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Solutions to the midterm
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Problem1:
These questions were covered in class.

I. Let G be a group acting on a set X and let z € X. Define Stabg/(x) and show that it is
a subgroup of G.

Solution: We have Stabg(z) ={ge G: g * x = z}.

Since 1 » x = x by definition of a group action, we have 1 € Stabg(x). Also, for all g,
h € Stabg(x), (9-h) »x =g+ (h*x) =g*x =xs0g-h e Stabg(x). Finally, for all
geStabg(z),z=1xx= (¢ -g)*xx=g xgxx=g"'*xs0g " eStabg(z). So

Stabg(x) < G.
2. Show that the kernel of a group homomorphism is normal.

Solution: Let f : G — H be a group homomorphism. We have to show that, for all
g€ G, gker fg~t cker f. Forall h e ker f,we have f(g-h-g7*) = f(g9)-f(R)-f(9)' =
f(9)-1-f(g)~! = 1. 1t follows that g- h- g! € ker f and hence gker f¢g~* ¢ ker f. So
ker f is normal.

3. State the first isomorphism theorem.

Solution: Let f : G - H be a group homomorphism. Then ker f is a normal subgroup
of G and G/ ker f = f(G).

Problem 2 :
Let G be a group. We define X := {(xo,z1...,2p-1) * Hfz‘ol z;=1}.

1. Show that |X| = |G|P~L.

Solution: The map f : X — GP~! defined by (o, ...,2p-1) = (¥1,...,7,_1 is a bijec-
tion. Indeed, if zo, ..., xp_1) € X, then Hf;ol x;=1s0xg = (]'IJZ.”:_I1 z;)~! and hence the
first element is completely dertemined by the other p — 1 elements of the tuple and f
is injective. Moreover for all (z1,...,7,-1) € GP™!, setting zo = (I'IJZ.D:_!1 r;)71, we get an
element of X, so f is surjective.

Since f is a bijection, we have | X| = |GP~!| = |G|P~2.

This is the formal way of saying that we can choose “freely” p — 1 elements of the tuple
and the last one is given by the inverse.

2. Show that if (zo,...,zp-1) € X, then for all 0 < n < p, we have:

(Tn,Tp+t .-, Tp-1,20,...,%n-1) € X.

Solution: Since 177 =; = (T115 1) (17~ ;) = 1, we have that [T7! @; = (IT72) @)~

and hence x,, - =+ - Tp_1++Tg * =+ Ty = (Hf:_; x;) - (I'[f:_i r;)~! = 1 and we do have
(TnsTp4t -, Tp-1,20,- .., Tn-1) € X.



. Leto e S, bethecycle (01...p—1). Show that
n * (i‘o, cee ,$p_1) = (xan(o), cee ,xan(p_l))
defines an action of Z on X.

Solution: First of all, let r be the remainder of the division of n by p, we have n *

(zo,...,Tp-1) =Tp,...,Tp_1,T0,, Tr—1 and hence, by the previous question n* (xo, ..., zp-1) €
X. Moreover, 0* (29, .. -, Zp-1) = (Z50(0)s - - - s To0(p-1)) = (Z0, - - -, Tp-1) and, for all n,
m e 2, n*(m*(xo, .. ,xp_l)) = n*(xgm(o), ey xgm(p_l)) = (xa-n(a-m(o)), .. ,xo-n(o-m(p_l))) =
(Tgnim(0)s - - - s Tanim(p-1)) = (n+m) * (X0, ...,Tp-1). So » defines an action of Z on

. Show that for all x € X, pZ < Stabyz(z).

Solution: Since o is a p-cycle, for all n € Z, 0™ = (oP)" is the identity map. It fol-
lows that (np) * (wo,...,Zp-1) = (Tgnr(0), - -+ Tonr(p-1)) = (T0,---,Tp-1) and np €
Stabz(x). Since n was any elements of Z, we have just proved that pZ c Stabz(x).

. Show that for all x € X, the orbit of = has size 1 or p.

Solution: We know that for all x € X, |Z  z| = [Z : Stabz(x)]. Since Stabz(z) is
a subgroup of Z which is cyclic it must be of the form nZ for some n € Z. Since it
contains pZ and p is prime, by the classification of subgroups in infinite cyclic groups,
we must have n|p and hence Stabz(z) is either Z or pZ and its index in Z is either 1 or

p.

. Show that the orbit of z has size 1 if and only if x = (x¢, x¢, . .., x0).

Solution: Let us first assume that « = (xo, ..., x,) where x; = ¢ for all 7. Then, for all
neZ,n*x=(Ton(0), - Ton(p-1)) = (T0,---,70) = x and the orbit of x is a singleton.

Conversely, assume that the orbit of z is a singleton, then 1 x z = (z1,...,zp-1,20) =
x = (xo,...,%p-2,Tp-1). 1t follows that the coordinates of those two tuples must be
equal and hence z; = z;4 for all i. By induction, z; = x( for all i

. Assume that p divides |G|. Show that p divides the number of orbits of size 1. Deduce
(without using Cauchy’s theorem) that there is an element of order p in G.

Solution: We have that | X | = Y%} |Z  z;| where the x; are representatives of the orbits.
Reordering them, we may assume that for all i < [, |Z » z;| = 1 and that for all igeql,
|Z * x;] > 1. In that last case, it must be equal to p. We have 0 = |G]P™! = |X]| =
l+p(k-1)=1 mod p. Solis also divisible by p. Moreover, (1,...,1) € X has an orbit
of size 1 and thus [ > 0. It follows that [ > p and therefore, there isan x € G \ {1} such
that (z,...,z) € X,ie. 2P = 1. Since x # 0, |z| = p.



