
Exam

Model theory of valued fields

April 6 2021

You can always use a previous question when answering a later question, even if you did not
prove it.

Problem 1. Let k be a field. We define k(tQ) ∶= ⋃n∈Z>0 k((t1/n)). Let v be the (unique) valua-
tion on k(tQ) extending the t-adic valuation.

1. Show that k(tQ) is henselian.
2. Assume k is characteristic zero. Show that k(tQ) is algebraically closed if and only if k is.

Problem 2. Let L be the language with two sorts B and C, each with the (additive) group
language, a predicateA ⊆ B and a map ρ ∶ B → C. Let T be the theory starting thatA ⩽ B and
C are torsion free divisible abelian groups, ρ is a surjective groupmorphism with kernelA. Let
M,N ⊧ T ,M0 ⩽M , f ∶M0 → N be an embedding.

1. Let g ∶ A(M) → A(N) be a group embedding extending f ∣A and h ∶ C(M) → C(N)
be a group embedding extending f ∣C . Show that f ,g and h have a common extension to
an embeddingA(M) ∪B(M0) ∪C(M)→ N .

2. Assuming thatA(M) ∪C(M) ⩽M0, show that f extends to an embeddingM → N .
3. Show that T resplendently eliminatesB-quantifiers: for everyA∪C-enrichmentL′, any

L′-formula is equivalent modulo T to an L′-formula whose quantifiers range over either
C orA.

4. Show thatM ≡ N if and only ifA(M) ≡ A(N) and C(M) ≡ C(N).

Problem 3. 1. Show that there exists unique Vn ∈ Z[x0, . . . , xn] such that wpn(V (x)) =
1n≠0pwpn−1(x) and give an explicit formula for Vi.

2. Show that, for every ringR, V ∶W (R) →W (R) ∶= x ↦ (Vi(x))i⩾0 is an additive group
morphism.
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