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Ever since Ax, Kochen [1] and Ershov’s [2] celebrated results on the model theory of non
archimedean local fields, valued fields have been among the “classical” algebraic structures stud-
ied in model theory. This is in large part due to the ubiquity of valuations in number theory and
algebraic geometry, making the study of valued fields an important bridge between model the-
ory and these subjects and leading to numerous beautiful applications. Most of the subsequent
work on the model theory of valued fields focused on the class of henselian valued fields — in
particular in the large body of work on (uniform) p-adic, and eventually motivic, integration.
However, the earlier seminal work of Robinson [8] focused on the smaller class of the alge-
braically closed valued fields; and this class eventually came back into the spotlight in the early
2000’s when ideas and techniques imported from geometric stability theory allowed a deep
understanding of the structure of algebraically closed valued fields, eventually leading to such
masterpieces as the Hrushovski-Kazhdan theory of motivic integration [5] and the Hrushovski-
Loeser theory of rigid analytic geometry [¢]. In these notes, our goal is to give a self-contained
exposition of two cornerstones of this geometric theory of algebraically closed valued fields.
The first is a description of the definable sets in the guise of an elimination of quantifiers, es-
sentially dating back to Robinson’s aforementioned work [¢]. The second is a description of
all interpretable sets, in the guise of the Haskell-Hrushovski-Macpherson elimination of imag-
inaries [3].

1 Valuations

1.1 Definitions and examples

We start by recalling the definition of a valuation:

Definition 1.1.1. Let K be a field, a valuation on K is a (surjective) map v : K — T, where
(T, +,0,<,) is a totally ordered commutative monoid?, such that for every ,y € K:

1. v(0) #v(1) = 0;

2. v(z+y) 2 min{v(x),v(y)};

3. v(zy) = v(x) +v(y).
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This definition would also make sense if R were a commutative ring, and this notion is central
to analytic geometry (be it Berkovich’s or Huber’s). But although model theory of valued fields
is indeed related to these subjects, valuations on rings will mostly not appear in this text.

Before giving classical examples of valuations, we first prove a few easy consequences of the
definition of a valuation:

Lemma 1.1.2. Let (K,v) be a valued field. For every x,y € K:
1. v(-z) =v(x);
2. ifv(z) <v(y) then v(x +y) = v(x) — that is, every triangle is isoceles;
3. v(x) <v(0), and v(x) = 0 if and only if x = 0.

Proof. 1. If00w(-1),witho e {<,>}, thenv(-1)Ov(-1) +v(-1) = v((-1)?) = v(1) = 0.
Sowv(-1) = 0and thus v(-z) = v(-1) + v(x) = v(x).

2. Assumev(x) < v(y). Sincev(z+y) > min{v(x),v(y)} = v(z) it suffices to rule out that
v(z+y) > v(x). If so, we would have v(z) = v(z+y—y) > min{v(z+y),v(y)} > v(x),
a contradiction.

3. Ifv(x) > v(0), then v(x) = v(z+0) = v(0), a contradiction. As for the second assertion,
it follows from the fact that {z € K | v(z) = v(0)} is a proper (prime) ideal; which is
thus equal to 0. Indeed, for any z,y € K with v(y) = v(0), then v(zy) = v(x) + v(0) =
v(z-0) =v(0). Also, if v(z) = v(y) = v(0), we have v(z +y) > min{v(z),v(y)} = v(0)
and hence v(z + y) = v(0) by the first assertion.

O

Remark 1.1.3. 1. From now on, we will write co := v(0), which is both maximal and an-
nihilating. We have v(K) = v(K™) u {co}, where v(K™) < I'is a subgroup.
2. Let (I', +,0,<,00) = (Ryp,-,1,>,0). Then a valuation |.| : K - Ry is exactly a multi-
plicative norm on K verifying the strong triangular inequality:

|+ y| < max{|z|, [yl} <lz[ +y]

forevery z,y € K.
Note that, for historical reasons, the order convention is reversed between norms and
valuations. Being close to zero is having a small norm but a large valuation.

Let us now give some classical examples of valuations. Fix K a field.
Example 1.1.4. The map v(z) = 1,0 is a valuation, called the trivial valuation.

Example 1.1.5. 1. The map —deg: K(z) - Z U {o0}? is a valuation.

!That s, < is a total order and for every x,y, z € I':
1. (z+y)+z=x+ (y+2);
2. x+y=y+uw;
3. z+0=u;
4. ifx<ythenzx+z<y+=2.
By convention, deg(0) = —deg(0) = oo.
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2. Foranya € K, define v, : K(z) > Z U {co} by:

n  if f hasa root of mutiplicity n at a;

_ | —n if f hasapole of mutiplicity n at a;

va(f) = 0 if f has neither a root or a pole at a;
if f=0.

This is a valuation. Note that, for any f € K (x)*, v,(f) is the unique n € Z such that
f=(z-a)"P/Q where P,Q € K[x] are prime to z — a.

Note that, for any f € K(x), vo(f) = vo(f(z + a)). Wesay that f ~ f(z —a) is a val-
ued field isomorphism (K (x),v,) - (K(x),vp). Similarly, for every f € K(x), we have
—deg(f) = vo(f(z™1)). Indeed, let P, Q € K[X]~{0}. Then P(z™!) = 2~ 9¢(") P () where
Pi(x) = 298P P(271) € K[X]~(X)andhencevg(P(z71)/Q(z™)) = vo(xdes(@)-dea(P)) 4
vo(P1(2)Q1(2)) = —deg(P/Q). So f + f(x71)isavalued field isomorphism (K (z), - deg) —
(K (z),v0).

Therefore, all these examples are essentially the same. By a theorem of Ostrowski, they are
the only example of valuations on K (x) which are trivial on K. They have natural analogs on
number fields, and in particular, on Q:

Example 1.1.6. Fix p € Z a prime. For every z € Q*, we define the p-adic valuation v,(x) to be
the unique n € Z such that z = p™a/b with a, b € Z prime to p; and v, (0) = .

By another theorem of Ostrowski, they are the only non trivial valuations on Q.

1.2 Some algebra

Fix (K, v) a valued field. Let us describe some of the natural algebraic objects associated to
valuations:

Definition 1.2.1. We define:
e the value group viK* = v(K™) and its associated monoid vK := v(K) = vK* 1 {oo};
* the valuation ring O = O, = {x | v(z) > 0} € K, alocal subring;
* its unique maximal ideal m = m,, := {z | v(z) > 0} c O;
e the residue field Kv := O/m and res = res,, : O — k the canonical projection.

Proof. We have v(0) = co > 0and v(1) = 0,50 0,1 € O. Also, for every z,y € O, v(z +y) >
min{v(z),v(y)} > 0and v(zy) = v(z) +v(y) > 0+0=0. So O € K is a subring. Similarly, if
z,y emyv(z+y) > min{v(z),v(y)} >0andifz € Oand y € m, then v(xy) = v(z) +v(y) >0
and hence m ¢ O is a ideal. Note also that z € O is invertible if and only if e O ie.
—v(z) = v(z™') > 0, or, equivalently, v(z) = 0. So O* = O \ m and m is indeed the unique
maximal ideal in O. [

Lemma 1.2.2. The ring O is integrally closed — that is, for every P = X% + ¥, ja;x* € O[z]
and ce K = O, if P(c) =0, then c € O.

Proof: Assume v(c) < 0. Then, for every i < d, v(c?) = d-v(c) < v(a;) + iv(c) and hence
v(P(c)) = v(c? + Ticgaic’) = d-v(c) # oo, u
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If Risaringand p € R is a prime ideal, we denote by R, the localisation of R at p — that s,
the ring of fractions a/b with a € Rand b € R \ p. In particular, if R is integral, Ry denotes
the usual field of fractions. Let us now describe the valuation rings and residue fields of the
previous examples:

Example 1.2.3.
* Let (K(z),v,) be as defined in Example 1.1.5. Then

Ou, ={P/Q| P,Q ¢ K[z]and Q ¢ (z - a)} = K[x](1-a)

and
my, = (. —a)Oy,.

It follows that Kv, = K[7](—a)/(x - a) = (K[z]/(z - a)) ) = K. The isomorphism is
induced by the map: K[z] - K sending P to P(a).

* Wehave O_qeq = {f € K(z) | deg(f) < 0}, and since f ~ f(2~!) is an isomorphism be-
tween (K (x), - deg) and (K (), vo), the residue field of — deg is isomorphic to K, where
the isomorphism is induced by the map O_ 4o, — K given by Y7 a;2'/ Y1y bix® -
@y /by, where b, # 0. In a (very precise) sense, this is the map f — f(0).

* If v, be the p-adic valuation on Q defined in Example 1.1.6, then Oy, = Z(;) and Qu,, ~

F,.

As we saw, a valuation comes with alot more algebraic structure than the typical archimedean
norm. Let us also show that valuation rings can be characterised in a purely algebraic manner
— this will be useful in Corollary 1.2.8 to construct extensions of valuations.

Proposition 1.2.4. Let K be a field and R ¢ K be a subring. The following are equivalent:

1. there exists a valuation v on K such that R = O,;

2. for some prime ideal p ¢ R, (R,p) is maximal for domination’in K — in particular, R
is local and p is its maximal ideal;

3. forall x € K*, either x € R or Ve R;

4. principal ideals of R are totally ordered by inclusion and K = Rq);

S. sub-R-modules of K are totally ordered by inclusion;

6. the monoid (K |R*,-,1) is totally ordered, wherea < bifbe R-a, and 7 : K - K|R* is
a valuation.

We say that R is a valuation ring if these equivalent conditions hold.
Moreover, R = Ry islocal and p is its maximal ideal, indeed, since R < R, < Kand Ry-pnR =
p, (Rp, Ry - p) dominates (R, p). By maximality, they are equal.

Proof. Let us first assume (i) and prove (ii). Let v be such that R = O, and let us assume that
(R, m,) is dominated by some (.5, q) with S' < K. We want to show that S < R. Fixsome s € S.
Ifv(s) <0,then st ep. Sol=ss"'eS-pcq,acontradiction. It follows that v(s) > 0 and
se R=0,.

’If Ry, Rz < K are subrings and p; ¢ R; are prime ideals, (Rz2, p2) dominates (R1,p1) if R1 < Rzand p2 n Ry =
p1.
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Let us now assume (ii) and prove (iii). Fixing some x € K, first assume that p[z] ¢ R[z]
and let m 2 p[z] be some maximal ideal of R[x]. Then m n R is a ideal of R containing p but
that does not contain 1. So it is equal to p and (R[x], m) dominates (R, p). By maximality, we
have R[z] = R and thus z € R. Applying this to 27!, we see that, if p[z7'] ¢ R[2z7'], then
27! € R. So we may assume that 1 € p[z] and 1 € p[2~!] to derive a contradiction. Let m
and n be minimal such that ¥, a;2% = 1 = > j<m bz, for some a;, b; € p. We may assume
that m < n. Since 1 — ag € R*, we have ¢; = a;(1 - ag)™! € pand 37 c;z* = 1 it follows that
1=Yq bjx‘j + Y byciz™ (1) contradicting the minimality of n.

We now prove that (iii) implies (iv). It follows from (iii) that K = R ). Moreover, for every
a,be R, Ifa™'b e R, then (b) < (a). If not, by (iii), we must have ba € R and thus (a) € (b).

Let us now prove that (iv) implies (v). Let a,b < K be sub-R-modules and let us assume
that there is some a € a \ b. We want to show that b ¢ a. Let b € b and write a = ag/a; and
b = bo/by with ag, a1, bo, b1 € R. By (iv) we either have agb; € (bpa ), in whichcasea € R-bc b,
a contradiction, or byay € (apby), in which case,be R-a c a.

To prove that (v) implies (vi), note that the ordered set (//R*, <) is isomorphic to the set of
principal sub-R-modules of K which is totally ordered by (v). Let us show that it is a monoid
order. If be R - a, then foreveryc € K,bce R-ac. Soa < b does indeed implya-¢< b-C.

Let us now check that 7 is a valuation. We have 7(0) =0 # 1 = w(1). For every z,y € K we
havex +y € ()N (y),so m(z+y) > min{n(z), 7 (y)}, and, by definition, 7 (zy) = 7(z) -7 (y).

Finally, note that (vi) trivially implies (i). O

In fact, the valuation in condition (i) is essentially unique — and is thus the valuation con-
structed in (vi). In fact, we can read off various relations between valuations from their valua-
tions rings:

Lemma 1.2.5. Let v be a valuation on K, f : K — L a field morphism and w a valuation on L.
The following are equivalent:

1. (Oy,my,) dominates (f(Oy), f(my));

2. 0= fHOu);

3. there is a (unique) injective morphism g : vK — wL such that:

K —>uK

fi ¥
Y

commautes — in other words, f is a valued field embedding.

Proof. We first prove that (i) implies (ii). If (O, m,) dominates (f(O,), f(my)), by defini-
tion, we have f(0,) ¢ O, —s0 O, € f1(O,) — and f(m,) € m,. Letnow z € K \ O,,.
Thenz !t e Oy~ O =m,. So f(z)™! = f(z7!) € f(m,) € m, and hence f(z) ¢ O. So we
do have f1(0,) = O,.

We now prove that (ii) implies (iii). For the above diagram to commute, for every x € K, we
must have

g9(v(z)) = w(f(x)). (1)
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Note that, by (ii), for every =,y € K, we have v(z) < v(y) — thatisy € 20, — if and only
if f(y) € f(x)Oy — thatis w(f(y)) < w(f(z)). It follows that Equation (1) gives rise to a
well-defined increasing function g : vK — wL.

Finally, if (iii) holds, then, for every = € O, w(f(z)) = g(v(x)) > 0and hence f(O,) € Oy.
Moreover, if x € m,, then w(f(x)) = g(v(z)) > 0 and hence f(m,) € my, N f(O,), which is
an ideal of f(O, ) whose unique maximal ideal is f(m,). So f(m,) = m, n f(O,). [l

Lemma 1.2.6. Letv; : K — Ty, fori = 1,2, be valuations. The following are equivalent:
1. Oy, = Oy,
2. there is a unique isomorphism g : v K — vo K such that:

commutes.

We then say that v; and vy are equivalent valuations.

Let us now conclude this brief introduction to valuations by showing that they can always

be extended to larger fields.

Proposition 1.2.7. Let R be a ring, p ¢ R be prime and K > R a field. Then there exists a
valuation ring O ¢ K = O gy with maximal ideal w such that (O, m) dominates (R, p).

Proof. The set of pairs (.5,q), where S < K and q c S is prime, ordered by domination is
inductive. Indeed, let (.5, q;); be a chain and let S = U; S; < K, a subring, and q = U; q; =
U; S - q; c S anideal. If, for some a,b € S, ab € g, let i be sufficiently large such that a,b € S;
and ab € q;. Then one of a or bis in q; € q and hence q c S is prime. Moverover, for any i,
by construction q; € ¢ N S; and if a € g n S, then, for some j > i, a € q; N S; = g, 50 (S, q)
dominates (.S;, q;).

By Zorn’s lemma, (R, p) is contained in a maximal element (O, m). By Proposition 1.2.4,
O is a valuation ring and m is its maximal ideal. ]

Corollary 1.2.8 (Chevalley’s extension theorem). Let (K, v) be a valued field and K < L be a
freld extension. Then there exists a valuation w on L extending v.

Proof. Applying Proposition 1.2.7 to (O,,m,) in L, we find a valuation ring O ¢ L = Oy,
with maximal ideal m, that dominates (O,, m,). We conclude with Lemma 1.2.5. ]
1.3 Some topology

Let us now also describe the natural topology associated to a valuation:

Definition 1.3.1. Fix x € K and v € vK. We define:
e the dosed ball By (x) := {y € K | v(y — z) > v} of radius y around z;
e the open ball B, (z) := {y € K | v(y — «) > v} of radius ~y around z.
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By convention, K is considered to be the open ball of radius —co. Note that points are closed
balls of radius oco.

However, due to the ultrametric inequality, the combinatorics of balls is much simpler than
in the Archimedean setting.

Lemma 1.3.2. Letbbeaballin K. Then I, == {x —y | x,y € b} € K is a sub-O-module and
b=x+1I, foranyx cb.

Proof. Let us first assume that b = By, 4)(c) with ¢,d € K, then {z —c| 2 € b} = dO isa
sub-O-module of K. Moreover, if x,y € b, thenz —y = (x — ¢) = (y — ¢) € dO and hence
Iy c{z -c|web}=dO c . Similarly, if b = B, 4y (c), then I;, = dm a sub-O-module of K.
By definition b = ¢ + I}, is an additive coset of I, and hence b= c+ I, =« + I, forany x € b. [

Lemma 1.3.3. Let by, by be balls of K, then at least one of the following holds:
1 b1 N b2 =
2. by € by
3. by Chy.

Proof. Note that we either have I, € I, or Iy, € I;,. So we may assume that b; N by # & and
Iy, € I,. Let x € by N b, we then have by = x + I, € = + I}, = ba. ]

But balls do generate a somewhat well-behaved topology:

Proposition 1.3.4. Open balls generate a Hausdor(f field topology. Moreover, open balls are
closed in this topology.

In other words, the ideals ym := B, (0) ¢ O, for v € vK, form a basis of neighbourhoods

of 0 and we consider the (unique) additive group topology generated by this basis of neighbour-
hoods of 0.

Proof. LetU c K beopenand a,b e K be such thata + b € U. Then there exists v € vK™ such
that U 2 (a +b) + ym = (a + ym) + (b +~ym), Ze. (a,b) is in the interior of the preimage by +
of U in K. So + is continuous. Similarly, if —a € U, for some v € vK* we have U 2 —a + ym =
—(a +ym), So — is continuous. Finally, if ab € U, there exists v € v/K*, that we may assume
larger than 0, with U 2 ab+ym 2ab+a-dm+b-dm+dm-om 2 (a+dm)- (b+Jdm), provided
v <min{d +v(a),d +v(b),0}.

Moreover, foreverya € K*,v € vK* and z € (max{v(a),y-2-v(a)})m, by Lemma 1.1.2.2,
we have v(a+x) = v(a),and thusv((a+2) ' —a™) =v(za(a+2)™) = v(z)-2-v(a) > ;
so the inverse map is indeed continuous at a.

The topology is Hausdorff since, for every a, b € K distinct, B, (q-p) (@) N Bsy(q-p) () = @.
Finally, for any v e vK™ and ¢ ¢ B> (a), B5y(a) nBs4(¢) = @, so any open ball is closed in that
topology. O]

Remark 1.3.5. However, every non trivial ball is both open and closed in this topology and the
topology is also generated by the non trivial closed balls.
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Let us conclude this section by introducing diverse notions of convergence adapted to the
valued field setting,

Definition 1.3.6. Fix § a (proper) filter’on K and z € K.
1. The filter § is Cauchy if for every v € vk, there is an open ball of radius v in §F — equiv-
alently if there is a ball of radius v in §.
2. The filter § converges to x, and we write lim § = z, if for every v € vK*, B, (z) € § —
equivalently, if § 2 9,, the neighbourhood filter of z.
3. The field K is complete if every Cauchy filter on K converges to some x € K.

Let us now show that every valued field admits a (unique) completion.

Definition 1.3.7 (Leading terms). Fix v € vKZ,. We define the multiplicative monoid of ~-
leading terms RV, = RV, := K/(1 +~m). Letrvy = rv,, : K - RV, denote the canonical
projection.

Remark 1.3.8. 1. It is naturally a multiplicative monoid and we have the following short

€xact sequence :
X X X
1 - R - RV » vK* -0,

where R, = O/ymand RV, := RV, \ {0}. We also denote by v the natural map RV, -
vK

2. There is also the trace of an additive structure on RV,,. We will describe it later.

3. We usually simply denote RV as RV and rvg as rv.

Definition 1.3.9. Let
K=K, := Lln RV,
'yevK;O

as multiplicative monoids, where the transition maps rv, 5 : RV, = RV, forco > v > 6 > 0,
are the natural maps. We also define:
e v: K - oK byv(z) = v(x,) forany v € vK;
« +:K? > Kby (2 +y), = rv,(X.), where X, := rvz!(2.) + rvz1(y:) does not contain
0, for sufficiently large e € vK,. If 0 € X, for all ¢, then define z + y = (0), =: 0.

Proof. Since v = vorv, s, v is indeed well-defined on K. Asfor +,letus fix 2,y € K. Note that
X is the open ball of radius 6 = € + min{v(z),v(y)} around any of its elements. If 0 ¢ X,
then v(X.) is a singleton {7} and rvs_,(X.) is also a singleton. Since the X form a chain,
(2 +y)—s is well defined and ~ is independent of ¢, whereas ¢ increases as € increases. ]

Proposition 1.3.10. The valued field (K, +,-,v) is complete.

“Thatis, § ¢ PB(K) such that:
1. Ke§, 3¢5
2. foreveryU,V eF,UnV €
3. foreveryU cV c K,if U e FthenV ¢ K;
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Proof. The fact the (K, +,) is a field follows more or less directly from the definitions. Let
us check distributivity, for example. Let z,y,z € K. Then rvz!(z.)(rvz! (ze) + 1vii(ye)) =
vz (ze) rvi (e ) +1rvit(20) - rvot(e). Since these sets characterise both z(x +%) and zz + 2y,
they must be equal.

As for completeness, for every 2 € K, and v € vK = vK, Bs, () = TV;EU(I)(%—U(:E)) cK.
It follows thata Cauchy filter on K is generated by sets of the form rVZY1 (¢y), forevery vy e vK,
and thus converges to ¢ := ({,), € K. L

Remark 1.3.11. We have:
e ,: K - K hasdense images;
* Op = Liﬂl(’)/’ymK is the closure of Ok € K;
* mp = Op - mg is the closure of mg ¢ K;
. UK:Z}K;
. [?UEKU;
K/(1+mg)=K/(1 +mp).

Let us now weaken the notion of Cauchy filter and convergence, to obtain the stronger no-
tion of spherical completion, which will prove very important to study valued fields.

Definition 1.3.12. Fix § a filter on K and z € K.
1. The filter § is pseudo Cauchy if it is generated by balls.
2. The filter § accumulates at z, if any open ball around z meets any element of § — equiv-
alently, z € ﬂUE@U = 3.
3. Thefield K is spherically complete it every pseudo Cauchy filter on K accumulates at some
inze K.

Remark 1.3.13. * Usually, the accumulation points of a pseudo Cauchy filter § are called
its pseudo limits. Since balls are closed, in that case, we have 5= Nueg U-
* Ifitis notempty, theset I = {z —y | 7,y € §} is an O-submodule of K called the width
of §. As for balls, we have § =z + I forany x € 3.

The (potential) uniqueness of spherical completions is a much harder question. We conclude
this section with the useful notion of the pushforward of a filter:

Definition 1.3.14. Let § be a filter on some set X and f : X - Y. We denote by f.§ the filter
generated by { f(U) | U € §} — thatis, the filter {V ¢ Y | f(U) c V, for some U € §}.

Proof. Let U,V € §. Note that, since U # @, f(U) # @. and since f(UnV) c f(U)n f(V),
the set { f(U) | U € §} has the finite intersection property and thus generates a filter. ]

*In fact, K is the unique, up to unique K-isomorphism, complete dense valued field extension of K. It also has
the following universal properties: for every f : K — L with L complete and g : K — F with dense image, we
have:

> )

K/I?a! K/
N .

El
F
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2 Algebraically closed valued fields

We now move on the more model theoretic part of these notes and focus on algebraically closed
(non trivially) valued fields. The following language is one of the classically considered lan-
guages for valued fields. As we will see later, elimination of quantifiers will yield some more
information (on the structure of the residue field and valued field) than we would typically get
by working with a single sort for the field.

Definition 2.0.1. Let £y r be the three sorted language with:
* asort K with the ring language £,, = (+,-,0,-,1);
e asort I" with the ordered group language £, = (+, -, 0, <) and a constant oo;
* asort k with the ring language;
*amapv:K-Tj
. amapp:K2—>k.

Any valued field (K, v) can be made into a £y p-structure by interpreting K as the field K,
k as the field k and " as v K, with its ordered monoid structure, 0 = v(1), co = v(0) and - is
interpreted as the inverse on vK ™ and —oco = co. The map v is interpreted as the valuation and
p(a,b) is interpreted as res(a/b) if b # 0 and a/b € O, and 0 otherwise.

Definition 2.0.2. Let VF denote the £y p-theory of valued fields and ACVF denote the £y -
theory of algebraically closed non trivially valued fields.

Remark 2.0.3. 1. Foralln € Z,y, ACVF = (V2 : I')(3y : I') n-y = x — that s, the group
[ :=T \ {00} is divisible.
2. Forevery P € Z[x,y] where y is a tuple, ACVF £ (Vy : k)(3z : k) P(x,y) = 0 — that
is, the residue field k is algebraically closed.
3. Any M = VF embeds into N £ ACVF. If M is not trivially valued, we may assume
K(N) =K(M)*.

In other words, VF = ACVFy, the set of universal consequences of ACVF.

Proof. 1. Letc € K besuch that v(c) = 2 and a € K such thata” = ¢. Wehaven -v(a) =
v(a™) =v(c).
2. Let ¢ € O be such that res(c) = y and a € K such that P(c,a) = 0. By Lemma 1.2.2,
a € O and we have P(res(c),res(a)) =res(P(c,a)) = 0.
3. If M is trivially valued, then (K(A), v) embeds in (K (M) (x),vo) which is non trivially
valued. So we may assume M is not trivially valued. This is then an immediate conse-

quence of Corollary 1.2.8.
]

2.1 Elimination of quantifiers

In this section, we prove the elimination of quantifiers in ACVF, Theorem 2.1.8. To do so, we
prove an embedding lemma, Proposition 2.1.6, of which quantifier elimination will follow for-
mally. In fact, we will first prove three specific cases of the embedding lemma that, put together
yield Proposition 2.1.6.
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2 Algebraically closed valued fields

Let M = ACVF and A < M. Assume that K(A) and k(A) are fields. In Propositions 2.1.2,
2.1.3 and 2.1.5, we describe various extensions by one valued field element. We start by exten-
sions lifting a given residue element.

Definition 2.1.1. Anexactliftof Q € k[x]is P € O[z] withres(P) = @Qand deg(P) = deg(Q).

Proposition 2.1.2 (Purely residual 1-types). Fixany o € k(M). Let P € O(A)[z] be an exact
lift of its minimal polynomial® over res(O(A)) and Q € k(A)[z] be its minimal polynomial
over k(A).
1. ForeveryR =Y, riz" e K(A)[x], everynonzero S = ¥ ; s;x7 € K(A)[x], both with degree
smaller than P, and every a € res™ (a):
* v(R(a)) = min; v(r;) # oo;
* p(R(a),S(b)) = p(riy, i, )res(Ro) (cv) [res(So) (), where R = ri, Ro, S = s5,5
and v (ri,) and v(sj, ) are minimal.
2. There exists a € K(M) withres(a) = aand P(a) = 0.
3. Such an a is uniguely determined, up to £y r(A)-isomorphism, by P and Q: for every N &
ACVF, every embedding f : A - N, every a e K(M) and b e K(N), if:
* P(a) =0andres(a) = «;
* f(P)(b) = 0and f(Q) is the minimal polynomial of res(b) over k(f(A));
then f can be extended by sending a to b.

Proof- 1. Let iy be such that v(7;,) is minimal. Let Ry := T‘i_OlR. Then res(Rp) # 0. By
minimality of res(P), res(Ro(a)) = res(Rp)(a) # 0and hence v(Ro(a)) = 0. It follows
that v(R(a)) = v(ri,) = min; v(r;). Similarly res(So(a)) = res(So)(e) # 0. It follows
that R(a)/S(a) € O if and only if 5, /s, € O and, in that case, res(R(a)/S(a)) =
ves(riy /55, )1e5(Ro(a)) /res(So(a)).

2. Let P = c[];(x - e;), where ¢ € 0. Since O is integrally closed, cf. Lemma 1.2.2, we
have e; € O forall j. Forany a € res™! (), res(P)(c) =res(P(a)) = res(c) [1;res(a) -
res(e;) = 0. It follows that there exists a j such thatres(e;) =res(a) = a.

3. Let C be the structure generated by Aa. By 1, P is the minimal polynomial of a over
K(A). Sowehave K(C) = K(A)[a] ~ K(A)[z]/P. Alsoby 1,T'(C') =T'(A) and k(C) ¢
k(A) () = (k(A)[2]/Q)(0)- Since f(Q) is the minimal polynomial of 3 over k(f(A)),
we also have a ring embedding g, : k(A4)(a) - k() extending f|, and sending o to
. In particular, k( f(P)) is the minimal polynomial of 5 over k(O(f(A))); and f(P)
is an exact lift. Applying 1 to § := res(b), we see that f(P) is the minimal polynomial of
bover K(f(A)) and thus f| extends to a ring embedding g|k : K(C) -~ K(N) sending
a to b. Finally, let g[p = f|p.

Forany R = ¥; iz’ € K(A)[z] with degree smaller than P, by 1, we have g(v(R(a))) =
F(mingv(rs)) = mingv(£(rs)) = v(F(R)(8)) = v(g(R(a))). Similarly, for any non

®We allow P to be 0; in which case, a is transcendental over res(O(A))

11



2 Algebraically closed valued fields

zero S = ¥ s;z' € K(A)[z] with degree smaller than P,

9(p(R(a),S(a))) = g(p(riy, sjo)res(Ro)(a)[res(So)(a))
= p(f(rig), f(s40)) f (res(Ro))(B)/f (res(S0))(B)
= p(f(R)(b), F(S)(D))
= p(9(R(a)),9(5(a))),

with ig, jo, Ro and Sp definedasin 1. So g : C' - N isindeed an £ p-embedding sending
atob.

]

We now consider extensions lifting a given value group element:

Proposition 2.1.3 (Purely ramified 1-types). Fix any~y € I (M). Let n (respectively m) be its
order in T (M) [v(K*(A)) (respectively T (M) [T (A)) and ¢ € K(A) be such thatn -~ =
v(e).

1. Forevery R = ¥z’ € K(A)[x], every non zero S = ¥, s;27 € K(A)[X], both with
degree smaller than n and every a e v='(7):

* v(R(a)) = min;(v(r;) + i) and the minimum is attained exactly once;
* p(R(a),S(a)) = Lig=jop(riy, Sjy )» wherev(riy) +ioy and v(sj,) +jory are minimal
and 15—, = 1ifio = jo and 0 otherwise.

2. There exists a € K(M) withv(a) =y and a™ = ¢°.

3. Such an a is uniquely determined, up to £y v (A)-isomorphism, by n, c, m, m -~y € I'(A)
and, when m = oo, by the set {e € Q-T'(A) | € < ~}. That is, for every N £ ACVF,
embedding f : A — N, a e K(M) and b e K(N), if:

* a"=candv(a) =y

C b= f(e)

* v(b) isorder m in T*(N)/T*(f(A)) and m-v(b) = f(m-7v);

* whenm = oo, forall e e T'(A) andr e Q,v(b) > f(e) ifand only if v > r - &;
then f can be extended by sending a to b.

Proof. 1. We always have v(R(a)) = v(X;(ra")) > min; v(r;a’) = min;(v(r;) +i-v). If
the inequality were strict, there would exist i < j < n such that v(r;a’) = v(r;ja’), ie.
(j—1)v(a) =v(r;) —v(rj) e v(K(A)), contradicting the minimality of n. We have also
proved that all the v(r;a’) = v(r;) + i - v are distinct — in particular the minimum is
unique. It follows that res(R(a)/ri,a®) = res(¥; ;) = 1. Note also that v(R(a)) -
v(S(a)) = 0if and only if v(74,) — v(sj,) + (40 — jo)y = 0. Since |ig — jo| < n, this
is, in turn, equivalent to ig = jo and v(ry,) = v(sj,). In that case, res(R(a)/S(a)) =
p(rioazo78j0a]0) = p(rimsjo)'

2. Assume n < co. For any a with a™ = ¢, we have nv(a) = v(c) = ny and hence v(a) = 7.
If n = oo, pick ¢ = 0.

7By convention, oo -y = 0o
8By convention a* =0

12



2 Algebraically closed valued fields

3. Let C be the structure generated by Aa. By 1, the minimal polynomial of a over K(A) is

x"—c. Sowehave K(C) = K(A)[a] ~ K(A)[z]/(z"—c). Alsoby 1,I'(C') = T'(A)+Z-y ~
T'(A)eZ-z)/(m-xz-m-~v)and k(C) = k(A). Since, by hypothesis, ¢ := v(b) also
has order m in T*(N) /I (f(A)) and m - § = f(m - y), we have a group embedding
glp : T(C) - I'(IN) sending v to 4. In particular, § is order n in I' (M) /v(K* (f(A)))
andn-0 =v(f(c)). Applying 1 to ¢, we see that 2" — f(c) is the minimal polynomial of b
over f(K(A))andhence f| extends to a ringembedding g| : K(C) - K(V) sending
a to b. Finally, let gf, = fl,.
If m # oo, forevery r € Zand e e I'(A), we haver - v > eifand only if r - m -y > m -,
if and only if f(r-m-v) > f(m-¢),ifand onlyif r-§ > f(e). If m = co and 7 # 0,
r-v > ¢ifand only if vy > r~1.e, ifand only if, by hypothesis, § > r~t. f(e),ifand only if
7-8> f(e). So gl preserves <. Also, forany R = ¥, r;z' € K(A)[z] with degree smaller
than P, by 1, we have g(v(R(a))) = g(min;(v(r;) +i-v)) = ming(v(f(r;)) +i-9) =
v(f(R)(b)) = v(g(R(a))). And, for any non zero S = ¥; s;z° € K(A)[z] with degree
smaller than P, g(p(R(a),S(a))) = g(]li0=jop(rio’5jo)) = jlio=j0p(f(rio)’f(5j0)) =
p(f(R)(b), f(S)(b)) = p(g(R(a)),g((a))), with ig, joasin 1. So g : C - N is indeed
an £y r-embedding sending a to b.

]

Finally, we consider extensions that add a pseudo-limit to a pseudo-Cauchy filter. It will
be practical to use the morphism rv of Definition 1.3.7 since it computes both valuative and
residual information at the same time.

Lemma 2.1.4. Let B be a pseudo Cauchy filter on K(A), without a minimal element, and P e
K(A)[z]. Then one of the following holds:
e thereisa ball b € B such that vv(P)|, is constant.
* there is a root of P in B and any ball b € B contains two points ay,as € K(A) such that
rv(P(a1)) #rv(P(az)).

Proof. Let b € B contain the minimal number of roots of P. Then for every x,y € b and every
root a a root of P outside b, we have v(z —a) < v(y —z) and thusy—a =y-x+x-a €
x—a+(zx-a)m=(r—-a)(l+m).Sorv(x —a) =rv(y —a). If b contains no root of P, then
rv(P(z)) = rv(cllpy-o(z = a)™) = rv(c) [Tpa)=orv(z — @)™ = 1v(c) [Ip(a)=0rv(y -
a)™ =1v(P(y)). So rv(P)|, is contant.

If b does contain some root of P, since b is not minimal in 98, we find a ball by of K(A) in
B with by c b. By choice of b, all the roots of P in b are in by. Also, we find a1 € by(A) and
az € b(A)\bg. Then for every root a of P in b(and hence by), we have v(a1 —a) > v(az —a) and
hence v(P(a1)/P(az)) = 1v(I1aes, P(a)=0(a1 — a)/(az — a)) > 0. In particular, rv(P(a1)) #
rv(P(a2)). [

Proposition 2.1.5 (Immediate 1-types). Fix a pseudo Cauchy filter B over K(A). Let P €
K(A)[z] have minimal degree among those polynomials such that xv(P) is not eventually con-
stant on *B.
1. For every R € K(A)[x] with degree smaller than P, there exists U € B with rvo R|;
constant, equal to an element of rv(K(A)).

13



2
3.

Proof-

2.

2 Algebraically closed valued fields

If P #0, there exist a € K(M) with a € B and P(a) = 0.
Such an a is uniquely determined, up to £y v (A)-isomorphism, by B and P. That is, for
every N & ACVF, embedding f : A - N, a e K(M) and b e K(N), if:
* P(a) =0andacB;
s f(P)(b)=0andbe f,B;
then f can be extended by sending a to b.

1. By minimality of P, by Lemma 2.1.4, rv(R) is constant on some b € ‘B. Since we
may assume that bis a ball of A,bn A # @ and hence rv(R(b)) e rv(K(A)).
If there is no root of P in B, then, by Lemma 2.1.4, rv o P is eventually constant on B.
Since 0 € P,B, we must have that P is eventually equal to 0 on B. If P # 0, B contains
the finite set of roots of P; in particular, B+ 2.
Let C be the structure generated by Aa. By 1, P is the minimal polynomial of a over
K(A). So we have K(C) = K(A)[a] ~ K(A)[x]/P. Also, by 1, we have I'(C') = T'(A)
and k(C) = k(A). By 1 applied at f,B, the minimal polynomial of b over K(f(A)) is
f(P),so0 f|k extends to a ring embedding gl : K(C') - K(N) sending a to b. Let also
glp = flp and g|, = fl,. Note that, since rv(K(A)) = rv(K(C)), the natural maps
induced by f|x and g|x on RV coincide — we denote it as f.
For any R € K(A)[x] with degree smaller than P, by 1, we have

g9(rv(R(a))) = f(xv(R)(U))
=1v(f(R)(f(U))
=1v(f(R))(b)
=1v(g9(R(a))).
Since v(c) = v(rv(c)) and p(c,d) = Ly(e)=y(ayrv(c)rv(d) ™, we see that g is compatible

with both v and p.
m

Proposition 2.1.6 (ACVF embedding lemma). Let M, N = ACVF, A< M and f: A — N.
There exists an elementary map h: N — N* and an embedding g : M — N such that:

M2~ N*

&

commutes.

Proof. The family of pairs of embeddings (g,h), withg: C' > N*,C < M andh: N - N*
elementary, is inductive — where (g1, 1) is smaller than (g2, ho) if C1 < Cs and there exists
i: N{ - Ny elementary such that

g2 *
Cy —— N,

|\

*
ClTNl TN
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2 Algebraically closed valued fields

commutes — and contains (f,id). By Zorn’s lemma, it contains a maximal element (g, h) —
with domain C' < M — larger than ( f,id). There remains to show that M = C. It suffices to
show that K(M) = K(C).

First, we note that, by the universal property of localisations g has a (unique) extension
go to K(C) 0y U k(C) gy U T'(C). Indeed, go is a ring morphism on the sorts K and k, and
it is equal to g on I'. For any ¢ € K(C') and non zero d € K(C), go(v(c/d)) = g(v(c) -
v(d)) = v(g(c)) = v(g(d)) = v(go(c/d)) and, for any a € K(C') and non zero b € K(C),
go(p(a/b,c/d)) = g(p(ad,cb)) = p(g(a)g(d),g(c)g(b)) = p(go(a/b),go(c/d)). By maximal-
ity of g, both K(C') and k(C) are fields.

Claim 2.1.6.1. k(M) =res(K(C)).

Proof. Pick any a € k(M). Let P € O(C)[x] be an exact lift of its minimal polynomial over
res(O(C)) and @ € k(C)[«] its minimal polynomial over k(C'). By compactness, we find
i: N* > NTand B € k(NT) whose minimal polynomial over C'is i o g(P) — if Q # 0, any
root of g(Q) in N* works and we can take i = id; if @ = 0, then the set {P(z) # 0 | P «
k(g(C))} is finitely satisfiable in N since k(V) is infinite. By Proposition 2.1.2.2, we can also
find a € K(M) and b € K(NT) such that P(a) = 0 = g(P)(b), res(a) = o and res(b) = 5.
Applying Proposition 2.1.2.3, we find a pair (¢, ¢ o h) larger than (g, k) with ¢’ defined at a.
By maximality, a € K(C') and hence a € res(K(C)). O

Claim 2.1.6.2. T(M) = v(K(C)).

Proof. Pick any v € T'(M). Let n (respectively m) its order in I (M) /v(K* (C')) (respectively
inT>(M)/T*(C)) and ¢ € K(C') such that n -y = v(c). By compactness, we find i : N* - NT
and § e I (NT) of order min T (NT)/T* (i0g(C)), m-6 = 50 g(m-~) and such that, for every
eel'(C)andr e Q,é>r-i(g(e))ifandonlyify > r-e —if m # oo, any element of I'(N™*) with
m-0 = g(m-7) works and we can take i = id; if m = oo, theset {z > r-g(¢) | r € Q,e e I'(C) and
d>r-efu{z<r-g(e)|reQ,eel’(C)andd < r-e} is finitely satisfiable in N since I (V) is
divisible and hense dense. By Proposition 2.1.3.2, we can also find a € K(M) such thata” = ¢
and v(a) =7, and b € K(NT) such that " = g(c) and v(b) = 5. Applying Proposition 2.1.3.3,
we find a pair (¢',4 o h) larger than (g, h) with ¢’ defined at a. By maximality, a € K(C') and
hence a € v(K(C)). O

Claim 2.1.6.3. Any pseudo Cauchy filter B over K(C) that accumulates at some a € M also
accumulates at some c € K(C).

Proof. Let P € K(C)[x] have minimal degree such thatrv(P) is not eventually constant on 8.
If P # 0, by Proposition 2.1.5.2, there exists ¢ € K(M) such that P(c) =0and ce B. If P =0,
c := a satisfies those same requirements. Since, by Lemma 2.1.4, the eventual non constancy
of the rv of a polynomial on B is witnessed by points of A4, g.(P) is also minimal such that
rv(g. P) is not eventually constant on ¢,B. By compactness and Proposition 2.1.5.2, we also
findi: N* - NTand b e K(NT) with b € g, and g(P)(b) = 0 — if P # 0, some root of g( P)
in N* works and we can take ¢ = id; if P = 0, the set of balls in g, B is finitely satisfiable in N
since it is a filter. Applying Proposition 2.1.5.3, we find a pair (¢, i o h) larger than (g, h) with
g' defined at ¢. By maximality, ¢ € K(C') and, by construction, we do have c € B, O
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2 Algebraically closed valued fields

Fix a € K(M') and let *B be the maximal pseudo Cauchy filter over K(C') that accumulates at
a —i.e. the filter generated by the balls of K(C') containing a. By Claim 2.1.6.3, B accumulates
at some ¢ € K(C). Let us assume that a # ¢. By Claim 2.1.6.2, there is some d ¢ K(C)
such that v(a — ¢) = v(d) € I'(M). Then (a - ¢)/d € O and, by Claim 2.1.6.1, there is
some e € O (C') such thatres((a - ¢)/d) = res(e); equivalently (a - ¢)/d — e € m and hence
a € ¢+ de + dm =: b, the open ball of radius v(d) around ¢ + de. By construction, b € B, but
v(c+de—c) =v(d)+v(e) =v(d),soc¢b,acontradiction. It follows that a = ¢ € K(C'), and
hence K(M) = K(C). [

Remark 2.1.7. 1. Proposition 2.1.6 does not hold if we replace p by the more straightfor-
ward map res. Let Sk 1 be £ r without the map p and with a map res : K — k instead.
Let K := Q(a,b)(t) and v be the t-adic valuation. Let A be the £} p-substructure of K
with K(A) = Z[at,t],k(A) = Q(a,b),['(A) =Zu{oo}. Let f : A - K send at to bt, fix
t and be the identity on res and I'. This is an £) -embedding. If g extends f and is de-
fined at ¢!, we would have a = f(a) = f(res(a)) = res(g(att™1)) = res(f(at)f(t)7!) =
res(btt™') = b, a contradiction. So Proposition 2.1.6 fails for £ 1.

In fact, the formula 3z res(z) = a A xt = at is not preserved by f and is therefore not
equivalent to a quantifier free formula. It is, however, equivalent to p(at, t) = a.

2. In the last paragraph of the proof, we have, in fact, shown that a spherically complete
field does not have any proper immediate extension. It follows that if K is spherically
complete with v K™ divisible and Kv algebraically closed, then any algebraic extension of
K is immediate and hence trivial. So K is algebraically closed.

We can now deduce our main theorem of this section:
Theorem 2.1.8 (Robinson, 1956). The £ p-theory ACVF eliminates quantifiers.
Proof. By [9, Theorem 3.2.5], this is an immediate consequence of Proposition 2.1.6. ]
Corollary 2.1.9. The class of existentially closed models of VF coincides with ACVEF.

Proof. By Remark 2.0.3.3, any model of VF embeds in a model of ACVF, so it suffices to check
that embeddings between models of ACVF are existentially closed. But this is an immediate
consequence of elimination of quantifiers, ¢£. Theorem 2.1.8. O

Corollary 2.1.10. The completions of ACVF are the theories ACN'¥ ), o, with p, q prime or zero, of
non trivially valued algebraically closed valued fields of characteristic p and residue characteristic

q.
Note thatif p > 0, then ¢ = p.

Proof. By [9, Theorem 3.2.5], it suffices to find a common substructure to any two models of
ACVF, 4. If ¢ = p > 0, the trivially valued field F,, embeds (uniquely) in any model of ACVEF,, .
If g = p = 0, the trivially valued field Q embeds (uniquely) in any model of ACVF . Finally,
the field Q with the p-adic valuation embeds (uniquely) in every model of ACVF . O]

Note that, as a corollary, we get the classical “conjugation theorem” of valuation theory:
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Corollary 2.1.11. Let (K,v) be a valued field, L be a normal extension and wi ,wo be two val-
uations on L extending v, then there exists o € aut(L/K) such that w o o is equivalent to w.

Proof. Let L; be the £y p-structure associated to (L, w;). By hypothesis, the identity on K is
an £y pr-embedding from Ly to Ly. By Remark 2.0.3.3, L; < M; = ACVF. By elimination
of quantifiers (Theorem 2.1.8), there exists an £y (K )-embedding o : Ly - M>. Since L is
normal, 0(L1) = L. So we do have o € aut(L/K') and wy o o is equivalent to w;. L

2.2 Properties of definable sets

We now give a complete description of types concentrating on K over algebraically closed sub-
sets of Kin ACVF. Fix M = ACVF and A = A* <K(M).

Definition 2.2.1. Let B be a pseudo Cauchy filter over A. An element a € K(M) is said to be
generic in B over A if, for every ball b of A:

aebifand onlyif b € B.

We write 73| 4 for the — a priori partial — type of generics of 9B over A.

Proposition 2.2.2. Let a € K(M). Let*B be generated by {b ball in A | a € b}. Then:

8|4 = tp(a/A).
In particular ng| 4 is a complete type over A.

Proof. Note that, by construction, a = 73| 4. Let us first assume that 9B is generated by some
closed ball by = By (q)(c), with ¢,d € A. If d = 0, then 9|, (x) £ 2 = ¢ which generates a
complete type. Otherwise, let @’ = np|, and o’ =res((a’ - ¢)/d). If &’ e res(A)* = res(A) —
by Proposition 2.1.2.2 — then we find e € K(A) withres(e) = o/, ze. v(a'-(c+de)) > v(d),so
a’ € B,y(ay(c+de), a contradiction to a’ = 1| 4. So o ¢ res(A)* and, by Proposition 2.1.2.3,
(a' —=¢)/d=4 (a-c)/d,and hence a’ =4 a.

Let us now assume that 98 is not principal — Ze. it is not generated by a single ball — and
that B n A = @. If the minimal P such that 0 € P,B is not 0, by 2.1.5.2, BNA=BnA* =g,
a contradiction. So P = 0 and, since any a’ = 1p| 4 is in B, by 2.1.5.3, we have @’ = 4 a.

Let us now deal with the remaining case. We may therefore assume that 9B is not generated
by a single closed ball and that there exists some c € B n A. Leta’ = 1| 4. For every vy € v(A),
we have v(a’ - ¢) > 7 if and only if By, (c) € B, which is equivalent, since B is not generated
by Bs+(c), to Bs(c) € B, i.e. v(a' - ¢) > . Itfollows that v(a' - ¢) ¢ v(A4) = Q- v(A) — the
equality follows from Proposition 2.1.3.2 — and that, by Proposition 2.1.3.3, (a’-c) =4 (a—c).
Soa’ =4 a. O

Remark 2.2.3. We sce from the proof that there is a correspondence between the descriptions
of the types over A concentrating on K in algebraic terms and in terms of generics of pseudo
Cauchy filters:

* generics of closed balls correspond, up to translation and scaling, to residual extensions;
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2 Algebraically closed valued fields

* generics of open balls correspond, up to translation, to ramified extensions where the cut
is of the form 77

* generics of non principal pseudo Cauchy filters with an accumulation point in A corre-
spond, up to translation, to the other ramified extensions;

* generics of non principal pseudo Cauchy filters without accumulation points in A cor-
respond to immediate extensions.

Proposition 2.2.2 states, among other thing that types in K are entirely determined by their
restriction to the Boolean algebra generated by balls. By some abstract non-sense, every defin-
able subset of K is, up to equivalence, in said algebra.

Definition 2.2.4. * An A-Swiss cheese is a set of the form b \ U;.,, b; where bis a ball in A
and the b; c b are (disjoint) subballs, in A.
* A Swiss cheese b \ UU; b; is nested inside some other Swiss cheese d \ U d; if there exists a
Jj such that b = d;.

Theorem 2.2.5 (Holly, 1995). Any £ r(A)-definable subset of K has a unique decomposition
as a finite disjoint union of non-nested A-Swiss cheeses.

Proof. Let A(z) be the set of finite unions of A-Swiss cheeses.

Claim 2.2.5.1. A(x) is stable under Boolean combinations.

Proof. It suffices to show that the intersection of two A-Swiss cheeses is an A-Swiss cheese and
that the complement of an A-Swiss cheese is a finite union of A-Swiss cheese. Let B = b\ U; b;
and D = d \ U, d; be two Swiss cheeses. We have Bn D = (bnd) ~ (U;(dnb;) uU;(bnd;))
where some of the intersections might be empty. Similarly K \ B = (K \ b) uU; b;. O

Proposition 2.2.2 implies that for all p € S;(A), p| = pn A E p. In other terms, for any
Li,r(A)-formula (), a € (M) and c e K(M), if ¢ = tpa (a), then M & ¢(c). By compact-
ness (see, for example [9, Lemma 3.1.1]), any £y r(A)-definable subset of K is equivalent to a
formulain A(z), thatis a finite union of A-Swiss cheeses. Since the union of two non disjoint
A-Swiss cheeses is an A-Swiss cheese — (b\U; b;) U (d\U; d;) = b (Ui (bi~d) ulU; ;(bindy)),
where d € b — and the union of two nested swiss cheeses is a swiss cheese — b~ U; b; U (d ~
Ui di) = b~ (Uis0 bs U dj), where d = by — we may assume that the finite union is a disjoint
union of non-nested A-Swiss cheeses.

Uniqueness now follows from:

Claim 2.2.5.2. Let (D;)i<n be disjoint non nested Swiss cheeses and B be some Swiss cheese such
that B € \J; D;, then there is some i such that B € D;.

Proof. We may assume that the D; form a minimal cover. In particular, we then have that, for
every i, Bn D; # @. If n = 1 then the claim is proved. So, let us assume thatn > 2.

Let us first assume that the D; and B are balls. Pick ¢; € B n D;. Let b be the smallest ball
containing all the ¢;. Itis a closed ball of radius 7 := min;.; v(c; — ¢;). Wehave b ¢ B ¢ U; D;.
If b ¢ D;, for some i, then every ¢; is in b € D;, contradicting that D; n D; = @. So we
must have that, for every i, D; ¢ b. Let d; := Bs,(¢;), it is the maximal strict subball of b
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2 Algebraically closed valued fields

containing ¢;, in particular D; € d;. So b € U; d;. Let d be some maximal open subball of b,
then d intersects some d; and by maximality d = d;. It follows that Ry, := {d c b | maximal open
subball} = {c +~ym | c € b} is finite. However, if we choose a e band e e v1(7), ¢+ (c—a)/e
is a bijection b - O sending elements of Ry, to elements of k which is infinite; a contradiction.

Let us now come back to the general case B = b\ U, bj, D; = d; \ Uy d; ¢, where the d; ¢ are
disjoint. Since B ¢ U; D;, we have b € U; d; uU; b;. It might happen that the d; and b; are not
disjoint, but a subset of them is and covers b. So, by the previous case, and since b; c b, there is
some i such thatb ¢ d;. If bnd, ¢y = @, for all i, we indeed have B ¢ D; and that concludes the
proof. So we may assume that there is some £ such thatbnd, o # @. If b ¢ d; 4, then Bn D; = &;
a contradiction. Hence d; c b. It follows that d; o ~ U; € Bnd; ¢ € Uy D] nd; ¢ € Uz Dir,
since D;nd; ¢ = @. In other words, d; o € Ujr+; dir UUj; bj. So, by the case for balls proved above,
either d; y € b, for some j, or d; ¢ S dyr, for some ¢ # 4. In the latter case, since D; n D} = @,
d; € Up d; - and hence it is covered by one of the d; 7. Recall that the d; ¢ are disjoint and
di¢ N di # @ and hence d; ¢ = djr, contradicting the assumption that the D; are not nested. It
follows that any d; , that intersects b is contained in some b, thatis B ¢ D;. O

Uniqueness of the decomposition follows from the fact that whenever a Swiss cheese is in-
cluded in a finite disjoint union of non-nested Swiss cheeses, then it is included in one of those
Swiss cheeses. O

Remark 2.2.6. Note that we have also proved the following very useful fact: it A = A* ¢ K(M),
then any A-definable ball is an A-ball; that is, it has a center in A and its valuation is in vA. If
A is non trivially valued, by model completeness, A > M, so the above statement is clear. But
if A is trivially valued, it requires a little work.

We will now describe the structure induced on the residue field and the value group. But let
us introduce some terminology first:

Definition 2.2.7. Let T be an £-theory and D be a £-definable set. We say that D is stably
embedded if for every M = T and every £(M )-definable X ¢ D", X is £(D(M))-definable.

Definition 2.2.8. Let 7' be an £-theory and D be some £'-structure interpretable”in 7. We say
that D is a pure £'-structure if any £-definable X ¢ D™ is £'-definable.

In particular, if D is also stably embedded, any £( A )-definable subset of D™ is £'(D(M))-
definable.

Definition 2.2.9. Let T' be an £-theory, two £-definable sets Dy and D, are orthogonal if for
every M = T, any £(M )-definable set X ¢ D" x DJ? is a finite union of boxes of the form
Y1 x Y where Y; € D" is £(M )-definable.

Let us now fix some M = ACVF and some A < M.

Proposition 2.2.10. If X ¢ k" is £ 1 (A)-definable, then it is £.,(k(A))-definable. In partic-
ular, the residue field k is a stably embedded pure ring.

*That is for every sort X of £ a choice of an £-definable set X T for every function symbol f : X - Y of £, an
£-definable function f7 : [T, X;” - Y and for every relation symbol R ¢ X of £, an £-definable subset of
I, X7
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2 Algebraically closed valued fields

Proof. By elimination of quantifiers (Theorem 2.1.8), and since £,4(k(A))-definable sets are
closed under Boolean combinations, it suffices to consider atomic formulas. So we may assume
X isdefined by R(z, p(P(a),Q(a)), ) = 0where z,y, z are tuples, R € Z[x,y, 2], P,Q € Z[t]
are y-tuples, a € K(A)" and a € k(A4)? is a tuple. Since p(P(a),Q(a)) € k(A), this is indeed
an £,4(k(A))-formula. [l

Proposition 2.2.11. If X c I is £ 0 (A)-definable, then it is Log (' (A))-definable. In partic-
ular, the value group I is a stably embedded pure ordered monoid.

Proof. As above, it suffices to consider atomic formulas. So we may assume X is defined by
L(z,v(P(a)),7) < 0 where L is a Z-linear function, P € Z[t] is a tuple, a € K(M)" and
v e I'(M) is a tuple. This is indeed an £,4(I'(A))-formula. [

Proposition 2.2.12. The value group T' and the residue field k are orthogonal.

Proof. Since finite unions of boxes are closed under Boolean combinations, it suffices to con-
sider atomic formulas. But variables from I" and k cannot both occur in the same atomic £ r-
formula. So subsets of I x k™ defined by atomic formulas are either of the form I'” x Y5 for
some Y5 € k™ or Y] x k™ for some Y7 c I'"™. ]

We conclude this section by describing the algebraic closure in ACVF:
Proposition 2.2.13. We have acl(A) = K(A)* uk(A)*uQ-T'(A).

Proof. Fix a € k(M) and let P be its minimal polynomial over k(A). Then, either P # 0, in
which case, since P has finitely many roots, we have o € acl(A), or P = 0, in which case, by
Proposition 2.1.2 and Theorem 2.1.8, there is an £(A)-elementary embedding sending « to
any f € M* > M transcendental over k(A) and hence a ¢ acl(A). So k(acl(A)) = k(A4)*.

Fix v € T"(M) and let n be its order in I’ (M) /T (A). Then, if n # oo, since I (M) is
torsion free, v € dcl(A) ¢ acl(A). If n = oo, by Proposition 2.1.2 and Theorem 2.1.8, there
is an £(A)-elementary embedding sending v to any § € M™ > M realising the same cut. So
v ¢ acl(A). It follows that T'(acl(A)) = Q- T'(A).

Now, fix a € K(M). By Proposition 2.2.2, tp(a/K(A)?) is the generic of some pseudo
Cauchy filter B. Since non trivial balls are infinite, such a generic is algebraic if and only if B
contains a singleton, in which case a € K(A4)*. Soacl(K(A)) = K(A)*.

Claim 2.2.13.1. Forevery ( e k(M) uT'(M), C = K(acl(K(A)()) c K(A)*

Proof. Let us first assume that ( € k(M). Since res™'(() is infinite, there exists ¢ € M* >
M transcendental over C, with res(c) = (. If ¢ € T”(M), we find such a ¢ with v(¢) =
¢. In both cases, we have ¢ € acl(K(A)c) and hence C' ¢ K(acl(K(A)c)) = K(A)(e)>
Now 1 = trdeg(K(A)(c)/K(A)) = trdeg(C(c)/K(A)) = trdeg(C/K(A)) + trdeg(c/C) =
trdeg(C/K(A)) +1,s0 C c K(A)>. O

By induction on an enumeration of k(A) UT'(A), we have K(acl(A4)) = K(A)?. ]
Corollary 2.2.14. Any & v (M )-definable function f : k" x ' — K has finite image.
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3 Imaginaries

Proof. LetY = f(k"xI'™). Then, foreveryelementary h : M — M*,h, Y (M*) € acl(K(h(M))u
k(M*)uT(M*)) = K(h(M)), by Proposition 2.2.13. If Y is infinite, then, by compactness,
there exists an elementary h : M — M* such that b, Y (M*) N K(h(M)) # @. It follows that
Y is finite. [

Remark 2.2.15. Describing the definable closure in all three sorts is more complicated. If A ¢
K(M), then, by Proposition 2.2.10, k(dcl(A)) is the perfect hull of the fraction field of k(A4).
Similarly, by Proposition 2.2.11, I'*(dcl(A)) is the divisible hull of the group generated by
vA*. We can also prove that K(dcl(A)) is the perfect hull of the henselianization of K(A), but
this goes slightly beyond the scope of these notes.

3 Imaginaries

In this last section, we wish to consider three related questions:

* What do quotients of definable sets by definable equivalence relations look like?

* Do definable families admit moduli spaces: is there a definable set whose points are in

definable bijection with the definable sets that appear in the family?
* Does a definable set have a smallest set of definition?
Before answering these three questions in ACVF, let us introduce some general background

and terminology. Let £ be some language, M be an £-structure and X ¢ M?® be £(M)-
definable.

Proposition 3.0.1 (Poizat, 1983). Let T be a theory such that for every finite tuples of sorts X and
Y, there exists a finite tuple of sorts Z and L-definable injectivemaps 1x : X - Zand vy 1Y - Z
with disjoint images'’. The following are equivalent:

1. T eliminates imaginaries: for every M = T and £(M)-definable X set X ¢ M?, there
exists an L-formula (zy) and a € MY such that, for all c € MY, (M, c) = X if and only
if ¢ = a (we say that a is a canonical parameter of X via 1);

2. T uniformly eliminates imaginaries : for every S-definable V¢ X x'Y, there exists an
L-definable W ¢ X x Z such that for every M & T and a € Y (M), there exists a unique
ce Z(M) suchthatV, :={x e X | (x,a) eV} =W..

3. Any interpretable set is represented, in T, by a definable set: for every M = T, A < M
and £(A)-definable equivalence relation E ¢ X x X, there exists an £(A)-definable map
[+ X = Zsuch that for all ©1,x9 € X, x1Exo if and only if f(x1) = f(x2).

Sketch of proof. Assuming (i), (ii) follows by compactness. We use the representability of dis-
joint unions to go from the finitely many definable families given by compactness to just one.
Now assuming (ii) and given X and FE, as in (iii), let W be as in (ii) applied to E' ¢ X x X.
We now define f(z) to be the unique z such that £, = W..
Finally, assuming (iii) and given some M -definable set X = ¢(M, a), we apply (ii) to the
equivalence relation yy Eyp defined by Va, o(x,y1) < ¢(z,12), togetsome f : Y - Z asin
(ii). Then ¢ (x, 2) == Jy f(y) = 2 A p(x,y) and f(a) satisty (i). [l

0Tn other words, the category of £-definable sets has finite coproducts.

21



3 Imaginaries

Note thatif a is a canonical parameter of X, via some ¢, then dcl(a) is the smallest dcl-closed
set of definition of X — in particular, it does not depend on the choice of . If M is sufficiently
large, this leads to a purely semantic, Galois-type, characterisation of canonical parameters:

Lemma 3.0.2. Let M be an Xy-saturated and strongly Ri-homogeneous structure, X an M de-
finable set and a € M a tuple. The following are equivalent:

1. aisa canonical parameter of X — via some p;

2. autx (M) ={oecaut(M) | o(X) = X} = aut(M/a).

We will thus simply say that the tuple a codes X.

Proof. Let us first assume that a is a canonical parameter of X. Then any automorphism of M
that stabilizes X fixes a. Conversely, since X is a-definable, any automorphism fixing a stabilizes
X. So (ii) holds.

If (ii) holds, write X as ¢(M,m) for some tuple m € M. Then, thesetY = {m e M |
(M, m) = X} is stabilized by aut M /a) and hence is a-definable — by some formula ¢z, a).
We may assume implies that for all ¢, m1, mg € M, (mq, ¢) Ap(ma, ¢) implies that o (M, m) =
©(M,mg). Also, given any m € Y, every automorphism fixing m stabilizes X and hence fixes
a. By compactness, there exists an £-definable map f such that foreverym e Y, f(m) = a. We
now consider the formula 6(z,y) = 3z, f(2) =y Ay (2,y) Ap(z,2). Then (M, a) = X and,
if ¢, m € M are such that o(M,m) = X, ¢ (m,c)and f(m) =c¢,thenm e Y,soc= f(m) = a.
So a is a canonical parameter of X via . [

Before we move on to the more complicated case of algebraically closed valued fields, let us
consider the imaginaries in algebraically closed fields:

Theorem 3.0.3 (Poizat, 1983). The £,s-theory of algebraically closed fields (uniformly) elimi-
nates imaginaries.

Sketch of proof. Let K be an algebraically closed field and X ¢ K" be £, (K )-definable. We
may assume that X is a class of an £,,-definable equivalence relation. Let p be the generic type
of anirreducible components of the Zariski closure X" c K™ The type p is entirely determined
by I(p) == {P € K[z] | p e P =0} = UgVa(p), where Vy(p) = {P ¢ K[z] | pE P =
0and deg(P) < d} < K™ is a sub-K-vector space of dimension r4. Note that A" V(p) <
A'¢K™d ~ K" is dimension 1 — it is therefore an element a; € P(K ") which can be £,,-
definably identified with a subset of K™d*!,

Then any automorphism o of K fixing the (aq)4s0 fixes the type p. Moreover, since p £ X
and since X is a class of an £,4-definable equivalence relation, o stabilizes X. By compactness,
X is £r4(aq)-definable for some sufficiently large d. Note that the orbit of p under aut x (M) is
contained in the set of generic types of irreducible components of the Zariski closure X' c K™,
which is finite. Thus so is the orbit C of ay.

Since for any element of ¢ € C, X is (uniformly) c-definable, it suffices to show that the
finite set C has a canonical parameter. Let P(z,y) = [T.c(x — ¥;ciy’) and b be the tuple
of its coeflicients. Then C'is £,4(d)-definable and d is fixed by autc (M ); so d is a canonical
parameter of C' and hence X, concluding the proof. O
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Let us now consider imaginaries in algebraically closed valued fields.

Remark 3.0.4. There are balls that do not have a canonical basis in the three sorted language.
Take, for example, an open ball of radius y ¢ dcl(@) at distance v from 0. Then the fixed points
of auty (M) are included in acl(~y), but b is not acl(~y) definable.

So ACVF does not eliminate imaginaries in the three sorted language. We can, however,
describe a — minimal — set of imaginaries which is sufficient to eliminate all imaginaries:

* Let S, be the set lattices in K": rank n free O-submodules of K". Note that any such
module is determined by its basis in K", and two bases of K", seen as elements of GL,, (K)
generate the same O-module exactly when they are in the same coset for GL,,(O). This
yields an identification S,, ~ GL,,(K)/GL,(O).

* Let Ty, := Uses, s/ms. Itis a collection of dimension n k-vector spaces. To any M e
GL,(K), we can associate an element of 7T}, by considering the coset a + s/ms where s
is the lattice with basis A/ and a is its last column. Then two elements of GL,,(K) give
rise to the same element in sy, if and only if they are in the same coset for the subgroup
GL,, ,(O) of matrices whose coordinate-wise reduction modulo m has zeros on the first
column, except fora 1 on the diagonal. Note however, that we only get non zero elements
in any s/ms in this manner. So T,, can be identified with GL,,(K)/GL,, ,(O) u S, (K),
where any s € S, (K) is identified with the zero of s/ms.

Remark 3.0.5. We have:
* S ~K*¥/O* =T.
e Ty ~K*/(1+m)=RV.
* The set of closed balls with finite radius can be @-definably embedded in Sa;
* The set of open balls with finite radius can be @-definably embedded in Ts;

So these interpretable sets do take care of the obstruction to elimination of imaginaries raised
in Remark 3.0.4. In fact, they also take care of similar higher dimensional obstructions. The
main result whose proof we will now sketch is that these new sorts are sufficient.

Definition 3.0.6 (Geometric language). Let £g be the language with:
* asort K with the ring language;
* sorts S, for all n € Z.o;
* amaps,: K" —Sy;
* sorts T,,, forall n € Z.g;
* amapty: K" o T,.

We denote by G the set of £g-sorts. Any valued field has a natural £g-structure given by in-
terpreting s, and t,, as the canonical projections on GL,, (K); and O", respectively m"”, outside.

Theorem 3.0.7 (Haskell-Hrushovksi-Macpherson, 2006). The £g-theory of (non trivially)
valued algebraically closed fields eliminates imaginaries.

The proof we give below is a proof of Johnson [7], building up on a proof of Hrushovski
[4]. The notion of a definable type is central:
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Definition 3.0.8. Let M be some £-structure. A type p € S, (K) is said to be £(M )-definable
if for every formula ¢(x, y), there exists an £(M )-formula 6(y) such that, for all a € M,

pE (x,a)ifand only if M = 0(a).
The other important notion is that of a (definable) valued vector space:

Definition 3.0.9. Let K £ ACVF and V' be a K-vector space. A valuation on V' is a map
w:V = X u{oo}, where (£, <) is totally ordered and v K™ acts strictly increasingly on %, such
that:

1. w(0) =00 >3

2. forallz,y e V,w(z +y) > min{w(z),v(y)};

3. foralla € K,w(ax) =v(a) + w(x).
We say that a valuation w on K" is definable if w(z) < w(y) is.

Sketch of proof for Theorem 3.0.7. Let K £ ACVF be sufficiently large and X ¢ K" be some
£5(K)-definable set.

Claim 3.0.9.1. There exists an £g(K )-definable type p € Sx (K) with a finite aut x (K )-orbit.

Proof. Assume first that X ¢ K. Then, by Theorem 2.2.5, X has a unique decomposition
Ui<n bi \ b; j of disjoint non nested Swiss cheeses. Then p := 7, has the required properties. If
X ¢ K", byinduction, we find an £g (K )-definable ¢(x) € S;(x)(K) with afinite aut x (K)-
orbit, where 7 : K™ - K" is the projection on the first n coordinates. Leta € K* > K
realise g. By the dimension 1 case, we find an £5 (K ™)-definable r, € Sx, (K™) with abounded
aut x, (K™ )-orbit — in particular a finite aut x (K*/a)-orbit.

Let ¢ = 74. Then p(zy) = tp(ac/K) has a finite aut x (K')-orbit. There remains to prove
that it is definable. Fix a £-formula ¢(z,y, 2) and ¢ € K some tuple. We have ¢(z,y,c) € r
if and only if p(x,a,c) € rq. LetY, := {c € K | ¢(x,a,c) € r,}. This set is K*-definable
and it has a finite aut(K™*/Ka)-orbit (Y;)i<n. Then, the relation ¢ E,co (in K*) defined by
Ni<n €1 € Y; < ¢ € Y;is K a-definable and has finitely many classes. So the relation (in K) ¢; Eco
defined by ¢1 E,co € ¢(x) is K-definable and also has finitely many orbits. By construction, if
c1Ecoand p(x,y,c1) € r,then p(x,y,co) € r. In other words, theset {¢; € K | o(z,y,c1) €1}
is a (finite) union of E-classes and is, therefore, K-definable. O

Let now p € Sk¢(K) be any £5(K)-definable type — in particular it could be the type
obtained in Claim 3.0.9.1, but it does not have to be. We wish to find some a € G(K) such
that aut(K/p) = aut(K/a). For very d € Zsg, let wq be the (definable) valuation on {P «
K[z] : deg(P) < d} =~ K™ such that wg(P) < wq(Q) if and only if p(x) = v(P(z)) <
v(Q(z)). Note that wy, is aut (K /p)-invariant, where aut(K/p) = {0 € aut(K) : o(p) = p}.
By quantifier elimination, the (wg) 450 characterise p.

We also define v < 4, for every 7,9 € w,K™4, if there exists a € K such thaty < 6 + v(a).
This is a — definable aut (X /p)-invariant — preorder whose associated equivalence relation =
refines the vK*-orbits. Finally, lety ~ § it 6 — v(a) <y <0 +v(a), forevery a € O \ {0}. This
— definable aut(K /p)-invariant — equivalence relation refines = and its classes have at most
one element in each vK*-orbit.
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Claim 3.0.9.2. There exists a basis (P;)i<m, of K™ such that for all a; € K, w,(Y; a;FP;) =
min; v(a;) + wy(P;). Moreover, the P; can be chosen such that ~y; = wy(P;) is aut(K/p)-
invariant and, for all i and j, if v; = vj, then v; ~ ;.

Proof. Any (finite dimensional) valued vector space (V, w) over a spherically complete field K
has a separated basis; that is a basis b such that forevery a; € K, w(X; a;b;) = min; v(a;)+w(b;).
Since any completion of ACVF admits spherically complete models, any definable valuation on
K™ admits a separable basis.

Now, for every v € W, K™, let Vg, := {x € K™ : v Qwp(x)}. This an aut( K /p)-invariant
subspace of K. It has a basis of aut(//p)-invariant elements — given by considering the
lift of the canonical basis of any injective coordinate projection to some K". In particular, it
contains an aut (K /p)-invariant element which is not in the proper subspace Vi, {z ¢ K™ :
v < wp(x)}. In other words, every =-class contains an aut (M /p)-invariant element.

Moreover, by definable completeness of vK* = DOAG, its ~-class intersects any vK*-orbit in
its =-class. It follows that every vKK* contains an aut(M /p)-invariant element and that they can
be chosen in the same ~-class whenever they are in the same =-class. By scaling, we may assume
that valuations of the elements of a separated basis of (K™, w),,) are those aut (M /p)-invariant
elements. O

Claim 3.0.9.3. There exists a tuple a € G(K) such that aut(K [p) = aut(K /a).

Proof. Fix some i. Let Rg; := {P € K™ | wy(P) > 7;}. They are aut(K/p)-invariant O-
submodules of K¢ and p is entirely characterised by them. Let Vy; := {P e K™¢ | wy,(P) < v;}
be its K-span, Wy ; := {P € K™ | w,(P) >~;} and Sy ; be the O-submodule generated by the
P; with ; <4 ;. Then Sq,; /Wy, € Vii/Wa, is a lattice and, since mSg; € Ry, is determined
by its image Ly ; in Sq;/mSg ;, which is a k-subspace.

Choosing an aut (K /p)-invariant basis of V;; and Wy ;, we may assume that V; = K" and
Wa,i = {0}. Then Sg; € S,,(K) and there remains to code L4 ;. Taking exterior powers, we may
assume dimy(Lg;) = 1. Let 7 : K™ — K be the projection on the first coordinate. Then 7 in-
duces a short exact sequence 0 - S/}, - Sq; = 7(Sg,;) — 0 of lattices. If Ly ; € S);,/mS), ., we
conclude by induction on the rank of S&7i. Otherwise, 7| L, is injective and it suffices to code
the function 7(.Sg, ) /mm(Sq,) = Sq,/mSq; induced by its inverse. But it can be identified with
an element of Hy;/mH,;, where Hy; is the lattice Homo (7(S4,), Sq4,) € Homg (K, K") =~
K". ¢

Letus come back to the proof of Theorem 3.0.7. If X is a class of an £g-definable equivalence
relation, p is as in Claim 3.0.9.1, and a is as in Claim 3.0.9.3, then a has a finite aut x (K)-
orbit C'. Moreover, for any e € C, both p and X are aut(K /e)-invariant. It follows that X is
autc (K )-invariant. So there only remains to code the (finite) set C':

Claim 3.0.9.4. Let C be a finite subset of sorts of £g. Then, there exists a definable type p con-
centrating on some K¢ such that autc (K) = aut(K [/p) — in particular, by Claim 3.0.9.3, C is
coded by some a € G(K).

For every definable types p(z) and ¢(y), let p(z) ® ¢(y) denote the definable type whose
restriction to any (small) A ¢ K is the type of pair ab with a £ p|A and b = ¢|Aa.
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Proof. We may assume that the elements of C are identically sorted. We first assume that C' ¢
K" xk™. Let Cy, € k be the (finite) set of elements of k thatappearin C. Let P() = [Teec, 76,
a its tuple of coefficients and a E 7ye5-1(a) = ®i Mes-1 (i) — Which depends on a choice of
enumeration of .. Then the roots of Q(x) = ¥; a;x" are in one to one correspondance by res
with the elements of Cy. So C'is in £¢(a)-definable bijection with a finite subset D ¢ K"*™,
which is coded by some d € K¢ by elimination of imaginaries in the theory of algebraically closed
fields. Then p = tp(d/K’) has the required properties.

We now consider the general case. Since tensor product induces an £g-definable injection
Sn X Sm = Sp+m and T, x Ty, = Ty, we may assume that C' ¢ K" x S,,, x Ty. Lengthening
the tuples in C, we can further assume that £ = m and if (a, s,t) € C' with c € K", s € S, and
t € T,, wehavet € s/ms.

For every m > 0, let nar,, (o) be the type of elements in a € O™ such that res(a) is generic
in GL,, (k). It is a £5-definable type and for every A & ng1,,, and B € GL,,,(O(K)), B- A E
NGL,(0)- Lhen, for every s € S, (K) and every basis B € GL,,(K) of s, the type ns of B - A
does not depend on the choice of B. Itis £5(s)-definable.

For every ¢ = (a, s,t) € C, let p. be the type of a, b, e where b = 75 and e € k™ is the coordi-
nates of ¢ in the basis b/ms of s/ms. Then, forany two c1, ¢2 € C, pe, ®pe, (T, Y) = Pey ®Pe, (Y, )
— the types p,, are said to be generically stable. So pc = @ pe does not depend on a choice
of C. So it is a definable autc (K )-invariant type and C' is aut( K /p)-invariant.

Let E ¢ K™™ xk™ be the set enumerated by some realisation of pc. By the first paragraph,
E is coded by some tuple e € G(K). Then, p = tp(e/K) has the required properties. O

As explained above Claim 3.0.9.4, this concludes the proof of Theorem 3.0.7. ]

Remark 3.0.10. In the previous proof, we implicitly used the following criterion given by
Hrushovski [4] for elimination of imaginaries. If 7" is an £-theory, with dominant sorts'! S,
such that, for every M = T
* for every M-definable X of a sort in S, there exists an M-definable type p = X with a
finite aut x (M )-orbit;
¢ any M-definable type p, is a-definable for some (infinite) tuple a € M with finite aut (M /a)-
orbit;
* any finite set of tuples C' € M has a code in M.
Then T eliminates imaginaries.
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