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Problem 1 :
These questions were covered in class.

1. LetG be a group acting on a setX and let x > X . Define StabG�x� and show that it is
a subgroup ofG.

Solution:We have StabG�x� � �g > G � g � x � x�.

Since 1 � x � x by definition of a group action, we have 1 > StabG�x�. Also, for all g,
h > StabG�x�, �g � h� � x � g � �h � x� � g � x � x so g � h > StabG�x�. Finally, for all
g > StabG�x�, x � 1 � x � �g�1 � g� � x � g�1 � g � x � g�1 � x so g�1 > StabG�x�. So
StabG�x� D G.

2. Show that the kernel of a group homomorphism is normal.

Solution:Let f � G � H be a group homomorphism. We have to show that, for all
g > G, g ker fg�1 b ker f . For all h > ker f , we have f�g �h � g�1� � f�g� � f�h� � f�g��1 �
f�g� � 1 � f�g��1 � 1. It follows that g � h � g�1 > ker f and hence g ker fg�1 b ker f . So
ker f is normal.

3. State the first isomorphism theorem.

Solution:Let f � G � H be a group homomorphism. Then ker f is a normal subgroup
ofG andG~ker f � f�G�.

Problem 2 :
LetG be a group. We defineX �� ��x0, x1 . . . , xp�1� �L

p�1
i�0 xi � 1�.

1. Show that SX S � SGSp�1.

Solution:The map f � X � Gp�1 defined by �x0, . . . , xp�1� ( �x1, . . . , xp�1 is a bijec-
tion. Indeed, if x0, . . . , xp�1� > X , thenLp�1

i�0 xi � 1 so x0 � �L
p�1
i�1 xi�

�1 and hence the
first element is completely dertemined by the other p � 1 elements of the tuple and f
is injective. Moreover for all �x1, . . . , xp�1� > Gp�1, setting x0 � �L

p�1
i�! xi�

�1, we get an
element ofX , so f is surjective.

Since f is a bijection, we have SX S � SGp�1S � SGSp�1.

This is the formal way of saying that we can choose “freely” p� 1 elements of the tuple
and the last one is given by the inverse.

2. Show that if �x0, . . . , xp�1� >X , then for all 0 @ n @ p, we have:

�xn, xn�1 . . . , xp�1, x0, . . . , xn�1� >X.

Solution: SinceLp�1
i�0 xi � �Ln�1

i�0 xi���L
p�1
i�n xi� � 1, we have thatLn�1

i�0 xi � �L
p�1
i�n xi�

�1

and hence xn � � � xp�1�x0 � � � xn�1 � �L
p�1
i�n xi� � �L

p�1
i�n xi�

�1
� 1 and we do have

�xn, xn�1 . . . , xp�1, x0, . . . , xn�1� >X .

1



3. Let σ > Sp be the cycle �01 . . . p � 1�. Show that

n � �x0, . . . , xp�1� �� �xσn�0�, . . . , xσn�p�1��

defines an action of Z onX .

Solution: First of all, let r be the remainder of the division of n by p, we have n �

�x0, . . . , xp�1� � xr, . . . , xp�1, x0, , xr�1 andhence, by theprevious questionn��x0, . . . , xp�1� >
X . Moreover, 0��x0, . . . , xp�1� � �xσ0�0�, . . . , xσ0�p�1�� � �x0, . . . , xp�1� and, for all n,
m > Z,n��m��x0, . . . , xp�1�� � n��xσm�0�, . . . , xσm�p�1�� � �xσn�σm�0��, . . . , xσn�σm�p�1��� �
�xσn�m�0�, . . . , xσn�m�p�1�� � �n �m� � �x0, . . . , xp�1�. So � defines an action of Z on
X .

4. Show that for all x >X , pZ b StabZ�x�.

Solution: Since σ is a p-cycle, for all n > Z, σnp
� �σp�n is the identity map. It fol-

lows that �np� � �x0, . . . , xp�1� � �xσnp�0�, . . . , xσnp�p�1�� � �x0, . . . , xp�1� and np >

StabZ�x�. Since n was any elements of Z, we have just proved that pZ b StabZ�x�.

5. Show that for all x >X , the orbit of x has size 1 or p.

Solution:We know that for all x > X , SZ � xS � �Z � StabZ�x��. Since StabZ�x� is
a subgroup of Z which is cyclic it must be of the form nZ for some n > Z. Since it
contains pZ and p is prime, by the classification of subgroups in infinite cyclic groups,
we must have nSp and hence StabZ�x� is either Z or pZ and its index in Z is either 1 or
p.

6. Show that the orbit of x has size 1 if and only if x � �x0, x0, . . . , x0�.

Solution:Let us first assume that x � �x0, . . . , xp� where xi � x0 for all i. Then, for all
n > Z, n�x � �xσn�0�, . . . , xσn�p�1�� � �x0, . . . , x0� � x and the orbit of x is a singleton.

Conversely, assume that the orbit of x is a singleton, then 1 � x � �x1, . . . , xp�1, x0� �
x � �x0, . . . , xp�2, xp�1�. It follows that the coordinates of those two tuples must be
equal and hence xi � xi�1 for all i. By induction, xi � x0 for all i

7. Assume that p divides SGS. Show that p divides the number of orbits of size 1. Deduce
(without using Cauchy’s theorem) that there is an element of order p inG.

Solution:Wehave that SX S � Pk�1
i�0 SZ�xiSwhere the xi are representatives of the orbits.

Reordering them, we may assume that for all i @ l, SZ � xiS � 1 and that for all igeql,
SZ � xiS A 1. In that last case, it must be equal to p. We have 0 � SGSp�1 � SX S �
l � p�k � l� � l mod p. So l is also divisible by p. Moreover, �1, . . . ,1� >X has an orbit
of size 1 and thus l A 0. It follows that l E p and therefore, there is an x > G � �1� such
that �x, . . . , x� >X , i.e. xp � 1. Since x x 0, SxS � p.
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