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Problem 1 :
Let G < R.

1. Assume that for all b € R, there exists g € G such that 0 < g < b. Show that for
all x,y € R such that x <y, there is g € G such that x < g < y.

Solution: By hypothesis, there exists a € G such that 0 < a <y —x. Moreover, the
sequence (7 - a)nez., goes to infinity, so there exists n € Z¢y such that n-a <z <
(n+1)-a. But because a < y — z, it follows that (n+1)-a <z + (y-x) =y and
(n+1)-aedq.

2. (Harder) If a:=inf{g e G : g > 0} # 0, show that G = daZ.

Solution: It follows from the hypothesis that there exists b € Ryg such that for all
c € Gsp, b < c. In particular if d < ¢ € G then ¢—d € Gsg and hence b < c—-d. It
follows that elements of G are at least b apart. Let ¢ € Gs¢ be such that c—a <b
(this exists because a = inf{g € G : g > 0}). If ¢ # a, there exists d € G5 such that
a<d<ec, but then ¢—d < c-a<b, a contradiction. It follows that a € G. Now
pick any ¢ € G, there exists n € Z such that n-a <c< (n+1)-a. It follows that
0<c—-n-a<a and hence, by minimality of a, c—=n-a =0 and hence ce a-Z.

Problem 2 :

1. Show that z = %™ is group homomorphism from R to C*.

2im(z+y) _ e2imr+2imy _ 2mT

Solution: We have e e?™ 5o this is a group homomor-

phism.
2. Let T={xeC:|z|=1} (here |z| denotes the absolute value). Show that R/Z = T.

Solution: Let gR/Z — T be the map defined by g(z +7Z) = e*™. Let us show that
g is well defined: for all z, y e R, if x + Z = y + Z, then y = x + k where k € Z and
ey = e2in(wtk) _ p2imr2ink _ p2imr 1k _ o27r et us now show that g is a group
homomorphism: for all z, y € R, g((z +Z) + (y+Z)) = g((z +y) + Z) = 27(@+y) =
X2y = g(x+Z) - g(y + 7).

Let us show also that g is surjective. Pick z € C mid |z| = 1. Writing = in polar
notation, x = |z[e?™ = €% = ¢(f + Z) for some 6 € R. Finally, let us show that
g is injective. Since g is a group homomorphism, it suffices to compute its kernel:
ker(g) ={z+Z:g(x+7Z) = *™ =1} = Z.

Now that we know the first isomorphism theorem, we can also use it (note that we

just reproved it in this particular instance above). Let f be the group homomor-
phism of the previous question, then T is its image and its kernel is {2 € R : ¢2"™® =

1} =Zso Tz R/Z.



3. Show that in Q/Z < R/Z all elements have finite order but the order can be arbi-
trarily large.

Solution: Let a € Q, then a = p/q for some p € Z, g € Zzso and q-a =p € Zz so
q-(aZ) = (q-a)Z = 7 (the first equality is a additive instance of the well-known
equation we (almost) proved by induction for the iteration of coset multiplication).
So the order of a is at most ¢q. Also, if we assume that p and g are relatively prime
(and we can), then n-p/q € Z if and only if g|np and hence g|n, so ¢ is the order of
a and ¢ can be arbitratily large.

4. Show that Q/Z = pieo = {z € C: 2™ =1 for some n € Z,o} < T.

Solution: The image of Q/Z by the isomorphism between R/Z and T is X :=
{e*m/4 . p e Z and q € Zso} so Q/Z = X. Let us show that X = pie.. We have
(e27P/9)1 = 2P = 1 50 X C jies. Concersely, let x € C and n € Zyg be such that
2" =150 |z[" = 1 and, as |z| € Ry, || = 1, i.e. x =e*™ for some t e R. As 2" =1,
we have n-t=meZsot=m/neQ and hence X = 1.

Note that the group pe. was called Z in the previous homework.

Problem 3 :
Let G be a group and H < G such that [G: H] =n < oo

1. Assume that H < G, show that for all g € G, ¢" € H.

Solution: We have gH € G/H which is a group of order n, it follows that ¢"H =
(9H)™ = H and therefore ¢g" € H.

2. (Harder) Find a counterexample when H is not normal.

Solution:Let G = S35, H = ((01)) and g = (12), then [G : H] = 6/2 = 3 and
g’=g¢H.

Problem 4 :
Let n€Z, n >3 and d|n. Let r denote one of the rotations in Da, and H = (r?).

1. Show that H is a normal subgroup of Da,.

d,.—1

Solution: Every element of H is of the form ¢ for some i € Z. We have rridr=1 =
r e H so r € Np, (H) and sri?s! = ssr™ ¢ H so s € Np,, (H). As Dy, is
generated by r and s, it follows that Np, (H) = Day, i.e. H < Da,,.

2. If d = 1, show that Dy, /H = ZJ27.

Solution: Ds,, = (r) U s(r) so these are two cosets of H in Da,. The group law is
given by H-H=H =ssH=sH-sH,sH-H =sH = H-sH. 1t is now easy to check
that by sending H to 0 and sH to 1 we get an isomorphism between Do, /H and
Z]27.

More conceptually, |Day,| = 2n and |H| = n so, by Lagrange’s theorem Ds,/H is an
order 2 group, so it is isomorphic to Z/2Z.



3. If d =2 (in particular, n has to be even), Do, /H = Z[2Z x Z|2Z.

Solution: Do, = (r?) ur(r?) u s(r?) u sr(r?) so these are the fours cosets of H
in Ds,. We can now check that for 4,7, k,1 € {0,1}, s H - s*'H = siriskrlH =
skt D But since #("DYpd = 40 op 2 depending on the parity of k, we
have 10173 ¢ I and hence sird H-skr H = s**ri* U | Tt is now easy to check that
the map from Da,/H to (Z/27)? sending s’ to (i, ) is a group homomorphism.

4. If d>2, Dop/H = Dag.

Solution: Let 74 and s4 denote, respectively, the rotation and symmetry that gen-
erate Dag (we will continue to denote by r and s those in Day,). Let ¢(r's’) = (r}s?).
Let us check that this map is well defined. If r*s? = 7Fst, then % = s so ik =1 =

s!79 and so n|i—k and 2|l - j. In particular, d|z'—lf: 50 rih=1= ,?ldﬁ gnd résd = r’jfld
Also, ¢ is a group homomorphism, indeed @(ris/rFs!) = p(ri-Fsitl) = ré‘ksff =

résilrijsfj = o(ris?) - p(rksh). It is clear that ¢ is onto and p(ris?) = rist = 1 if
and only if d|i and 2|j, i.e. 7s? = r? € (r?) = H. Tt now follows from the first

isomorphism theorem that Da,/H = Dy, [/ ker(y) 2 Im(p) = Day.



