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Abstract
We classify the imaginaries in a large class of equicharacteristic zero henselian valued fields that contains all those
with bounded inertia group, and more. To do so, we consider a mix of sorts introduced in earlier works of the two
authors and prove elimination of imaginaries down to the field, the k-linear imaginaries, and the imaginaries of the
value group.
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2 S. Rideau-Kikuchi and M. Vicaría

1. Introduction

In the model theory of valued fields, one of the most striking results is a theorem by Ax, Kochen, and,
independently, Ershov, which states that the first-order theory of an equicharacteristic zero henselian
valued field is completely determined by the first-order theories of its residue field k and of its value
group Γ. A natural philosophy follows from this theorem: the model theory of a henselian valued field
is controlled by its residue field and its value group.

In the early 2000s, Hrushovski asked if this philosophy also applies to the elimination of imaginaries:
the classification of interpretable sets (quotients of definable sets by definable equivalence relations),
or equivalently, the description of (rough) moduli spaces for families of definable sets. He proposed a
classification of imaginaries reminiscent of the Ax-Kochen-Ershov principle. The goal of the present
paper is to establish this classification for a broad class of henselian valued fields of equicharacteristic
zero, including all those with bounded Galois group, that is, having finitely many extensions of any
given degree. In fact, it suffices that the maximal unramified algebraic extension has bounded Galois
group, in other words, when the inertia group is bounded.

The study of imaginaries in various henselian valued fields has been ongoing for the past 20 years,
starting with the case of algebraically closed valued fields ( ACVF) in the foundational work by Haskell,
Hrushovski, and Macpherson [1]. They proved that in ACVF, every quotient can be described as a
subset of products of certain specific quotients, known as the geometric sorts : the main field K, and,
for all 𝑛 ∈ Z>0, the space Gr𝑛 := GL𝑛 (𝐾)/GL𝑛 (O) of free rank 𝑛O-submodules of 𝐾𝑛 (also known as
the affine grassmanian of GL𝑛) and the space Lin𝑛 =

∐
𝑅∈Gr𝑛 𝑅/𝔪𝑅, where O denotes the valuation

ring and 𝔪 ⊆ O is the unique maximal ideal. We say that ACVF eliminates imaginaries down to the
geometric sorts. These results were later extended to other specific henselian fields, potentially with
additional structure [2, 3, 4, 5].

As can be expected, the residue field and the value group create natural obstructions to the elimination
of imaginaries in valued fields. In earlier work, the authors studied the residual obstructions [6] and
the value group obstructions [7] independently. The main focus of the present work, and where its
novelty and complexity lie, is to understand how they interact. This leads us to a classification under no
assumptions on the residue field and very mild assumptions on the value group.

The classification of imaginaries in ACVF laid the groundwork for a rich “geometric model theory” of
valued fields. However, the dependence on algebraically closed fields hides most of the more arithmetic
phenomena. It is the authors’ belief that the present classification of imaginaries and its methods will
lead to a geometric model theory of valued fields that accounts for their arithmetic. This can be seen,
for example, in their work [8] with Cubides Kovacsics on residue domination.

1.1. Obstructions arising from the value group

Let K be an equicharacteristic zero henselian valued field. When describing imaginaries in K, the
imaginaries of the value group itself have to be accounted for. Moreover, the complexity of the value
group also directly impacts the complexity of definable O-modules and this also needs to be taken into
account.

This can be done by introducing the stabilizer sorts which provide codes for all the definable
O-submodules of 𝐾𝑛, for any n. More precisely, let C = (C𝑐)𝑐∈Cut★ be the (ind-)interpretable family of
definable proper cuts in Γ – here a cut is said to be proper if it is neither of the cuts at infinity. For every
𝑐 ∈ Cut★, let I𝑐 denote the O-submodule {𝑥 ∈ 𝐾 : 𝑣(𝑥) ∈ C𝑐}. For every tuple c in Cut★, let Λ𝑐 be the
module

∑
𝑖 𝐼𝑐𝑖 𝑒𝑖 , where (𝑒𝑖)𝑖< |𝑐 | is the canonical basis of 𝐾 |𝑐 | .

The group B𝑛 of upper triangular matrices acts on the set of all definable O-submodules of 𝐾𝑛. We
define

Mod𝑐 = B𝑛/Stab(Λ𝑐)

and we identify an element of Mod𝑐 with the corresponding O-submodule (see Notation 3.4.2).
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Forum of Mathematics, Sigma 3

We also consider the (ind-)interpretable set

Mod =
∐
𝑐

Mod𝑐

where c varies over the (ind-)interpretable set of finite tuples in Cut★. Any definable O-submodules of
𝐾𝑛 is coded in Mod ∪ 𝐾 (see Corollary 3.7).

When the value group has bounded regular rank (i.e., there are at most countably many definable
convex subgroups in any elementary extension1) and the residue field is algebraically closed, the second
author [7, Theorem 5.12] showed that, together with the imaginaries of the value group, these are
essentially the only new imaginaries.

1.2. Obstructions arising from the residue field

When the residue field is not algebraically closed, new obstructions arise. The residue field itself can
have nontrivial imaginaries, but it might also induce linearly twisted imaginaries on interpretable k-
vector spaces.

Let 𝑅 ⊆ 𝐾𝑛 be a definable O-submodule. Then the quotient 𝑅/𝔪𝑅 is a k-vector space of dimension
𝑑 ≤ 𝑛, on which k induces a nontrivial structure. Once we name a basis, 𝑅/𝔪𝑅 is definably isomorphic to
some k𝑑 , and hence imaginaries of 𝑅/𝔪𝑅 can be identified with imaginaries of k; but this identification
is not canonical and depends on a choice of basis.

The structure (k, 𝑅/𝔪𝑅) can be seen as a structure in the language 𝔏vect with two sorts:

◦ a sort for k with the structure induced by K;
◦ a vector space sort V with the (additive) group language;
◦ A function 𝜆 : k × V → V interpreted as scalar multiplication.

Given a set X interpretable without parameters in the 𝔏vect-theory of dimension d vector spaces, the
interpretable sets 𝑋 (k,𝑅/𝔪𝑅) have to be accounted for.2

Let Cut★★ = Cut★ \ {Γ>𝛾 : 𝛾 ∈ Γ} – unless the value group is discrete, in which case we set
Cut★★ = Cut★. A module 𝑅 ⊆ 𝐾𝑛 is said to be 𝔪-avoiding if it is in Mod𝑐 , for some tuple c in Cut★★.
The dimension of 𝑅/𝔪𝑅 only depends on c – it is equal to 𝑑 = |{𝑖 : C𝑐𝑖 = Γ≤𝛾 , for some 𝛾 ∈ Γ}|. For
every quotient X as above, we define

Lin𝑐,𝑋 =
∐

𝑅∈Mod𝑐

𝑋 (k,𝑅/𝔪𝑅)

and the (generalized) k-linear imaginaries:

kleq =
∐
𝑐,𝑋

Lin𝑐,𝑋 ,

where c ranges over all finite tuples in Cut★★. Among those, we denote Gr =
∐

𝑐 Mod𝑐 and Lin =∐
𝑐 Lin𝑐,V. Along with K, these form the (generalized) geometric sorts, and they encode all definable

O-submodules of 𝐾𝑛, for any n (see Corollary 3.21).
Assuming that the value group is elementarily equivalent to Q or Z, Hils and the first author

[6, Theorem 6.1.1] show that, under the technical assumption that the residue field eliminates ∃∞, all
new imaginaries essentially arise in this manner.

1We refer the reader to [9] for details on bounded regular rank groups.
2In [6], it is claimed that it suffices to consider interpretable sets of the form 𝑉 /𝐸 , this claim appears to be incorrect.
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4 S. Rideau-Kikuchi and M. Vicaría

1.3. An imaginary Ax-Kochen-Ershov principle

In this paper, we provide a common generalization of [6, 7] by obtaining a general Ax-Kochen-Ershov
principle for the classification of imaginaries, under a mild technical assumption on the value group (we
refer the reader to Section 2.1 for notation and definitions related to imaginaries). However, note that
dealing with both an arbitrary residue field and a very general value group introduces new issues that
were not present in either earlier works. We give details on some of the new tools required to deal with
these issues after stating the main theorems.

Definition 1.1. Given a structure M, tuples of variables x and y and a set of formulas Δ (𝑥, 𝑦), a Δ-type
𝑝(𝑥) over M is a maximal finitely consistent set of formulas of the form 𝜙(𝑥, 𝑎) and ¬𝜙(𝑥, 𝑎), where
𝜙 ∈ Δ and a is a y-tuple in M. If 𝐴 ⊆ 𝑀 , we say that such a type is A-definable if for every 𝜙 ∈ Δ , the
set {𝑎 ∈ 𝑀 𝑦 : 𝜙(𝑥, 𝑎) ∈ 𝑝} is A-definable.

Definition 1.2. We say that an ordered group G (potentially with additional structure) satisfies Property
D if for every 𝐴 = acl(𝐴) ⊆ 𝐺eq and every finite set of A-formulas Δ (𝑥, 𝑦) containing the formula
𝑥 < 𝑦0, any A-definable Δ-type 𝑝(𝑥) over G is contained in an A-definable complete type 𝑞(𝑥) over G.

This is a stronger property than the density of definable types. It holds in ordered abelian groups of
bounded regular rank with no addition structure (see the second half of the proof of [7, Theorem 5.3]).

Our main results are the following. Let K be an equicharacteristic zero henselian valued field such
that the value group is either:

◦ dense with property D;
◦ or, a discrete ordered abelian group of bounded regular rank – in which case, we add a constant for a

uniformizer.

Theorem (Theorem 6.6). Let 𝐾ac be an expansion of K by angular components. Then 𝐾ac weakly
eliminates imaginaries down to 𝐾 ∪ kleq ∪ Γeq – in other words, any interpretable set admits an
interpretable finite cover by a subset of some cartesian power of 𝐾 ∪ kleq ∪ Γeq (see Section 2.1 for
precise definitions).

Without an angular component the short exact sequence

1 → k★ → RV = 𝐾★/(1 +𝔪) → Γ → 0

might not eliminate imaginaries down to kleq and Γeq, creating further obstructions (see Remark 6.5).
They can be avoided by further assumption on Γ:

Theorem (Theorem 6.4). Assume that for every 𝑛 ∈ Z≥1 we have [Γ : 𝑛Γ] < ∞, and we add constants
in RV so that Γ/𝑛Γ = Γ/𝑛𝑣(RV(acl(∅))). Then K weakly eliminates imaginaries down to 𝐾 ∪kleq ∪Γeq.

Remark 1.3. These theorems remain true when K comes with additional structure on k and, indepen-
dently Γ – the main exception is that when the valuation is discrete, we require the valuation group to
have no additional structure. Also, in the second theorem, the assumption on the finiteness of Γ/𝑛Γ
can be replaced by asking that k is an algebraically closed field with no additional structure (see Corol-
lary 4.11, this is essentially [7, Theorem 5.12]).

These results generalize all previously known weak elimination results in equicharacteristic zero (in
particular, those of [6, 7]) and provides a definitive answer for, among others, all equicharacteristic zero
henselian valued fields with bounded inertia group – meaning that the maximal unramified extension
has bounded Galois group.

As a corollary (and an illustration) of these two results, when Γ is dense, we give a complete
classification of (almost) k-internal sets – see Corollary 6.7. In the case of ACVF this classification is a
cornerstone of the study of stable domination and the subsequent work of Hrushovski and Loeser [10] on
Berkovich spaces. These new results are used in [11] to study residual domination in equicharacteristic
zero henselian fields.
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1.4. Sketch of the proof

The proof of the main theorems proceeds in two main steps. The first one is a density result for definable
types in the structure induced by the maximal unramified algebraic extension (Theorem 4.1). Density of
definable (complete) types is at the core of many recent results on elimination of imaginaries. However,
it cannot hold in an arbitrary equicharacteristic zero henselian field K because it might not hold in the
residue field or the value group.

In [6, Theorem 3.1.3] Hils and the first author showed that definable types of the algebraic closure
𝐾a are dense among definable sets in K, under the assumption that the residue field eliminates ∃∞. The
second author ([7, Theorem 5.9]) proved density of definable types in the maximal unramified algebraic
extension 𝐾ur, assuming the value group has bounded regular rank. Theorem 4.1 generalizes both
results and unifies them by proving that the definable types of 𝐾ur are dense among the sets definable
in K (assuming Property D). Note also that no hypothesis on the residue field is required anymore.
A significant new challenge in this construction is to relate the germs of functions definable in K to
those of functions definable in 𝐾ur – see Section 4.3.

The second step of proof consists in studying the completions of the partial definable types constructed
in the first step. We show that they are invariant over RV and k-vector spaces of the form 𝑅/𝔪𝑅, where
R is a definable O-submodules of 𝐾𝑛 (Theorem 5.3). The bulk of the work (Proposition 5.16) revolves
around showing that (generalized) geometric points can be lifted to the valued field by a sufficiently
invariant type. This, in turn, relies heavily on the technical computation of germs of function taking
values in sets of the form 𝑅/𝔪𝑅.

We describe such germs in three steps. First we first consider the case of valued fields with alge-
braically closed residue field (cf. Proposition 5.7). We then consider valued fields with dense value
group and arbitrary residue field (Section 5.1.1). This relies on the characterization of the k-internal sets
(Corollary 3.23). Lastly, we consider valued fields with discrete value group and arbitrary residue field
(Section 5.1.2). In that case, we circumvent the characterization of the k-internal sets by considering a
ramified extension with dense value group.

Together these two results imply a first elimination result relative to the imaginaries of RV and
the k-vector spaces of the form 𝑅/𝔪𝑅 (Proposition 6.1). The main theorems follow by describing the
imaginaries in RV with and without angular component.

1.5. Overview of the paper

Section 2 provides some preliminary reminders on imaginaries and the model theory of equicharacteristic
zero henselian fields.

In Section 3, we introduce the stabilizer sorts and the generalized geometric sorts. Both provide
codes for the definable O-modules. We prove a unary decomposition for the stabilizer sorts (Proposition
3.10). The generalized geometric sorts – and the related notion of 𝔪-avoiding module – play a crucial
role in classifying k-internal sets among the stabilizer sorts (Corollary 3.23), provided that the value
group is dense.

In Section 4, we prove the density of definable types of the maximal unramified algebraic extension
𝐾ur among definable sets of K (Theorem 4.1). In Section 5, we show that those definable types have
invariant completions (Theorem 5.3). Finally, in Section 6, we wrap everything together and show the
two main theorems.

2. Preliminaries

2.1. Model theoretic preliminaries

Throughout this text, if M is an 𝔏-structure, a set X is said to be “definable” if it is definable with
parameters. If we specify that it is “ 𝔏-definable” we mean that it is definable without parameters. Also,
we extend definable sets canonically to elementary extensions of M and we distinguish the definable set
X from the set 𝑋 (𝑀) of its realizations in M.
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6 S. Rideau-Kikuchi and M. Vicaría

If 𝐴 ⊆ 𝑀 , we write 𝑋 (𝐴) for the points of X whose coordinates are in A, rather than 𝑋 ∩ dcl(𝐴). We
change language too often to not be explicit with the definable closures at play.

We refer the reader to [12, Section 8.4] for a detailed exposition of the elimination of imaginaries.
Let T be an 𝔏-theory. Consider the language 𝔏eq obtained by adding to 𝔏 a new sort 𝑆𝑋 for every
𝔏-definable set 𝑋 ⊆ 𝑌 × 𝑍 , where Y and Z are product of sorts, and a new symbol 𝑓𝑋 : 𝑍 → 𝑆𝑋 . The
𝔏eq-theory 𝑇eq is then obtained as the union of T, the fact that the 𝑓𝑋 are surjective and that their fibers
are the classes of the equivalence relation defined by 𝑋𝑧1 = {𝑦 ∈ 𝑌 : (𝑦, 𝑧1) ∈ 𝑋} = 𝑋𝑧2 .

Any 𝑀 |= 𝑇 has a unique expansion to a model of 𝑇eq denoted 𝑀eq – whose points are called the
imaginaries. A set is interpretable if it is definable in 𝑀eq. Throughout this paper, when considering
types, definable closures or algebraic closures, we will work in the 𝔏eq-structure, unless otherwise
specified.

Given 𝑀 |= 𝑇 and an 𝔏(𝑀)-definable set X, we denote by �𝑋� ⊆ 𝑀eq the intersection of all
𝐴 = dcl(𝐴) ⊆ 𝑀eq such that X is 𝔏eq (𝐴)-definable. It is the smallest dcl-closed set of definition for
X. Any dcl-generating subset of �𝑋� is called a code of X. More generally, if 𝐴 ⊆ 𝑀eq is a set of
parameters, any tuple e such that dcl(𝐴𝑒) = dcl(𝐴�𝑋�) is called a code of X over A.

If D is a collection of sorts of 𝔏eq (equivalently, a collection of 𝔏-interpretable sets) and 𝐴 ⊆ 𝑀eq is
a set of parameters, we say that X is coded in D over A if it is 𝔏eq (𝐴 ∪ D(�𝑋�))-definable – that is, it
admits a code in D over A.

The theory T is said to eliminate imaginaries down to D if, for every 𝑀 |= 𝑇 , every 𝔏(𝑀)-definable
set X is coded in D – equivalently, for every 𝑒 ∈ 𝑀eq, there is some 𝑑 ∈ D(dcl(𝑒)) such that 𝑒 ∈ dcl(𝑑).
Finally, we say that the theory T weakly eliminates imaginaries down to D if for every 𝑒 ∈ 𝑀eq, there
is some 𝑑 ∈ D(acl(𝑒)) such that 𝑒 ∈ dcl(𝑑).

If 𝑝(𝑥) is a (definable) partial type over some structure M and f and g are definable functions in M
which are defined at realizations of p, we say that they have the same p-germ, and we write [ 𝑓 ]𝑝 = [𝑔]𝑝
if 𝑝(𝑥) � 𝑓 (𝑥) = 𝑔(𝑥). When p is definable we write [ 𝑓 ]𝑝 for class of p-germs as f varies in an
𝔏-definable family.

Lastly, we refer the reader to [13, Appendix A (Definition 𝐴.2 and 𝐴.5)] for a detailed presentation
of expansions (called enrichments, there) and relative quantifier elimination. Note that in the present
text, expansions do not allow adding new sorts.

2.2. Equicharacteristic zero henselian fields

Let Hen0,0 be the theory of equicharacteristic zero henselian valued fields (K, v) with no additional
structure, in some language𝔏. The exact language we use does not matter much since we will be working
𝔏eq. In this section, we recall some useful results about these structures. We denote by RV★ the group
K★/(1 +𝔪), where 𝔪 is the maximal ideal of the valuation ring O ⊆ K and rv : K → RV = RV★ ∪ {0}
the canonical projection (extended by rv(0) = 0).
Theorem 2.1 [14, Theorem B]. Let 𝑀 |= Hen0,0 and 𝐴 ≤ K(𝑀) be a subring. Every A-definable subset
of K𝑥 × RV𝑦 is of the form {(𝑥, 𝑦) : (rv(𝑃(𝑥)), 𝑦) ∈ 𝑋}, for some tuple P in 𝐴[𝑥] and some 𝑋 ⊆ RV𝑛

which is rv(𝐴)-definable in the short exact sequence

1 → k★ → RV★ → Γ → 0

where k = O/𝔪 is the residue field and Γ = v(K) is the value group.
This remains true in RV-expansions – that is, when RV comes with additional structure.
From the result above, either by adding a section or proving a quantifier elimination result for short

exact sequences, we can deduce the following:
Proposition 2.2. Let 𝑀 |= Hen0,0 and 𝐴 ≤ K(𝑀) be a subring. The sets k and Γ are stably embedded
(with respectively the structure of a field and an ordered group) and they are orthogonal. In other words,
any M-definable subset of k𝑥 × Γ𝑦 is a finite union of products 𝑋 ×𝑌 where X is definable in the field k
and Y is definable in the ordered group Γ.
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Moreover, any A-definable 𝑋 ⊆ Γ𝑛 is v(𝐴)-definable – we say that Γ is strongly stably embedded.
The first part is [15, corollary 2.25]. The second part follows [15, corollary 2.24], noting that adding

a angular component does not grow the generated structure in Γ.
These results remain true in k- Γ-expansions – that is, when k comes with additional structure, and,

independently so does Γ. They also hold if an angular component is added to the language.
Lemma 2.3. Let M be an expansion of a model of Hen0,0 with strongly stably embedded value group Γ.
For any subring 𝐴 ≤ K(𝑀), we have

Γeq (acl(𝐴)) ⊆ acl(v(𝐴)).

Proof. Let 𝑋 ⊆ Γ𝑛 be acl(𝐴)-definable. Let 𝑋1 = 𝑋, . . . , 𝑋𝑛 be the Aut(𝑀/𝐴)-conjugates of X over
A. For every 𝑥, 𝑦 ∈ Γ𝑛, we define 𝑥𝐸𝑦 to hold if, for every i, 𝑥 ∈ 𝑋𝑖 if and only if 𝑦 ∈ 𝑋𝑖 . This is an
A-definable equivalence relation. By strong stable embeddedness, it is v(𝐴)-definable. Note also that
E has finitely many equivalence classes and X is a union of classes. It follows that X is acl(v(𝐴))-
definable. �

Definition 2.4. Let 𝑀 |= Hen0,0. Let 𝑎 ∈ K(𝑀) and let C be a cut in Γ(𝑀) – that is, an upwards
closed subset. We define the generalized ball 𝑏𝐶 (𝑎) of cut C around a to be {𝑥 ∈ K : v(𝑥 − 𝑎) ∈ 𝐶}.
A generalized ball is said to be open if its cut is not of the form Γ≥𝛾 , for each 𝛾 ∈ Γ(𝑀).

Let Bg denote the (ind-)interpretable set of (codes for) definable generalized balls.
Note that, for every 𝛾 ∈ Γ(𝑀), 𝑏Γ>𝛾 (𝑎) is the open ball of radius 𝛾 around a, 𝑏Γ≥𝛾 (𝑎) is the closed

ball of radius 𝛾 around a – and 𝑏Γ (𝑎) = K is also considered an open ball.
If Γ(𝑀) is discrete, 𝑏Γ>𝛾 (𝑎) = 𝑏Γ≥𝛾 (𝑎) is not considered to be an open generalized ball. Let M be

an RV-expansion of a model of Hen0,0 and let 𝐴 ≤ K(𝑀) be a subring. Let 𝑀a denote the algebraic
closure as a pure valued field.

Theorem 2.1 can also be refined for unary sets:
Proposition 2.5 [16, Proposition 3.6]. Let 𝑀 |= Hen0,0, let 𝐴 ≤ K(𝑀) be a subring and let 𝑋 ⊆ K×RV𝑛

be A-definable. There exists a finite set 𝐶 ⊆ 𝐴a ∩ K(𝑀) such that for every 𝜉 ∈ RV𝑛, 𝑋𝜉 = {𝑥 ∈ K :
(𝑥, 𝜉) ∈ 𝑋} = rv−1

𝐶 (rv𝐶 (𝑋𝜉 )) where rv𝐶 (𝑥) = (rv(𝑥 − 𝑐))𝑐∈𝐶 .
It follows that for any generalized ball b that does not intersect C, either 𝑏 ∩ 𝑋𝜉 = 𝑏 or 𝑏 ∩ 𝑋𝜉 = ∅.

We say that C prepares X.
This proposition remains true in RV-expansions. Also, it follows that K(acl(𝐴)) ⊆ 𝐴a.

Lemma 2.6. Let M be (an RV-expansion of) a model of Hen0,0, let 𝐴 ≤ K(𝑀) and let b be an acl(𝐴)-
definable generalized ball which is not an open ball. Then there exists 𝑐 ∈ 𝐴a ∩ 𝑏(𝑀) whose other
Aut(𝑀/𝐴)-conjugates are all outside of b.

Moreover, if b is a ball, we may assume that no other Aut(𝑀a/𝐴)-conjugate is in 𝑏(𝑀a).
Proof. Note that any other Aut(𝑀/𝐴)-conjugate of b is disjoint from b. Let B be the union of Aut(𝑀/𝐴)-
conjugates of b. It is an A-definable set. By Proposition 2.5, there exists 𝐶 ⊆ 𝐴a ∩ K(𝑀) such that for
any ball d disjoint from C, either 𝑑 ⊆ 𝐵 or 𝑑 ∩ 𝐵 = ∅. If 𝑏 ∩ 𝐶 = ∅, let d be the largest ball containing
b which is disjoint from C – that is, the open ball around b with radius min𝑐∈𝐶 v(𝑥 − 𝑐), for any 𝑥 ∈ 𝑏.
Since d contains b and is disjoint from C, it is contained in B. So d is covered by finitely many disjoint
subballs. As the residue field is infinite, this is impossible unless 𝑑 = 𝑏, in which case b would be open,
contradicting our assumption.

So 𝑏 ∩ 𝐶 ≠ ∅. Let 𝐶𝑏 = (Aut(𝑀/𝐴) · 𝐶) ∩ 𝑏. Since we are in equicharacteristic zero, the average c
of 𝐶𝑏 is in 𝑏(𝑀). By construction, no other Aut(𝑀/𝐴)-conjugate of c is in b.

If b is a ball, then it is definable in 𝑀a and its Aut(𝑀a/𝐴)-orbit is also a finite set of disjoint balls.
Let 𝐶 ′

𝑏 = Aut(𝑀a/𝐴) · 𝑐. Since M is henselian, the average 𝑐′ of 𝐶 ′
𝑏 is in M. By construction again, the

only Aut(𝑀a/𝐴)-conjugate of 𝑐′ in b is 𝑐′. �

Finally, when the residue field is algebraically closed, Theorem 2.1 can be further simplified:
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Theorem 2.7 [7, Corollary 2.33]. Assume the residue field k(𝑀) is algebraically closed. Every
A-definable subset of K𝑥 is of the form v(𝑃(𝑥)) ∈ 𝑋 where P is a tuple in 𝐴[𝑥] and 𝑋 ⊆ Γ𝑛 is
v(𝐴)-definable in the ordered group structure. Moreover, this remains true in Γ-expansions – that is,
when Γ comes with additional structure.

3. Codes of O-modules

3.1. The stabilizer sorts

Let M be an (expansion of a) valued field in some language 𝔏.

Notation 3.1. We fix an (ind-)𝔏-interpretable family C = (C𝑐)𝑐∈Cut of cuts in Γ such that any M-definable
cut is of the of form C𝑐 for some unique 𝑐 ∈ Cut(𝑀). We will further assume that c is a canonical
parameter for C𝑐 .

For every 𝑐 ∈ Cut, let I𝑐 denote the O-submodule {𝑥 ∈ K : v(𝑥) ∈ C𝑐}. Note that, by definition of C,
any 𝔏(𝑀)-definable O-submodule of K is of the form I𝑐 for some unique 𝑐 ∈ Cut(𝑀). We also denote
Δ𝑐 = {𝛾 ∈ Γ : 𝛾 + C𝑐 = C𝑐} – it is a convex subgroup of Γ.

The following results are well-established and go back to Bauer’s work on separated extensions.

Definition 3.2. A definable valuation v on an interpretable K-vector space V is a map to some inter-
pretable set X with an order preserving action of Γ such that

◦ for every 𝜆 ∈ K and 𝑥 ∈ 𝑉 , 𝑣(𝜆𝑥) = v(𝜆) + 𝑣(𝑥);
◦ for every 𝑥, 𝑦 ∈ 𝑉 , 𝑣(𝑥 + 𝑦) ≥ min{𝑣(𝑥), 𝑣(𝑦)}.

Note that we do not assume that 𝑣(𝑥) = 𝑣(0) implies 𝑥 = 0, nor do we assume that the action of Γ on
X is free.

Proposition 3.3. Assume that M is definably spherically complete – that is, the intersection of any
M-definable chain of balls is non empty.

1. For every M-definable valuation v on K𝑛, there exists a triangular basis (𝑎𝑖)𝑖<𝑛 of K𝑛 such that, for
all i, 𝑣(𝑎𝑖) ∈ dcl(�𝑣�) and for every 𝜆𝑖 ∈ K,

𝑣(
∑
𝑖

𝜆𝑖𝑎𝑖) = min
𝑖

v(𝜆𝑖) · 𝑣(𝑎𝑖).

2. Any M-definable O-submodule R of K𝑛 is of the form
∑

𝑖<𝑛 I𝑐𝑖𝑎𝑖 , where 𝑎𝑖 is a triangular basis of
K𝑛 (𝑀) and 𝑐𝑖 ∈ Cut(�𝑅�).

A basis as in the fist assertion is said to be separated. A module as in the second assertion is said to
be of type 𝑐 = (𝑐𝑖)𝑖<𝑛.

Proof. If M is (elementarily equivalent to a) maximally complete field, the first assertion is [7, Lemma
5.7]. If M is only definably spherically complete, the same proof works using [6, Claim 3.3.9] instead
of [7, Fact 2.55].

Let us now prove the second assertion. For every 𝑥 ∈ K𝑛, we define 𝑣𝑅 (𝑥) = {v(𝜆) : 𝜆𝑥 ∈ 𝑅} a
(nonempty) cut of Γ. We order them by inclusion (so Γ = 𝑣𝑅 (0) is the maximal element and {∞} is the
minimal element). Note that, for every 𝑥 ∈ K, 𝑣𝑅 (𝜆𝑥) = −v(𝜆) + 𝑣𝑅 (𝑥) and for this action of Γ on the
set of cuts, 𝑣𝑅 is an M-definable valuation.

By the first assertion, we can find a separated triangular basis (𝑎𝑖)𝑖 of K𝑛 (𝑀), such that 𝑣𝑅 (𝑎𝑖) ∈

dcl(�𝑅�). Then
∑

𝑖 𝜆𝑖𝑎𝑖 ∈ 𝑅 if and only if 0 = v(1) ∈ 𝑣𝑅 (
∑

𝑖 𝜆𝑖𝑎𝑖) = min𝑖 −v(𝑥𝑖) + 𝑣𝑅 (𝑎𝑖), that is,
v(𝜆𝑖) ∈ 𝑣𝑅 (𝑎𝑖) for all i. Let 𝑐𝑖 ∈ Cut(dcl(�𝑅�)) be such that 𝑣𝑅 (𝑎𝑖) = C𝑐𝑖 . We then have 𝑅 =

∑
𝑖 I𝑐𝑖𝑎𝑖 ,

as required. �
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Notation 3.4.
1. We write 𝐵𝑛 to denote the set of 𝑛 × 𝑛 upper triangular and invertible matrices. We write D𝑛 ≤ B𝑛

for the subgroup of diagonal matrices and U𝑛 ≤ B𝑛 for the subgroup of unipotent matrices, that is
upper triangular matrices with ones on the diagonal.

2. For every n-tuple c in Cut, we define Mod𝑐 to be the interpretable set of modules of type c. Let
Λ𝑐 =

∑
I𝑐𝑖 𝑒𝑖 be the canonical module of type c, where 𝑒𝑖 is the canonical basis of 𝐾𝑛. Then∑

𝑖<𝑛 I𝑐𝑖𝑎𝑖 = 𝐴 · Λ𝑐 where 𝐴 ∈ B𝑛 is the upper triangular matrix of the 𝑎𝑖 . In other words, B𝑛 acts
transitively on Mod𝑐 and

Mod𝑐 � B𝑛/Stab(Λ𝑐).

We will now identify Mod𝑐 with this quotient of B𝑛 and for every 𝑠 ∈ Mod𝑐 , we write 𝑅𝑠 for the
O-module of type c coded by s. Let 𝜇𝑐 : B𝑛 → Mod𝑐 denote the natural quotient map.
If Δ ≤ Γ is a (definable) convex subgroup, we write OΔ = {𝑥 ∈ K : ∃𝛿 ∈ Δv(𝑥) ≥ 𝛿} for the

associated (definable) valuation ring. If 𝐼, 𝐽 ≤ K are two (definable) O-submodules, let (𝐼 : 𝐽) denote
the (definable) O-submodule {𝑥 ∈ K : 𝑥𝐽 ⊆ 𝐼}.
Proposition 3.5. Let c be a tuple in Cut. For every 𝑎 ∈ B𝑛, we have

𝑎 ∈ Stab(Λ𝑐) if and only if
{

𝑎𝑖,𝑖 ∈ O×
Δ𝑐𝑖

for all 𝑖 < 𝑛, and
𝑎𝑖, 𝑗 ∈ (I𝑐𝑖 : I𝑐 𝑗 ) for all i < j < n.

Proof. We proceed by induction on n. Write a as
(
𝑎0,0 𝑏

0 𝑒

)
, with 𝑒 ∈ B𝑛−1, and c as (𝑐0, 𝑑), with

𝑑 ∈ Cut𝑛−1. If 𝑎Λ𝑐 ⊆ Λ𝑐 , then, considering the action on I𝑐0 and Λ𝑑 , we see that 𝑎0,0I𝑐0 ⊆ I𝑐0 ,
𝑏Λ𝑑 ⊆ I𝑐0 – so, considering the action on each I𝑐 𝑗 , for every 𝑗 > 0, 𝑎0, 𝑗 I𝑐 𝑗 ⊆ I𝑐0 – and 𝑒Λ𝑑 ⊆ Λ𝑑; and
the converse also holds.

Since 𝑎Λ𝑐 = Λ𝑐 if, moreover, 𝑎−1Λ𝑐 =
(
𝑎−1

0,0 −𝑎−1
0,0𝑏𝑒

−1

0 𝑒−1

)
Λ𝑐 ⊆ Λ𝑐 , it follows that we must further have

𝑎0,0I𝑐0 = I𝑐0 , that is, v(𝑎0,0) ∈ Δ𝑐0 and 𝑒Λ𝑑 = Λ𝑑 . These conditions are sufficient since, in that case,
𝑎−1

0,0𝑏𝑒
−1Λ𝑑 = 𝑎−1

0,0𝑏Λ𝑑 ⊆ 𝑎−1
0,0I𝑐0 = I𝑐0 . The claim now follows by induction. �

Definition 3.6. Let Cut★ = Cut \ {∅, Γ} and Mod be the disjoint union of all the Mod𝑐 where c is a
tuple in Cut★.

Note that any 𝑠 ∈ Mod determines the unique c such that 𝑠 ∈ Mod𝑐 .
Corollary 3.7. Any M-definable O-submodule R of K𝑛 is coded in K ∪ Mod.
Proof. Let 𝑉 ⊆ K𝑛 be the K-span of R and 𝑊 = {𝑥 ∈ K𝑛 : K𝑥 ⊆ 𝑅}. Then, by [17, Lemma 4.3], 𝑉/𝑊
is K(�𝑅�)-definably isomorphic to some K𝑟 and R is entirely determined by its image in 𝑉/𝑊 . So we
may assume 𝑉 = K𝑟 and 𝑊 = 0 and hence that R is of type c with 𝑐 ∈ Cut★. By definition, it is coded
in Mod𝑐 . �

Remark 3.8. There is a lot of redundancy in Mod. If c and 𝑐′ are tuples in Cut of the same length such
that for every 𝑖 < 𝑛, 𝑐′𝑖 is a translate of 𝑐𝑖 , then there is a natural bijection between Mod𝑐 and Mod𝑐′
given by the action of a diagonal matrix.

If there exists an (ind-)interpretable subset Cut′ ⊆ Cut such that any definable cut is of the form
𝑎 + C𝑐 for a unique 𝑐 ∈ Cut′, it follows that every M-definable O-submodule of K𝑛 is coded in
K ∪

⋃
𝑐∈Cut′\{∅,Γ} Mod𝑐 . Similarly, we can replace Cut by Cut′ in the definition of the geometric sorts

(Definition 3.13).
This is the case, for example, in ordered abelian groups of bounded regular rank (cf. [7, Corollary

2.24]).
Remark 3.9. Any M-definable generalized ball is inter-definable with the sub- O-module R of K2

generated by 𝑏 × {1}; indeed 𝑏 = {𝑥 ∈ K : (𝑥, 1) ∈ 𝑅}. So generalized balls are coded in Mod.
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Let us now describe the structure of Mod. The solvability of the upper triangular invertible matrices
will play a central role in this description.

We go through the elements of an upper triangular matrix diagonal by diagonal starting with the
middle diagonal, and in each diagonal, we proceed from top to bottom. In other words, we order pairs
(𝑖, 𝑗) such that 𝑖 ≤ 𝑗 < 𝑛 first by 𝑗 − 𝑖 and then by i. We will identify the set of such pairs with the set
of non-negative integers < 𝑛(𝑛 + 1)/2, according to that order.

For every pair (𝑖, 𝑗), let 𝑝𝑖, 𝑗 : B𝑛 → K be the projection on coordinate (𝑖, 𝑗). Let also 𝜀𝑖, 𝑗 = 1 if
𝑖 = 𝑗 and 0 otherwise. For every pair ℓ, let 𝐺ℓ = {𝑎 ∈ B𝑛 : 𝑝𝑘 (𝑎) = 𝜀𝑘 , ∀𝑘 < ℓ}. Then 𝐺0 = B𝑛 and
𝐺𝑛(𝑛+1)/2 = {id}. By choice of the order, for every ℓ, 𝐺ℓ+1 ⊳ 𝐺ℓ and 𝑝ℓ induces an isomorphism from
𝐺ℓ/𝐺ℓ+1 to Gm, if ℓ < 𝑛, and to Ga otherwise. Note also that 𝐻ℓ = {𝑎 ∈ 𝐺ℓ : 𝑝𝑘 (𝑎) = 𝜀𝑘 , ∀𝑘 > ℓ}, is
a section of 𝑝ℓ restricted to 𝐺ℓ and hence 𝐺ℓ = 𝐺ℓ+1 � 𝐻ℓ .

Furthermore, we have 𝐺𝑛 = U𝑛, B𝑛 = U𝑛 � D𝑛 and, for every ℓ ≥ 𝑛, 𝐺ℓ is central in 𝐺𝑛 module
𝐺ℓ+1 – actually modulo the next upper triangular group 𝐺0, 𝑗 – if ℓ is a pair (𝑖, 𝑖 + 𝑗 − 1). In particular
𝐺ℓ � U𝑛.

We can now prove the following unary decomposition.
Proposition 3.10. Let 𝑠 ∈ Mod𝑐 . There exists a finite tuple 𝑏 = (𝑏ℓ)ℓ<𝑛(𝑛+1)/2 in 𝑀eq – we identify each
𝑏ℓ with a subset of some K𝑟ℓ – and 𝑐𝑏<ℓ-interpretable sets 𝑋ℓ such that:
◦ for every ℓ, 𝑏ℓ ∈ 𝑋ℓ;
◦ dcl(𝑠) = dcl(𝑐𝑏);
◦ if ℓ < 𝑛, then 𝑋ℓ = Γ/Δ𝑐𝑖 , where ℓ = (𝑖, 𝑖);
◦ if ℓ ≥ 𝑛, then 𝑋ℓ has a 𝑐𝑏<ℓ-definable K/Iℓ-torsor structure where Iℓ is a 𝑐𝑏<𝑛-definable multiple of

(I𝑐𝑖 : I𝑐 𝑗 ) and ℓ = (𝑖, 𝑗).
Moreover, for any 𝑛 ≤ ℓ < 𝑛(𝑛+1)/2 and any choice of 𝑎𝑘 ∈ 𝑏𝑘 , for 𝑘 < ℓ, there is a (uniformly) 𝑐𝑎<ℓ-

definable isomorphism of torsors 𝑓ℓ : 𝑋ℓ → K/Iℓ and a 𝑐𝑎<ℓ -definable function 𝑔ℓ : 𝑓ℓ (𝑏ℓ) → 𝑏ℓ .
Proof. Let 𝐹 = Stab(Λ𝑐), we identify s with a coset 𝑔𝐹 for some 𝑔 ∈ B𝑛. Let 𝑑 ∈ D𝑛 and 𝑢 ∈ U𝑛 be
such that 𝑔 = 𝑢𝑑. Note that the map 𝐵𝑛 → 𝐵𝑛/𝑈𝑛 � 𝐷𝑛 is the projection on the diagonal coordinates.
Therefore, by Proposition 3.5, the image of F in 𝐵𝑛/𝑈𝑛 is identified with 𝐹D = 𝐹 ∩ D𝑛. Writing 𝐹U =
𝐹∩U𝑛, we thus have 𝐹 = 𝐹U�𝐹D. By (the proof of) [18, Lemma 11.10], dcl(𝑠) = dcl(𝑐, �𝑑𝐹D�, �𝑢𝐹𝑑

U�),
where 𝐹𝑑

U = 𝑑𝐹𝑈 𝑑−1 = 𝑑𝐹𝑑−1 ∩ U𝑛 does not depend on the choice of d in 𝑑𝐹𝐷 . Then, by Proposition
3.5, D𝑛/𝐹D �

∏
ℓ<𝑛 K★/O★

Δℓ
�
∏

ℓ<𝑛 Γ/Δ 𝑖 and, for every ℓ < 𝑛, we chose 𝑏ℓ = vΔℓ (𝑑ℓ) to be the ℓ-th
coordinate in this product. Note that dcl(𝑐�𝑑𝐹𝐷�) = dcl(𝑐𝑏<𝑛).

Now, for every ℓ ≥ 𝑛, note that 𝐹𝑑
U𝐺ℓ = 𝐺ℓ𝐹

𝑑
U is a subgroup, since 𝐺ℓ is normal in U𝑛 and moreover,

𝐹𝑑
U𝐺ℓ+1 � 𝐹𝑑

U𝐺ℓ since for every 𝑔 ∈ 𝐺ℓ , (𝐹𝑑
U )

𝑔 ⊆ 𝐹𝑑
U𝐺ℓ+1 by centrality of the sequence. For every

ℓ ≥ 𝑛, let 𝑋ℓ = 𝑢𝐹𝑑
U𝐺ℓ/𝐹

𝑑
U𝐺ℓ+1 for the right regular action and 𝑏ℓ = 𝑢𝐹𝑑

U𝐺ℓ+1 ∈ 𝑋ℓ . Then 𝑏ℓ is
s-definable, 𝑋𝑛 = U𝑛/𝐹

𝑑
U𝐺𝑛+1 is 𝑐𝑏<𝑛-definable and, if ℓ > 𝑛, the set 𝑋ℓ = 𝑏ℓ/𝐹

𝑑
U𝐺𝑛+1 is 𝑐𝑏<𝑛𝑏ℓ−1-

definable. Also, 𝑋ℓ is 𝑐𝑏<ℓ-definably a (right) torsor for the group

𝐹𝑑
U𝐺ℓ/𝐹

𝑑
U𝐺ℓ+1 � 𝐺ℓ/(𝐹

𝑑
U𝐺ℓ+1) ∩ 𝐺ℓ

� 𝐺ℓ/(𝐹
𝑑
U ∩ 𝐺ℓ)𝐺ℓ+1

� K/𝑝ℓ (𝐹
𝑑
U ∩ 𝐺ℓ)

� K/𝑑𝑖𝑑
−1
𝑗 (I𝑐𝑖 : I𝑐 𝑗 ),

where ℓ = (𝑖, 𝑗) and the last isomorphism follows from Proposition 3.5 – these isomorphisms are 𝑐𝑏<𝑛-
definable. Let Iℓ = 𝑑𝑖𝑑

−1
𝑗 (I𝑐𝑖 : I𝑐 𝑗 ), then Iℓ only depends on 𝑏𝑖 = 𝑣Δ𝑖 (𝑑𝑖) and 𝑏 𝑗 = vΔ 𝑗 (𝑑 𝑗 ) and thus is

𝑏<𝑛-definable. Since 𝑏𝑛(𝑛+1)/2−1 = 𝑢𝐹𝑑
𝑈 , we have 𝑠 ∈ dcl(𝑐, 𝑏<𝑛, 𝑏𝑛(𝑛+1)/2−1). This concludes the first

part of the proposition.
Let us now fix 𝑎ℓ ∈ 𝑏ℓ , for all ℓ < 𝑛(𝑛+1)/2. Note that if ℓ < 𝑛, 𝑣(𝑎ℓ ) = vΔℓ (𝑑ℓ) and we may assume

that 𝑑 = 𝑎<𝑛. If ℓ = 𝑛, as we saw above 𝑋𝑛 = U𝑛/𝐹
𝑑
U𝐺𝑛+1 is 𝑐𝑎<𝑛-definably isomorphic to 𝐾/I𝑛. If

ℓ > 𝑛, since 𝑎ℓ−1 ∈ 𝑏ℓ−1 = 𝑢𝐹𝑑
U𝐺ℓ , we have 𝑎ℓ−1𝐹

𝑑
U𝐺ℓ+1 ∈ 𝑋ℓ . This gives rise to a 𝑐𝑎<𝑛𝑎ℓ−1-definable
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isomorphism

𝑓ℓ : 𝑋ℓ � 𝐹𝑑
U𝐺ℓ/𝐹

𝑑
U𝐺ℓ+1 � 𝐺ℓ/(𝐹

𝑑
U𝐺ℓ+1) ∩ 𝐺ℓ � K/Iℓ ,

where the first isomorphism is induced by left multiplication by 𝑎−1
ℓ−1 and the third by the coordinate

projection 𝑝ℓ . Let ℎℓ : K → 𝐻ℓ be the section of 𝑝ℓ . Then for every 𝑥 ∈ 𝑓ℓ (𝑏ℓ), since 𝑝ℓ (ℎℓ (𝑥))𝐼ℓ =
𝑓ℓ (𝑏ℓ), we have ℎℓ (𝑥) ∈ 𝑎−1

ℓ−1𝑢𝐹
𝑑
U𝐺ℓ+1 and hence 𝑔(𝑥) = 𝑎ℓ−1𝑠(𝑥) ∈ 𝑏ℓ . �

Recall that 𝜇𝑐 : 𝐵𝑛 → Mod𝑐 is the canonical projection.
Remark 3.11. Looking at the proof, all the operation applied to any upper triangular matrix represen-
tation of s are actually field operations. It follows that Proposition 3.10 can be refined as follows. If
𝐴 ≤ K(𝑀) is a subfield, then:
◦ if 𝑠 ∈ 𝜇𝑐 (B𝑛 (𝐴)), then for every ℓ, 𝑏ℓ (𝐴) ≠ ∅;
◦ if, for all 𝑘 < ℓ, the set 𝑏𝑘 (𝐴) is nonempty, then 𝐼ℓ is a translate of a c-definable cut by an element

of v(𝐴), we have 𝑓ℓ (𝑏ℓ) (𝐴) ≠ ∅ and 𝑔ℓ sends 𝑓ℓ (𝑏ℓ) (𝐴) to 𝑏ℓ (𝐴);
◦ if, for all ℓ, the set 𝑓ℓ (𝑏ℓ) (𝐴) is nonempty, then, by induction 𝑏ℓ (𝐴) ≠ ∅ and we can choose

all 𝑎ℓ ∈ 𝑏ℓ (𝐴) – in particular, we can choose 𝑑 = 𝑎<𝑛 ∈ 𝐷𝑛 (𝐴) and 𝑢 ∈ 𝑏𝑛(𝑛+1)/2−1(𝐴), so
𝑠 ∈ 𝜇𝑐 (B𝑛 (𝐴)).
We conclude this section with one of our main uses for Proposition 3.10: characterizing parameter

sets over which every definable module has a (triangular) basis. Recall that Bg is the (ind-)interpretable
set of definable generalized balls.
Corollary 3.12. Let 𝐴 ⊆ 𝑀eq and 𝐶 ⊆ K(𝑀) be a subfield. Assume that:
1. For every A-definable convex subgroup Δ ≤ Γ, we have (Γ/Δ) (dcl(𝐴)) ⊆ vΔ (𝐶).
2. For every 𝑏 ∈ Bg(dcl(𝐴𝐶)) whose cut is a v(𝐶)-translate of an A-definable cut, we have 𝑏(𝐶) ≠ ∅.
Then, for every tuple c in Cut, Mod𝑐 (dcl(𝐴)) ⊆ 𝜇𝑐 (B |𝑐 | (𝐶)).
Proof. Let 𝑠 ∈ Mod𝑐 (dcl(𝐴)) – in particular 𝑐 ∈ Cut(dcl(𝐴)) – and 𝑏 = (𝑏ℓ)ℓ be as in Proposition
3.10. By Remark 3.11, it suffices to show that, 𝑓ℓ (𝑏ℓ) (𝐶) ≠ ∅. For ℓ < 𝑛, since 𝑏ℓ ∈ Γ/Δℓ (dcl(𝐴)), this
follows from the first assumption. If ℓ ≥ 𝑛, by induction, 𝑓ℓ (𝑏ℓ) ∈ K/Iℓ is an 𝐴𝐶-definable generalized
ball whose cut is a v(𝐶)-translate of an A-definable cut; and we conclude by the second assumption. �

3.2. The geometric sorts

The goal of this section is to further simplify the codes of modules to something more akin to the
geometric sorts of [1]. This will be crucial to classify k-internal sets, when the value group is non
discrete, in Corollary 6.7.

Let M be an (expansion of a) valued field in some language 𝔏 with stably embedded residue field.
Definition 3.13.
1. Let Cut★★ denote Cut★ \ {Γ>𝛾 : 𝛾 ∈ Γ} – unless Γ is discrete, in which case, Cut★★ = Cut★. Any

module of type a tuple c in Cut★★ is said to be 𝔪-avoiding. Let Gr be the collection of codes for all
𝔪-avoiding modules; that is Gr =

∐
𝑐∈Cut★★ Mod𝑐 .

2. For every O-module R, let red(𝑅) denote the k-vector space 𝑅/𝔪𝑅 and let red𝑅 : 𝑅 → red(𝑅)
denote the canonical projection. We also define Lin =

∐
𝑅∈Gr red(𝑅).

3. Let G = K ∪ Gr ∪ Lin be the (generalized) geometric sorts.
Remark 3.14. For every 𝑐 ∈ Cut★, we have 𝔪I𝑐 = I𝑐 if and only if C𝑐 ≠ Γ≥𝛾 for each 𝛾 ∈ Γ. Indeed, if
C𝑐 does not have a minimal element, then, for every 𝑥 ∈ I𝑐 , there exists 𝑎 ∈ I𝑐 such that v(𝑎) < v(𝑥).
Then 𝑥𝑎−1 ∈ 𝔪 and hence 𝑥 = 𝑥𝑎−1𝑎 ∈ 𝔪I𝑐 .

It follows that if c is some tuple in Cut★ and R is an O-module of type c. Then red(𝑅) has dimension
|{𝑖 : ∃𝛾 ∈ Γ, C𝑐𝑖 = Γ≥𝛾}| over k.
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Lemma 3.15. Let 𝑅 ⊆ K𝑛 be an O-module of type c for some tuple c in Cut★. Then there exists an �𝑅�-
definable 𝔪-avoiding module 𝑅 containing R and such that 𝔪𝑅 = 𝔪𝑅. In particular, red(𝑅) ⊆ red(𝑅)
is a subspace and dcl(�𝑅�) = dcl(�𝑅�, �red(𝑅)�).

Proof. Let 𝑣𝑅 be the valuation defined in the proof of Proposition 3.3. Recall that 𝑅 = {𝑥 ∈ K𝑛 : Γ≥0 ⊆

𝑣𝑅 (𝑥)} and let 𝑅 = {𝑥 ∈ K𝑛 : Γ>0 ⊆ 𝑣𝑅 (𝑥)}. If 𝑒𝑖 is a (triangular) basis such that 𝑅 =
∑

𝑖 I𝑐𝑖 𝑒𝑖 , then
𝑅 =

∑
𝑖 𝐼𝑐𝑖 𝑒𝑖 .

For every 𝛾 ∈ Γ, let 𝛾O = {𝑥 ∈ K : v(𝑥) ≥ 𝛾} and 𝛾𝔪 = {𝑥 ∈ K : v(𝑥) > 𝛾}. We have 𝛾O = 𝛾O
and hence 𝔪𝛾O = 𝛾𝔪. If 𝐼𝑐 is neither 𝛾O nor 𝛾𝔪 for any 𝛾 ∈ Γ, then 𝔪𝐼𝑐𝑖 = 𝔪I𝑐𝑖 = I𝑐𝑖 . Finally, if Γ
is dense then 𝛾𝔪 = 𝛾O and 𝔪𝛾𝔪 = 𝛾𝔪. It follows that 𝔪𝑅 = 𝔪𝑅.

The last assertion follows from the fact that red−1
𝑅
(red(𝑅)) = 𝑅. �

Let us now recall, following [18, Lemma 2.6.4], how to code definable subspaces of red(𝑅). The
following abstract conditions were isolated in [19].

Proposition 3.16. Let M be some 𝔏-structure, k be some stably embedded 𝔏-definable field and
⋃

𝑠 𝑉𝑠
be a collection of finite-dimensional 𝔏-definable k-vector spaces which

◦ is closed under tensors: for every 𝑠, 𝑟 , there is an 𝔏-definable injection from the interpretable set
𝑉𝑠 ⊗ 𝑉𝑟 into some 𝑉𝑡 ;

◦ is closed under duals: for every s, there is an 𝔏-definable injection from the interpretable set 𝑉∨
𝑠 into

some 𝑉𝑡 ;
◦ has flags: For every s, there exists 𝑟, 𝑡 and a 𝔏-definable exact sequence 0 → 𝑉𝑟 → 𝑉𝑠 → 𝑉𝑡 → 0,

with dim(𝑉𝑟 ) = 1.

Then any definable subspace 𝑊 ⊆ 𝑉𝑠 , is coded in
⋃

𝑠 𝑉𝑠 .

Proof. By (the proof of) [19, Proposition 5.2], W is coded in some projective space P(𝑉𝑟 ).
By [19, Lemma 5.6], given that the family has flags, P(𝑉𝑟 ) is coded in

⋃
𝑠 𝑉𝑠 . �

We consider once again an (expansion of a) valued field M in some language 𝔏.

Definition 3.17. For every 𝐴 ⊆ 𝑀eq, let Lin𝐴 =
∐

𝑠∈Gr(acl(𝐴)) red(𝑅𝑠) with its A-induced structure.

Before we prove that Proposition 3.16 can be applied to Lin𝐴, let us prove the following useful
computation:

Lemma 3.18. Let 𝐼, 𝐽 ≤ K be (M-definable) O-submodules. If (𝐼 : 𝐽) = 𝔪, then 𝐼 = 𝑎𝔪 and 𝐽 = 𝑎O,
for some 𝑎 ∈ K.

Proof. We first argue that v(𝐼) � v(𝐽). If v(𝐽) ⊆ v(𝐼), then 𝐽 ⊆ 𝐼 so Stab(𝐽) ⊆ (𝐼 : 𝐽), where
Stab(𝐽) = {𝑥 ∈ 𝐾 : 𝑥𝐽 = 𝐽}. Since Stab(𝐽) = O×

Δ for some definable convex subgroup Δ of the value
group, and 𝔪 does not contain O×

Δ then v(𝐼) � v(𝐽).
We aim to show that v(𝐽) has a minimal element. Otherwise, given 𝛾 ∈ v(𝐽)\v(𝐼) there is some

𝛽 ∈ v(𝐽) such that 𝛽 < 𝛾, thus 𝛾 = 𝛽 + 𝛿 where 𝛿 = 𝛾 − 𝛽 > 0. Take 𝑥 ∈ 𝔪 and 𝑦 ∈ 𝐽 such that 𝑣(𝑥) = 𝛿
and 𝑣(𝑦) = 𝛽. Consequently, 𝑥𝑦 ∉ 𝐼 since 𝑣(𝑥𝑦) = 𝛾, so (𝐼 : 𝐽) ≠ 𝔪. Let 𝛾0 be the minimal element
of v(𝐽) and 𝑎 ∈ 𝐾 such that 𝑣(𝑎) = 𝛾0 thus 𝐽 = 𝑎O. To show that 𝐼 = 𝑎𝔪 it is sufficient to argue that
v(𝐽)\v(𝐼) = {𝛾0}. If there is some 𝛽 ∈ v(𝐽)\v(𝐼) such that 𝛽 ≠ 𝛾0, then 𝛽 − 𝛾0 > 0. Take 𝑥 ∈ 𝔪 such
that 𝑣(𝑥) = 𝛽 − 𝛾0, then 𝑥 ∈ 𝔪 but 𝑎𝑥 ∉ 𝐼, hence (𝐽 : 𝐼) ≠ 𝔪. Thus, 𝐼 = 𝑎𝔪, as required. �

Proposition 3.19. For every 𝐴 ⊆ 𝑀eq, Lin𝐴 is a collection of finite dimensional k-vector spaces which
is closed under tensors, duals and has flags.

Proof. Let 𝑅1 ⊆ K𝑛 and 𝑅2 ⊆ K𝑚 be two acl(𝐴)-definable 𝔪-avoiding O-modules. Let 𝑓 : K𝑛 ⊗K𝑛 →

K𝑛𝑚 be the 𝔏-definable isomorphism induced by the canonical basis. By Lemma 3.15, we find an
A-definable 𝔪-avoiding O-module 𝑅 = 𝑓 (𝑅1 ⊗ 𝑅2) inducing an inclusion red( 𝑓 (𝑅1 ⊗ 𝑅2)) ⊆ red(𝑅).
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Since red(𝑅1) ⊗ red(𝑅2) is A-definably isomorphic to red(𝑅1 ⊗ 𝑅2), we conclude that Lin𝐴 is closed
under tensors.

As for duals, for every O-submodule 𝐼 ⊆ K, let 𝐼∨ = (O : 𝐼) = {𝑥 ∈ K : 𝑥𝐼 ⊆ O}. By Lemma 3.18,
𝐼∨ ≠ 𝔪. Let 𝑔 : (K𝑛)∨ → K𝑛 be the𝔏-definable isomorphism induced by the canonical basis composed
with the map K𝑛 → K𝑛 reversing the order of the coordinates and let (𝑎∨𝑖 )𝑖 denote the dual basis. Then, as
we reversed the order, 𝑔(𝑎∨𝑖 ) is an upper triangular basis. If 𝑅 =

∑
𝑖 I𝑐𝑖𝑎𝑖 for some triangular basis (𝑎𝑖)𝑖 ,

then 𝑔(HomO (𝑅1,O)) =
∑

𝑖 I∨𝑐𝑖𝑔(𝑎
∨
𝑖 ), which is 𝔪-avoiding. This induces an A-definable isomorphism

red(HomO (𝑅1,O)) � red(𝑔(HomO (𝑅1,O))) showing that Lin𝐴 is closed under duals.
Finally, regarding flags, let 𝑅 =

∑
𝑖 I𝑐𝑖𝑎𝑖 ⊂ K𝑛 be an acl(𝐴)-definable 𝔪-avoiding O-module, with a

triangular. We find a flag for red(𝑅) by induction on n. Let 𝜋 be the projection on the last 𝑛−1 variables.
Then, we have a split A-definable short exact sequence

0 → I𝑐0𝑎0 → 𝑅 → 𝜋(𝑅) → 0

which induces the following A-definable short exact sequence

0 → I𝑐0𝑎0/𝔪I𝑐0𝑎0 → 𝑅/𝔪𝑅 → 𝜋(𝑅)/𝔪𝜋(𝑅) → 0.

If I𝑐0 = 𝔪I𝑐0 , then red(𝑅) � red(𝜋(𝑅)) and we conclude by induction on n. If not, I𝑐0𝑎0/𝔪I𝑐0𝑎0 is a
dimension one k-vector space, and the above short exact sequence is a flag for red(𝑅). �

Remark 3.20. Fix some 𝐴 ⊆ 𝑀eq.
1. Recall that we assumed that k is stably embedded in M. It follows that Lin𝐴 is stably embedded and

its A-induced structure is definable with parameters in the structure with the 𝔏-induced structure on
k and the vector space structure on each sort 𝑅𝑠/𝔪𝑅𝑠 . Indeed, once we name a basis of every vector
space in Lin𝐴, every definable subset in Lin𝐴 can be identified with a definable subset in k. Similarly,
if RV is stably embedded, so is Lin𝐴 ∪ RV.

2. Whenever k is a pure algebraically closed field, combining [19, Lemma 5.6] with Proposition 3.19,
Lin𝐴, with its A-induced structure, eliminates imaginaries.
We can now improve Corollary 3.7:

Corollary 3.21. Any M-definable O-submodule R of type 𝑐 ∈ Cut★ is coded in G.
Conversely, any element 𝑎 +𝔪𝑠 ∈ Lin is coded by the O-submodule generated by (𝑎 +𝔪𝑠) × {1}.

So any element of G is coded in K ∪ Mod.

Proof. By Lemma 3.15, for some 𝔪-avoiding module 𝑅 containing R such that 𝔪𝑅 = 𝔪𝑅, the lattice
R is coded by �𝑅� ∈ Gr and �red(𝑅)� where red(𝑅) ≤ red(𝑅) is a subspace. By Propositions 3.16 and
3.19, red(𝑅) is coded in Lin�𝑅� ⊆ Lin. �

One of the main reason for isolating the 𝔪-avoiding modules is the following result.
Proposition 3.22. Let M be an RV-expansion of a model of Hen0,0 with stably embedded dense value
group. If 𝑋 ⊆ Gr is M-definable and orthogonal to Γ – meaning that any function 𝑓 : 𝑋 → Γeq definable
with parameters has finite image – then X is finite.
Proof. Let us first consider the case of some M-definable 𝑋 ⊆ K/I𝑐 for some 𝑐 ∈ Cut★★. Let 𝑌 ⊆ K
be the preimage of X. By Proposition 2.5, there exists a (nonempty) finite set 𝐶 ⊆ K(𝑀) such that, any
ball b disjoint from C, is either contained in Y or is disjoint from it. If X is infinite, then there exists
some 𝑎 ∈ 𝑌 such that 𝑎 + I𝑐 is disjoint from C. Let b be the maximal ball around a that is disjoint from
C – that is, the ball 𝑎 + (𝑎 − 𝑐)𝔪 where 𝑣(𝑎 − 𝑐) = min𝑐∈𝐶 v(𝑎 − 𝑐). Then 𝑏 ⊆ 𝑌 and b strictly contains
b as I𝑐 ≠ 𝑑𝔪, for any d. It follows that the function 𝑓 : 𝑥 ↦→ v(𝑥 − 𝑎) induces a well-defined function
on (𝑏 \ {𝑎 + I𝑐})/I𝑐 ⊆ 𝑋 with infinite image, contradicting our hypothesis.

Let us now fix some 𝑒 ∈ 𝑋 ⊆ Gr, in some elementary extension of M. Let 𝑏ℓ be as in Proposition 3.10
and let us prove, by induction on ℓ, that 𝑏ℓ ∈ 𝑀eq. For all ℓ < 𝑛, we have 𝑏ℓ ∈ Γ/Δℓ , for some convex
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subgroup Δℓ . Since 𝑒 ∈ 𝑋 and X is orthogonal to Γ and 𝑏ℓ ∈ dcl(𝑒), we must have 𝑏ℓ ∈ 𝑀eq. Let now
ℓ ≥ 𝑛 and let us assume that 𝑏<ℓ ∈ 𝑀 . We have 𝑏ℓ ∈ 𝑋ℓ which is an M-definable torsor for some K/Iℓ
where, by Lemma 3.18, Iℓ is not a multiple of 𝔪. Since 𝑏𝑖 ∈ dcl(𝑒), it is contained is an M-definable
subset of K/Iℓ which is orthogonal to Γ, and hence, by the first paragraph, finite. So 𝑏ℓ ∈ 𝑀eq.

Since 𝑒 ∈ dcl(𝑀𝑏), it follows that 𝑒 ∈ 𝑀eq. As this holds for any 𝑒 ∈ 𝑋 in some elementary
extension, X is finite. �

Recall that a definable set X is (resp. almost) internal to another definable set Y if, over a model,
X admits a one-to-one (resp. finite-to-one) map to 𝑌 eq.

Corollary 3.23. Let M be an RV-expansion of a model of Hen0,0 with dense value group. Assume that
k and Γ are stably embedded and orthogonal. Let 𝐴 = acl(𝐴) ⊆ 𝑀eq and let X be an almost k-internal
A-definable subset of (some cartesian product of) G, then 𝑋 ⊆ K(𝐴) ∪ Gr(𝐴) ∪ Lin𝐴.

Proof. Any almost k-internal set is orthogonal to Γ. By Proposition 2.5, any infinite definable subset
of K contains a ball and hence is not orthogonal to Γ, so if 𝑋 ⊆ K, then 𝑋 ⊆ K(𝐴). By Proposition
3.22, if 𝑋 ⊆ Gr, then 𝑋 ⊆ Gr(𝐴). Finally, if 𝑋 ⊆ Lin, then the projection of X to Gr is finite and hence
𝑋 ⊂

∐
𝑠∈Gr(𝐴) red(𝑅𝑠) = Lin𝐴. �

Note that it is necessary to assume that Γ(𝑀) is dense. The pure valued field C((𝑡)) elimi-
nates imaginaries down to G. However, the interpretable set O/𝑡2O is orthogonal to Γ (in fact, it is
k-analyzable), but it is not k-internal; in particular, it cannot be a subset of K(𝐴) ∪ Gr(𝐴) ∪ Lin𝐴.

4. Density of quantifier free definable types

Let M be a sufficiently saturated and homogeneous RV-expansion of a model of Hen0,0 with strongly
stably embedded Γ (cf. Proposition 2.2). We realize types over M in some a sufficiently saturated
and homogeneous M � 𝑀 . Let 𝑀1 = 𝑀ur be its maximal algebraic unramified extension (with the
𝔏-induced structure on Γ) and 𝑀0 = 𝑀a be its algebraic closure (as a pure valued field). Note that, by
quantifier elimination, we have 𝑀0 ≺ Ma and 𝑀1 ≺ Mur.

In what follows, whenever we want to refer to the structure in 𝑀0 = 𝑀a (resp. 𝑀1 = 𝑀ur, resp.
M), we will indicate this by a 0 (resp. 1, resp. nothing): for example, acl0, acl1, or acl for the algebraic
closure and S0 (𝑀) for the space of types in 𝑀0 over M.

We also assume that the language 𝔏𝑖 of 𝑀𝑖 is morleyized, and we restrict ourselves to quantifier free
𝔏𝑖-formulas when interpreting them in a substructure. Note that it follows from quantifier elimination
in 𝑀1 (Theorem 2.7) that the trace on M of any 𝔏1-definable set in 𝑀1 is 𝔏-definable. Similarly, for
𝔏0-definable sets. We also fix a sufficiently saturated extension of the triple (𝑀0, 𝑀1, 𝑀) in which we
realize types.

The goal of this section is to prove the following density result:

Theorem 4.1. Assume that Γ(𝑀) satisfies Property D. Let 𝐴 = acl(𝐴) ⊆ 𝑀eq and 𝑋 ⊆ K𝑛 be nonempty
and 𝔏(𝐴)-definable in M. Then there exists an 𝔏(G (𝐴) ∪ Γeq(𝐴))-definable type 𝑝 ∈ S1 (𝑀) consistent
with X.

This statement was proved in [7, Theorem 5.9] when 𝑀 = 𝑀ur and Γ is an abelian ordered group of
bounded regular rank. It also strengthens [6, Theorem 3.1.3] in two ways. The first is that it provides a
definable type in a stronger reduct (i.e., a type in 𝑀ur and not just in 𝑀a). The second is that there is no
hypothesis on the residue field: it is not required that the residue field eliminates ∃∞.

4.1. Codes of definable types

We start by proving the following useful fact allowing to compare types in M, 𝑀1 = 𝑀ur and 𝑀0 = 𝑀a.
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Remark 4.2. Let 𝑐 = (𝑐1, . . . , 𝑐𝑛) be a finite tuple in Cut∗∗. Consider the natural map:

B𝑛 (𝑀)/Stab(Λ𝑐) (𝑀) → B𝑛 (𝑀1)/Stab(Λ𝑐) (𝑀1).

So the map above identifies the code of the O(𝑀)-module 𝑅 =
∑

𝑖≤𝑛 𝑎𝑖 𝐼𝑐𝑖 (𝑀) in M with the code
of the O(𝑀1)-module 𝑅1 =

∑
𝑖≤𝑛 𝑎𝑖 𝐼𝑐𝑖 (𝑀1) =

∑
𝑖≤𝑛 𝑎𝑖O(𝑀1) · 𝐼𝑐𝑖 (𝑀) generated by R. Moreover, we

have 𝑅1 (𝑀) = 𝑅.
Recall the Definition 1.1 of a definable Δ-type.

Proposition 4.3. Let 𝐴 = dcl(𝐴) ⊆ 𝑀eq and 𝑝(𝑥) ∈ S𝜀
K|𝑥 | (𝑀) be finitely satisfiable in M and 𝔏(𝐴)-

definable, for 𝜀 = 0 or 1. Then p has a unique extension 𝑞𝜀 ∈ S𝜀 (𝑀𝜀). Moreover, 𝑞1 is 𝔏1(G (𝐴) ∪
Γeq (𝐴))-definable and 𝑞0 |𝑀1 is 𝔏1(G (𝐴))-definable.

We follow the proof of [7, Theorem 5.9], mutatis mutandis.

Proof. The uniqueness of 𝑞𝜀 follows from [6, Lemma 3.3.7]; note that 𝑞𝜀 is finitely satisfiable in M.
For every integer 𝑑 ≥ 0, let 𝑉𝑑 � Kℓ be the space of polynomials in K(𝑀) [𝑥]≤𝑑 of degree less

or equal than d (in each 𝑥𝑖). It comes with an 𝔏(𝐴)-definable valuation defined by 𝑣(𝑃) ≤ 𝑣(𝑄) if
𝑝(𝑥) � v(𝑃(𝑥)) ≤ v(𝑄(𝑥)).

By Proposition 3.3 there exists a separated basis (𝑃𝑖)𝑖≤ℓ ∈ 𝑉𝑑 such that, for every i, 𝛾𝑖 = 𝑣(𝑃𝑖) ∈

dcl(�𝑣�) ⊆ 𝐴. By [6, Claim 3.3.5], (𝑃𝑖)𝑖 is also a separated basis of𝑉1
𝑑 = K(𝑀1) [𝑥]≤𝑑 with the valuation

𝑣1 where 𝑣1(𝑃) ≤ 𝑣1 (𝑄) if 𝑞1 (𝑥) � v(𝑃(𝑥)) ≤ v(𝑄(𝑥)). It follows that 𝑣1(𝑉
1
𝑑) = 𝑣(𝑉𝑑) =

⋃
𝑖 𝛾𝑖 +Γ(𝑀)

which we identify in Γeq over G (𝐴) with disjoint copies of Γ.
By Corollary 3.7 the definable O-modules 𝑅𝑖 = {𝑃 ∈ 𝑉𝑑 : 𝑣(𝑃) ≥ 𝛾𝑖} are coded by some tuple 𝑒𝑖 in

Mod(𝐴). We identify 𝑒𝑖 with the code 𝑒1
𝑖 ∈ Mod1(𝑀) of 𝑅1

𝑖 = {𝑃 ∈ 𝑉1
𝑑 : 𝑣1 (𝑃) ≥ 𝛾𝑖} via the map in

Remark 4.2. Furthermore, the 𝑅1
𝑖 entirely determine 𝑣1 which is therefore coded in G (𝐴) (cf. Corollary

3.21). Since 𝑞0 |𝑀1 is entirely determined by the valuations 𝑣1 on 𝑉1
𝑑 , the proposition is proved in that

case.
To conclude, let us prove the definability of 𝑞1. By Theorem 2.7, any 𝔏1-formula 𝜙(𝑥, 𝑦) (with

variables in K) is equivalent to one of the form 𝜓(v(𝑃(𝑥, 𝑦))), where 𝑃 ∈ Z[𝑥, 𝑦] is a tuple. Let
𝑋𝜙 = {𝑣1(𝑃(𝑥, 𝑎)) ∈ 𝑣1(𝑉

1
𝑑) : 𝑞1 (𝑥) � 𝜓(v(𝑃(𝑥, 𝑎)))}. Note that if 𝑣1(𝑃(𝑥, 𝑏)) = 𝑣1 (𝑃(𝑥, 𝑎)), then

𝑞1 (𝑥) � v(𝑃(𝑥, 𝑏)) = v(𝑃(𝑥, 𝑎)) and hence 𝑞1 (𝑥) � 𝜓(v(𝑃(𝑥, 𝑏))) if and only if 𝑣1 (𝑃(𝑥, 𝑏)) ∈ 𝑋𝜙 . So
it suffices to show that the 𝑋𝜙 are 𝔏1 (G (𝐴) ∪ Γeq (𝐴))-definable, but this follows immediately from the
identification 𝑣1(𝑉

1
𝑑) =

⋃
𝑖 𝛾𝑖 + Γ(𝑀). �

From now on, we will identify 𝔏(𝐴)-definable types in S1 (𝑀) that are finitely satisfiable in M with
their unique extension to 𝑀1 = 𝑀ur.

We now note that coding definable 𝔏0-types already allows us to code some imaginaries, namely
certain germs of functions into the space of balls – see Section 2.1 for the definition of germs.
Definition 4.4. Let B be a chain of balls in 𝑀0 (including points and K itself). We define the generic
𝜂𝐵 of the generalized ball

⋂
𝑏∈𝐵 𝑏, to be the 𝔏0 (𝑀0)-type generated by:

{𝑥 ∈ 𝑏 : 𝑏 ∈ 𝐵} ∪ {𝑥 ∉ 𝑏′ : 𝑏′ is a ball in 𝑀0 and ∀𝑏 ∈ 𝐵, 𝑏′ is a strict subball of 𝑏}.

If b is a generalized ball, we write 𝜂𝑏 for the type 𝜂𝐵 where B is the set of balls containing b. If b is
a definable generalized ball in M, 𝜂𝑏 |𝑀 (𝑥) is an 𝔏(�𝑏�)-definable type (finitely) consistent with 𝑥 ∈ 𝑏.
Lemma 4.5. Assume that Γ(𝑀) is dense. Let 𝑎 ∈ K(𝑁), for some 𝑁 � 𝑀 , be such that 𝑝0 (𝑥) =
tp0(𝑎/𝑀) is 𝔏(𝑀)-definable. Let 𝑏(𝑎) be an 𝔏0 (𝑀𝑎)-definable open ball whose radius is in Γ(𝑁) –
where b implicitly denotes some 𝔏0 (𝑀)-definable map. Then the germ [𝑏]𝑝0 is coded in G (𝑀) over
G (�𝑝0�).
Proof. We may assume that 𝑁a is |𝑀 |+-saturated. Let 𝑞0 (𝑥, 𝑦) be the 𝔏(𝑀)-definable 𝔏0 (𝑀)-type of
𝑎𝑐 where c is generic in 𝑏(𝑎) over 𝑀𝑎 – that is 𝑐 |= 𝜂𝑏 |𝑀𝑎. Note that, since we are in equicharacteristic
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zero, 𝑏(𝑎) has a point in N and, in fact, since 𝑏(𝑎) is open and Γ(𝑁) is dense, the generic of 𝑏(𝑎) in 𝑁a

is satisfiable in N. It follows that 𝑞0 is finitely satisfiable in M.
By Proposition 4.3, 𝑝0 and 𝑞0 are coded inG (𝑀). Moreover, for every𝜎 ∈ Aut(𝑀/�𝑝�) and 𝑎𝑐 |= 𝑞0,

we have 𝜎(𝑞0) = 𝑞0 if and only if 𝑏(𝑎) = 𝑏𝜎 (𝑎). So [𝑏]𝑝 is coded by G (�𝑞0�) over G (�𝑝0�). �

4.2. Unary subsets of K

We first consider the case of Theorem 4.1 when 𝑋 ⊆ K. The proof proceeds as in [7, Theorem 5.3]
where, in the unary case, the hypothesis that 𝑀 = 𝑀ur is not used.

Lemma 4.6. Let 𝐴 = acl(𝐴) ⊆ 𝑀 and 𝑋 ⊆ K be 𝔏(𝐴)-definable in M. There exists an 𝔏1(Bg (𝐴))-
definable chain of balls E in 𝑀1 such that the 𝔏1(Bg (𝐴))-definable type 𝜂𝐸 |𝑀1 ∈ S0 (𝑀1) is consistent
with X.

This follows from [6, Section 3] which states a relative version of that statement. However, since the
machinery set up for the relative version of the statement is rather heavy, let us sketch a proof. A version
of this proof can also be found in [7, Theorem 5.5].

Proof. Let B(𝑀1) be the set of all open and closed balls (including points and K itself) in 𝑀1. Given
𝑏1, 𝑏2 ∈ B we write 𝑏1 � 𝑏2 if 𝑏1 ∩ 𝑋 ⊆ 𝑏2 ∩ 𝑋 . This is a preorder with associated equivalence ≡ and
the associated order is a tree T if we remove the class 𝐸∅ of balls that don’t intersect X.

Note that any ≡-class 𝐸 ≠ 𝐸∅, the generalized ball 𝑏𝐸 =
⋂

𝑏∈𝐸 𝑏 is defined by knowing a point
in 𝑏𝐸 and the set {v(𝑥 − 𝑦) : 𝑥, 𝑦 ∈ 𝑏𝐸 } which is definable in Γ(𝑀) = Γ(𝑀1). So 𝑏𝐸 and E are
𝔏1 (𝑀)-definable. It follows that E is coded in Bg (𝑀) and that the generic type 𝜂𝐸 |𝑀1 (𝑥) ∈ S0 (𝑀1) is
𝔏1 (�𝐸�)-definable. If the type 𝜂𝐸 is not consistent with X, by compactness, 𝑋∩𝑏𝐸 is covered by finitely
many disjoint balls of 𝑀0. But then the smallest ball 𝑏0 in 𝑀0 containing 𝑋 ∩ 𝑏𝐸 is closed with radius in
Γ(𝑀) = Γ(𝑀1) and 𝑋 ∩ 𝑏𝐸 is covered by finitely many maximal open subballs of 𝑏0 which are indeed
balls of 𝑀1. It follows that E has finitely many direct predecessors for �, each of them in acl(𝐴, �𝐸�).

Starting with the class of K and proceeding by induction, either the lemma holds or the tree T has
an initial infinite discrete finitely branching tree. All the elements of this initial tree are 𝔏1(Bg (𝐴))-
definable ≡-classes.

By Proposition 2.5, there exists a finite set 𝐶 ⊆ K(𝑀) preparing X and can find an ≡-class E in the
infinite initial discrete tree such that 𝑏𝐸 ∩ 𝐶 = ∅. Then 𝑏𝐸 ⊆ 𝑋 and hence X is consistent with the
𝔏1 (Bg (𝐴))-definable type 𝜂𝐸 |𝑀1 . �

Let us now show that the type 𝜂𝐸 |𝑀1 can then be completed to an 𝔏1(Bg (𝐴) ∪ Γeq(𝐴))-definable
type 𝑝1 ∈ S1 (𝑀1) consistent with X:

Lemma 4.7. Assume that Γ(𝑀) satisfies Property D. Let 𝐴 = dcl(𝐴) ⊆ 𝑀eq, let X be 𝔏(𝐴)-definable
and let E be an 𝔏1 (Bg (𝐴))-definable chain of balls in 𝑀1 such that 𝜂𝐸 |𝑀1 is consistent with X. Then,
there exists an 𝔏1 (Bg (𝐴) ∪ Γeq(acl(𝐴)))-definable type 𝑝 ∈ S1 (𝑀1) containing 𝜂𝐸 |𝑀1 and consistent
with X.

Proof. Let 𝑏𝐸 =
⋂

𝑏∈𝐸 𝑏 and 𝑐 ∈ 𝑋 realize 𝜂𝐸 |𝑀1 . Then 𝛾 = v(𝑐− 𝑎) does not depend on 𝑎 ∈ 𝑏𝐸 (𝑀1).
If 𝛾 ∈ Γ(𝑀), then 𝑏𝐸 is a closed ball and 𝜂𝐸 |𝑀1 generates a complete type over 𝑀1.

If not, let C be the 𝔏1(Γeq (𝐴))-definable cut of 𝛾 over Γ(𝑀1). For every 𝑎 ∈ 𝑏𝐸 (𝑀1), let 𝑌𝑎 =
v(𝑋 − 𝑎) = {𝑣(𝑥 − 𝑎) : 𝑥 ∈ 𝑥} – it contains 𝛾. Let 𝜂𝐶 (𝑥) = {𝑥 < 𝛾 : 𝛾 ∈ 𝐶} ∪ {𝑥 > 𝛾 : 𝛾 ∉ 𝐶} be the
𝔏1 (Γeq(𝐴))-definable generic type of C over Γ(𝑀1) and let 𝑟 (𝑥) = 𝜂𝐶 (𝑥) ∪ {𝑥 ∈ 𝑌𝑎 : 𝑎 ∈ 𝑏𝐸 (𝑀1)}.
Then r is 𝔏1 (Γeq(𝐴))-definable and 𝛾 |= 𝑟 . By property D, r is contained an 𝔏1 (Γeq(𝐴))-definable
complete type 𝑞(𝑥) over Γ(𝑀1).

Let 𝛿 |= 𝑞 and fix some 𝑎 ∈ 𝑏𝐸 (𝑀1). Since 𝛿 ∈ 𝑌𝑎, there exists 𝑐 ∈ 𝑋 such that v(𝑐 − 𝑎) = 𝛿, and
since 𝛿 |= 𝜂𝐶 , we have 𝑐 |= 𝜂𝐸 |𝑀1 . So the type 𝑝(𝑥) = 𝜂𝐸 |𝑀1 (𝑥) ∪ 𝑞(v(𝑥 − 𝑎)) is consistent with X. It
is complete by Theorem 2.7, and it is 𝔏1 (Bg (𝐴) ∪ Γeq(𝐴))-definable. �
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Corollary 4.8. Assume that Γ(𝑀) satisfies Property D. Let 𝐴 = acl(𝐴) ⊆ 𝑀eq. Then any 𝔏(𝐴)-
definable subset of K is consistent with an 𝔏(Bg (𝐴) ∪ Γeq(𝐴))-definable type 𝑝 ∈ S1(𝑀).

4.3. Germs of functions

To prove density of definable types in general, we now wish to proceed by transitivity. However, since
we are working with definable 𝔏1-types, we first need to address the potential difference between acl
and acl1. For every tuple a in 𝑀eq, let 𝑎K enumerate 𝑎 ∩ K.

Proposition 4.9. Assume that Γ has property D. Let 𝐴 = acl(𝐴) ⊆ 𝑀eq and let X be pro-𝔏(𝐴)-definable
in M in the sorts G ∪ Γeq. Let 𝑝(𝑥) be an infinitary 𝔏(𝐴)-definable 𝔏1 (𝑀)-type which is consistent
with X. Assume that for any 𝑎 |= 𝑝, we have 𝑎 ⊆ acl1(𝑀𝑎K). Then, for every 𝔏(𝐴)-definable one-to-
finite correspondence F into G ∪ Γeq defined at all realizations of p in X, there exists an 𝔏(𝐴)-definable
𝑞(𝑥𝑦) ∈ S1 (𝑀) containing 𝑝(𝑥) and there exists 𝑎𝑐 |= 𝑞 with 𝑎 ∈ 𝑋 such that 𝑐 ∈ acl1 (𝑀𝑎K𝑐K) and
𝐹 (𝑎) ∩ dcl1 (𝑎𝑐) ≠ ∅.

Note that if 𝑎 ∈ G (𝑀) ∪ Γeq(𝑀), then as the induced 𝔏1-structure on M is 𝔏-definable, then
acl1(𝑎) ∩ (G (𝑀) ∪ Γeq(𝑀)) ⊆ acl(𝑎). Furthermore, if 𝑎 ⊆ K(𝑀), K(acl(𝑎)) = Q(𝑎)a ∩ K(𝑀) ⊆

K(acl1(𝑎)).

Proof. If the proposition holds for F, then for some 𝔏1-definable map, we have 𝑓 (𝑎𝑐) ∈ 𝐹 (𝑎). So
replacing p by q and X by 𝑥 ∈ 𝑋 ∧ 𝑓 (𝑥𝑦) ∈ 𝐹 (𝑥), the hypothesis of the proposition stills holds and we
may assume that if 𝑎 ∈ 𝑋 realizes p then 𝐹 (𝑎) ∩ dcl1 (𝑎) ≠ ∅. The proof now proceeds by proving the
proposition for various specific F and changing p and X as above, until we exhaust all possible F. To do
so, it suffices, by Corollary 3.12, to add a point to 𝑎𝐾 in every 𝐴𝑎-algebraic generalized ball and a lift
of every element in Γ/Δ (dcl(𝐴𝑎)), for any convex Δ ≤ Γ.

We first consider the case where F is almost definable in 𝑀1.

Claim 4.9.1. If there exists an 𝔏1(𝑀)-definable one-to-finite correspondence G such that 𝑝(𝑥) ∧ 𝑥 ∈

𝑋 � 𝐹 (𝑥) ⊆ 𝐺 (𝑥), then the proposition holds.

Proof. Since 𝑝 ∈ S1 (𝑀), the cardinal of 𝐺 (𝑥) is constant when x varies over realizations of p; and
we may assume that it is minimal. Then for every other such 𝐺 ′, we have 𝑝(𝑥) ∧ 𝑥 ∈ 𝑋 � 𝐹 (𝑥) ⊆

𝐺 (𝑥) ∩𝐺 ′(𝑥) and hence 𝑝(𝑥) ∧ 𝑥 ∈ 𝑋 � 𝐺 (𝑥) = 𝐺 ′(𝑥). In other words, for some (and hence for every)
𝑎 |= 𝑝, 𝐺 (𝑎) = 𝐺 ′(𝑎). This holds in particular of any 𝐺 ′ = 𝜎(𝐺), where 𝜎 ∈ Aut(𝑀/𝐴) and thus
[𝐺]𝑝 ∈ dcl(𝐴) = 𝐴 – recall that we assumed M to be sufficiently saturated and homogeneous. Let
𝐺0 ⊆ 𝐺 be minimal 𝔏1 (𝑀)-definable such that 𝑝(𝑥) � ∅ ≠ 𝐺0 (𝑥) ⊆ 𝐺 (𝑥). Then [𝐺0]𝑝 ∈ acl(𝐴) = 𝐴.
The type 𝑞(𝑥𝑦) = 𝑝(𝑥) ∧ 𝑦 ∈ 𝐺0 (𝑥) is complete as cardinality of 𝐺0 is minimal and it is 𝔏(𝑀)-
definable and Aut(𝑀/𝐴)-invariant; so it is 𝔏(𝐴)-definable. By construction, for any 𝑎𝑐 |= 𝑞, we have
𝑐 ∈ 𝐺0 (𝑎) ⊆ acl1(𝑀𝑎) ⊆ acl1(𝑀𝑎𝐾 ). Moreover, if 𝑞(𝑥𝑦) is not consistent with 𝑥 ∈ 𝑋 ∧ 𝑦 ∈ 𝐹 (𝑥), then
𝑝(𝑥)∧𝑥 ∈ 𝑋 � 𝐹 (𝑥) ⊆ 𝐺 (𝑥) \𝐺0 (𝑥), contradicting the minimality of G. So the type q is as required. �

Let us now assume that the co-domain of F is Γeq. By strong stable embeddedness of Γ and Lemma
2.3, for every 𝑎 |= 𝑝,

Γeq (acl(𝐴𝑎)) ⊆ Γeq(acl(𝑀𝑎)) = Γeq(acl(𝑀𝑎K)) ⊆ acl1 (v(𝑀 (𝑎K)))

and hence, by compactness, there exists an 𝔏1 (𝑀)-definable one-to-finite correspondence G such that
𝑝(𝑥) � 𝐹 (𝑥) ⊆ 𝐺 (𝑥). We now conclude with Claim 4.9.1. As indicated at the start of the proof, we may
therefore assume that a contains all of Γeq(acl(𝐴𝑎)).

Claim 4.9.2. Let 𝑏 : 𝑝 → Bg be𝔏1-definable. Then there exists an𝔏(𝐴)-definable type 𝑞(𝑥𝑦) ∈ S1 (𝑀)

finitely satisfiable in M containing 𝑝(𝑥) ∪ {𝑦 |= 𝜂𝑏 (𝑥) |𝑀𝑥}.
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Proof. Let 𝑎 |= 𝑝. Since Γeq(acl1 (𝑏(𝑎))) ⊆ Γeq(acl1(𝑎)) ⊆ Γeq(acl(𝑎)) ⊆ 𝑎, by Lemma 4.7 applied
with M elementary extension of 𝑀1 containing a, there exists an 𝔏1 (𝑎)-definable type 𝑟𝑎 (𝑦) containing
𝜂𝑏 (𝑎) (𝑦) and 𝑦 ∈ 𝑏(𝑎). Let 𝑐 |= 𝑟𝑎 |𝑀𝑎. Then tp1 (𝑎𝑐/𝑀) is as required. �

For every 𝔏(𝐴𝑎)-definable convex subgroup Δ ≤ Γ and 𝛾 ∈ (Γ/Δ) (acl(𝐴𝑎)) ⊆ 𝑎, the set
v−1
Δ ([𝛾,∞]) is an𝔏1 (𝑎)-definable generalized ball. Let q be as in Claim 4.9.2 applied to any𝔏-definable

function b such that 𝑏(𝑎) = v−1
Δ ([𝛾,∞]). If 𝑎𝑐 |= 𝑞, we have vΔ (𝑐) = 𝛾. Replacing p by q, we may

assume that vΔ (𝑎K) contains all of (Γ/Δ) (acl(𝐴𝑎)).
If the co-domain of F is k, let 𝜂𝑘 (𝑦) ∈ S1 (𝑀) be the 𝔏-definable generic of k – that is, the only

nonalgebraic type concentrating on k. If 𝑝(𝑥) ⊗ 𝜂k (𝑦) is not consistent with 𝑥 ∈ 𝑋 ∧ 𝑦 ∈ 𝐹 (𝑦), then
there exists an 𝔏1(𝑀)-definable one-to-finite correspondence G such that 𝑝(𝑥) ∧ 𝑥 ∈ 𝑋 � 𝐹 (𝑥) ⊆ 𝐺 (𝑥),
by Claim 4.9.1 and Claim 4.9.2, we find 𝑞(𝑥𝑦) consistent with 𝑥 ∈ 𝑋 ∧ res(𝑦) ∈ 𝐹 (𝑥). On the other
hand, if 𝑝(𝑥) ⊗ 𝜂k (𝑦) is consistent with 𝑥 ∈ 𝑋 ∧ 𝑦 ∈ 𝐹 (𝑥), let 𝑞(𝑥𝑧) = 𝑝(𝑥) ⊗ 𝜂O (𝑧) |𝑀 , then, by
hypothesis, 𝑞(𝑥𝑧) is consistent with 𝑥 ∈ 𝑋 ∧ res(𝑧) ∈ 𝐹 (𝑥). Changing X and p we may therefore assume
that k(acl(𝐴𝑎)) ⊆ res(𝑎K).

We may also assume that 𝑎K is a field. Now, if 𝜉 ∈ RV(acl(𝐴𝑎)), then v(𝜉) ∈ Γ(acl(𝐴𝑎)) ⊆

v(𝑎K). Let 𝑐 ∈ 𝑎 be such that v(𝑐) = v(𝜉), then 𝜉rv(𝑐)−1 ∈ k(acl(𝐴𝑎)) ⊆ res(𝑎K). It follows that
RV(acl(𝐴𝑎)) ⊆ rv(𝑎K).

Let us now assume that the co-domain of F is the set of generalized balls that are not open balls.
For any 𝑎 |= 𝑝 and 𝑏 ∈ 𝐹 (𝑎) ⊆ acl(𝐴𝑎) ⊆ acl(𝑀𝑎K), by Lemma 2.6, we have 𝑏(acl1 (𝑀𝑎K)) ⊇

𝑏(acl(𝑀𝑎K)) ≠ ∅. Moreover, the radius of b is in Γeq(acl(𝐴𝑎)) ⊆ acl1(𝑀𝑎K), by strong stable
embeddedness. Hence, 𝑏 ∈ acl1(𝑀𝑎) and we conclude with Claim 4.9.1. So we may assume that 𝑏 ∈ 𝑎.
Applying Claim 4.9.2, we may further assume that b has a point in a.

Now, if 𝑏 ∈ acl(𝐴𝑎) is an open ball, the smallest closed ball around b has a point 𝑐 ∈ 𝑎 and
𝑏 − 𝑐 ∈ RV(acl(𝐴𝑎)) ⊆ rv(𝑎K) also has a point in a, hence so does b. Recall that we already assumed
that, for every acl(𝐴𝑎)-definable convex subgroup Δ ≤ Γ, Γ/Δ (acl(𝐴𝑎)) ⊆ vΔ (𝑎K). By Corollary 3.12,
we have G (acl(𝐴𝑎)) ⊆ dcl1 (𝑎).

Recall that to get to that point, we have replaced 𝑝(𝑥) by a type 𝑞(𝑥𝑦) consistent with X and such
that if 𝑎𝑐 |= 𝑞, then 𝑐 ∈ acl(𝑀𝑎K𝑐K). So the proposition is proved. �

Applying Proposition 4.9 to all possible F – as we have actually done in the proof of the proposition
– we get:
Corollary 4.10. Let 𝐴 = acl(𝐴) ⊆ 𝑀eq, let X be 𝔏(𝐴)-definable and let 𝑝 ∈ S1 (𝑀) be 𝔏(𝐴)-definable
and consistent with X. Then there exists 𝑎 |= 𝑝 in X such that

tp1 (G (acl(𝐴𝑎)) ∪ Γeq(acl(𝐴𝑎))/𝑀)

is 𝔏(𝐴)-definable.
The proof of Theorem 4.1 is now a standard induction.

Proof of Theorem 4.1. Recall that, by Proposition 4.3, we can identify 𝔏(𝐴)-definable types in S1 (𝑀)

which are finitely satisfiable in M with their unique 𝔏1(G (𝐴) ∪ Γeq (𝐴))-definable extension to 𝑀1. Let
𝑁 ≺ 𝑀 be small and contain A. Note that by Theorem 2.7, 𝑁1 = 𝑁ur ≺ 𝑀1. So it suffices to prove the
theorem over N.

We proceed by induction on the integer n such that 𝑋 ⊆ K𝑛. Let 𝜋 : K𝑛 → K be the projection on
the first coordinate. By Corollary 4.8, there exists an 𝔏(𝐴)-definable type 𝑝 ∈ S1(𝑀) consistent with
𝜋(𝑋). Let 𝑎 ∈ 𝑋 realize 𝑝 |𝑁 and let c enumerate G (acl(𝐴𝑎)) ∪ Γeq(acl(𝐴𝑎)). By Corollary 4.10, we
may assume that tp1 (𝑐/𝑁) is 𝔏(𝐴)-definable.

By induction, there exists an 𝔏1 (𝑐)-definable 𝑟𝑐 (𝑧) ∈ S1 (𝑀1) consistent with 𝑋𝑎. In particular 𝑟𝑐 |𝑀
is 𝔏(𝑐)-definable. Let 𝑑 ∈ 𝑋𝑎 realize 𝑟𝑐 |𝑀 . Then 𝑞 = tp1 (𝑎𝑐𝑑/𝑁) is 𝔏(𝐴)-definable and 𝑎𝑑 ∈ 𝑋 . But
q is 𝔏(G (𝐴) ∪ Γeq(𝐴))-definable, by Proposition 4.3, concluding the proof. �

In the case 𝑀 = 𝑀ur, we can deduce a slight generalization of [7, Theorem 5.12]:
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Corollary 4.11. Assume that:

◦ Γ(𝑀) satisfies Property D;
◦ k(𝑀) is a pure algebraically closed field.

Then M weakly eliminates imaginaries down to G ∪ Γeq.

Proof. Fix some 𝑒 ∈ 𝑀eq. Let 𝐴 = acl(𝑒) and let f be an 𝔏-definable map with domain K𝑛 and such
that 𝑋 = 𝑓 −1(𝑒) ≠ ∅. By Theorem 4.1, there exists an 𝔏(G (𝐴) ∪ Γeq (𝐴))-definable type 𝑝(𝑥) ∈ S1 (𝑀)

consistent with X. But since 𝑀 = 𝑀1, this type is complete and we have 𝑝(𝑥) � 𝑓 (𝑥) = 𝑒. It follows that
𝑒 ∈ dcl(G (𝐴) ∪ Γeq(𝐴)) proving weak elimination. �

5. Invariant extensions

In this section, we will consider the invariance of types over stably embedded definable sets, for example,
RV. This gives rise to several notions of invariance isolated in [6, Section 4.2].

Whenever 𝐷 =
⋃

𝑖 𝐷𝑖 is ind-𝔏-definable and stably embedded, we denote by 𝐷eq the ind-𝔏-
interpretable union of all 𝔏-interpretable sets X that admit an 𝔏-definable surjection

∏
𝑗 𝐷𝑖 𝑗 → 𝑋 .

Let M be sufficiently saturated and homogeneous. Let 𝐶 ⊆ 𝑀 be potentially large and let D be ind-
𝔏-definable and stably embedded. Let p be a partial type over M (closed under implication).

Definition 5.1. We say that the type p:

1. is Aut(𝑀/𝐶)-invariant if for every 𝜎 ∈ Aut(𝑀/𝐶), we have 𝑝 = 𝜎(𝑝);
2. has Aut(𝑀/𝐶)-invariant D-germs if it is Aut(𝑀/𝐶)-invariant and so is the p-germ of every (rela-

tively) M-definable map 𝑓 : 𝑝 → 𝐷eq;
3. is Aut(𝑀/𝐷)-invariant if it has Aut(𝑀/𝐷 (𝑀))-invariant D-germs.

A nice property of the stronger notion is that it is transitive – cf. [6, Lemma 4.2.4]:

Lemma 5.2. Let 𝑁 � 𝑀 be saturated3 strictly larger than M. Let 𝑝 ∈ 𝑆(𝑀) have Aut(𝑀/𝐶)-invariant
D-germs, let 𝑎 � 𝑝 in N and let 𝑞 ∈ 𝑆(𝑁) be Aut(𝑁/𝐶𝐷 (𝑁)𝑎)-invariant. Then 𝑞 |𝑀 is Aut(𝑀/𝐶)-
invariant.

Moreover, if q has Aut(𝑁/𝐶𝐷 (𝑁)𝑎)-invariant E-germs, for some (ind-)𝔏-definable set E, then 𝑞 |𝑀
has Aut(𝑀/𝐶)-invariant E-germs.

The main goal of this section is to prove the following statement. Recall (Definition 3.17) that
Lin𝐴 =

∐
𝑠∈Gr(acl(𝐴)) red(𝑅𝑠) and that a bounded regular rank group is an ordered abelian group with

countably many definable convex subgroups.

Theorem 5.3. Let M be sufficiently saturated and homogeneous RV-expansion of a model of Hen0,0
such that the value group Γ and residue field are stably embedded and orthogonal and Γ is either:

◦ dense with property D;
◦ or, a pure discrete ordered abelian group of bounded regular rank – in that case we also add a

constant for a uniformizer 𝜋.

Let 𝑀0 = 𝑀a, let 𝐴 = acl(𝐴) ⊆ 𝑀eq be small and let a be a tuple in K(𝑁), for some 𝑁 � 𝑀 . Assume that
tp0(𝑎/𝑀) is Aut(𝑀/G (𝐴))-invariant, then tp(𝑎/𝑀) is Aut(𝑀/G (𝐴),RV(𝑀),Lin𝐴(𝑀))-invariant.

We follow the general strategy of [6, Section 4]. The main new challenge is to prove the equivalent
(Proposition 5.16) of [6, Corollary 4.4.6] in the present setting since the geometric sorts are now larger.

3We assume such models exist.
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5.1. Germs of functions into the linear sorts

One important ingredient of the proof of Proposition 5.16 is a description of the germ of certain functions
into the linear sorts (cf. Lemmas 5.9 and 5.13). We proceed in three steps. First, we consider the case of
a valued field with algebraically closed residue field. Then we consider valued fields with dense value
groups (and arbitrary residue fields). Finally, we consider valued fields with discrete value groups for
which a serious obstruction arises: the classification of k-internal sets given in Corollary 3.23 does not
hold for discrete value groups. This can be circumvented by considering a ramified extension with dense
value group.

Let M be sufficiently saturated and homogeneous (RV-expansion of a) model of Hen0,0 in a language
𝔏, whose value group Γ is stably embedded, has property D and is orthogonal to k, which is itself stably
embedded.

We first prove that germs of functions into the linear sorts are internal to the residue field (see
Proposition 5.7). We follow the general strategy of [6, Lemma 3.4.1] and first prove a result on the
growth of dcl in Lineq

𝐴 . Recall the definition of an open generalized ball (Definition 2.4).

Lemma 5.4. Let 𝐴 ⊂ 𝑀eq be small and let U be an open ∞-A-definable generalized ball. Let a be a
generic element of U over A in some 𝑁 � 𝑀 . Then Lineq

𝐴 (dcl(𝐴𝑎)) ⊆ acl(𝐴).

Proof. Let 𝑓 : 𝑈 → Lineq
𝐴 be some (relatively) A-definable function and let cut(𝑈) be the cut of U. Fix

some 𝑒 ∈ 𝑈 (𝑀). For now, we work over M, so we can assume that 𝑒 = 0 and we identify Lineq
𝐴 with keq.

For every 𝛾 ∈ cut(𝑈) and 𝑑 ∈ keq, let 𝑋𝑑,𝛾 = {𝑥 ∈ 𝑈 : v(𝑥) = 𝛾 and 𝑓 (𝑥) = 𝑑}. Then by Proposition
2.5, there exists a finite set 𝐶 ⊆ K(𝑀) which does not depend on 𝛾 or d, such that for every ball b, if
𝑏 ∩ 𝐶 = ∅, then 𝑏 ∩ 𝑋𝑑,𝛾 ≠ ∅ implies that 𝑏 ⊆ 𝑋𝑑,𝛾 .

If 𝑎 ∈ 𝑈 is not in the smallest ball b containing 𝐶 ∩𝑈 (𝑀) and 0, then the open ball of radius v(𝑎)
around a – that is rv(𝑎) – is entirely contained in 𝑋 𝑓 (𝑎) ,v(𝑎) . In other words, f induces a well-defined
function 𝑓 : rv(𝑈 \ 𝑏) → keq.

Claim 5.4.1. Let 𝑓 : RV → 𝑘eq be M-definable. Then there are finitely many 𝛾𝑖 ∈ Γ(𝑀) such that
𝑓 ({𝑥 ∈ RV : v(𝑥) ≠ 𝛾𝑖}) is finite.

Proof. Let 𝑁 � 𝑀 be sufficiently saturated and homogeneous. For any choice of 𝛼 ∈ k and 𝛾 ∈

Γ(𝑁) \ Γ(𝑀), we find an automorphism 𝜎 ∈ Aut(RV(𝑁)/RV(𝑀), k(𝑁)) such that, if v(𝑥) = 𝛾, then
𝜎(𝑥) = 𝛼 · 𝑥. First, as k× is divisible and thus injective, we find a group morphism ℎ : Γ → k× sending
𝛾 to 𝛼 and Γ(𝑀) to 0. This h induces an automorphism 𝜎 ∈ Aut(RV(𝑁)/RV(𝑀), k(𝑁)) defined by
𝜎(𝑥) = ℎ(v(𝑥)) · 𝑥.

Let 𝑥, 𝑦 ∈ RV be such that v(𝑥) = v(𝑦) ∉ Γ(𝑀). Then, by the above paragraph, there is an
automorphism 𝜎 fixing k and RV(𝑀), and hence f, and such that 𝜎(𝑥) = 𝑦. It follows that 𝑓 (𝑥) =
𝜎( 𝑓 (𝑥)) = 𝑓 (𝜎(𝑥)) = 𝑓 (𝑦). By compactness, there are finitely many 𝛾𝑖 ∈ Γ(𝑀) such that f induces a
function Γ \

⋃
𝑖 𝛾𝑖 → keq. This function has finite image by orthogonality of k and Γ. �

Thus, we have found an M-definable closed ball 𝑏′ ⊂ 𝑈 such that | 𝑓 (𝑈 \ 𝑏′) | = 𝑛 < ∞. By
compactness, there exists an A-definable 𝑍 ⊇ 𝑈 such that | 𝑓 (𝑍 \ 𝑏′) | = 𝑛. If 𝐴 = 𝑀 , the proposition
is proved. In general, we show that 𝑏′ can be replaced by a generalized A-definable ball. If there are
two such M-definable closed balls with empty intersection, then 𝑓 (𝑍) is finite. If not, they form a chain
which is A-definable. Hence, their intersection is an A-definable generalized sub-ball B of U such that
𝑓 (𝑈 \ 𝐵) is finite.

In both cases, if a is generic in U over A, 𝑓 (𝑎) is in a finite A-definable set. In other words,
Lineq

𝐴 (dcl(𝐴𝑎)) ⊆ acl(𝐴). �

Proposition 5.5. Let 𝐴 ⊆ 𝑀eq and let a be a tuple in K(𝑀). There is a countable tuple 𝑐 ∈

Lin𝐴(dcl(𝐴𝑎)) such that

Lineq
𝐴 (dcl(𝐴𝑎)) ⊆ acl(𝐴𝑐).
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Proof. Let us first assume that |𝑎 | = 1. Let 𝑊 = {𝑏 : 𝑎 ∈ 𝑏 and b is a A-definable generalized ball }.
Then a is generic over A in the ∞-A-definable generalized ball

𝑈 =
⋂
𝑏∈𝑊

𝑏.

If U is open, by Lemma 5.4, we have Lineq
𝐴 (dcl(𝐴𝑎)) ⊆ acl(𝐴). If U is closed, let 𝑐0 = res𝑈 (𝑎) ∈

Lineq
𝐴 (dcl(𝐴𝑎)). Let 𝑈0 be the intersection of all 𝐴𝑐0-definable generalized balls containing a. Either

𝑈0 is open, or we set 𝑐1 = res𝑈0 (𝑎) ∈ Lineq
𝐴 (dcl(𝐴𝑎)). We continue this process unless 𝑈𝑖 is open and

we set 𝑈𝜔 =
⋂

𝑗 𝑈 𝑗 . Then a is generic in the 𝐴𝑐≥0-definable open generalized ball 𝑈𝜔 . By Lemma 5.4,
we have Lineq

𝐴 (dcl(𝐴𝑎)) ⊆ acl(𝐴𝑐≥0), concluding the proof.
Let us now assume that 𝑛 > 1 and proceed by induction. Let 𝑑 ∈ Lineq

𝐴 (dcl(𝐴𝑎<𝑛)) be such
that Lineq

𝐴 (dcl(𝐴𝑎<𝑛)) ⊆ acl(𝐴𝑑). By the case 𝑛 = 1, let also 𝑐 ∈ Lineq
𝐴 (dcl(𝐴𝑎)) be such that

Lineq
𝐴 (dcl(𝐴𝑎)) ⊆ acl(𝐴𝑎<𝑛𝑐). For every 𝑒 ∈ Lineq

𝐴 (dcl(𝐴𝑎)), there exists an 𝐴𝑎<𝑛-definable one-to-
finite correspondence f such that 𝑒 ∈ 𝑓 (𝑐). We have � 𝑓 � ∈ Lineq

𝐴 (dcl(𝐴𝑎<𝑛)) ⊆ acl(𝐴𝑑) and hence
𝑒 ∈ acl(𝐴𝑑𝑐). �

Lemma 5.6. Let M be an 𝔏-structure, let X and D be 𝔏-definable sets and let 𝑎 ∈ 𝑋 (𝑁), for some
𝑁 � 𝑀 . Assume there exists a countable tuple c in M such that 𝐷 (dcl(𝑀𝑎)) ⊆ acl(𝐷 (𝑀)𝑎𝑐). Then, for
every𝔏-definable family ( 𝑓𝜆)𝜆∈Λ : 𝑋 → 𝐷, there exists an𝔏(𝑀)-definable one-to-finite correspondence
(𝑔𝛿)𝛿∈𝐷𝑚 : 𝑋 → 𝐷 such that, for every 𝜆 ∈ Λ(𝑀), there exists a 𝛿 ∈ 𝐷𝑚 (𝑀) with 𝑓𝜆(𝑎) ∈ 𝑔𝛿 (𝑎).

In particular, if 𝑝 ∈ S(𝑀) is definable, the interpretable set {[ 𝑓𝜆]𝑝 : 𝜆 ∈ Λ} is almost D-internal.

Proof. The existence of g follows by compactness, in a sufficiently saturated model of the pair (𝑁, 𝑀).
Now, if 𝑝 ∈ S(𝑀) is definable, for every 𝜆 ∈ Λ(𝑀), let 𝑌𝜆 = {𝛿 ∈ 𝐷𝑚 : 𝑝(𝑥) � 𝑓𝜆(𝑥) ∈ 𝑔𝛿 (𝑥)}. Then
ℎ([ 𝑓𝜆]𝑝) = �𝑌𝜆� lies in an interpretable D-internal set. Moreover, since 𝑝(𝑥) � 𝑓𝜆(𝑥) ∈

⋂
𝛿∈𝑌𝜆 𝑔𝛿 (𝑥)

which is finite, the map h is finite-to-one. �

Proposition 5.7. Assume that k is stable. Let 𝐴 ⊆ 𝑀eq and let 𝑝(𝑥) ∈ S(𝑀) be A-definable concen-
trating on K𝑛 for some n. Let f be an M-definable function. Assume that for every 𝑎 |= 𝑝, we have
𝑓 (𝑎) ∈ Lin𝐴𝑎, then [ 𝑓 ]𝑝 lies in an almost k-internal A-definable set.

Proof. We may assume that 𝐴 = acl(𝐴). As k is stable, there exists a acl(𝐴𝑎)-definable type q of bases
for Lin𝐴𝑎. Let 𝑏 |= 𝑞 |𝐴𝑎. Since tp(acl(𝐴𝑎)/𝑀) is A-definable, tp(𝑎𝑏/𝑀) is also A-definable. Moreover,
if 𝑔(𝑎𝑏) ∈ k enumerates the coordinates of 𝑓 (𝑎) in the basis b, we have 𝑓 (𝑎) = ℎ(𝑏, 𝑔(𝑎𝑏)) where h is
A-definable.

By Proposition 5.5, there exists a countable tuple c in M such that k(dcl(𝑀𝑎𝑏)) ⊆

acl(𝑀k(dcl(𝑎𝑏𝑐))). As k is stably embedded, it follows that k(dcl(𝑀𝑎𝑏)) ⊆ acl(k(𝑀)𝑎𝑏𝑐). There-
fore, by Lemma 5.6, the germ [𝑔]𝑞 lies in an A-interpretable almost k-internal set. Moreover, if
𝜎 ∈ Aut(𝑀/𝐴[𝑔]𝑞), then 𝜎(𝑔) (𝑎𝑏) = 𝑔(𝑎𝑏) and hence

𝜎( 𝑓 ) (𝑎) = ℎ(𝑏, 𝜎(𝑔(𝑎𝑏))) = ℎ(𝑐, 𝑔(𝑎𝑏)) = 𝑓 (𝑎).

So [ 𝑓 ]𝑝 ∈ dcl(𝐴[𝑔]𝑞) also lies in an A-interpretable almost k-internal set. �

5.1.1. Dense value groups
As previously, let 𝑀0 = 𝑀a and 𝑀1 = 𝑀ur.

Lemma 5.8. We have G (dcl1(𝑀)) = G (𝑀).

Proof. Let 𝐴 = K(𝑀). Note that Γ(𝑀1) = v(𝐴). Also, any𝔏1(𝐴)-definable ball b contains a point in 𝑎 ∈

K(𝑀1) ⊆ 𝐴a. Since A is henselian, the Galois-conjugates of a in 𝑀1 over A are all in the generalized ball
b and their mean d is fixed by Gal(𝑀1/𝐴). Since the extension 𝐴 ≤ K(𝑀1) is normal, 𝑑 ∈ 𝐴. So we can
apply Corollary 3.12 (in 𝑀1) to see that G (dcl1 (𝑀)) ⊆

⋃
𝑐∈Cut 𝜇𝑐 (B𝑛 (𝐴)) = G (𝑀) ⊆ G (dcl1(𝑀)). �
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If we further assume that the value group is dense, what we have done so far is enough to show that
germ of 𝔏0-definable open balls are coded in the linear part.

Lemma 5.9. Assume Γ(𝑀) is dense. Let 𝐴 ⊆ G (𝑀) and let a be a tuple of K-points in 𝑁 � 𝑀 be such
that 𝑝 = tp0(𝑎/𝑀) is 𝔏(𝐴)-definable. Let 𝑏(𝑎) be an open 𝔏0(𝑀𝑎)-definable ball whose radius is in
Γ(dcl1 (𝐴𝑎)). Then, in the structure 𝑀1, the germ [𝑏]𝑝 is coded in G (acl(𝐴)) ∪ Lin𝐴(𝑀) over A.

Proof. By Proposition 4.3 and property D, we may assume that 𝑡 𝑝1(𝑎/𝑀1) is 𝔏1 (acl1(𝐴))-definable.
We have 𝑏(𝑎) ∈ Lin𝐴𝑎, so, by Proposition 5.7 applied in 𝑀1, the germ [𝑏]𝑝 lies in an 𝔏1(𝐴)-definable
k-internal set. On the other hand, by Lemma 4.5, it is coded by some 𝑒 ∈ G (𝑀1) over A. It now follows
from Corollary 3.23 that 𝑒 ∈ G (acl1 (𝐴)) ∪ Linacl1 (𝐴) (𝑀1). Since 𝑒 ∈ dcl1 (𝑀), by Lemma 5.8, we have
𝑒 ∈ G (𝑀) and hence 𝑒 ∈ G (acl(𝐴)) ∪ Lin𝐴(𝑀). �

5.1.2. Discrete value groups
We now assume that Γ(𝑀) is a pure, discrete ordered abelian group of bounded regular rank. We add
a constant 𝜋 for a uniformizer in M. We introduce 𝑀 ′

1 = 𝑀1 [𝜋
1/∞] the extension of 𝑀1 obtained by

adding n-th roots of 𝜋 for all 𝑛 > 0. We assume the language 𝔏′
1 of 𝑀 ′

1 is morleyized and we restrict
ourselves to quantifier free 𝔏′

1-formulas when interpreting them in a substructure. We write acl′1 and
dcl′1 to indicate the algebraic and definable closure in 𝑀 ′

1.

Lemma 5.10. The definable convex subgroups of Γ(𝑀 ′
1) are exactly the convex hulls of definable convex

subgroups of Γ(𝑀1) and Γ(𝑀 ′
1) has bounded regular rank. Furthermore, the definable cuts in Γ(𝑀 ′

1)
are exactly the upward closures of definable cuts in Γ(𝑀1) and the cuts above or below a point of Γ(𝑀 ′

1).

Proof. Fix some 𝑛 ∈ 𝜔. Since Γ(𝑀) has bounded regular rank, for each n there is a finite sequence
of convex subgroups 0 < Δ1 < · · · < Δ 𝑘 = Γ(𝑀) such that Δ 𝑖+1/Δ 𝑖 is n-regular. Note that Γ(𝑀 ′

1) =

Q𝑣(𝜋) + Γ(𝑀) and Δ 𝑖 = Q𝑣(𝜋) + Δ 𝑖 is also a convex subgroup of Γ(𝑀 ′
1). Then Δ1 is n-divisible and

Δ 𝑖+1/Δ 𝑖 is n-regular as it is isomorphic to Δ 𝑖+1/Δ 𝑖 . Consequently, for each 𝑛 < 𝜔, Γ(𝑀 ′
1) has the same

n-regular rank than Γ(𝑀), thus by [20, Proposition 2.3] Γ(𝑀 ′
1) is of bounded regular rank and each Δ 𝑖

is definable in Γ(𝑀 ′
1). Furthermore, the map Δ to Δ is a one to one correspondence between the convex

subgroups of Γ(𝑀) and Γ(𝑀 ′
1).

Let 𝑆 ⊆ Γ(𝑀) be a definable cut and Δ𝑆 = {𝛾 ∈ Γ(𝑀) : 𝛾 + 𝑆 = 𝑆}. By [9, Fact 3.2] Δ𝑆 is a convex
definable subgroup of Γ(𝑀), and it is the maximal convex subgroup such that S is a union of Δ𝑆-cosets.
If Δ𝑆 = {0}, then there exists a 𝛾 ∈ 𝑆 such that 𝛾 − v(𝜋) ∉ 𝑆. It follows that S is the cut below 𝛾 and so
is its upwards closure in Γ(𝑀 ′

1). If Δ𝑆 ≠ {1}, then S can be identified with a subset of Γ(𝑀)/Δ𝑆 which
is isomorphic to Γ(𝑀 ′

1)/Δ𝑆 and hence the upwards closure of S in Γ(𝑀 ′
1) is definable.

Conversely, let 𝑆′ ⊆ Γ(𝑀 ′
1) be a definable cut and Δ𝑆′ = {𝛾 ∈ Γ(𝑀 ′

1) : 𝛾 + 𝑆′ = 𝑆′}. If Δ𝑆′ ≠ {0},
then, as above, 𝑆′ is the upward closure of 𝑆′ ∩ Γ(𝑀) which is definable. If Δ𝑆′ = {0}, then, by
[9, Proposition 3.3], 𝑆′ is of the form 𝑛𝑥�𝛽 for some 𝛽 ∈ Γ(𝑀 ′

1) and � ∈ {>, ≥}. Growing n,
we may assume that 𝛽 ∈ Γ(𝑀). Moreover, since Δ𝑆′ = {0}, for some 𝛾 ∈ 𝑆′, 𝛾 − v(𝜋) ∉ 𝑆′. As
(𝛾 − v(𝜋), 𝛾] ∩ Γ(𝑀) ≠ ∅, we may assume that 𝛾 ∈ Γ(𝑀). Then 𝛽 = 𝑛𝛾 − 𝑖v(𝜋), for some i, and 𝑆′ is
the cut above or below 𝛾 − 𝑛−1𝑖v(𝜋). �

It follows, by quantifier elimination in bounded regular rank group ([9, Theorem 2.17]), that
𝑀 ′

1 ≺ Mur [𝜋1/∞]. Also, we can naturally identify the set G (𝑀1) with a subset of G (𝑀 ′
1). We do, how-

ever, have to code the imaginaries of M that 𝑀 ′
1 believes to be geometric:

Lemma 5.11. Let 𝑅 ∈ Gr(dcl′1 (𝑀1)).

1. There is a 𝑄 ∈ Gr(𝑀1) such that 𝑅 ∈ dcl′1 (𝑄) and Q is definable from R in the pair (𝑀 ′
1, 𝑀1).

2. For every 𝑒 ∈ red(𝑅) (dcl′1 (𝑀1)), there exists 𝜀 ∈ red(𝑄) (𝑀1) such that 𝑒 ∈ dcl′1(𝜀) and 𝜀 is
definable from e in the pair (𝑀 ′

1, 𝑀1).
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Proof. For some 𝑛 ≥ 1, we have 𝑅 ∈ 𝜇𝑐 (B𝑚 (K(𝑀1) [𝜛])), where c is a tuple in Cut★★ and 𝜛𝑛 = 𝜋.
Let 𝑓𝜛 : K(𝑀1)

𝑛 → K(𝑀1) [𝜛] send a to
∑

𝑖<𝑛 𝑎𝑖𝜛
𝑖 . Then for every 𝑎 ∈ K(𝑀1)

𝑛, v( 𝑓𝜛 (𝑎)) =
min𝑖 v(𝑎𝑖) + 𝑛−1𝑖v(𝜋). It follows that the preimage of 𝑅(K(𝑀1) [𝜛]) by 𝑓𝜛 is an 𝔏(𝑀1)-definable
O-submodule 𝑄(𝑀1) with 𝑄 ∈ Gr(𝑀1). If 𝜛′ is another n-th root of 𝜋, then 𝜛′ = 𝜎(𝜛) for some
𝜎 ∈ Aut(𝑀 ′

1/𝑀1). Then, since 𝜎(𝑅) = 𝑅, we have

𝑓 −1
𝜛′ (𝑅(K(𝑀1) [𝜛

′])) = 𝜎( 𝑓 −1
𝜛 (𝑅(K(𝑀1) [𝜛]))) = 𝜎(𝑄(𝑀1)) = 𝑄(𝑀1).

So Q does not depend on the choice of 𝜛′ and it is definable from R in the pair (𝑀 ′
1, 𝑀1). Also, since

𝑓𝜛 is linear, it induces a surjective map 𝑄(𝑀 ′
1) → 𝑅(𝑀 ′

1), whose image does not depend on 𝜛. It
follows that 𝑅 ∈ dcl′1 (𝑄).

Let us now consider some 𝑒 ∈ red(𝑅) (dcl′1(𝑀1)). Growing n, we may assume that 𝑒 ∈

red(𝑅) (K(𝑀1) [𝜛]). Let 𝜀 be the preimage of e under the bijection red(𝑄) (𝑀1) → red(𝑅) (K(𝑀1)𝜛)

induced by f. As above, 𝜀 does not depend on the choice of 𝜛 and it has the required properties. �

We can now prove a variant of Proposition 4.3:

Lemma 5.12. Let 𝐴 = dcl(𝐴) ⊆ 𝑀eq and let 𝑎 ∈ 𝑁 � 𝑀 be such that tp0 (𝑎/𝑀) is 𝔏(𝐴)-definable.
Then tp0 (𝑎/𝑀) has a unique extension to S0(𝑀 ′

1) and this extension is 𝔏′
1 (G (𝐴))-definable.

Proof. The uniqueness follows from Proposition 4.3 – in fact, there is a unique extension to 𝑀0. Let
𝑑 ≥ 0, 𝑉𝑑 = K[𝑥]≤𝑑 and v be the valuation on 𝑉𝑑 defined by 𝑣(𝑃) ≤ 𝑣(𝑄) if v(𝑃(𝑎)) ≤ v(𝑄(𝑎)). By
Proposition 3.3, the space 𝑉𝑑 (𝑀) admits a separated basis (𝑃𝑖)𝑖≤ℓ ∈ 𝑉𝑑 (𝑀). By [6, Claim 3.3.5], it is
also a separated basis of 𝑉𝑑 (𝑀 ′

1).
For every 𝑖, 𝑗 , let 𝐶𝑖, 𝑗 = {𝛾 ∈ Γ : 𝑣(𝑃𝑖) + 𝛾𝑣(𝑃 𝑗 )}. If the stabilizer Δ of 𝐶𝑖, 𝑗 is not 0, then,

since Γ/Δ (𝑀) = Γ/Δ (𝑀 ′
1) (by Lemma 5.10), 𝐶𝑖, 𝑗 (𝑀) is co-initial in 𝐶𝑖, 𝑗 (𝑀

′
1) which is indeed

definable. If this stabilizer is 0, since Γ(𝑀1) is discrete, 𝐶𝑖, 𝑗 has a minimal element 𝛾𝑖, 𝑗 ∈ Γ(𝑀)

and 𝑣(𝑃 𝑗 ) = 𝑣(𝑃𝑖) + 𝛾𝑖, 𝑗 . So v is indeed definable in 𝑀 ′
1. Moreover, the O′

1-module 𝑅𝑖 (𝑀
′
1) = {𝑃 ∈

𝑉𝑑 (𝑀
′
1) : 𝑣(𝑃) ≥ 𝑣(𝑃𝑖)} is the O′

1-module generated by 𝑅𝑖 (𝑀) = {𝑃 ∈ 𝑉𝑑 (𝑀) : 𝑣(𝑃) ≥ 𝑣(𝑃𝑖)} whose
codes we identify as in Proposition 4.3 via the natural inclusion map. �

We can now recover the equivalent of Lemma 5.9 in the case of a discrete value group:

Lemma 5.13. Let 𝐴 ⊆ G (𝑀) and let a be a tuple of K-points in 𝑁 � 𝑀 such that 𝑝 = tp0(𝑎/𝑀) is
𝔏(𝐴)-definable. Let 𝑏(𝑎) be an open 𝔏0(𝑀𝑎)-definable ball whose radius is in Γ(dcl′1(𝐴𝑎)). Then, in
the structure 𝑀1, the germ [𝑏]𝑝 is coded in G (acl(𝐴)) ∪ Lin𝐴(𝑀) over A.

Proof. Given Proposition 4.3 and Lemma 5.8, we may assume that 𝑀 = 𝑀1. Growing 𝑀1, we may also
assume that 𝑀1 is sufficiently saturated and homogeneous. By Lemma 5.12, the type tp0 (𝑎/𝑀

′
1) is𝔏′

1(𝐴)-
definable. Now, applying Lemma 5.9 in 𝑀 ′

1, the germ [𝑏]𝑝 is coded in G (acl′1(𝐴)) ∪ Linacl′1 (𝐴) (𝑀
′
1)

over A. In other words, there are some tuple t in K(acl′1(𝐴)) ∩ dcl′1(𝑀1) = K(acl(𝐴)), some 𝑅 ∈

Gr(acl′1 (𝐴)) ∩ dcl′1 (𝑀1) and some 𝑒 ∈ red(𝑅) (dcl′1(𝑀1)) which code [ 𝑓 ]𝑝 over A. Let Q and 𝜀 be as in
Lemma 5.11. Now, any automorphism of 𝜎 ∈ Aut(𝑀1/𝐴) (extended in any way to 𝑀 ′

1) fixes Q if and
only if it fixes R – so 𝑄 ∈ Gr(acl1(𝐴)) – and 𝜎 fixes [ 𝑓 ]𝑝 if and only if it fixes t, R and e, if and only if
it fixes t,Q and 𝜀. �

5.2. Invariant resolutions

Let M be as in Theorem 5.3. As before, let 𝑀0 = 𝑀a and 𝑀1 = 𝑀ur. Given a subset A of G, our goal is
now to find a subset C of K whose type over M is invariant over A and some stably embedded set. This
follows from the following lemma:

Lemma 5.14. Let 𝑁 � 𝑀 , let 𝐷 ⊆ 𝑀 be potentially large, let a be a tuple in K(𝑁) and let 𝜌 be a pro-
𝔏1 (𝑀)-definable map. Assume that rv(𝑀 (𝑎)) ⊆ dcl1(𝐷𝜌(𝑎)) and that 𝑝1 = tp1(𝑎/𝑀) and [𝜌]𝑝1 are
Aut(𝑀/𝐷)-invariant. Then 𝑝 = tp(𝑎/𝑀) has Aut(𝑀/𝐷)-invariant RV-germs.
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This is essentially [6, Lemma 4.2.5] in a slightly different context and the proof is identical. The
main ingredient is elimination of quantifier down to RV – see Theorem 2.1.

Proof. Let 𝑁1 be a large saturated elementary extension of 𝑀1 containing N. Fix 𝜎 ∈ Aut(𝑀/𝐷).
Since 𝑝1 = tp1(𝑎/𝑀) is Aut(𝑀/𝐷) invariant, there is an 𝔏1-elementary embedding 𝜏 : 𝑀 (𝑎) → 𝑀 (𝑎)
extending 𝜎. Because [𝜌]𝑝1 is Aut(𝑀/𝐷)-invariant, we have 𝜌(𝑎) = 𝜎(𝜌) (𝑎). Consequently, since
rv(𝑀 (𝑎)) ⊆ dcl1(𝐷𝜌(𝑎)), 𝜏 |rv(𝑀 (𝑎)) is the identity map. By Theorem 2.1 in 𝑁1, extending 𝜏 by the
identity on RV(𝑁1) yields an 𝔏1-elementary embedding. Since RV is stably embedded, this embedding
further extends to an element 𝜏 of Aut(𝑁1/𝐷,RV(𝑁1), 𝑎) – cf. [12, Lemma 10.1.5].

By Theorem 2.1 (in M now), 𝜏 |𝑀 (𝑎)∪RV(𝑁 ) is 𝔏-elementary. Consequently, tp(𝑎, 𝑀) = tp(𝑎, 𝜎(𝑀))

and we conclude that 𝜎(𝑝) = 𝑝, as required. Lastly, we argue that tp(𝑎/𝑀) has Aut(𝑀/𝐶)-invariant
RV-germs. Let 𝑋 ⊆ RV𝑛 be 𝔏(𝑀𝑎)-definable. Then, by Theorem 2.1, it is 𝔏(rv(𝑀 (𝑎)))-definable and
hence 𝑋 (𝑁) = 𝜏(𝑋 (𝑁)) = 𝜏(𝑋) (𝑁). Equivalently, 𝜎 fixes the p-germ of any 𝔏(𝑀)-definable function
𝑓 : 𝑝 → RVeq. �

Let us now describe how RV grows when adding one field element:

Lemma 5.15. Let 𝐴 ⊆ G (𝑀) ∪ Γeq(𝑀) contain G (acl(𝐴)) and let a be a tuple of K-points in 𝑁 � 𝑀
such that 𝑝 = tp1 (𝑎/𝑀1) is 𝔏(𝐴)-definable. Let 𝑏(𝑎) be an 𝔏1 (𝐴𝑎)-definable generalized ball. If
Γ(𝑀) is discrete, we assume that the cut of 𝑏(𝑎) is 𝔏′

1 (G (𝐴)𝑎)-definable. Let 𝑐 ∈ 𝑁 realize the
generic 𝜂𝑏 (𝑎) |𝑀1𝑎 – that is, c is in 𝑏(𝑎) but not in any proper generalized acl1(𝑀1𝑎)-definable sub-ball.
Let 𝑞 = tp1 (𝑎𝑐/𝑀1). Then there is a pro-𝔏1 (𝑀)-definable map 𝜌 into some power of RV such that
[𝜌]𝑞 ∈ dcl(𝐴,Lin𝐴(𝑀)) and rv(𝑀 (𝑎𝑐)) ⊆ dcl1(rv(𝑀 (𝑎)), 𝜌(𝑎𝑐)).

Proof. We proceed by cases.

Claim 5.15.1 [6, Lemma 4.3.10]. If 𝑏(𝑎) is not closed, there is a pro- 𝔏0(𝑀)-definable map 𝜌 into
some power of RV such that [𝜌]𝑞 ∈ dcl(𝐴) and rv(𝑀 (𝑎𝑐)) ⊆ dcl0(rv(𝑀 (𝑎)), 𝜌(𝑎𝑐)).

Note that in equicharacteristic zero, condition (2) of [6, Lemma 4.3.10] is verified as soon as 𝑏(𝑎) is
not closed. So we may assume that 𝑏(𝑎) is closed. By Lemma 2.6, there is an 𝔏0(𝑀𝑎)-definable finite
set 𝐺 (𝑎) ⊆ K such that 𝐺 (𝑎) ∩ 𝑏(𝑎) = {𝑔} is a singleton.

Claim 5.15.2 [6, Lemma 4.3.13]. If 𝑏(𝑎) is closed and 𝐺 (𝑎) ⊆ K is an 𝔏0(𝑀𝑎)-definable finite set
such that 𝐺 (𝑎) ∩ 𝑏(𝑎) = {𝑔(𝑎)} is a singleton, then

rv(𝑀 (𝑎𝑐)) ⊆ dcl1(rv(𝑀 (𝑎)), rv(𝑐 − 𝑔(𝑎))).

Note that such a 𝐺 (𝑎) always exists by Lemma 2.6. Let 𝜌(𝑎𝑐) = rv(𝑐 − 𝑔) ∈ dcl0(𝑀𝑎𝑐). We have
𝛾 = v(𝑐 − 𝑔) ∈ Γ(dcl1 (𝐴𝑎)) as it is the radius of b. If Γ(𝑀) is discrete, it is in dcl′1(G (𝐴)𝑎) by
assumption. So, by Lemmas 5.9 and 5.13, we have [ℎ]𝑞 ∈ dcl1(𝐴 ∪ Lin𝐴(𝑀)). Then, as required, we
have [𝜌]𝑞 ∈ dcl1(𝐴,Lin𝐴(𝑀)) ∩ G (𝑀) and rv(𝑀 (𝑎𝑐)) ⊆ dcl1(rv(𝑀 (𝑎)), 𝜌(𝑎𝑐)). �

We can now prove the existence of sufficiently invariant resolutions of geometric points:

Proposition 5.16. Let 𝐴 = acl(𝐴) ⊆ 𝑀eq. There exists 𝐶 ⊆ K(𝑁), for some 𝑁 � 𝑀 , with:

1. G (𝐴) ⊆ dcl1 (𝐶, Γ(𝑀));
2. tp1 (𝐶/𝑀) is 𝔏(G (𝐴) ∪ Γeq(𝐴))-definable;
3. tp(𝐶/𝑀) has Aut(𝑀/G (𝐴),RV(𝑀),Lin𝐴(𝑀))-invariant RV-germs.

Proof. By transfinite induction, we construct a tuple c in 𝑁 � 𝑀 and a (pro-) 𝔏1(𝑀)-definable function
𝜌 such that:

◦ 𝑝1 = tp1(𝑐/𝑀) is finitely satisfiable in M and 𝔏(𝐴)-definable;
◦ rv(𝑀 (𝑐)) ⊆ dcl1(RV(𝑀), 𝜌(𝑐));
◦ [𝜌]𝑝1 ∈ dcl1(G (𝐴),RV(𝑀),Lin𝐴(𝑀));
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◦ any 𝔏1 (G (𝐴)𝑐)-definable generalized ball b has a point in C;
◦ for all 𝔏1 (G (𝐴)𝑐)-definable convex subgroup Δ ≤ Γ, Γ/Δ (dcl1 (𝐴𝑐)) ⊆ vΔ (K(𝐶)).

Note that tp1(acl1 (𝐴𝑐) ∩ 𝑁/𝑀) is definable over G (acl(𝐴)) ∪ Γ(acl(𝐴))eq ⊆ 𝐴 (cf. Proposition 4.3).
Let 𝑏(𝑐) be an 𝔏1 (G (𝐴)𝑐)-definable generalized ball whose cut is a v(𝑐)-translate of an 𝔏(𝐴)-definable
cut. By property D, the generic 𝜂𝑏 (𝑐) can be extended to a complete 𝔏(acl1 (𝐴𝑐) ∩𝑁)-definable 𝔏1-type
– and this type is finitely satisfiable in N. Using Lemma 5.15, we can thus add a generic of 𝑏(𝑐) to c.
We then iterate this construction.

Given such a tuple c, by Corollary 3.12 applied in 𝑀1, we have G (𝐴) ⊆ dcl1(𝑐, Γ(𝐴)eq) ⊆

dcl1(𝑐, Γ(𝑀)). Moreover, the type tp(𝑐/𝑀) has Aut(𝑀/𝐴,RV(𝑀),Lin𝐴(𝑀))-invariant RV-germs by
Lemma 5.14. �

We deduce Theorem 5.3 from Proposition 5.16 and the machinery of [6, Section 4].

Proposition 5.17 ([6, Corollary 4.4.1] and Lemma 5.14). Let 𝐴 ⊆ K(𝑀) and 𝑅 ⊆ RV(𝑀). There exists
𝐶 ⊆ K(𝑁), for some 𝑁 � 𝑀 , such that and tp(𝐶/𝑀) is Aut(𝑀/𝐴,RV)-invariant and 𝑅 ⊆ dcl0 (𝐴𝐶).

Proposition 5.18 [6, Corollary 4.4.3]. Let 𝐴 ⊆ K(𝑀). There exists 𝐶 ≺ 𝑁 , for some 𝑁 � 𝑀 , such that
and tp(𝐶/𝑀) is Aut(𝑀/𝐴,RV)-invariant and C contains a realization of every 𝔏(𝐴)-type.

Proposition 5.19 [6, Corollary 4.3.17]. Let 𝐴 ⊆ 𝑀eq be small, let 𝐶 ≺ 𝑀 contain a realization of every
𝔏(𝐴)-type and let 𝑎 ∈ K(𝑁), for some 𝑁 � 𝑀 be such that tp0(𝑎/𝑀) is Aut(𝑀/𝐴)-invariant. Then
tp(𝑎/𝑀) is Aut(𝑀/𝐶,RV)-invariant.

Proof of Theorem 5.3. Fix 𝐴 = acl(𝐴) ⊆ 𝑀eq and a in some elementary extension of M such that
𝑝0 = tp0(𝑎/𝑀) is Aut(𝑀/G (𝐴))-invariant.

◦ By Proposition 5.16, we find 𝐶 ⊆ K(𝑁), for some 𝑁 � 𝑀 (sufficiently saturated and homogeneous),
such that tp(𝐶/𝑀) has Aut(𝑀/G (𝐴),RV(𝑀),Lin𝐴(𝑀))-invariant RV-germs and G (𝐴) ⊆ dcl1 (𝐶𝛾)
for some (infinite) tuple 𝛾 in Γ(𝑀).

◦ By Proposition 5.17 and transitivity (Lemma 5.2), growing C, we may assume that 𝛾 ∈ v(𝐶). By
Proposition 5.18 and transitivity, we can further assume that 𝐶 ≺ 𝑁 contains a realization of every
type over G (𝐴).

◦ We may assume that 𝑎 |= 𝑝0 |𝑁 – cf. [6, Claim 4.4.7]. Then tp0 (𝑎/𝑁) is Aut(𝑁/𝐶)-invariant and
tp(𝑎/𝑁) is Aut(𝑁/𝐶,RV)-invariant by Proposition 5.19.

By transitivity tp(𝑎/𝑀) is Aut(𝑀/G (𝐴),RV(𝑀),Lin𝐴(𝑀))-invariant. �

6. Eliminating imaginaries

Following the general strategy of [6, Theorem 6.1.1], we can now deduce elimination of imaginaries.
Let M be a sufficiently saturated and homogeneous, and as in Theorem 5.3. Let 𝑀0 = 𝑀a and 𝑀1 = 𝑀ur.

Proposition 6.1. Let 𝑒 ∈ 𝑀eq and 𝐴 = acl(𝑒). Then

𝑒 ∈ dcl(G (𝐴), (RV ∪ Lin𝐴)
eq(𝐴)).

Proof. We may assume M is sufficiently saturated and homogeneous. There is an𝔏-definable map f and
a tuple m in 𝐾 (𝑀) such that 𝑓 (𝑚) = 𝑒. Let 𝑋 = 𝑓 −1(𝑒). By Theorem 4.1 we can find a type 𝑝 ∈ S1 (𝑀)

such that:

◦ 𝑝 ∪ 𝑋 is consistent;
◦ p is 𝔏1(G (𝐴) ∪ Γeq (𝐴))-definable.

Take 𝑎 ∈ 𝑋 satisfying p. Then tp0 (𝑎/𝑀) is 𝔏(G (𝐴))-definable. By Theorem 5.3, the type
𝑞 = tp(𝑎/𝑀) is Aut(𝑀/G (𝐴),RV(𝑀),Lin𝐴(𝑀))-invariant. So, for every automorphism 𝜎 ∈

Aut(𝑀/G (𝐴),RV(𝑀),Lin𝐴(𝑀)), we have 𝑒 = 𝜎(𝑒) since 𝑞 = 𝜎(𝑞) � 𝜎(𝑒) = 𝑓 (𝑥) = 𝑒.

use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2026.10234
Downloaded from https://www.cambridge.org/core. ENS Ecole Normale Superieure Paris - rue d'Ulm, on 25 Aug 2026 at 08:45:24, subject to the Cambridge Core terms of

https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2026.10234
https://www.cambridge.org/core


26 S. Rideau-Kikuchi and M. Vicaría

As RV ∪ Lin𝐴 is stably embedded (cf. Remark 3.20), it follows (e.g., [6, Lemma 4.2.3]) that

𝑒 ∈ dcl(G (𝐴),RV(𝑀),Lin𝐴(𝑀)).

So there is a 𝔏(G (𝐴))-definable function g and a tuple c in RV𝑚(𝑀) × Lin𝑛𝐴(𝑀) such that 𝑔(𝑐) = 𝑒.
Let 𝑌 = 𝑔−1(𝑒). This is an A-definable subset of RV𝑚 × Lin𝑛𝐴. Consequently, �𝑌� ∈ (RV ∪ Lin𝐴)

eq(𝐴)
and

𝑒 ∈ dcl(G (𝐴), �𝑌�) ⊆ dcl(G (𝐴) ∪ (𝑅𝑉 ∪ Lin𝐴)
eq(𝐴)),

as required. �

We now want to describe the imaginaries in RV ∪ Lin𝐴.

Proposition 6.2 [6, Proposition 5.3.1]. Further assume that M is a k-Γ-expansion of Hen0,0 and that
for every 𝑛 ∈ Z≥2, one has [Γ : 𝑛Γ] < ∞ and the preimage in RV of any coset of 𝑛Γ contains a point
which is algebraic over ∅. Then, for 𝐴 = acl(𝐴) ⊆ 𝑀eq, we have

(RV ∪ Lin𝐴)
eq(𝐴) ⊆ dcl(Γeq (𝐴) ∪ Lineq

𝐴 (𝐴)).

Finally, let us relate Lineq
𝐴 to the linear imaginaries kleq:

Lemma 6.3. Let 𝐴 = dcl(𝐴) ⊆ 𝑀 . Then Lineq
𝐴 (𝐴) ⊆ dcl(kleq(𝐴)).

Proof. Recall that Lin𝐴 is a stably embedded collection of k-vector spaces – see Remark 3.20. Take
𝑒 ∈ Lineq

𝐴 (𝐴). Then e is the code of a definable set 𝑋 ⊆
∏

𝑖 red(𝑅𝑖) where 𝑎 ∈
∏

𝑗 red(𝑅′
𝑗 ), the family

(𝑋𝑎)𝑎 is 𝔏(𝐴)-definable and 𝑅𝑖 and 𝑅′
𝑗 are A-definable 𝔪-avoiding module. Then 𝑅 =

∏
𝑅𝑖 ×

∏
𝑗 𝑅

′
𝑗 is

an A-definable 𝔪-avoiding module. Adding zero coordinates, we may assume that we have 𝑋𝑎 ⊆ red(𝑅)
and 𝑎 ∈ red(𝑅).

For every basis b of red(𝑅), the set 𝑋𝑎 is 𝔏vect (keq(𝐴)𝑎𝑏)-definable in (k, red(𝑅)). Replacing a with
𝑎𝑏 ∈ red(𝑅)𝑑+1, we may assume that 𝑋𝑎 is 𝔏vect(𝑎)-definable. Let 𝑎𝐸𝑎′ be the equivalence relation
defined by 𝑋𝑎 = 𝑋 ′

𝑎 and let c be the type of R. Then 𝑒 ∈ dcl(Lin𝑐,𝑉 𝑑+1 (𝐴)). �

We can now prove our main results. Let M be as in Theorem 5.3.

Theorem 6.4. Assume that M is a k- Γ-expansion of Hen0,0 and that, for every 𝑛 ∈ Z≥2, one has
[Γ : 𝑛Γ] < ∞ and the preimage in RV of any coset of 𝑛Γ contains a point which is algebraic over ∅.
Then M weakly eliminates imaginaries down to 𝐾 ∪ kleq ∪ Γeq.

Proof. Let 𝑒 ∈ 𝑀eq and 𝐴 = acl(𝐴). By Proposition 6.1, we have

𝑒 ∈ dcl(G (𝐴) ∪ (RV ∪ Lin𝐴)
eq(𝐴)).

By Proposition 6.2, we have

(RV ∪ Lin𝐴)
eq(𝐴) ⊆ dcl(Γeq(𝐴),Lineq

𝐴 (𝐴)) ⊆ dcl(Γeq(𝐴), kleq(𝐴)),

where the last inclusion follows from Lemma 6.3. �

Remark 6.5. In general, imaginaries in the short exact sequence k× → RV× → Γ might be more
complicated. We can embed the short exact sequence k×(𝑀) → RV×(𝑀) → Γ(𝑀) into a sequence
k×(𝑀) → 𝐻 → Q ⊗ Γ(𝑀) – this is clear after adding a section in some ℵ1-saturated elementary
extension. A refinement of [6, Theorem 5.1.4] shows that any set X definable in RV(𝑀) is weakly coded
in Γeq (𝑀) ∪ (𝐻

eq
Δ ∩ dcl(𝑀)), where Δ is the divisible hull of Γ(�𝑋�).

The elements of 𝐻
eq
Δ ∩ dcl(RV) correspond to M-definable subsets of 𝐻𝛿 for some tuple 𝛿 in

Δ ⊆ Q ⊗ Γ(𝑀). These are the imaginaries that we need to add, or classify, to obtain a version of
Theorem 6.4 without any finiteness assumption on Γ/𝑛Γ.
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If [Γ : 𝑛Γ] < ∞ for every 𝑛 ≥ 2 and we add constants as in Theorem 6.4, then any 𝐻𝛿 , for
𝛿 ∈ Δ , is canonically isomorphic to some 𝐻𝛾 with 𝛾 ∈ Γ(�𝑋�); and we recover Theorem 6.4. In
contrast, if k is a pure algebraically closed field, the k-linear structure 𝐻Δ eliminates imaginaries and
𝐻Δ ∩ dcl(𝑀) = 𝐻Γ(�𝑋�) , yielding back Corollary 4.11.

Theorem 6.6. Assume that M admits 𝔏-definable angular components. Then M weakly eliminates
imaginaries down to 𝐾 ∪ kleq ∪ Γeq.

Proof. Let 𝑒 ∈ 𝑀eq and 𝐴 = acl(𝐴). By Proposition 6.1, 𝑒 ∈ dcl(G (𝐴), (RV ∪ Lineq
𝐴 ) (𝐴)). Since RV

is 𝔏-definably isomorphic to k× × Γ, then (RV ∪ Lin𝐴)
eq ⊆ (Γ ∪ Lin𝐴)

eq. The statement now follows
from orthogonality of Γ and Lin𝐴 and Lemma 6.3. �

As an illustration, we conclude this paper with the complete classification of (almost) k-internal sets,
when the value group is dense.

Corollary 6.7. Let M be as in Theorem 6.4 or Theorem 6.6 and assume that Γ(𝑀) is dense. Let 𝐴 ⊆ 𝑀eq

and X be A-definable. The following statements are equivalent:

1. X is k-internal;
2. X is almost k-internal;
3. X is orthogonal to Γ;
4. 𝑋 ⊆ dcl(acl(𝐴),Lin𝐴).

Proof. The fourth statement is a particular case of the first statement. The second statement is a particular
case of the first, and it implies the third since k and Γ are orthogonal. There remains to prove that if X
is orthogonal to Γ then it is a subset of acl(𝐴) ∪ Lineq

𝐴 . By Theorems 6.4 and 6.6, any element 𝑎 ∈ 𝑋 is
weakly coded by some tuple 𝜂 in K ∪ kleq ∪ Γeq. Then 𝜂 also lies on a A-definable set orthogonal to Γ.

There remains to show that 𝜂 ∈ dcl(acl(𝐴) ∪ Lineq
𝐴 ). We may assume that 𝜂 is a single point. Since

X is orthogonal to Γ, if 𝜂 ∈ K ∪ Γeq, then 𝜂 ∈ acl(𝐴). If 𝜂 ∈ Gr, then, by Proposition 3.22, 𝜂 ∈ acl(𝐴).
Finally, if 𝜂 ∈ red(𝑅𝑠)

eq, for some 𝑠 ∈ Gr, then 𝑠 ∈ acl(𝐴) and hence 𝜂 ∈ Lineq
𝐴 . �
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