ b. By choice of b, all the roots of P in b are in b0. Also, we find a1 ∈ b0(A) and
a2 ∈ b(A)∖b0. Then for every root a ofP in b (and hence b0), we have v(a1−a) > v(a2−a) and
hence v(P (a1)/P (a2)) = rv(∏a∈b,P (a)=0(a1 − a)/(a2 − a)) > 0. In particular, rv(P (a1)) ≠
rv(P (a2)).

Proposition 2.1.5 (Immediate 1-types). Fix a pseudo Cauchy filter B over K(A). Let P ∈
K(A)[x] have minimal degree among those polynomials such that rv(P ) is not eventually con-
stant onB.

1. For every R ∈ K(A)[x] with degree smaller than P , there exists U ∈ B with rv ○R∣U
constant, equal to an element of rv(K(A)).
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2 Algebraically closed valued fields

2. If P ≠ 0, there exist a ∈ K(M) with a ∈B and P (a) = 0.
3. Such an a is uniquely determined, up to Lk,Γ(A)-isomorphism, byB and P . That is, for

everyN ⊧ ACVF, embedding f ∶ A→ N , a ∈ K(M) and b ∈ K(N), if:
• P (a) = 0 and a ∈B;
• f(P )(b) = 0 and b ∈ f⋆B;

then f can be extended by sending a to b.
Proof. 1. By minimality of P , by Lemma 2.1.4, rv(R) is constant on some b ∈B. Since we

may assume that b is a ball ofA, b ∩A ≠ ∅ and hence rv(R(b)) ∈ rv(K(A)).
2. If there is no root of P inB, then, by Lemma 2.1.4, rv ○ P is eventually constant onB.

Since 0 ∈ P⋆B, we must have that P is eventually equal to 0 onB. If P ≠ 0,B contains
the finite set of roots of P ; in particular,B ≠ ∅.

3. Let C be the structure generated by Aa. By 1, P is the minimal polynomial of a over
K(A). So we have K(C) = K(A)[a] ≃ K(A)[x]/P . Also, by 1, we have Γ(C) = Γ(A)
and k(C) = k(A). By 1 applied at f⋆B, the minimal polynomial of b over K(f(A)) is
f(P ), so f ∣K extends to a ring embedding g∣K ∶ K(C) → K(N) sending a to b. Let also
g∣Γ = f ∣Γ and g∣k = f ∣k. Note that, since rv(K(A)) = rv(K(C)), the natural maps
induced by f ∣K and g∣K onRV coincide—we denote it as f .
For anyR ∈ K(A)[x]with degree smaller than P , by 1, we have

g(rv(R(a))) = f(rv(R)(U))
= rv(f(R))(f(U))
= rv(f(R))(b)
= rv(g(R(a))).

Since v(c) = v(rv(c)) and ρ(c, d) = 1v(c)=v(d)rv(c)rv(d)−1, we see that g is compatible
with both v and ρ.

Proposition 2.1.6 (ACVF embedding lemma). LetM,N ⊧ ACVF, A ⩽ M and f ∶ A → N .
There exists an elementary map h ∶ N → N⋆ and an embedding g ∶M → N such that:

M
g // N⋆

A
f

// N

h

OO

commutes.
Proof. The family of pairs of embeddings (g, h), with g ∶ C → N⋆, C ⩽ M and h ∶ N → N⋆

elementary, is inductive — where (g1, h1) is smaller than (g2, h2) if C1 ⩽ C2 and there exists
i ∶ N⋆1 → N⋆2 elementary such that

C2
g2 // N⋆2

C1 g1
// N⋆1

i

OO

N
h1

oo

h2

``@@@@@@@@
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2 Algebraically closed valued fields

commutes — and contains (f, id). By Zorn’s lemma, it contains a maximal element (g, h)—
with domain C ⩽ M — larger than (f, id). There remains to show thatM = C. It suffices to
show thatK(M) = K(C).

First, we note that, by the universal property of localisations g has a (unique) extension
g0 to K(C)(0) ∪ k(C)(0) ∪ Γ(C). Indeed, g0 is a ring morphism on the sorts K and k, and
it is equal to g on Γ. For any c ∈ K(C) and non zero d ∈ K(C), g0(v(c/d)) = g(v(c) −
v(d)) = v(g(c)) − v(g(d)) = v(g0(c/d)) and, for any a ∈ K(C) and non zero b ∈ K(C),
g0(ρ(a/b, c/d)) = g(ρ(ad, cb)) = ρ(g(a)g(d), g(c)g(b)) = ρ(g0(a/b), g0(c/d)). By maximal-
ity of g, bothK(C) and k(C) are fields.

Claim 2.1.6.1. k(M) = res(K(C)).

Proof. Pick any α ∈ k(M). Let P ∈ O(C)[x] be an exact lift of its minimal polynomial over
res(O(C)) and Q ∈ k(C)[x] its minimal polynomial over k(C). By compactness, we find
i ∶ N⋆ → N † and β ∈ k(N †) whose minimal polynomial over C is i ○ g(P )— if Q ≠ 0, any
root of g(Q) in N⋆ works and we can take i = id; if Q = 0, then the set {P (x) ≠ 0 ∣ P ∈
k(g(C))} is finitely satisfiable inN since k(N) is infinite. By Proposition 2.1.2.2, we can also
find a ∈ K(M) and b ∈ K(N †) such that P (a) = 0 = g(P )(b), res(a) = α and res(b) = β.
Applying Proposition 2.1.2.3, we find a pair (g′, i ○ h) larger than (g, h) with g′ defined at a.
By maximality, a ∈ K(C) and hence α ∈ res(K(C)). ◊

Claim 2.1.6.2. Γ(M) = v(K(C)).

Proof. Pick any γ ∈ Γ(M). Let n (respectivelym) its order in Γ×(M)/v(K×(C)) (respectively
in Γ×(M)/Γ×(C)) and c ∈ K(C) such that n ⋅ γ = v(c). By compactness, we find i ∶ N⋆ → N †

and δ ∈ Γ×(N †) of orderm inΓ×(N †)/Γ×(i○g(C)),m ⋅δ = i○g(m ⋅γ) and such that, for every
ε ∈ Γ(C) and r ∈ Q, δ > r ⋅i(g(ε)) if and only if γ > r ⋅ε—ifm ≠∞, any element ofΓ(N⋆)with
m⋅δ = g(m⋅γ)works andwe can take i = id; ifm =∞, the set {x > r ⋅g(ε) ∣ r ∈ Q, ε ∈ Γ(C) and
δ > r ⋅ ε}∪ {x < r ⋅ g(ε) ∣ r ∈ Q, ε ∈ Γ(C) and δ < r ⋅ ε} is finitely satisfiable inN since Γ×(N) is
divisible and hense dense. By Proposition 2.1.3.2, we can also find a ∈ K(M) such that an = c
and v(a) = γ, and b ∈ K(N †) such that bn = g(c) and v(b) = δ. Applying Proposition 2.1.3.3,
we find a pair (g′, i ○ h) larger than (g, h) with g′ defined at a. By maximality, a ∈ K(C) and
hence α ∈ v(K(C)). ◊

Claim 2.1.6.3. Any pseudo Cauchy filter B over K(C) that accumulates at some a ∈ M also
accumulates at some c ∈ K(C).

Proof. LetP ∈K(C)[x]haveminimal degree such that rv(P ) is not eventually constant onB.
If P ≠ 0, by Proposition 2.1.5.2, there exists c ∈ K(M) such that P (c) = 0 and c ∈B. If P = 0,
c ∶= a satisfies those same requirements. Since, by Lemma 2.1.4, the eventual non constancy
of the rv of a polynomial on B is witnessed by points of A, g⋆(P ) is also minimal such that
rv(g⋆P ) is not eventually constant on g⋆B. By compactness and Proposition 2.1.5.2, we also
find i ∶ N⋆ → N † and b ∈ K(N †)with b ∈ g⋆B and g(P )(b) = 0— if P ≠ 0, some root of g(P )
in N⋆ works and we can take i = id; if P = 0, the set of balls in g⋆B is finitely satisfiable in N
since it is a filter. Applying Proposition 2.1.5.3, we find a pair (g′, i ○h) larger than (g, h)with
g′ defined at c. By maximality, c ∈ K(C) and, by construction, we do have c ∈B. ◊
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Fix a ∈ K(M) and letB be themaximal pseudoCauchy filter overK(C) that accumulates at
a—i.e. the filter generated by the balls ofK(C) containing a. ByClaim2.1.6.3,B accumulates
at some c ∈ K(C). Let us assume that a ≠ c. By Claim 2.1.6.2, there is some d ∈ K(C)
such that v(a − c) = v(d) ∈ Γ×(M). Then (a − c)/d ∈ O and, by Claim 2.1.6.1, there is
some e ∈ O×(C) such that res((a − c)/d) = res(e); equivalently (a − c)/d − e ∈ m and hence
a ∈ c + de + dm =∶ b, the open ball of radius v(d) around c + de. By construction, b ∈ B, but
v(c + de − c) = v(d) + v(e) = v(d), so c /∈ b, a contradiction. It follows that a = c ∈ K(C), and
henceK(M) = K(C).

Remark 2.1.7. 1. Proposition 2.1.6 does not hold if we replace ρ by the more straightfor-
ward map res. Let L′k,Γ be Lk,Γ without the map ρ and with a map res ∶ K → k instead.
LetK ∶= Q(a, b)(t) and v be the t-adic valuation. Let A be the L′k,Γ-substructure ofK
withK(A) = Z[at, t], k(A) = Q(a, b), Γ(A) = Z∪{∞}. Let f ∶ A→K send at to bt, fix
t and be the identity on res and Γ. This is an L′k,Γ-embedding. If g extends f and is de-
fined at t−1, we would have a = f(a) = f(res(a)) = res(g(att−1)) = res(f(at)f(t)−1) =
res(btt−1) = b, a contradiction. So Proposition 2.1.6 fails for L′k,Γ.
In fact, the formula ∃x res(x) = a ∧ xt = at is not preserved by f and is therefore not
equivalent to a quantifier free formula. It is, however, equivalent to ρ(at, t) = a.

2. In the last paragraph of the proof, we have, in fact, shown that a spherically complete
field does not have any proper immediate extension. It follows that if K is spherically
complete with vK× divisible andKv algebraically closed, then any algebraic extension of
K is immediate and hence trivial. SoK is algebraically closed.

We can now deduce our main theorem of this section:

Theorem 2.1.8 (Robinson, 1956). The Lk,Γ-theoryACVF eliminates quantifiers.

Proof. By [9, Theorem 3.2.5], this is an immediate consequence of Proposition 2.1.6.

Corollary 2.1.9. The class of existentially closed models ofVF coincides withACVF.

Proof. ByRemark 2.0.3.3, anymodel ofVF embeds in amodel ofACVF, so it suffices to check
that embeddings between models of ACVF are existentially closed. But this is an immediate
consequence of elimination of quantifiers, cf. Theorem 2.1.8.

Corollary 2.1.10. The completions ofACVF are the theoriesACVFp,q , with p, q prime or zero, of
non trivially valued algebraically closed valued fields of characteristic p and residue characteristic
q.

Note that if p > 0, then q = p.

Proof. By [9, Theorem 3.2.5], it suffices to find a common substructure to any two models of
ACVFp,q. If q = p > 0, the trivially valuedfieldFp embeds (uniquely) in anymodel ofACVFp,p.
If q = p = 0, the trivially valued field Q embeds (uniquely) in any model of ACVF0,0. Finally,
the fieldQwith the p-adic valuation embeds (uniquely) in every model ofACVF0,p.

Note that, as a corollary, we get the classical “conjugation theorem” of valuation theory:
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2 Algebraically closed valued fields

Corollary 2.1.11. Let (K,v) be a valued field, L be a normal extension and w1,w2 be two val-
uations on L extending v, then there exists σ ∈ aut(L/K) such thatw2 ○ σ is equivalent to w1.

Proof. Let Li be the Lk,Γ-structure associated to (L,wi). By hypothesis, the identity onK is
an Lk,Γ-embedding from L1 to L2. By Remark 2.0.3.3, Li ⩽ Mi ⊧ ACVF. By elimination
of quantifiers (Theorem 2.1.8), there exists an Lk,Γ(K)-embedding σ ∶ L1 → M2. Since L is
normal, σ(L1) = L2. So we do have σ ∈ aut(L/K) and w2 ○ σ is equivalent to w1.

2.2 Properties of definable sets

We now give a complete description of types concentrating onK over algebraically closed sub-
sets ofK inACVF. FixM ⊧ ACVF andA = Aa ⩽ K(M).

Definition 2.2.1. LetB be a pseudo Cauchy filter overA. An element a ∈ K(M) is said to be
generic inB overA if, for every ball b ofA:

a ∈ b if and only if b ∈B.

Wewrite ηB∣A for the— a priori partial — type of generics ofB overA.

Proposition 2.2.2. Let a ∈ K(M). LetB be generated by {b ball inA ∣ a ∈ b}. Then:

ηB∣A ⊧ tp(a/A).

In particular ηB∣A is a complete type overA.

Proof. Note that, by construction, a ⊧ ηB∣A. Let us first assume thatB is generated by some
closed ball b0 = B⩾v(d)(c), with c, d ∈ A. If d = 0, then ηB∣A(x) ⊧ x = c which generates a
complete type. Otherwise, let a′ ⊧ ηB ∣A and α′ = res((a′ − c)/d). If α′ ∈ res(A)a = res(A)—
byProposition 2.1.2.2— thenwefind e ∈ K(A)with res(e) = α′, i.e. v(a′−(c+de)) > v(d), so
a′ ∈ B>v(d)(c+ de), a contradiction to a′ ⊧ ηB ∣A. So α′ /∈ res(A)a and, by Proposition 2.1.2.3,
(a′ − c)/d ≡A (a − c)/d, and hence a′ ≡A a.

Let us now assume thatB is not principal — i.e. it is not generated by a single ball — and
thatB ∩A = ∅. If the minimal P such that 0 ∈ P⋆B is not 0, by 2.1.5.2,B ∩A =B ∩Aa ≠ ∅,
a contradiction. So P = 0 and, since any a′ ⊧ ηB ∣A is inB, by 2.1.5.3, we have a′ ≡A a.

Let us now deal with the remaining case. We may therefore assume thatB is not generated
by a single closed ball and that there exists some c ∈B ∩A. Let a′ ⊧ ηB ∣A. For every γ ∈ v(A),
we have v(a′ − c) ⩾ γ if and only if B⩾γ(c) ∈ B, which is equivalent, sinceB is not generated
byB⩾γ(c), toB>γ(c) ∈B, i.e. v(a′ − c) > γ. It follows that v(a′ − c) /∈ v(A) = Q ⋅ v(A)— the
equality follows fromProposition2.1.3.2—and that, byProposition2.1.3.3, (a′−c) ≡A (a−c).
So a′ ≡A a.

Remark 2.2.3. We see from the proof that there is a correspondence between the descriptions
of the types over A concentrating on K in algebraic terms and in terms of generics of pseudo
Cauchy filters:

• generics of closed balls correspond, up to translation and scaling, to residual extensions;
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2 Algebraically closed valued fields

• generics of open balls correspond, up to translation, to ramified extensions where the cut
is of the form γ+;

• generics of non principal pseudo Cauchy filters with an accumulation point in A corre-
spond, up to translation, to the other ramified extensions;

• generics of non principal pseudo Cauchy filters without accumulation points in A cor-
respond to immediate extensions.

Proposition 2.2.2 states, among other thing that types inK are entirely determined by their
restriction to the Boolean algebra generated by balls. By some abstract non-sense, every defin-
able subset ofK is, up to equivalence, in said algebra.

Definition 2.2.4. • AnA-Swiss cheese is a set of the form b ∖⋃i<n bi where b is a ball inA
and the bi ⊂ b are (disjoint) subballs, inA.

• A Swiss cheese b∖⋃i bi is nested inside some other Swiss cheese d∖⋃j dj if there exists a
j such that b = dj .

Theorem 2.2.5 (Holly, 1995). Any Lk,Γ(A)-definable subset of K has a unique decomposition
as a finite disjoint union of non-nestedA-Swiss cheeses.

Proof. Let∆(x) be the set of finite unions ofA-Swiss cheeses.

Claim 2.2.5.1. ∆(x) is stable under Boolean combinations.

Proof. It suffices to show that the intersection of twoA-Swiss cheeses is anA-Swiss cheese and
that the complement of anA-Swiss cheese is a finite union ofA-Swiss cheese. LetB = b∖⋃i bi
andD = d ∖⋃i di be two Swiss cheeses. We haveB ∩D = (b ∩ d) ∖ (⋃i(d ∩ bi) ∪⋃j(b ∩ dj))
where some of the intersections might be empty. SimilarlyK ∖B = (K ∖ b) ∪⋃i bi. ◊

Proposition 2.2.2 implies that for all p ∈ Sx(A), p∣∆ ∶= p ∩∆ ⊧ p. In other terms, for any
Lk,Γ(A)-formula φ(x), a ∈ φ(M) and c ∈ K(M), if c ⊧ tp∆(a), thenM ⊧ φ(c). By compact-
ness (see, for example [9, Lemma 3.1.1]), any Lk,Γ(A)-definable subset of K is equivalent to a
formula in∆(x), that is a finite union ofA-Swiss cheeses. Since the union of two non disjoint
A-Swiss cheeses is anA-Swiss cheese— (b∖⋃i bi)∪(d∖⋃i di) = b∖(⋃i(bi∖d)∪⋃i,j(bi∩dj)),
where d ⊆ b— and the union of two nested swiss cheeses is a swiss cheese — b ∖ ⋃i bi ∪ (d ∖
⋃i di) = b∖ (⋃i>0 bi ∪⋃j dj), where d = b0 —wemay assume that the finite union is a disjoint
union of non-nestedA-Swiss cheeses.

Uniqueness now follows from:

Claim 2.2.5.2. Let (Di)i<n be disjoint non nested Swiss cheeses and B be some Swiss cheese such
thatB ⊆ ⋃iDi, then there is some i such thatB ⊆Di.

Proof. Wemay assume that theDi form a minimal cover. In particular, we then have that, for
every i,B ∩Di ≠ ∅. If n = 1 then the claim is proved. So, let us assume that n ⩾ 2.

Let us first assume that the Di and B are balls. Pick ci ∈ B ∩Di. Let b be the smallest ball
containing all the ci. It is a closed ball of radius γ ∶= mini≠j v(ci − cj). We have b ⊆ B ⊆ ⋃iDi.
If b ⊆ Di, for some i, then every cj is in b ⊆ Di, contradicting that Di ∩ Dj = ∅. So we
must have that, for every i, Di ⊂ b. Let di ∶= B>γ(ci), it is the maximal strict subball of b
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2 Algebraically closed valued fields

containing ci, in particular Di ⊆ di. So b ⊆ ⋃i di. Let d be some maximal open subball of b,
then d intersects some di and by maximality d = di. It follows thatRb ∶= {d ⊂ b ∣maximal open
subball} = {c + γm ∣ c ∈ b} is finite. However, if we choose a ∈ b and e ∈ v−1(γ), c ↦ (c − a)/e
is a bijection b→ O sending elements ofRb to elements of kwhich is infinite; a contradiction.

Let us now come back to the general caseB = b ∖⋃j bj ,Di = di ∖⋃ℓ di,ℓ, where the di,ℓ are
disjoint. SinceB ⊆ ⋃iDi, we have b ⊆ ⋃i di ∪⋃j bj . It might happen that the di and bj are not
disjoint, but a subset of them is and covers b. So, by the previous case, and since bj ⊂ b, there is
some i such that b ⊆ di. If b ∩ di,ℓ = ∅, for all i, we indeed haveB ⊆ Di and that concludes the
proof. So wemay assume that there is some ℓ such that b∩di,ℓ ≠ ∅. If b ⊆ di,ℓ, thenB∩Di = ∅;
a contradiction. Hence di ⊂ b. It follows that di,ℓ ∖ ⋃j ⊆ B ∩ di,ℓ ⊆ ⋃i′D

′
i ∩ di,ℓ ⊆ ⋃i′≠iDi′ ,

sinceDi∩di,ℓ = ∅. In other words, di,ℓ ⊆ ⋃i′≠i di′ ∪⋃j bj . So, by the case for balls proved above,
either di,ℓ ⊆ bj , for some j, or di,ℓ ⊆ di′ , for some i′ ≠ i. In the latter case, sinceDi ∩D′i = ∅,
d′i ⊆ ⋃ℓ′ di,ℓ′ and hence it is covered by one of the di,ℓ′ . Recall that the di,ℓ′ are disjoint and
di,ℓ ∩ di′ ≠ ∅ and hence di,ℓ = di′ , contradicting the assumption that theDi are not nested. It
follows that any di,ℓ that intersects b is contained in some bj , that isB ⊆Di. ◊

Uniqueness of the decomposition follows from the fact that whenever a Swiss cheese is in-
cluded in a finite disjoint union of non-nested Swiss cheeses, then it is included in one of those
Swiss cheeses.

Remark 2.2.6. Note thatwehave alsoproved the following veryuseful fact: ifA = Aa ⊆ K(M),
then any A-definable ball is an A-ball; that is, it has a center in A and its valuation is in vA. If
A is non trivially valued, by model completeness, A ≽ M , so the above statement is clear. But
ifA is trivially valued, it requires a little work.

We will now describe the structure induced on the residue field and the value group. But let
us introduce some terminology first:

Definition 2.2.7. Let T be an L-theory and D be a L-definable set. We say that D is stably
embedded if for everyM ⊧ T and every L(M)-definableX ⊆Dn,X is L(D(M))-definable.

Definition 2.2.8. Let T be anL-theory andD be someL′-structure interpretable9in T . We say
thatD is a pure L′-structure if any L-definableX ⊆Dn is L′-definable.

In particular, ifD is also stably embedded, any L(M)-definable subset ofDn is L′(D(M))-
definable.

Definition 2.2.9. Let T be an L-theory, two L-definable setsD1 andD2 are orthogonal if for
everyM ⊧ T , any L(M)-definable set X ⊆ Dn1

1 ×D
n2
2 is a finite union of boxes of the form

Y1 × Y2 where Yi ⊆Dni
i is L(M)-definable.

Let us now fix someM ⊧ ACVF and someA ⩽M .

Proposition 2.2.10. IfX ⊆ kn is Lk,Γ(A)-definable, then it is Lrg(k(A))-definable. In partic-
ular, the residue field k is a stably embedded pure ring.
9That is for every sortX of L a choice of an L-definable setXT , for every function symbol f ∶ X → Y of L, an
L-definable function fT ∶ ∏iX

T
i → Y T and for every relation symbol R ⊆ X of L, an L-definable subset of

∏iX
T
i .
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2 Algebraically closed valued fields

Proof. By elimination of quantifiers (Theorem 2.1.8), and since Lrg(k(A))-definable sets are
closed under Boolean combinations, it suffices to consider atomic formulas. So wemay assume
X is defined byR(x, ρ(P (a),Q(a)), α) = 0where x, y, z are tuples,R ∈ Z[x, y, z],P,Q ∈ Z[t]
are y-tuples, a ∈ K(A)t and α ∈ k(A)z is a tuple. Since ρ(P (a),Q(a)) ∈ k(A), this is indeed
an Lrg(k(A))-formula.

Proposition 2.2.11. IfX ⊆ Γn is Lk,Γ(A)-definable, then it is Log(Γ(A))-definable. In partic-
ular, the value group Γ is a stably embedded pure ordered monoid.

Proof. As above, it suffices to consider atomic formulas. So we may assume X is defined by
L(x,v(P (a)), γ) < 0 where L is a Z-linear function, P ∈ Z[t] is a tuple, a ∈ K(M)t and
γ ∈ Γ(M) is a tuple. This is indeed an Log(Γ(A))-formula.

Proposition 2.2.12. The value group Γ and the residue field k are orthogonal.

Proof. Since finite unions of boxes are closed under Boolean combinations, it suffices to con-
sider atomic formulas. But variables from Γ and k cannot both occur in the same atomic Lk,Γ-
formula. So subsets of Γn × km defined by atomic formulas are either of the form Γn × Y2 for
some Y2 ⊆ km or Y1 × km for some Y1 ⊆ Γn.

We conclude this section by describing the algebraic closure inACVF:

Proposition 2.2.13. We have acl(A) = K(A)a ∪ k(A)a ∪Q ⋅ Γ(A).

Proof. Fix α ∈ k(M) and let P be its minimal polynomial over k(A). Then, either P ≠ 0, in
which case, since P has finitely many roots, we have α ∈ acl(A), or P = 0, in which case, by
Proposition 2.1.2 and Theorem 2.1.8, there is an L(A)-elementary embedding sending α to
any β ∈M⋆ ≽M transcendental over k(A) and hence α /∈ acl(A). So k(acl(A)) = k(A)a.

Fix γ ∈ Γ×(M) and let n be its order in Γ×(M)/Γ×(A). Then, if n ≠ ∞, since Γ×(M) is
torsion free, γ ∈ dcl(A) ⊆ acl(A). If n = ∞, by Proposition 2.1.2 and Theorem 2.1.8, there
is an L(A)-elementary embedding sending γ to any δ ∈ M⋆ ≽ M realising the same cut. So
γ /∈ acl(A). It follows that Γ(acl(A)) = Q ⋅ Γ(A).

Now, fix a ∈ K(M). By Proposition 2.2.2, tp(a/K(A)a) is the generic of some pseudo
Cauchy filterB. Since non trivial balls are infinite, such a generic is algebraic if and only ifB
contains a singleton, in which case a ∈K(A)a. So acl(K(A)) = K(A)a.

Claim 2.2.13.1. For every ζ ∈ k(M) ∪ Γ(M), C ∶= K(acl(K(A)ζ)) ⊆ K(A)a.

Proof. Let us first assume that ζ ∈ k(M). Since res−1(ζ) is infinite, there exists c ∈ M⋆ ≽
M transcendental over C, with res(c) = ζ. If ζ ∈ Γ×(M), we find such a c with v(c) =
ζ. In both cases, we have ζ ∈ acl(K(A)c) and hence C ⊆ K(acl(K(A)c)) = K(A)(c)a.
Now 1 = trdeg(K(A)(c)/K(A)) = trdeg(C(c)/K(A)) = trdeg(C/K(A)) + trdeg(c/C) =
trdeg(C/K(A)) + 1, so C ⊆ K(A)a. ◊

By induction on an enumeration of k(A) ∪ Γ(A), we haveK(acl(A)) = K(A)a.

Corollary 2.2.14. Any Lk,Γ(M)-definable function f ∶ kn × Γm → K has finite image.
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Proof. LetY = f(kn×Γm). Then, for every elementaryh ∶M →M⋆,h⋆Y (M⋆) ⊆ acl(K(h(M))∪
k(M⋆) ∪ Γ(M⋆)) = K(h(M)), by Proposition 2.2.13. If Y is infinite, then, by compactness,
there exists an elementary h ∶ M →M⋆ such that h⋆Y (M⋆) ∖K(h(M)) ≠ ∅. It follows that
Y is finite.

Remark 2.2.15. Describing the definable closure in all three sorts is more complicated. IfA ⊆
K(M), then, by Proposition 2.2.10, k(dcl(A)) is the perfect hull of the fraction field of k(A).
Similarly, by Proposition 2.2.11, Γ×(dcl(A)) is the divisible hull of the group generated by
vA×. We can also prove thatK(dcl(A)) is the perfect hull of the henselianization ofK(A), but
this goes slightly beyond the scope of these notes.

3 Imaginaries

In this last section, we wish to consider three related questions:
• What do quotients of definable sets by definable equivalence relations look like?
• Do definable families admit moduli spaces: is there a definable set whose points are in
definable bijection with the definable sets that appear in the family?

• Does a definable set have a smallest set of definition?
Before answering these three questions inACVF, let us introduce some general background

and terminology. Let L be some language, M be an L-structure and X ⊆ Mx be L(M)-
definable.

Proposition 3.0.1 (Poizat, 1983). Let T be a theory such that for every finite tuples of sortsX and
Y , there exists a finite tuple of sortsZ andL-definable injectivemaps ιX ∶X → Z and ιY ∶ Y → Z
with disjoint images10. The following are equivalent:

1. T eliminates imaginaries: for everyM ⊧ T and L(M)-definable X set X ⊆ Mx, there
exists anL-formulaψ(xy) and a ∈My such that, for all c ∈My ,ψ(M,c) =X if and only
if c = a (we say that a is a canonical parameter ofX via ψ);

2. T uniformly eliminates imaginaries : for every L-definable V ⊆ X × Y , there exists an
L-definableW ⊆ X × Z such that for everyM ⊧ T and a ∈ Y (M), there exists a unique
c ∈ Z(M) such that Va ∶= {x ∈X ∣ (x, a) ∈ V } =Wc.

3. Any interpretable set is represented, in T , by a definable set: for every M ⊧ T , A ⩽ M
and L(A)-definable equivalence relationE ⊆X ×X , there exists an L(A)-definable map
f ∶X → Z such that for all x1, x2 ∈X , x1Ex2 if and only if f(x1) = f(x2).

Sketch of proof. Assuming (i), (ii) follows by compactness. We use the representability of dis-
joint unions to go from the finitely many definable families given by compactness to just one.

Now assuming (ii) and givenX and E, as in (iii), letW be as in (ii) applied to E ⊆ X ×X .
We now define f(x) to be the unique z such thatEx =Wz .

Finally, assuming (iii) and given some M -definable set X = φ(M,a), we apply (ii) to the
equivalence relation y1Ey2 defined by ∀x,φ(x, y1)⇔ φ(x, y2), to get some f ∶ Y → Z as in
(ii). Then ψ(x, z) ∶= ∃y f(y) = z ∧φ(x, y) and f(a) satisfy (i).

10In other words, the category of L-definable sets has finite coproducts.
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Note that if a is a canonical parameter ofX , via someφ, then dcl(a) is the smallest dcl-closed
set of definition ofX—inparticular, it does not depend on the choice ofφ. IfM is sufficiently
large, this leads to a purely semantic, Galois-type, characterisation of canonical parameters:

Lemma 3.0.2. LetM be an ℵ1-saturated and strongly ℵ1-homogeneous structure, X anM de-
finable set and a ∈M a tuple. The following are equivalent:

1. a is a canonical parameter ofX — via some φ;
2. autX(M) = {σ ∈ aut(M) ∣ σ(X) =X} = aut(M/a).

Wewill thus simply say that the tuple a codesX .

Proof. Let us first assume that a is a canonical parameter ofX . Then any automorphism ofM
that stabilizesX fixesa. Conversely, sinceX isa-definable, any automorphismfixinga stabilizes
X . So (ii) holds.

If (ii) holds, write X as φ(M,m) for some tuple m ∈ M . Then, the set Y = {m ∈ M ∣
φ(M,m) =X} is stabilized by aut(M/a) and hence is a-definable—by some formulaψ(z, a).
Wemay assume implies that for all c,m1,m2 ∈M ,ψ(m1, c)∧ψ(m2, c) implies thatφ(M,m1) =
φ(M,m2). Also, given anym ∈ Y , every automorphism fixingm stabilizesX and hence fixes
a. By compactness, there exists an L-definable map f such that for everym ∈ Y , f(m) = a. We
now consider the formula θ(x, y) ∶= ∃z, f(z) = y∧ψ(z, y)∧φ(x, z). Then θ(M,a) =X and,
if c,m ∈M are such that φ(M,m) = X , ψ(m,c) and f(m) = c, thenm ∈ Y , so c = f(m) = a.
So a is a canonical parameter ofX via φ.

Before we move on to the more complicated case of algebraically closed valued fields, let us
consider the imaginaries in algebraically closed fields:

Theorem 3.0.3 (Poizat, 1983). The Lrg-theory of algebraically closed fields (uniformly) elimi-
nates imaginaries.

Sketch of proof. Let K be an algebraically closed field and X ⊆ Kn be Lrg(K)-definable. We
may assume thatX is a class of an Lrg-definable equivalence relation. Let p be the generic type
of an irreducible components of the Zariski closureXz ⊆Kn. The type p is entirely determined
by I(p) ∶= {P ∈ K[x] ∣ p ⊧ P = 0} = ⋃d Vd(p), where Vd(p) ∶= {P ∈ K[x] ∣ p ⊧ P =
0 and deg(P ) ⩽ d} ⩽ Kmd is a sub-K-vector space of dimension rd. Note that ⋀rdVd(p) ⩽
⋀rdKmd ≃ Knd is dimension 1 — it is therefore an element ad ∈ P(Knd) which can be Lrg-
definably identified with a subset ofKnd+1.

Then any automorphism σ ofK fixing the (ad)d⩾0 fixes the type p. Moreover, since p ⊧ X
and sinceX is a class of an Lrg-definable equivalence relation, σ stabilizesX . By compactness,
X isLrg(ad)-definable for some sufficiently large d. Note that the orbit of p under autX(M) is
contained in the set of generic types of irreducible components of the Zariski closureXz ⊆Kn,
which is finite. Thus so is the orbit C of ad.

Since for any element of c ∈ C, X is (uniformly) c-definable, it suffices to show that the
finite set C has a canonical parameter. Let P (x, y) = ∏c∈C(x − ∑i ciy

i) and b be the tuple
of its coefficients. Then C is Lrg(d)-definable and d is fixed by autC(M); so d is a canonical
parameter of C and henceX , concluding the proof.
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Let us now consider imaginaries in algebraically closed valued fields.

Remark 3.0.4. There are balls that do not have a canonical basis in the three sorted language.
Take, for example, an open ball of radius γ /∈ dcl(∅) at distance γ from 0. Then the fixed points
of autb(M) are included in acl(γ), but b is not acl(γ) definable.

So ACVF does not eliminate imaginaries in the three sorted language. We can, however,
describe a—minimal — set of imaginaries which is sufficient to eliminate all imaginaries:

• Let Sn be the set lattices in Kn: rank n free O-submodules of Kn. Note that any such
module is determinedby its basis inKn, and twobases ofKn, seen as elements ofGLn(K)
generate the sameO-module exactly when they are in the same coset forGLn(O). This
yields an identification Sn ≃ GLn(K)/GLn(O).

• Let Tn ∶= ⊔s∈Sn s/ms. It is a collection of dimension n k-vector spaces. To any M ∈
GLn(K), we can associate an element of Tn by considering the coset a + s/ms where s
is the lattice with basisM and a is its last column. Then two elements of GLn(K) give
rise to the same element in sn if and only if they are in the same coset for the subgroup
GLn,n(O) of matrices whose coordinate-wise reduction modulom has zeros on the first
column, except for a 1 on the diagonal. Note however, thatwe only get non zero elements
in any s/ms in this manner. So Tn can be identified withGLn(K)/GLn,n(O) ⊔ Sn(K),
where any s ∈ Sn(K) is identified with the zero of s/ms.

Remark 3.0.5. We have:
• S1 ≃ K×/O× = Γ.
• T1 ≃ K×/(1 +m) = RV .
• The set of closed balls with finite radius can be ∅-definably embedded in S2;
• The set of open balls with finite radius can be ∅-definably embedded inT2;

So these interpretable sets do take care of the obstruction to elimination of imaginaries raised
in Remark 3.0.4. In fact, they also take care of similar higher dimensional obstructions. The
main result whose proof we will now sketch is that these new sorts are sufficient.

Definition 3.0.6 (Geometric language). Let LG be the language with:
• a sortKwith the ring language;
• sorts Sn, for all n ∈ Z>0;
• a map sn ∶Kn2 → Sn;
• sortsTn, for all n ∈ Z>0;
• a map tn ∶Kn2 → Tn.

We denote by G the set of LG -sorts. Any valued field has a natural LG -structure given by in-
terpreting sn and tn as the canonical projections onGLn(K); andOn, respectivelymn, outside.

Theorem 3.0.7 (Haskell–Hrushovksi–Macpherson, 2006). The LG -theory of (non trivially)
valued algebraically closed fields eliminates imaginaries.

The proof we give below is a proof of Johnson [7], building up on a proof of Hrushovski
[4]. The notion of a definable type is central:
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Definition 3.0.8. LetM be some L-structure. A type p ∈ Sx(K) is said to be L(M)-definable
if for every formula φ(x, y), there exists an L(M)-formula θ(y) such that, for all a ∈M ,

p ⊧ φ(x, a) if and only ifM ⊧ θ(a).

The other important notion is that of a (definable) valued vector space:

Definition 3.0.9. Let K ⊧ ACVF and V be a K-vector space. A valuation on V is a map
w ∶ V → Σ⊔{∞}, where (Σ,⩽) is totally ordered and vK× acts strictly increasingly onΣ, such
that:

1. w(0) =∞ > Σ;
2. for all x, y ∈ V , w(x + y) ⩾min{w(x), v(y)};
3. for all a ∈K, w(ax) = v(a) +w(x).

We say that a valuationw onKn is definable if w(x) ⩽ w(y) is.

Sketch of proof for Theorem 3.0.7. Let K ⊧ ACVF be sufficiently large and X ⊆ Kn be some
LG(K)-definable set.

Claim 3.0.9.1. There exists an LG(K)-definable type p ∈ SX(K) with a finite autX(K)-orbit.

Proof. Assume first that X ⊆ K. Then, by Theorem 2.2.5, X has a unique decomposition
⋃i<n bi ∖ bi,j of disjoint non nested Swiss cheeses. Then p ∶= ηb0 has the required properties. If
X ⊆ Kn+1, by induction,wefind anLG(K)-definable q(x) ∈ Sπ(X)(K)with a finite autX(K)-
orbit, where π ∶ Kn+1 → Kn is the projection on the first n coordinates. Let a ∈ K⋆ ≽ K
realise q. By the dimension 1 case, we find anLG(K⋆)-definable ra ∈ SXa(K⋆)with a bounded
autXa(K⋆)-orbit — in particular a finite autX(K⋆/a)-orbit.

Let c ⊧ ra. Then p(xy) = tp(ac/K) has a finite autX(K)-orbit. There remains to prove
that it is definable. Fix a L-formula φ(x, y, z) and c ∈ K some tuple. We have φ(x, y, c) ∈ r
if and only if φ(x, a, c) ∈ ra. Let Ya ∶= {c ∈ K ∣ φ(x, a, c) ∈ ra}. This set is K⋆-definable
and it has a finite aut(K⋆/Ka)-orbit (Yi)i<n. Then, the relation c1Eac2 (in K⋆) defined by
⋀i<n c1 ∈ Yi ↔ c2 ∈ Yi isKa-definable andhas finitelymany classes. So the relation (inK) c1Ec2
defined by c1Exc2 ∈ q(x) isK-definable and also has finitely many orbits. By construction, if
c1Ec2 andφ(x, y, c1) ∈ r, thenφ(x, y, c2) ∈ r. In otherwords, the set {c1 ∈K ∣ φ(x, y, c1) ∈ r}
is a (finite) union ofE-classes and is, therefore,K-definable. ◊

Let now p ∈ SKℓ(K) be any LG(K)-definable type — in particular it could be the type
obtained in Claim 3.0.9.1, but it does not have to be. We wish to find some a ∈ G(K) such
that aut(K/p) = aut(K/a). For very d ∈ Z⩾0, let wd be the (definable) valuation on {P ∈
K[x] ∶ deg(P ) ⩽ d} ≃ Kmd such that wd(P ) ⩽ wd(Q) if and only if p(x) ⊧ v(P (x)) ⩽
v(Q(x)). Note that wp is aut(K/p)-invariant, where aut(K/p) = {σ ∈ aut(K) ∶ σ(p) = p}.
By quantifier elimination, the (wd)d⩾0 characterise p.

We also define γ ⊴ δ, for every γ, δ ∈ wpK
md , if there exists a ∈ K such that γ ⩽ δ + v(a).

This is a — definable aut(K/p)-invariant — preorder whose associated equivalence relation ≡
refines the vK×-orbits. Finally, let γ ≃ δ if δ − v(a) ⩽ γ ⩽ δ + v(a), for every a ∈ O ∖ {0}. This
— definable aut(K/p)-invariant — equivalence relation refines ≡ and its classes have at most
one element in each vK×-orbit.
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Claim 3.0.9.2. There exists a basis (Pi)i<md
of Kmd such that for all ai ∈ K , wp(∑i aiPi) =

mini v(ai) + wp(Pi). Moreover, the Pi can be chosen such that γi ∶= wp(Pi) is aut(K/p)-
invariant and, for all i and j, if γi ≡ γj , then γi ∼ γj .

Proof. Any (finite dimensional) valued vector space (V,w) over a spherically complete fieldK
has a separated basis; that is a basis b such that for every ai ∈K,w(∑i aibi) =mini v(ai)+w(bi).
Since any completion ofACVF admits spherically completemodels, any definable valuation on
Kn admits a separable basis.

Now, for every γ ∈WpK
md , let V⊴γ ∶= {x ∈Kmd ∶ γ ⊴ wp(x)}. This an aut(K/p)-invariant

subspace of Kmd . It has a basis of aut(K/p)-invariant elements — given by considering the
lift of the canonical basis of any injective coordinate projection to some Kn. In particular, it
contains an aut(K/p)-invariant element which is not in the proper subspace V▷γ{x ∈ Kmd ∶
γ ◁wp(x)}. In other words, every ≡-class contains an aut(M/p)-invariant element.

Moreover, by definable completeness ofvK× ⊧ DOAG, its∼-class intersects anyvK×-orbit in
its ≡-class. It follows that every vK× contains an aut(M/p)-invariant element and that they can
be chosen in the same ∼-class whenever they are in the same ≡-class. By scaling, we may assume
that valuations of the elements of a separated basis of (Kmd ,wp) are those aut(M/p)-invariant
elements. ◊

Claim 3.0.9.3. There exists a tuple a ∈ G(K) such that aut(K/p) = aut(K/a).

Proof. Fix some i. Let Rd,i ∶= {P ∈ Kmd ∣ wp(P ) ⩾ γi}. They are aut(K/p)-invariant O-
submodules ofKmd andp is entirely characterisedby them. LetVd,i ∶= {P ∈ Kmd ∣ wp(P ) ⊴ γi}
be itsK-span,Wd,i ∶= {P ∈ Kmd ∣ wp(P )▷ γi} and Sd,i be theO-submodule generated by the
Pj with γj ⊴ γi. Then Sd,i/Wdi ⊆ Vd,i/Wd,i is a lattice and, since mSd,i ⊆ Rd,i, is determined
by its image Ld,i in Sd,i/mSd,i, which is a k-subspace.

Choosing an aut(K/p)-invariant basis of Vd,i andWd,i, we may assume that Vd,i = Kn and
Wd,i = {0}. ThenSd,i ∈ Sn(K) and there remains to codeLd,i. Taking exterior powers, wemay
assume dimk(Ld,i) = 1. Let π ∶ Kn → K be the projection on the first coordinate. Then π in-
duces a short exact sequence 0→ S′d,i → Sd,i → π(Sd,i)→ 0 of lattices. If Ld,i ⊆ S′d,i/mS

′
d,i, we

conclude by induction on the rank of S′d,i. Otherwise, π∣Ld,i
is injective and it suffices to code

the function π(Sdi)/mπ(Sdi)→ Sdi/mSd,i induced by its inverse. But it can be identified with
an element of Hd,i/mHd,i, where Hd,i is the lattice HomO(π(Sd,i), Sd,i) ⊆ HomK(K,Kn) ≃
Kn. ◊

Letus comeback to theproof ofTheorem3.0.7. IfX is a class of anLG -definable equivalence
relation, p is as in Claim 3.0.9.1, and a is as in Claim 3.0.9.3, then a has a finite autX(K)-
orbit C. Moreover, for any e ∈ C, both p and X are aut(K/e)-invariant. It follows that X is
autC(K)-invariant. So there only remains to code the (finite) set C:

Claim 3.0.9.4. Let C be a finite subset of sorts of LG . Then, there exists a definable type p con-
centrating on some Kℓ such that autC(K) = aut(K/p)— in particular, by Claim 3.0.9.3, C is
coded by some a ∈ G(K).

For every definable types p(x) and q(y), let p(x) ⊗ q(y) denote the definable type whose
restriction to any (small)A ⊆K is the type of pair abwith a ⊧ p∣A and b ⊧ q∣Aa.
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Proof. We may assume that the elements of C are identically sorted. We first assume that C ⊆
Kn×km. LetCk ⊆ kbe the (finite) set of elements of k that appear inC. LetP (x) =∏c∈Ck

x−c,
α its tuple of coefficients and a ⊧ ηres−1(α) = ⊗i ηres−1(αi)—which depends on a choice of
enumeration of α. Then the roots ofQ(x) = ∑i aix

i are in one to one correspondance by res
with the elements of Ck. So C is in LG(a)-definable bijection with a finite subsetD ⊆ Kn+m,
which is codedby some d ∈ Kℓ by eliminationof imaginaries in the theory of algebraically closed
fields. Then p = tp(d/K) has the required properties.

We now consider the general case. Since tensor product induces an LG -definable injection
Sn × Sm → Sn+m andTn ×Tm → Tn+m, we may assume thatC ⊆ Kn × Sm ×Tℓ. Lengthening
the tuples in C, we can further assume that ℓ = m and if (a, s, t) ∈ C with c ∈ Kn, s ∈ Sn and
t ∈ Tn, we have t ∈ s/ms.

For everym ⩾ 0, let ηGLm(O) be the type of elements in a ∈ Om2 such that res(a) is generic
in GLm(k). It is a LG -definable type and for every A ⊧ ηGLm and B ∈ GLm(O(K)), B ⋅A ⊧
ηGLm(O). Then, for every s ∈ Sm(K) and every basis B ∈ GLn(K) of s, the type ηs of B ⋅ A
does not depend on the choice ofB. It is LG(s)-definable.

For every c = (a, s, t) ∈ C, let pc be the type of a, b, e where b ⊧ ηs and e ∈ km is the coordi-
nates of t in thebasis b/msof s/ms. Then, for any two c1, c2 ∈ C, pc1⊗pc2(x, y) = pc2⊗pc1(y, x)
— the types pci are said to be generically stable. So pC ∶=⊗c∈C pc does not depend on a choice
of C. So it is a definable autC(K)-invariant type and C is aut(K/p)-invariant.

LetE ⊆ Kn+m2 ×km be the set enumerated by some realisation of pC . By the first paragraph,
E is coded by some tuple e ∈ G(K). Then, p = tp(e/K) has the required properties. ◊

As explained above Claim 3.0.9.4, this concludes the proof of Theorem 3.0.7.

Remark 3.0.10. In the previous proof, we implicitly used the following criterion given by
Hrushovski [4] for elimination of imaginaries. If T is an L-theory, with dominant sorts11 S,
such that, for everyM ⊧ T :

• for everyM -definable X of a sort in S, there exists anM -definable type p ⊧ X with a
finite autX(M)-orbit;

• anyM -definable typep, isa-definable for some (infinite) tuplea ∈M withfiniteaut(M/a)-
orbit;

• any finite set of tuples C ⊆M has a code inM .
Then T eliminates imaginaries.
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