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DEFINABLE AND INVARIANT TYPES IN ENRICHMENTS OF NIP
THEORIES

SILVAIN RIDEAU AND PIERRE SIMON

Abstract. Let T be an NIP L-theory and T be an enrichment. We give a sufficient condition on T
for the underlying £-type of any definable (respectively invariant) type over a model of 7 to be definable
(respectively invariant). These results are then applied to Scanlon’s model completion of valued differential
fields.

Let T be a theory in a language £ and consider an expansion 7' C T ina
language L. In this paper, we wish to study how invariance and definability of types
in T relate to invariance and definability of types in 7. More precisely, let ${ = T
be a monster model and consider some type p € S(4) which is invariant over some
small M |= T. Then the reduct p of p to L is of course invariant under the action
of the Z—automorphisms of i that fix M (which we will denote as L (M)-invariant),
b~ut there is, in general. no reason for it to be £(M )-invariant. Similarly, if p is
L(M)-definable. p might not be £(M )-definable.

When T is stable. and ¢ (x: y) is an L-formula. ¢-types are definable by Boolean
combinations of instances of ¢. It follows that if p is £(M )-invariant then p is both
L(M)-invariant and £(M )-definable. Nevertheless, when T is only assumed to be
NIP. then this is not always the case. For example one can take 7" to be the theory
of dense linear orders and £ = {<, P(x)} where P(x) is a new unary predicate
naming a convex nondefinable subset of the universe. Then there is a definable type
in 7 lying at some extremity of this convex set whose reduct to £ = {<} is not
definable without the predicate.

In the first section of this paper, we give a sufficient condition (in the case where
T is NIP) to ensure that any £(M )-invariant (resp. definable) L-type p is also
L(M )-invariant (resp. definable). The condition is that there exists a model M of
T whose reduct to £ is uniformly stably embedded in every elementary extension
of itself. In the case where T is o-minimal for example, this happens whenever the
ordering on M is complete.

The main technical tool developed in this first section is the notion of external
separability (Definition 1.2). Two sets X and Y are said to be externally separable
if there exists an externally definable set Z such that X € Z and Y N Z = 0.
In Proposition 1.3, we show that in NIP theory, external separability is essentially
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a first order property. The results about definable and invariant sets then follow by
standard methods along with a “local representation” of ¢-types from [7].

The motivation for these results comes from the study of expansions of ACVF
and in particular the model completion VDF¢¢ defined by Scanlon [5] of valued
differential fields with a contractive derivation, i.e.. a derivation 0 such that for all
x. val(8(x)) > val(x). In the third section, we deduce, from the previous abstract
results, a characterisation of definable (resp. invariant) types in models of VDFgc
in terms of the definability (resp. invariance) of the underlying ACVF-type. This
characterisation also allows us to control the canonical basis of definable types in
VDF¢c. an essential step in proving elimination of imaginaries for that theory in [4].

NoTATION. Let us now define some notation that will be used throughout the
paper. When ¢(x: y) is a formula, we implicitly consider that y is a parameter of
the formula and we define ¢°PP(y; x) to be equal to ¢(x; y).

We write N <" M to denote that M is a |N|"-saturated and (strongly) |N|*-
homogeneous elementary extension of N.

Let X be an £(M )-definable set (or a union of definable sets) and 4 C M. We
denote by X (A) the set of realisations of X in 4. i.e.,theset{u € 4: M Ea € X}.
If R is a set of definable sets (in particular a set of sorts), we define R(4) :=

Urer R(4).

§1. External separability.

DEFINITION 1.1 (Externally ¢-definable). Let M be an £L-structure, ¢(x:¢) be an
L-formula and X a subset of some Cartesian power of M. We say that X is externally
¢-definable if there exist N = M and a tuple @ € N such that X = ¢(M:a).

DEFINITION 1.2 (Externally ¢-separable). Let M be an L-structure, ¢(x:7) be an
L-formula and X, Y be subsets of some Cartesian power of M. We say that X and
Y are externally ¢-separable if there exist N > M and a tuple ¢ € N such that
XCo¢p(M:a)and Y Np(M:a) = 0.

We will say that X and Y are ¢-separable if ¢ can be chosen in M. Note that a
set X is externally ¢-definable if X and its complement are externally ¢-separable.

PRrOPOSITION 1.3. Let T be an L-theory and ¢(x:t) an NIP L-formula. Let U(x)
and V (x) be new predicate symbols and let Ly y := LU{U V'}. Then, there is an
Lyy-sentence Oy y and an L-formula w(x:s) such that for all M = T and any
enrichment Myy of M to Ly, we have:

if Uand V are externally ¢-separable, then My = Ouv

and
if Myy |= Ouy., then U and V' are externally w-separable.

Proor. Let k| be the VC-dimension of ¢(x: 7). By the dual version of the (p. ¢)-
theorem (see [3] and [6. Corollary 6.13]) there exists ¢; and n; such that for any set X,
any finite A C X and any S C P(X) of VC-dimension at most k. if for all 4y C 4
of size at most ¢; there exist S € S containing A4y. then there exists Sy,...,S,, € S
such that 4 C Ui§n1 S;. Let k> be the VC-dimension of U?':l ¢(x:1;) and ¢; and ny
the bounds obtained by the dual (p. ¢)-theorem for families of VC-dimension at
most kj. Let
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Ouy ==X, X V1o Vg /\ U(x;) A /\ V(y;)
i<q J<q

= 3t /\ P(xizt) A /\ =¢(yjit).
i<q i<q>

Now. let M <* N |= T, U. and V be subsets of M*I and d € N be a tuple. If
UCo¢(M:d)and V C —¢(M:d)thenforany A C U and B C V finite there exists
dy € M such that A C ¢(M:dy) and B C —¢(M: dp). In particular, My y = Oyy.

Suppose now that My | Oyy. Let By C V have cardinality at most ¢,. The
family {¢(M:d) : d € M a tuple and By C —~¢(M:d)} has VC-dimension at
most ki (a subfamily always has lower VC-dimension). Because My = 0y . for
any A9 C U of size at most ¢, there exists d € M such that 49 C ¢(M:d) and
By C ~¢(M: d). It follows that for any finite 4 C U there are tuplesd;. . ... Jdpy, €M
such that 4 C \/,, ¢(M:d;) and for all i < ny. By C =¢(M:d;). in particular,
By € =(V,<,, ¢#(M:d;)). By compactness, there exists tuple di.....d,, € N such
that U C V,., ¢(M:d;) and By C =(V,., #(M:d;)).

The family {-(V,.,, ¢(M:d;)) : d; € N tuples and U C V., ¢(M:d;)}
has VC-dimension at most k. We have just shown that for : any By of size at
most ¢>. there is an element of that family containing By. It follows by the
(p.q)-property and compactness that there exists tuples d;; € N = M such
that ¥ C Vo ~(Vyey 6(M:di)) = —(\ e, Viy (M:diy)) and U C
Nj<ny Vicn, #(M:d; ;). Hence, U and V are externally A, V<, ¢(x:t;)-
separable. B

We would now like to characterise enrichments T of NIP theories that do not
add new externally separable definable sets, i.e., L£-definable sets that are externally
L-separable but not internally £-separable. We show that if there is one model of T
where this property holds uniformly, then it holds in all models of 7.

PROPOSITION 1.4. Let T be an NIP L-theory (with at least two constants). LDL
be some language. T DT bea complete L-theory and yi(x:s) and y(x:s) be
L- -formulas. The following are equivalent:

(i) For all L-formulas ¢(x:1). all M \= T and all a € M there exists an L-

SJormula &(x; z) such thatif y1(M: a) and y»(M: a) are externally ¢-separated
then they are &-separated;

(i) For all L-formulas ¢(x: 1), there exists an L-formula &(x; z) such that for all

M =T andalla € M. if y)(M:a) and y>(M: a) are externally ¢-separated

then they are &-separated; B

(iti) For all L-formulas ¢(x:1t), there exists an L-formula &(x:z) and M = T

such that foralla € M, if y1(M:a) and y»(M: a) are externally ¢-separated
then they are E-separated.

Proor. The implications (ii) = (i) and (ii) = (iii) are trivial. N

Let us now show that (iii) implies (ii). By Proposition 1.3, there exists an £-
formula 0(s) and an L-formula w(x;u) such thatforall N = T and a € N:

71(N:a) and y2(N; a) externally ¢-separated implies N = 6(a)

and
N = O(a) implies y1(N:a) and y2(N; a) externally w-separated.
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Let M and & be as in condition (iii) with respect to . We have:
M EVs0(s) = Ju(Vx (r1(x:s) = Exsu)) A (a(x:s) = =E(x;u))).

As T is complete, this must hold in any N = T. Thus. if y;(N:a) and y,(N:a)
are externally ¢-separated, we have N |= 0(a) and hence y(N: a) and y2(N: a) are
¢-separated. _

There remains to prove that (i) = (iii). Pick any M <™ 4 = T. By (i), it is
impossible to find, in any elementary extension (U*, M*) of the pair (4, M), a tuple
a € M*and b € {4* such that y;(M*:a) and y»(M*; a) are separated by ¢ (M*: b).
but they are not separated by any set of the form &(M*; ¢) where & is an £-formula
and ¢ € M*. By compactness, there exists &; (x; u;) fori < nsuchthatforalla ¢ M
if y1(M:a) and y2(M: a) are externally ¢-separated. there exists an i such that they
are &;-separated. By classic coding tricks, we can ensure that n = 1. -

DEFINITION 1.5 (Uniform stable embeddedness). Let M be an £L-structure and
A C M. We say that 4 is uniformly stably embedded in M if for all formulas ¢ (x: ¢)
there exists a formula y(x:s) such that for all tuples b € M there exists a tuple
a € Asuch that ¢(A4.b) = y(A4.a).

REMARK 1.6. Ifthereexists M |= T such that M | - is uniformly stably embedded
in every elementary extension, then such an M witnesses Condition 1.4.(iii) for every
choice of formulas y; and y».

CoroLLARY 1.7. Let T be an NIP L-theory tNhat eliminates imaginaries, L oL
be some language and T 2 T be a complete L-theory. Suppose that there exists
M = T such that M|, is uniformly stably embedded in every elementary extension.
Let ¢(x:t) be an L-formula, N =T, A = dcleg(A) C N%andp e SE(N). If pis
L%9(A)-definable, then it is in fact L(R(A))-definable where R denotes the set of all
L-sorts.

PROOF. Leta = p. Then X :={m e N : ¢(x:m) € p} ={m e N : = ¢(a:m)}
is L-externally definable and £ (A)-definable (by some L-formula x). Tt follows
from Remark 1.6 that Condition 1.4.(iii) holds and hence, by Condition 1.4.(i).
taking y; = y and y» = —y, it follows that X is £-definable.

Because 7 eliminates imaginaries, we have just shown that we can find " X LeR.
But X is also £°9(A)-definable, hence any £°9(A)-automorphism of N stabilises
X(N) globally and therefore fixes "X 7~. If we assume that N is strongly |[A]T-
homogeneous (and we can), it follows that "X ¢ dcl‘zi1 (4) = A. Thus "X ¢ ¢

ANTR =TR(A) and X is L(R(A))-definable. 4

We will need the following result, which is [7, Proposition 2.11].

PrOPOSITION 1.8. Let T be any theory, ¢(x;y) an NIP formula, M <* N = T
and p(x) a global M -invariant ¢-type. Let b, b’ € 8\ 3= N such that bothtp(b/N) and
tp(b’/N) are finitely satisfiable in M and tp yop (b/N ) = tpyop (b’ /N ). Then we have
Ply - ¢(x:d) <= ¢(x:b").

_ProrosiTioN 1.9. Let T be an NIP L-theory, L D L be some language and

T O T be a complete L-theory. Let R denote the set of L-sorts. Suppose that there
exists M = T such that M|, is uniformly stably embedded in every elementary
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extension. Let ¢(x:t) be an L-formula, N E T be sufficiently saturated, A C N
and p € S2(N) be L(A)-invariant. Assume that every L(A)-definable set (in some
Cartesian power of R) is consistent with some global L(R(A))-invariant type. Then
p is L(R(A))-invariant.

PROOF. Let us first assume that 4 = T. Let b; and by be such p(x) F ¢(x.b;) A
—¢(x. by). We have to show that tp (b1 /A) # tp,(b2/A4). Let p; = tps(bi/A4). Z(t)
be the set of £(N )-formulas 6(¢) such that =6(4) = 0 and A(#1, #>) be the set:

i) Upa(62) UZ(t) UX(12) U{p(n.11) <= ¢(n.1r) :n € N}.

If A were consistent, there would exist b7 and b} such that b; = FA) by,
tpz(bf/N) is finitely satisfiable in A and tpye (b7 /N) = tpgem(b3/N). Apply-
ing Proposition 1.8 it would follow that p(x) + ¢(x:b7) <= ¢(x:b3). But,
because p is £(A)-invariant and p(x) F ¢(x.b1) A =¢(x.b>). we also have that
p(x) F ¢(x:bF) A —¢(x:b3%), a contradiction.

By compactness, there exists w; € p;. 0; € £, n € w and (¢;);e, € N such that

Vi1, 101 (11) A Ox(12) A (J\ Blei.t1) = $lei. 1)) Ayn(n) = —ya().
In particular, because —0;(4) = 0. for all m; and my € A, (\; ¢(c;i.mi) <~
¢(ci.m)) Awi(my) = —pa(my). Forall € : n — 2, let ¢(t.c) := A, plci. 1))
where ¢! = ¢ and ¢° = —¢. It follows that if ¢. (4. c) Ny 1(A4) # 0. then ¢.(4.c) N
I/IQ(A) = 0. Let
0(t.c) = \/ oeclc. ).
(A (4) 20

We have w(A4) € 0(A4.c) and w(A4) N O(A.c) = 0. ie. wi(4) and wa(A)
are externally O-separable. By Proposition1.4 and Remark1.6., w;(4) and
wa(A) are in fact ¢-separable for some L(R(A))-formula &. It follows that
N E V.6 (pi(n) = &) A (wa(ta) = —&(12)) and. in particular N =
E(b1) N=E(b2). So tp,(b1/A) # tp,(b2/A). N

Let us now conclude the proof when A is not a model. Let M |= T contain A4
and pick any ¢ and b € N such that a =,z 4)) b.

Cram 1.10.  There exists M* =i M (in particular. it is a model off containing
A) such that a =g (g (p-)) b.

PrOOF. By compactness, it suffices. given y(y.z) € tpz(M/A). where y is a
tuple of R-variables, and w;(¢; y) a finite number of £-formulas, to find tuples m1,
n such that = y(m.n) A\, w(a:m) <= w(b:m). By hypothesis on A, there
exists ¢ € Sy, (N|,) which is L(R(A))-invariant and consistent with 3z y(y. z). Let
m = qlgaw Y{32.E(y.2)}. Then tpp(a/m) = tp,(b/m) and |= 3z x(m, z). In
particular, we can also find n. -

As pis E(A)-invariant it is in particular E(M *)-invariant. But, as shown above,
p is then L(R(M*))-invariant. It follows that p - ¢(x;a) <= ¢(x:b). —|

The assumption that all £(A)-definable sets are consistent with some global £(A)-
invariant type may seem like a surprising assumption. Nevertheless, considering a
coheir (in the sense of 7', whose restriction to £ is also a coheir in the sense of 7'),
this assumption always holds when 4 is a model of 7.
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§2. Valued differential fields. The main motivation for the results in the previous
sections was to understand definable and invariant types in valued differential fields
and more specifically those with a contractive derivation, i.e., for all x, val(d(x)) >
val(x). In [5]. Scanlon showed that the theory of valued fields with a valuation
preserving derivation has a model completion named VDF¢¢. It is the theory of
0-Henselian fields whose residue field is a model of DCF,, whose value group is
divisible and such that for all x there exists a y with 8(y) = 0 and val(y) = val(x).

The main result that we will be needing here is that the theory VDF¢¢ eliminates
quantifiers in the one sorted language Lgg4;, consisting of the language of rings
enriched with a symbol 8 for the derivation and a symbol x|y interpreted as val(x) <
val(y). This result implies that for all substructures 4 <M = VDFgc the map
sending p = tp, . (c/A) to Vi,p :=tp,, ((8'(¢))icw/A4) is injective, where L, :=
Ladiv ~ {0} denotes the one sorted language of valued fields.

LemMma 2.1. Let k = DCFy. The Hahn field k((1®)). with derivation 8(3", a;t’") =

> 0(a;)t" and its natural valuation, is a models of VDFgc and its reduct to Ly is
uniformly stably embedded in every elementary extension.

PrOOF. The fact that k ((1*)) = VDFgc follows from the fact that its residue field
k is a model of DCF,, its value group R is a divisible ordered Abelian group and
that Hahn fields are spherically complete, cf. [5. Proposition 6.1].

The fact that k((¢®)) is uniformly stably embedded in every elementary extension
is shown in [4, Corollary A.7]. -

Recall that Haskell, Hrushovski and Macpherson [1] showed that algebraically
closed valued fields eliminate imaginaries provided the geometric sorts are added.
We will be denoting by G the set of all geometric sorts.

PROPOSITION 2.2. Let A = acl‘?&div (4) € M = VDFgc. A type p € S5 (M) is
L3 (A)-definable if and only if it is L (G(A))-definable.

ProOOF. If pis L (G(A))-definable then it is in particular L3}, (4)-definable. The
reciprocal implication follows immediately from Corollary 1.7 and Lemma 2.1.

An immediate corollary of this proposition is an elimination of imaginaries result
for canonical bases of definable types in VDF¢(:

COROLLARY 2.3. Let A = acll (4) € M |= VDFgc and p € 8% (M). The
following are equivalent:

(i) pis L3y, (A)-definable:

(i) Vi, (p) is L3 (G(A4))-definable:
(i) pis L5, (G(A))-definable.

ProOF. The implication (iii) = (i) is trivial. Let us now assume (i). An Lg;, (M )-
formula ¢(x:m) is in V,(p) if and only if ¢(8,(x):m) € p. where 0,(x) =
(0'(x))icw. It follows that V,,(p) is L5}, (4)-definable. By Proposition 2.2, V,,(p
is in fact £3] (G(A))-definable.

Let us now assume (ii) and let y(x;m) be any L4y (M )-formula. By quanti-
fier elimination, w(x:m) is equivalent to ¢(8,,(x); 8, (m)) for some Lg;,-formula
¢(x:7). Therefore w(x:m) € p if and only if ¢(¥:0,,(m)) € V,,(p) and hence p is
L3, (G(A4))-definable. .
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In [4], it is shown that there are enough definable types to use this partial elim-
ination of imaginaries result to obtain elimination of imaginaries to the geometric
sorts for VDF¢c.

Thanks to the result in Section 1 and results from [4]. we can also characterise
invariant types in VDF¢c. Note that, although the main results in [4] depend on
the results proved in the present paper, the result from [4] that we will be using in
what follows does not.

PROPOSITION 2.4. Let M = VDFee and A = acl‘?@div (A) C M*®. 4 type p €
SEav (M) is L3}y, (A)-invariant if and only if it is L} (G(A))-invariant.

Proor. To prove the non obvious implication, by Proposition 1.9, we have to
show that VDF¢¢ has a model whose underlying valued field is uniformly sta-
bly embedded in any elementary extension—that is tackled in Lemma 2.1-—and
that any £3l. (4)-definable set (in the sort K) is consistent with an L3 (G(4))-
invariant Lg,-type. It follows from [4. Proposition9.7] (applied to 7" = ACVF
and T = VDFgc) that any L3l (4)-definable set (in the sort K) is consis-
tent with an L3 (4)-definable Ly, -type. But, by Proposition 2.2, such a type is
L3} (G(A))-definable. .

COROLLARY 2.5. Let A = acly (4) C M |= VDFec and p € S*oox(M). The
following are equivalent:

(i) pis L3k, (A)-invariant;
(i) Vi (p) is L3 (G(A))-invariant:
(i) p is L3, (G(A))-invariant.
Proor. This is proved as in Corollary 2.3, except that Proposition 2.4 is used
instead of Proposition 2.2. -

We can now give a characterisation of forking in VDF¢¢.

COROLLARY 2.6. Let M |= VDF¢c be |A|t-saturated, A = aclzqadiv (4) € M and
o (x) be an Lo gw (M )-formula. Then ¢(x) does not fork over A if and only if for all
Laiv(M)-formulas such that ¢(x) is equivalent to w(8,,(x)). w(X) does not fork over
G(A) (in ACVF).

ProoF. Let us first assume that ¢(x) does not fork over 4 and let p be a
global nonforking extension of ¢(x). As VDFgc is NIP, by [2, Proposition 2.1],
p 1s invariant under all automorphisms that fix Lascar strong type over 4. But,
because VDF¢c has the invariant extension property (cf. [4, Theorem2.14]),
Lascar strong type and strong type coincide in VDF¢¢ (see [2. Proposition 2.13]).
hence p is Eea‘?div(A)-invariant. It follows from Corollary2.5 that V,(p) is
L (G(A4))-invariant and hence y (X) does not fork over G(A).

Let us now assume that no w(x) such that ¢(x) is equivalent to (9, (x)) forks
over G(A). Then there exists g € S§d”(M ) which is L} (G(4))-invariant and
consistent with all such formulas y(X). Now. the image of the continuous map
Y, 0 SE (M) — SEav (M) is closed and if y (%) is an Lg;, (M )-formula containing
the image of V,, and w () is as above, y(8,,(x)) A w(8,(x)) is also equivalent to
¢(x). Therefore, ¢ = V,,(p) for some L3, (A)-invariant p € SE2 (). This type
p implies ¢(x) and hence ¢(x) does not fork over 4. —|
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ReEmARK 2.7. The previous corollary is somewhat unsatisfying as one needs to
consider all possible ways of describing ¢(x) as the prolongation points of an Lgj,-
formula y (with parameters in a saturated model) to conclude whether ¢ forks or
not.

Considering only one such y cannot be enough. For example, consider any
definable set ¢(x) forking (in VDFgc) over 4 and let w(xp.x1) = (val(xg) >
0 Aval(x;) < 0)V ¢(xp). Then theset {x € M : M = w(x,9(x))} = ¢(M) but
v does not fork over A (in ACVF). The obstruction here might seem frivolous, but
it is the core of the problem. Indeed, it is not clear if there is a way, given ¢ to find
a formula y as above that does not contain “large” subsets with no prolongation
points.
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