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Problem 1 :

Let A be a �nite Boolean algebra. Let A denote the set of its atoms.

1. Show that ⋂a∈A ac = 0.

2. Show that every ultra�lter on A is principal.

3. Show that if F is a principal ultra�lter, then {F} is open in S(A).

4. Show that every subset of X ⊆ S(A) is open (and hence closed).

5. Give a new proof that A is isomorphic to P(A).

Problem 2 :

Let E be an in�nite set. We denote by F(E) ⊆ P(E) the Boolean subalgebra of �nite

and co�nite subsets of E.

1. Show that the only non principal ultra�lter on F(E) is the Fréchet �lter F = {X ⊆

E ∶Xc is �nite}.

2. Recall that if A is a Boolean algebra and a ∈ A, we denote by Ua = {b ∈ A ∶ a ⩽ b}
the �lter generated by a. Show that S(F(E)) = {U{e} ∶ e ∈ E} ∪ {F}.

3. Let X ∈ F(E). Recall that VX = {F ∈ S(F(E)) ∶ X ∈ F}. Show that the following

are equivalent:

a) X is co�nite;

b) VX is co�nite;

c) VX is not �nite;

d) F ∈ VX .

4. Show that if V ⊆ S(F(E)) is open if and only if one of the following happens:

� V does not contain F;

� V is co�nite and contains F.
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