MODULI SPACES OF FLAT TORI AND
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Abstract: In the genus one case, we make explicit some constructions of
Veech [76] on flat surfaces and generalize some geometric results of Thurston
[71] about moduli spaces of flat spheres as well as some equivalent ones but
of an analytico-cohomological nature of Deligne and Mostow [11], which
concern Appell-Lauricella hypergeometric functions.

In the dizygotic twin paper [19], we follow Thurston’s approach and study
moduli spaces of flat tori with conical singularities and prescribed holonomy
by means of geometrical methods relying on surgeries for flat surfaces. In
the present paper, we study the same objects making use of analytical and
cohomological methods, more in the spirit of Deligne-Mostow’s paper.

Our starting point is an explicit formula for flat metrics with conical singu-
larities on elliptic curves, in terms of theta functions. From this, we deduce
an explicit description of Veech’s foliation: at the level of the Torelli space of
n-marked elliptic curves, it is given by an explicit affine first integral. From
the preceding result, one determines exactly the leaves of Veech’s foliation
which are closed subvarieties of the moduli space M, ,, of n-marked elliptic
curves. We also give a local explicit expression, in terms of hypergeometric
elliptic integrals, for the Veech map which defines the complex hyperbolic
structure of a leaf.

Then we focus on the n = 2 case: in this situation, Veech'’s foliation does
not depend on the values of the conical angles of the flat tori considered.
Moreover, a leaf which is a closed subvariety of M , is actually algebraic
and is isomorphic to a modular curve Yj (V) for a certain integer N = 2. In
the considered situation, the leaves of Veech’s foliation are CH!-curves. By
specializing some results of Mano and Watanabe [49], we make explicit the
Schwarzian differential equation satisfied by the CH' -developing map of any
leaf and use this to prove that the metric completions of the algebraic ones
are complex hyperbolic conifolds which are obtained by adding some of its
cusps to Y7 (V). Furthermore, we compute explicitly the conifold angle at any
cusp ¢ € X;(N), the latter being 0 (i.e. ¢ is an usual cusp) exactly when it does
not belong to the metric completion of the considered algebraic leaf.

In the last section of the paper, we discuss various aspects of the objects
previously considered, such as: some particular cases that we make explicit,
some links with classical hypergeometric functions in the simplest cases. We
explain how to compute explicitly the CH'-holonomy of any given algebraic
leaf, which is important in order to determine when the image of such a ho-
lonomy is a lattice in Aut(CH') = PSL(2,R). Finally, we compute explicitly the
hyperbolic volumes of some algebraic leaves of Veech’s foliation.

The paper ends with two appendices. The first consists in a short and easy
introduction to the notion of CH'-conifold. The second appendix is devoted
to the Gaul-Manin connection associated to our problem: we first give a
general and detailed abstract treatment then we consider the specific case of
n-punctured elliptic curves which is made completely explicit when n = 2.

*)Corresponding author.
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1. Introduction

1.1. Previous works.

1.1.1. The classical hypergeometric series defined for |x|< 1 by

@),
(1) F(a,b,c;x) = ;) 0.0,

together with the hypergeometric differential equation it satisfies
) x(x-1)-F'+(c-Q+a+b)x)-F —ab-F=0

certainly constitute one of the most beautiful and important parts of the theory
of special functions and of complex geometry of 19th century mathematics
and has been studied by many generations of mathematicians since its first
appearance in the work of Euler (see |28, Chap. I] for an historical account).

The link between the solutions of (2) and complex geometry is particularly
well illustrated by the following very famous results obtained by Schwarz in
[66]: he proved that when the parameters a, b and c are real and such that the
three values |1 —c|, [c — a— bl and |a — b| all are strictly less than 1, if F; and F»
form alocal basis of the space of solutions of (2) at a point distinct from one of
the three singularities 0, 1 and oo of the latter, then after analytic continuation,
the associated (multivalued) Schwarz’s map

S(a,b,c;") = [F1 : F>] : P1\{0,1,00} — P!

actually has values into CH! < P! and induces a conformal isomorphism from
the upper half-plane H c P! \ {0, 1,00} onto a hyperbolic triangleE]. Even if it is
multivalued, S(a, b, c;-) can be used to pull-back the standard complex hyper-
bolic structure of CH! and to endow P! \ {0, 1,00} with a well-defined complete
hyperbolic structure with conical singularities of angle 27|1 — ¢|, 27|c — a — b|
and 2r|a— b| at 0,1 and oo respectively.

It has been known very early@ that the following hypergeometric integral

1
F(x) :f 1 -n Y -xn"bde
0

1Actually, Schwarz has proved a more general result that covers not only the hyperbolic case
but the euclidean and the spherical cases as well. See e.g. [28, Chap.II1§3.1] for a modern and
clear exposition of the results of [66]

2t seems that Legendre was the very first to establish that F(a, b, ¢; x) = % fol -

1°~2 11 - xt)"2dt holds true when |x|< 1 if @ and cverify 0 < a < ¢, cf. [15, p. 26],



FLAT TORI AND ELLIPTIC HYPERGEOMETRIC FUNCTIONS 3

is a solution of (2). More generally, for any x distinct from 0,1 and oo, any 1-
cycle y in P!\ {0,1, x,00} and any determination of the multivalued function
t% 11 - 0% 11 - x1)~? along y, the (locally well-defined) map

3) Fy(x) = f M- 1 -xn"bdr
Y

is a solution of (2) and a basis of the space of solutions can be obtained by
taking independent integration cycles (cf. [85] for a very pleasant modern ex-
position of these classical results).

1.1.2. Formula (3) leads naturally to a multi-variable generalization, first con-
sidered by Pochammer, Appell and Lauricella, then studied by Picard and his
student Levavasseur (among others). Let @ = (a;) zn=+02 be a fixed (n + 3)-uplet of
non-integer real parameters strictly bigger than —1 and such that zn=+02 a;=-2.
Given a (n + 3)-uplet x = (x;) :’:02 of distinct points on P!, one defines a mul-
tivalued holomorphic function of the complex variable ¢ by setting

n+2

Ty =[] -xn.
i=0

Then, for any 1-cycle y supported in P! \ {x} with {x} = {xo, ..., X,42} and any
choice of a determination of T{(¢) along y, one defines a generalized hyper-
geometric integral as

n+2
4) F;"(x):ng(t)dt: [T@-xn%dz.
Y Y i=0

Since T{(#) depends holomorphically on x and since y does not meet any of
the x;’s, Fﬁ is holomorphic as well. In fact, it is natural to normalize the inte-
grant by considering only (n + 3)-uplets x’s normalized such that xp =0,x; =1
and x,,.» = co. This amounts to consider (4) as a multivalued function defined
on the moduli space My, ,+3 of projective equivalence classes of n + 3 distinct
points on P, As in the 1-dimensional case, it can be proved that the general-
ized hypergeometric integrals () are solutions of a linear second-order differ-
ential system in n variables which has to be seen as a multi-dimensional gener-
alization of Gaul$ hypergeometric equation (2). Moreover, one obtains a basis
of the space of solutions of this differential system by considering the (germs
of) holomorphic functions F)‘,‘O, .. .,F;"n for some 1-cycles yy,...,y, forming a
basis of a certain group of twisted homology.

1.1.3. Inthis multidimensional context, the associated generalized Schwarz’s
map is the multivalued map

F* = [FE )"y : Momez — P™.
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It can be proved that the monodromy of this multivalued function on My ,,+3
leaves invariant an hermitian form H* on C"**! whose signature is (1, 7) when
all the a;’s are assumed to be negative. In this case:

e F%is an étale map with values into the image in P” of the complex ball
{H" < 1} which is a model of the complex hyperbolic space CH";

e the monodromy group I'* of F“ is the image of the monodromy repre-
sentation u® of the fundamental group of Mg 43 in

PU(C"!, H*) = PU(1, n) = Aut(CH").

Asin the classical 1-dimensional case, these results imply that there is a nat-
ural a priori non-complete complex hyperbolic structure on M ;-3, obtained
as the pull-back of the standard one of CH" by the Schwarz map. We will de-
note by M o, the moduli space My ,,+3 endowed with this CH"-structure.

Several authors (Picard, Levavasseur, Terada, Deligne-Mostow) have studied
the case when the image of the monodromy I'* = Im(u?) is a discrete subgroup
of PU(1, n). In this case, the metric completion of M , is an orbifold isomor-
phic to a quotient orbifold CH"/T'“. Deligne and Mostow have obtained very
satisfying results on this problem: in [11, 53] (completed in [54]) they gave an
arithmetic criterion on the a;’s, denoted by ZINT, which is necessary and suffi-
cient (up to a few known cases) to ensure that the hypergeometric monodromy
group I'? is discrete. Moreover, they have determined all the a’s satisfying this
criterion and have obtained a list of 94 complex hyperbolic orbifolds of dimen-
sion = 2 constructed via the theory of hypergeometric functions. Finally, they
obtain that some of these orbifolds are non-arithmetic.

1.1.4. In [71], taking a different approach, Thurston obtains very similar re-
sults to Deligne-Mostow’s. His approach is more geometric and concerns mod-
uli spaces of flat Euclidean structures on P! with n+3 conical singularities. For
x € Mg 43, the metric m% = | T%(1)d t|* defines a flat structure on P! with coni-
cal singularities at the x;’s. The bridge between the hypergeometric theory and
Thurston’ approach is made by the map x — m$.

Using surgeries for flat structures on the sphere as well as Euclidean polyg-
onal representation of such objects, Thurston recovers geometrically Deligne-
Mostow’s criterion as well as the finite list of 94 complex hyperbolic orbifold
quotients. More generally, he proves that for any a = (a ,-);?:02 €]-1,0["*3 and
not only for the (necessarily rational) ones satisfying ZINT, the metric comple-
tion m,a carries a complex hyperbolic conifold structure (see [71} [43] or [19]
for this notion) which extends the CH"”-structure of the moduli space M 4.
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1.1.5. In the very interesting (but long and hard-reading hence not so well-
known) paper [76], Veech generalizes some parts of the preceding construc-
tions to Riemann surfaces of arbitrary genus g. Veech’s starting point is a nice
result by Troyanov [73] asserting that for any a = («;)}_, €] —1,00[" such that

(5) Zai:Zg—z
i=1

and any Riemann surface X with a n-uplet x = (x;)}_, of marked distinct points
on it, there exists a unique flat metric m¢ of area 1 on X with conical singular-
ities of angle 6; = 27(1 + ;) at x; for every i = 1,...,n in the conformal class
associated to the complex structure of X.

From this, Veech obtains a real analytic isomorphism

(6) Jeichg,, = &g,

(X, 0)] = [(X, m)]

between the Teichmdiiller space Jeichg , of n-marked Riemann surfaces of ge-
nus g and the space &g ,, of (isotopy classes of) flat Euclidean structures with
n conical points of angles 01,...,0, on the marked surfaces of the same type.

Using (6) to identify the Teichmiiller space with &g, Veech constructs a
real-analytic map

(7) Hy , : Jeichg , — U

which associates to (the isotopy class of) a marked genus g Riemann surface
(X, x) the unitary linear holonomy of the flat structure on X induced by m¢.

This map is a submersion and even though it is just real-analytic, Veech
proves that any level set

F&=(HE,) " (o)

is a complex submanifold of Jeichy ; of complex dimension 2g -3+ nif p €
Im(Hg,{ ;) is not trivial. For such a unitary character p and under the assump-
tion that none of the a;’s is an integer, Veech introduces a certain space of
1-cocycles 3-6}). Then considering not only the linear part but the whole Eu-
clidean holonomies of the elements of &% g viewed as classes of flat structures,
he constructs a ‘complete holonomy map’

Hol§ : F — PH), = P*875*"
and proves first that this map is a local biholomorphism, then that there is a
hermitian form Hg on fH}, and Holfj maps Z into the projectivization X7 <
P2873*" of the set {HY < 0} < H}, (compare with §L.T.3).

By a long calculation, Veech determines explicitly the signature (p, q) of Hg
and shows that it does depend only on a@. The most interesting case is when
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(p,q) = (1,2g -3+ n). Then Hol takes its values into X' =~ CH*~3*"_ By pull-
back by Hol%, one endows & , with a natural complex hyperbolic structure.
One occurrence of this situation is when g = 0 and all the a;’s are in | — 1,0[:
in this case there is only one leaf which is the whole Teichmiiller space Jeichy ,,
and one recovers precisely the case studied by Deligne-Mostow and Thurston.

1.1.6. In addition to the genus 0 case, Veech shows that the complex hyper-
bolic situation also occurs in one other case, namely when

(8) g=1 and allthea;’sarein]—1,0[ exceptone which lies in]0,1].

In this case, the level-sets # s of the holonomy map Hy ,, form a real-analytic
foliation #® of Jeich; , whose leaves carry natural CH" ! -structures.

A remarkable fact established by Veech is that the pure mapping class group
PMCQG;,, leaves this foliation invariant and induces biholomorphisms between
the leaves which preserve their respective complex hyperbolic structure. Con-
sequently, all the previous constructions pass to the quotient by PMCG; . One
finally obtains a foliation on the quotient moduli space M, ,, denoted by 3¢,
by complex leaves carrying a (possibly orbifold) complex hyperbolic structure.
Furthermore, it comes from (7) that ¢ is transversally Euclidean, hence one
can endow M , with a natural real-analytic volume form Q.

At this point, interesting questions emerge very naturally:
(1) which are the leaves of 3¢ that are algebraic submanifolds of M, ,?

(2) given aleaf of 3* which is an algebraic submanifold of M, ,, what is its
topology? Considered with its CH™ !-structure, has it finite volume?

(3) does the CH""!-structure of an algebraic leaf extend to its metric com-
pletion (possibly as a conifold complex hyperbolic structure)?

(4) which are the algebraic leaves of 3* whose holonomy representation
of their CH" ! -structure has a discrete image in PU(1,n — 1)?

(5) is it possible to construct new non-arithmetic complex hyperbolic lat-
tices this way?

(6) is the Q%-volume of M, , finite as conjectured by Veech in [76]?

In view of what has been done in the genus 0 case, one can distinguish two
distinct ways to address such questions. The first, a la Thurston, by using
geometric arguments relying on surgeries on flat surfaces. The second, a la
Deligne-Mostow, through a more analytical and cohomological reasoning.

Our work shows that both approaches are possible, relevant and fruitful. In
the twin paper [19], we generalize Thurston’s approach whereas in the present
text, we generalize the one of Deligne and Mostow to the genus 1 case.
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1.2. Results. We give below a short review of the results contained in the pa-
pers. All of them are new, even if some of them (namely the first ones) are
obtained by rather elementary considerations. We present them below in de-
creasing order of generality, which essentially corresponds to their order of ap-
pearance in the text.

Throughout the text, g and n will always refer respectively to the genus of
the considered surfaces and to the number of cone points they carry and it will
always be assumed that2g -3 +n > 0.

1.2.1. Our first results just consist in a general remark followed by a natural
construction concerning Veech’s constructions, whichever g and » are.

Let N be a flat surface with conical singularities whose isotopy class belongs
to amoduli space &g ,, = Jeichg,, for some n-uplet a as in §L.I.5l Since the tar-
get space of the associated linear holonomy character p : 7, (INV) — U is abelian,
the latter factors through the abelianization of 7; (IN), namely the first homol-
ogy group H; (N, Z). From this simple remark, one deduces that the linear ho-
lonomy map (7) actually factors through the quotient map from Jeichyg ,, onto
the associated Torelli space and consequently, Veech’s foliation &#¢ on Joryg,,,
admits a global first integral Jorg , — U8, which will be denoted by hg -

Let e : R?6 — U?8 be the group morphism whose components all are the map
s+— exp(2ims). Our second point is that, using classical geometric facts about
simple closed curves on surfaces, one can construct a lift ﬁg n - Jeichg , — R*8
of Veech’s first integral (7). These results can be summarized in the following

—

Proposition 1.1. There are canonical real-analytic maps Hg ,, and hg ,, (in blue
below) making the following diagram commutative:

Hg,
Teichg, ——— RS

%o
%,

Forgy —— U%.
gn
This result shows that it is more natural to study Veech’s foliation on the
Torelli space Jorg ,,. Note that the latter is a nice complex variety without orb-
ifold point. Furthermore, the existence of the lift ﬁg ,, strongly suggests that
the level-subsets of Veech’s first integral Hg , are not connected a priori.
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1.2.2. We now consider only the case of elliptic curves and specialize every-
thing to the case when g = 1.

First of all, by simple geometric considerations specific to this case, one veri-
fies that the lifted holonomy HY’, descends to the corresponding Torelli space.

In other terms: there exists a real-analytic map ﬁfn :Jory,, — R? which fits
into the diagram above and makes it commutative.

From now on, we do no longer make abstract considerations but undertake
the opposite approach by expliciting everything as much as possible.

O

In the genus 0 case, the link between the ‘flat surfaces’ approach ala Thurston
and the ‘hypergeometric’ one a la Deligne-Mostow comes from the fact that
there is an explicit formula for a flat metric with conical singularities on the
Riemann sphere (see above). The crucial point of this paper is that
something equivalent can be done in the g =1 case.

Assume that ay, ..., @, are fixed real numbers bigger than —1 such that} ; a; =
0. For 7 € H, let E; = C/(Z ® Z7) be the associated elliptic curve. Then, given
z = (z;)}_; € C" such that [z],...,[zy] are n distinct points on E;, Troyanov’s
theorem (cf. §1.1.5) ensures that, up to normalization, there exists a unique
flat metric mgz on E; with a singularity of type | u®dul? at [z;] fori=1,...,n.

One can give an explicit formula for this metric by means of theta functions:
Proposition 1.2. Up to normalization, one has
2
me, =|T8, (wdu|

where T7', is the following multivalued holomorphic function on E;:
n

9) TY,(u) = exp (2inaou) [ 0(u - z;,7)"
i=1

where 0 stands for Jacobi’s theta function and ay is given by
Sm(X, aiz;)

Sm(t)

ap = aO(TyZ) ==

While the preceding formula is easy to establishf, itis the key result on which
the rest of the paper relies. Indeed, the ‘explicitness’ of the above formulae for
T7, and ap will propagate and this will allow us to make all Veech’s construc-
tions completely explicit in the case of elliptic curves.

3¢ essentially amounts to verify that the monodromy of 7%, on the n-punctured elliptic
curve E; ; = Ex \{[z1],...,[z,]} is multiplicative and unitary.
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1.2.3. Another key ingredient is that there exists a nice and explicit descrip-
tion of the Torelli spaces of marked elliptic curves: this result, due to Nag [55],
can be summarized by saying that the parameters 7 € H and z € C” as above
provide global holomorphic coordinates on Jor, ;, for any n = 1, if we assume
the normalization z; = 0.

Using the coordinates (7, z) on Jory ,, it is then easy to prove the

Proposition 1.3. For (t,z) € Jor,,,, one sets

n
Aoo(T,2) = ag(1,2)T+ )_ iz €R.
i-1

(1) The following map is a primitive first integral of Veech’s foliation:
&% Jory, — R
(7,2) — (ao(7,2), Ao (T, 2)) .

(2) One hasIm(E%) =R? ifn =3 andIm(&*) = R?\ a, 22 ifn=2.
(3) Fora=(ap, ax) € Im(EY), the leaf F5 = &% ~Y(a) inTory , is cut out by

n
(10) aOT+Za,~zi = Uso -
i=1

(4) Veech’s foliation % on Jory,,, only depends on [a] € P(R").

Point (1) above shows that each level-set 7 = (hﬁn)‘l(p) of the linear ho-
lonomy map hy, : Jor,, — U? is a countable disjoint union of leaves FZ’s.
Point (2) answers a question of [76]. Finally (3) makes the general and abstract
result of Veech mentioned in completely explicit in the g =1 case.

1.2.4. The pure mapping class group PMCG; , does not act effectively on the
Torelli space. Indeed, Jor; , can be seen abstractly as the quotient of Jeich, ;
by the normal subgroup of the pure mapping class group formed by mapping
classes which act trivially on the homology of the model n-punctured 2-torus.
The latter is called the Torelli group and is denoted by Tory ;.

Another key ingredient for what comes next is the fact that

Sp1,(2):=PMCGun

as well as its action in the coordinates (7, z) on Jor; , can be made explicit.
For instance, there is an isomorphism

Sp1.»(2) =SLy(2) x (22)"

with the SL, (Z)-part acting as usual on the variable 7 € H.
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It is then straightforward to determine, first which are the lifted holonomies
a € Im(¢“) whose orbits under Sp, ,,(Z) are discrete; then, for such a holonomy
a, what is the image 9 = n(#J) c M, ,, of the leaf & by the quotient map

n:Jory,, — My, = Jory,,/Spy ,(2).

A m-uplet v = (v;)i_, € R™ is said to be commensurable if there exists a
constant A # 0 such that Av = (Av;)7_, is rational, i.e. belongs to Q".

Theorem 1.4. (1) Veech’s foliation 3% on M, ,, admits algebraic leaves if
and only if a is commensurable.

(2) The leaf F¢ is an algebraic subvariety of M, ,, if and only if the (n + 2)-
uplet of real numbers (a, a) is commensurable.

Actually, under the assumption that @ is commensurable, one can give an
explicit description of the algebraic leaves of 3*. The case when n = 2 is par-
ticular and will be treated very carefully in below. But the consideration
of the case when n = 3 already suggests what happens more generally and we
will give a general description of an algebraic leaf 5§ < M, 3.

First, we remark that the SL»(Z)-part of Sp; 3(Z) acts in a natural way on
a € Im(¢?) and that, if the corresponding leaf 7 is algebraic, the latter has a
discrete orbit and the image S, of its stabilizer in SL, (Z) is ‘big’ (i.e. of finite in-
dex). Second we recall that the linear projection Jor, ,, — H, (7, z) — T passes
to the quotient and induces the map M, , — M, ;, which corresponds to for-
getting the last n — 1 points of a n-marked elliptic curve.

Theorem 1.5. Assume that 3% c M, 3 is an algebraic leaf of F¢.
(1) There exists an integer N, such that S, =T'1(N,);

(2) The leaf F¢ is isomorphic to the total space of the elliptic modular sur-
face €1(N,) — Y1(N,) from which the union of a finite number of torsion
multi-sections has been removed.

Actually, the way in which this result is stated here is not completely correct
since a finite number of pathological cases do occur. Anyway, it applies to most
of the algebraic leaves and can actually be made more precise and explicit: for
instance, there is exactly one algebraic leaf for each integer N > 0, one can give
N, in terms of a and it is possible to list which are the torsion multisections to
be removed from &;(NN,) in order to get the leaf J4.

1.2.5. From (I0), it comes that (7,z’) = (1, z3,..., z,,) forms a system of global
coordinates on any leaf #7. For (7,z') € &, we denote by (1, z) the element of
Jory,, where z; is obtained from (7, z') by solving the affine equation (I0).
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Our next result is about an explicit expression, in these coordinates, of the
restriction to ¢, denoted by V7, of Veech’s full holonomy map Hol of
From Proposition[I.Z} it comes immediately that for any (7, z) € &7 fixed,

Z
z»—»f T} (wdu

is ‘the’ developing map of the corresponding flat structure on the punctured
elliptic curve E; ; = E; \ {[z1],...,[z,]}. Consequently, there is a local analytic
expression for V* whose components are obtained by integrating a fixed de-
termination of the multivalued 1-form T}, (u)d u along certain 1-cycles in E; .

Using some results of Mano and Watanabe [49], one can extend to our situa-
tion the analytico-cohomological approach used in the genus 0 case by Deligne
and Mostow in [I1]. More precisely, for (7, z) € Jory y, let Ly , be the local sys-
tem on E; ; whose local sections are given by local determinations of T;7,. Fol-
lowing [49], one defines some Ly ,-twisted 1-cycles v, Y5, ..., ¥, Y o DY taking
regularizations of the relative twisted 1-simplices obtained by considering cer-
tain determinations of 77", along the segments ¢, £>,..., €, { o on E; ; repre-
sented in Figure[Ilbelow.

FIGURE 1. For « = 0,2,...,n,00, ¢, is the image in the n-
punctured elliptic curve E; , of the segment ]0, z.[ (with zp =1,
Zoo = T and assuming the normalization z; = 0).

By using that the y,’s for e = 0,2,...,n — 1,00 induce a basis of H; (ETyZ’L‘\[/,Z)
(cf. [49]) and they can be locally continuously extended on the Torelli space,
one obtains the following result:

4As a global holomorphic map, Veech’s map is only defined on the corresponding leaf in
Jeichy,,. On FF < Jor ,, it has to be considered as a global multivalued holomorphic func-
tion, except if this leaf has no topology (as when n = 2, a case such that ¢ = H for any a).
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Proposition 1.6. (1) The Veech map of #* has a local analytic expression
VI (1,2) = [Fo(1,2) 1 F3(1,2) i -+ : Fy(1,2) : Foo(T,2) |

where for e =0,3,...,n,00, the component F, is the (locally defined) el-
liptic hypergeomeric integral depending on (t, z) € Jor, , defined as

F.:(T,Z)»—»f T (wdu.
Y.

(2) The matrix of Veech’s hermitian form H® on C"*! (c¢f. §1.1.3) in the co-
ordinates associated to the components F, of V considered in (1) can be
obtained from the twisted intersection productsy, - y. fore and o rang-
ingin{0,3,...,n,00}, all of which can be explicitly computed (see §3.4).

1.2.6. We now turn to the case of elliptic curves with two conical points. In this
case a = (a1, a) is such that a» = —a7, so one can take a; €]0,1[ as the main
parameter and consequently replace a by a; in all the notations. For instance,
Veech’s foliations on Jor; » and M, » will be denoted respectively by #*' and
F* from now on. It follows from the fourth point of Proposition[I.3|that theses
foliations do not depend on «;. In this case, the leaves of 71, and in particular
the algebraic ones, can be described very precisely.

Note that for any leaf &, of %1, the natural projection Jor; » — H induces
by restriction an isomorphism %;' ~ H. We denote by n, : #.' — F3' the
restriction to %, of the quotient map n : Jor; 2, — M 2.

Theorem 1.7. For any leaf ' in M », one of the following situations occurs:
(1) either the quotient mapping n, is trivial, hence F5' ~H; or

(2) the quotient mapping n, is isomorphic to that of H by Tt — 1 + 1, hence
Fg' is conformally isomorphic to an infinite cylinder; or

(3) theleaf T3 is algebraic. If N stands for the smallest positive integer such
that Na € a,Z?, then N = 2 and F3' coincides with the image of
a1 g — Moz

o )~ 3]

hence is isomorphic to the modular curve Y, (N) = H/T 1 (N).

) _ (E‘ﬁ [0])

We thus have described the conformal types of the leaves of F*! which are
independent from a;. We now want to go further and describe Veech’s com-
plex hyperbolic structures of the leaves and these depend on ;. Of course,
our main interest will be in the algebraic leaves of Veech’s foliation.
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1.2.7. Let a = (ap, aso) € IM(EY) be fixed. The leaf & in Jor » is cut out by
the following affine equation in the variables 7 and z;, (cf. Proposition[1.31(3))
1
=t; =—|(aoT — do),
22=1 o ( 0T )

hence is (conformally) isomorphic to the upper half-plane H.
For 1 € H, let TJ" (-, 7) be the multivalued holomorphic function defined by

O(u, )"
0(u-t;, )"
for u € C distinct from 0 and #(7) modulo Z & 1Z.

T, (u,7) = exp (2inapu)

One considers the following two holomorphic functions of 7 € H:
(12) F()(T):f T3 (u,7)du and Fw(r):f T3 (u,7)du.
[0,1] [0,7]
Specializing the results of §1.2.5] one obtains the
Proposition 1.8. There exists a fractional transformation z— (Az+ B)/(Cz+ D),
and examples of such maps can be given explicitly (see §4.4.5) so that
yar _ A Fo+ B Foo
“  C-Fy+D-Fy
is a model of the Veech map of the leaf ;' ~H which
(1) takes values into the upper half-plane H;

‘H— P,

(2) is such that Veech’s complex hyperbolic structure of ;" is the pull-back
by V of the standard one of H.

It follows that the Schwarzian differential equation characterizing Veech’s
hyperbolic structure of %! can be obtained from the second-order differen-
tial equation (E;') on H satisfied by Fy and Fy,. The definition of these two
functions being explicit, one can compute (E5') explicitly.

In order to do so, we specialize some results of [49] and determine explicitly
a certain GauR-Manin connection on %,'. Let &, — %.' = H be the universal
2-punctured curve over &, whose fiber at T € H is the punctured elliptic curve
E;: = E;\{[0],[#]}. There is a line bundle L, on &, the restriction of which
on any fiber E; ; coincides with the line bundle L; on the latter defined by
the multivalued function T (-, 7). The push-forward of L, onto %J" is a local
system of rank 2, denoted by B,, whose fiber at 7 is nothing else but the first
group of twisted cohomology H'(E; ., L;) considered above in §L.2.5.

One sets %, = B, ® Oy. We are interested in the Gaull-Manin connection
VM : B, — B, Q) whose flat sections are the sections of B,. Following [49],
one defines two trivializing explicit global sections [¢(] and [¢,] of 28,,.
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Proposition 1.9. (1) In the basis ([¢o), [¢1]), the action of VEM is written

ey (w) v (W)
@ \lg1l “ 1]
for a certain explicit matrix M, of holomorphic 1-forms onH.

(2) The differential equation on H with Fy, F, as a basis of solutions is writ-
ten

(Ea')

for an explicit global holomorphic function ¢, onH.

F-(2imad/ay)-F +@q-F=0

The interest of this result lies in the fact that everything can be explicited. It
will be our main tool to study the CH!-structures of the algebraic leaves of %!
in M1,2~

1.2.8. Let N = 2 be fixed. For (k, ) € Z*\ NZ?, let '} (N) be the leaf of Veech's
foliation on Jor; > cut out by z, = (k/N)T + I/N. It is isomorphic to H and its
image in M, » is precisely the image of the embedding (11I). When endowed
with Veech’s CH!-structure, we denote the latter by Y1(N)*! to emphasize the
fact that it is Y7 (/V) but with a deformation of its usual hyperbolic structure.

Under the assumption that a; is rational, it follows from our main result
in [19] that for any N = 2, Veech’s hyperbolic structure of Y;(N)*! extends as
a conifold CH!-structure to its metric completion Y; (\M“'. The point is that
using Proposition one can recover this result without the rationality as-
sumption on a; and precisely characterize this conifold structure.

Let X;(N) be the compactification of Y; (V) obtained by adding to it its set
of cusps C;(N). For ¢ € C; (), two situations can occur: either Y7 (IN)*! is met-
rically complete in the vicinity of ¢, either it is not. In the first case, ¢ is a cusp
in the classical sensel] and will be called a conifold point of angle 0.

To study the geometric structure of Y; (N)*! near a cusp ¢ € C;(N), our ap-
proach consists in looking at the Schwarzian differential equation associated
to Veech’s CH! -structure on a small punctured neighborhood U of ¢ in Y3 (N).

First, one verifies that there exist k and [ such that & g} (N) - Y1(N)* isa
uniformization which sends [ioco] onto ¢. Then, since the functions Fy, F5, de-
fined in (I2) (with the corresponding a, namely a = a;(k/N,—1/N)) are com-
ponents of the Veech map on & ,f‘ ;(N), they can be viewed as the components
of the developing map of Veech’s hyperbolic structure of Y; (N)*!. So, looking
at the asymptotic behavior of (EJ) when 7 tends to ioco while belonging to a

Sle. (Y1(N)*,¢) = (H/(z— z+1), [icc]) as germs of punctured hyperbolic surfaces.
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vertical strip of width equal to that of ¢, one obtains that the Schwarzian differ-
ential equation of the CH!-curve Y; (N)%! is Fuchsian at c and one can compute
explicitly the two characteristic exponents at this point.

Then, since a cusp ¢ € C;(N) is a class modulo I'; (V) of a rational element
of the boundary Pg =~ S' of the closure of H in P! hence as such, is written
¢=lalc]withalce IP%;D, one eventually gets the following result:

Theorem 1.10. For any parameter a; €]0,1[:

(1) Veech’s complex hyperbolic structure of Y1(N)*! extends as a conifold
structure of the same type to the compactification X,(N). The latter,
when endowed with this conifold structure, will be denoted by X, (N)";

(2) the conifold angle of X1 (N)*' at the cusp ¢ = [a/c] € C,(N) is
c(N-C)

6.=0(c)=2——-
c () nN'ng(C’,N) ay

where ¢’ €10,...,N — 1} stands for the residue of c modulo N.

According to a classical result going back to Poincaré, a CH'-conifold struc-
ture on a compact Riemann surface is completely characterized by its conifold
points and the conifold angles at these points. Thus the preceding theorem
completely characterizes Y; (N)*! (or rather X; (IN)*!) as a complex hyperbolic
conifold. It can be seen as the generalization, to the genus 1 case, of the result
by Schwarz on the hypergeometric equation, dating of 1873, evoked in

Defining N* as the least common multiple of the integers ¢/(N—c")/ ged(c’, N)
when ¢’ ranges in {1,..., N — 1}, one deduces immediately from above the
Corollary 1.11. A sufficient condition for X, (N)*! to be an orbifold is that
N
- (N*

In this case, the image I'; (N)*' of the holonomy representation associated to
Veech’s CH! -structure on Y, (N)*' is a non-cocompact lattice in PSL, (R).

a for some ¢ € N5 .

The ') (N)%s with @, €]0,1[ form a real-analytic deformation of I';(N) =
I'; (N)? in PSLy(R). The problem of determining which of its elements are lat-
tices (or arithmetic lattices, etc.) is quite interesting but does not seem easy.

An interesting case is when N is equal to a prime number p. Itis well-known
that X; (p) is a smooth curve of genus (p —5)(p — 7)/24 with p — 1 cusps.

Corollary 1.12. (1) Fork=1,...,(p—1)/2, the conifold angle of X, (p)** at
[—p/kl is2nk(1 - k/p)a;. The (p—1)/2 other conical angles are 0.



16 S. GHAZOUANI AND L. PIRIO
(2) The hyperbolic volume (area) of Y, (p)** is equal to
/4
Vit(p) = E(Pz -1)(1-a).

If one takes for granted that the measure p~28y, (m« tends towards the one
associated to Veech’s volume form on M, , as p tends to infinity among primes,
the preceding result gives the following conjectural value for the Q%! -volume:

V4
Q% = lim p2V¥(p)==(1-a;).
fM i p M =c(l-a)
p prime

We plan to return to this in some future works.

1.3. Organization of the paper. Since this text is quite long, we think that
stating what we will do and where in the paper could be helpful to the reader.
We then make a few general comments which could also be of help.

1.3.1. In the first section of this paper (namely the present one), we first take
some time in §L.1] to display some elements about the historical and math-
ematical background regarding the problem we are interested in. We then
present our results in §I1.2l Finally in §1.4) we indicate some of our sources
and discuss other works to which the present one is related.

In Section 2, we introduce some classical material and fix some notations.

Section 3 is about one of the main tools we use in this paper, namely twisted
(co-)homology on Riemann surfaces. After sketching a general theory of what
we call ‘generalized hypergeometric integrals’, we give a detailed treatment of
some results obtained by Mano and Watanabe in [49] concerning the case of
punctured elliptic curves. The single novelty here is the explicit computation
of the twisted intersection product in §3.4l Note also that what is for us the
main hero of this text, namely the multivalued function (9), is carefully intro-
duced in §3.2lwhere some of its main properties are established.

We begin with two simple general remarks about some constructions of [76]
in the first subsection of Section 4. One of them leads to the conclusion that
Veech'’s foliation is more naturally defined on the corresponding Torelli space.
The relevance of this point of view becomes clear when we start focusing on
the genus 1 case in §4.2l We then use an explicit description of Jor; ;, ob-
tained by Nag, as well as an explicit formula (in terms of the function (9)) for
a flat metric with conical singularity on an elliptic curve, to make Veech'’s foli-
ation % on the Torelli space completely explicit. With that at hand, it is not
difficult to obtain some of our main results about &%, such as Proposition[L.3]
Theorem[L.4lor Theorem|[L5l Finally, in §4.4} we turn to the study of the Veech
map which is used to define the geometric structure (a complex hyperbolic
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structure under suitable assumptions on the considered conical angles) on the
leaves of Veech'’s foliation. We show that locally, Veech’s map admits an analytic
description a la Deligne-Mostow in terms of elliptic hypergeometric integrals
and we relate Veech’s form to the twisted intersection product considered in

5.4

We specialize and make the previous results more precise in Section 5 where
we restrict ourselves to the case of flat elliptic curves with only two conical
points. In this case, one proves that the Torelli space is isomorphic to a product
and that, up to this isomorphism, Veech'’s foliation identifies with the horizon-
tal foliation. It is then not difficult to describe the possible conformal types of
the leaves of Veech’s foliation (Theorem[I.7]above).

Using some results of Mano and Watanabe [49] and of Mano [46], we use
the explicit differential system satisfied by the two elliptic hypergeometric in-
tegrals which are the components of Veech’s map in this case to look at Veech’s
CH!-structure of an algebraic leaf Y7 (IV)?! of Veech’s foliation on the moduli
space M, » in the vicinity of one of its cusps. From an easy analysis, one de-
duces Theorem[1.10}, Corollary[l.ITland Corollary[I.12stated above.

In Section 6, we eventually consider some particular questions or problems
to which the results previously obtained naturally lead. In §6.1] one uses a
result by Mano [47] to give an explicit example of an analytic degeneration
of some elliptic hypergeometric integrals towards usual hypergeometric func-
tions. For N small (namely N < 5), the algebraic leaf Y; (IV)*! is of genus 0 with
3 or 4 punctures, hence the associated elliptic hypergeometric integrals can
be expressed in terms of classical (hypergeometric or Heun’s) functions. This
is quickly discussed in §6.2 The subsection §6.3, which constitutes the main
part of the sixth section, is devoted to the determination of the hyperbolic ho-
lonomy of the algebraic leaves Y;(IN)’s. More precisely, after having explained
why we consider this problem as particularly relevant, we use some connec-
tion formulae in twisted homology (due to Mano and presented at the very
end of §3) to describe a general method to construct an explicit representation

71 (Y1(N)) =T1(N) — PSL2(R)

corresponding to the CH!-holonomy of Y; (N)*'.

Finally in we say a few words about the volume of the algebraic leaves.
We give a simple closed formula for the hyperbolic area of a leaf Y; (p)*' when
p is prime and explain how this could be used to prove that Veech’s Q“!-volume
of M , is finite and give a conjectural value for [ vy Qe

Two appendices conclude this paper.
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Appendix A introduces the notion of ‘complex hyperbolic conifold curve. In
the 1-dimensional case, everything is quite elementary. Some classical links
with the theory of Fuchsian second-order differential equations are recalled as
well.

The second appendix, Appendix B, is considerably longer. It offers a very
detailed treatment of the GaulR-Manin connection which is relevant to con-
struct the differential system satisfied by the elliptic hypergeometric integrals
which are the components of Veech’s map (see Proposition[I.6). After recalling
some general results about the theory in a twisted relative situation of dimen-
sion 1, we treat very explicitly the case of 2-punctured elliptic curves over a leaf
of Veech'’s foliation on Jor; » following [49]. All the results that we present are
justified and made explicit. In the end, we use the GauR-Manin connection to
construct the second-order differential equation (EJ") of Proposition[T.9l

1.3.2. We think that the length of this text and the originality of the results it
offers are worth commenting.

From our point of view, the two crucial technical results of this text on which
all the others rely are, first, the explicit global expression (9) in Proposition[I.2]
and, secondly, some explicit formulae, first for Veech’s map by means of elliptic
hypergeometric integrals, then for the differential equation (E;") satisfied by
its components Fy and F,, when n =2 (cf. Proposition[L.9).

If the first aforementioned result follows easily from a constructive proof of
Troyanov’s theorem (cf. the beginning of §1.1.5) described by Kokotov in [33,
§2.1], its use to make Veech’s constructions of [76] explicit in the genus 1 case
is completely original although not difficult. Once one has the explicit formula
at hand, it is rather easy to obtain the local expression for the Veech map in
terms of elliptic hypergeometric integrals. As for the classical (genus 0) hyper-
geometric integrals, the relevant technology to study such integrals is that of
twisted (co-)homology.

In the case of punctured elliptic curves, this theory has been worked out by
Mano and Watanabe in [49] where they also give some explicit formulae for the
corresponding Gaul3-Manin connection. It follows that, up to a few exceptions,
the material we present in Section 3 and in Appendix B is not new and should
be attributed to them. So it would have been possible to replace these lengthy
parts of the present paper by some references to [49].

The reason why we have chosen to do otherwise is twofold. First, when we
began to work on the subject of this paper, we were not very familiar with the
modern twisted (co-)homological way to deal with hypergeometric functions.
In order to understand this theory better, we began to write down detailed
notes. Because these were helpful for our own understanding, we thought that
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they could be helpful to some readers as well and decided to incorporate them
in the text.

The second reason which prompted us to proceed that way is that the con-
text in which the results of [49] lie, namely the context of isomonodromic de-
formations of linear differential systems with regular singular points on ellip-
tic curves, is more general than ours. More concretely, the authors in [49] deal
with a parameter A which corresponds to a certain line bundle &, of degree 0
on the considered elliptic curves. Our case corresponds to the specialization
A = 0 which corresponds to €, being trivial. If the case we are interested in is
somehow the simplest one of [49], some of the results of the latter, those about
the Gaul3-Manin connection in particular, do not apply to the case A =0in a
straightforward manner. In order to fill some details which were not explicitly
mentioned in [49], we worked out this case carefully and it lead to Appendix B.

1.4. Remarks, notes and references. This text being already very long, we think
itis not a problem to add a few lines mentioning other mathematical works to
which the present one is or could be linked.

1.4.1. Asiswell-known (or at least, as it must be clear after reading §1.1), the
distinct approaches of Deligne-Mostow [11] on the one hand and of Thurston
[71] on the other hand, lead to the same results. As already said before, Thurs-
ton’s approach is more geometric than the hypergeometric one and basically
relies on certain surgerieﬂ for flat surfaces (actually flat spheres).

In the present text, we extend the hypergeometric approach of Deligne and
Mostow in order to handle the elliptic case. The point is that Thurston’s ap-
proach, in terms of flat surfaces, can be generalized to the genus 1 case as well.

In the ‘non-identical twin’ paper [19]l], we introduce several surgeries for flat
surfaces (some of which are natural generalizations of the one implicitly used
by Thurston) which we use to generalize some statements of [71] to the case of
flat tori with conical singularities.

We believe that the important fact highlighted by our work is that both Thur-
ston’s geometric approach and Deligne-Mostow’s hypergeometric one can be
generalized to the genus 1 case. At the moment, we have written two separate

6 By ‘surgery’ we mean an operation which transforms a flat surface into a new one which
is obtained from the former by cutting along piecewise geodesic segments in it or by removing
a part of it with a piecewise geodesic boundary and then identifying certain isometric com-
ponents of the boundary of the flat surface with geodesic boundary obtained after the cutting
operation (see [19} §6] for more formal definitions).

"We use this terminology since, if [19] has the same parents and is born at the same time as
the present text, both papers clearly do not share the same DNA hence are dizygotic twins.
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papers, one for each of these two approaches. In the genus 0 case, any one of
these approaches suffices, but we believe that this is specific to this case. Our
credo is that the geometric approach (a la Thurston) as well as the hypergeo-
metric one (a la Deligne-Mostow) are truly complementary. Each gives a dif-
ferent light on the objects under study and combining these two approaches
should be powerful and even necessary in order to better understand the case
g =1 with n = 3. We plan to illustrate this in forthcoming papers. For the time
being, readers are just strongly encouraged to take a look at [19] and compare
its methods and results to the ones of the present text.

1.4.2. The main mathematical objects studied in [11] are the monodromy
groups attached to the Appell-Lauricella hypergeometric functions which are
the ones admitting an Eulerian integral representation of the following form

n
(13) E,x)=| [[e-xp%dr
Yi=1
with x € C" and where y is a twisted 1-cycle supported in P!\ {x} (cf. SL.L2).

In the present text we are interested in the functions which admit an integral
representation of the following form (cf. §(I.2.5) for some explanations)

n

(14) Fy(1,2) :f exp (2imaou) [[0(u—z;,1)%

Y i=1
with (7,z) € H x C"" and where y stands for a twisted 1-cycle supported in the
punctured elliptic curve E; ; (¢f. §1.1.2). From our point of view, they are the
direct generalization to the genus 1 case of the Appell-Lauricella functions (13).
For this reason, it seemed to us that the name elliptic hypergeometric func-
tion was quite adequate to describe them.

Here we have to mention that the Appell-Lauricella hypergeometric func-
tions (I3) admit developpements in series similar to (1) (cf. [11, (I")] for in-
stance). Taking this as their main feature and motivated by some questions
arising in mathematical physics, several people have developed a theory of ‘el-
liptic hypergeometric series’ which have been quickly named ‘elliptic hyperge-
ometric functions’ as well (see e.g. the survey paper [68]). These share several
other similarities with the classical hypergeometric functions such as, for in-
stance, integral representations. We do not know if our elliptic hypergeometric
functions are related to the ones considered by these authors, but we doubt it.

Anyway, since it sounds very adequate and because we like it too much, we
have decided to use the expression ‘elliptic hypergeometric function’in our pa-
per as well. Note that this terminology has already been used once in a context
very similar to the one we are dealing with in this text, see [32].
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1.4.3. Note also that in the papers [46, [49], which we use in a crucial way in
§6, the authors consider functions defined by integral representations of the
form

n

(15) Fm,(r,z,/l):fexp(zinaou)HB(u—zi,T)“”s(u—zj,/l)
Y i=1

for (r,2) € Jor;,,, A€C\Z; and j =1,...,n, where s(-, A) stands for the function

0'(0)0(u—-A)
0w (1)

Such functions were previously baptized ‘Riemann-Wirtinger integrals’ by
Mano in [46]. Since As(u,A) — —1 when A goes to 0, our elliptic hypergeo-
metric functions (I4) can be seen as natural limits of renormalized Riemann-
Wirtinger integrals. However, if the functions for j €{1,...,n} fixed can be
seen as translation periods of a certain flat structure on E; (namely the one
defined by the square of the modulus of the integrand in (I5)), the latter does
not have finite volume hence is not of the type which is of interest to us.

s(u,A) =

1.4.4. One of the origins of the terminology ‘Riemann-Wirtinger integrals’
(see just above) can be found in the little known paper of Wirtinger [82], dating
of 1902, in which he gives an explicit expression for the uniformization of the
hypergeometric function (I) to the upper-half plane H. This paper has been
followed by a whole series of works by several authors [83, 4, (7, 61} [24} 25, 26
58, 27] in which they study particular cases of what we call here ‘elliptic hyper-
geometric integrals’ (see [35] for an exposition of some of the results obtained
by these authors).

The ‘uniformized approach’ to the study of the hypergeometric functions
initiated by Wirtinger does not seem to have generated much interest from
1910 until very recently. Starting from 2007, Watanabe begins to work on this
subject again. In the series of papers [77, [78| [79} [80], he applies the modern
approach relying on twisted (co-)homology to the Wirtinger integral (see [78]
or below for details) and recovers several classical results about Gaul}
hypergeometric function. It seems to be some overlap with several results con-
tained in the former papers just aforementioned (see Remark[6.4) but Watan-
abe was apparently not aware of them since [82] is the only paper of that time
he refers to.

1.5. Acknowledgments. First, we are very grateful to Toshiyuki Mano and Hu-
mihiko Watanabe for correspondence and for their help to understand their
work which proved to be crucial to the study undertaken here. In particular, T.
Mano provided the second author (L. Pirio) with many detailed explanations
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would like to thank him for this. We are grateful to Frank Loray for sharing with
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has shown in our work since its very beginning.
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merous corrections.

2. Notations and preliminary material

We indicate below some notations for the objects considered in this paper as
well as a few references. We have chosen to present this material in telegraphic
style: we believe that this presentation is the most useful to the reader.

2.1. Notations for punctured elliptic curves.
« H stands for Poincaré’s upper half-plane: H={u € C | Sm(u) > 0};

D denotes the unit disk in the complex plane: D = {ueC | |ul<1};

7 stands for an a priori arbitrary element of H;

A; = A+ At for any 7 € H and any subset Ac C;

E; = C/Z; is the elliptic curve associated to the lattice Z; for 7 € H;

[0, 1[; is the fundamental parallelogram of E;

z=(zy,...,2,) denotes a n-uplet of complex numbers: (zi)?=l eC™

[z;] € E; stands for the class of z; € C modulo Z; when 7 is given;

Most of the time z = (z;)"_; € C" will be assumed to be
- such that the [z;]’s are pairwise distinct;
- normalized up to a translation, that is z; = 0;

E; - is the n-punctured elliptic curve E; \ {[z1], ..., [z4]};

2.2. Notations and formulae for theta functions. Our main reference con-
cerning theta functions and related material is Chandrasekharan’s book [8].

o g=exp(int) €D for T e Hj;

e 0() =0(,71) for T € H (viewed as a fixed parameter) stands for Jacobi’s
theta function defined by, for every u € C:

16) 0w =00 =—i Y (-1 exp(in(n+1/2)’r+2in(n+1/2)u);

nez
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For 7 € H, the following multiplicative functional relations hold true:

(17) Ou+1)=—-0w) and Ou+1)=—-g ‘e 2™ .0(u);

0’(u) and 6 (u) stand for the derivative of 0 w.r.t u and 7 respectively;

Heat equation: for every u € C, one has: O(w) = 4in)~10" (w)

By definition, the four Jabobi’s theta functions 6y, ..., 03 are

Oo(w) =0(u, 1) 01(u) =-0 (u—%,r)

i 1 ;
0>(u) =0 (u— %,T) iqie_”” 03(u) = -6 (u— JZFT,T) q%e‘””‘;

» Functional equations for the 0;’s: for every (u,7) € C x H, one has

01(u+1)=—01(w) O1(u+1)=q ‘e 270, (u)
0> (u+1) =65 (w) Or(u+T1)=—q Le 2740, (u)
03 (1 +1) =63(u) O3(u+1) =g e 2P, (u);

« p denotes the logarithmic derivative of 0 w.r.t. u, i.e. p(u) = 0'(u)/0(u);
« functional equation for p: for every 7 € H and every u € C\ Z;, one has

pu+1)=p(u and plu+t)=p(u)-2in;
e p'(") is Z;-invariant hence can be seen as a rational function on Ej.

2.3. Modular curves. A handy reference for the little we use on modular curves
is the nice book [13] by Diamond and Shurman.

e N stands for a (fixed) positive integer;

classical congruence subgroups of level N:

F(N)z{ ccl Z ESLg(Z)‘azdzl and czdzOmodN};
I“l(N):{ ? Z ESLZ(Z)‘aszI and CEOmodN};

Y (') =H/T for I a congruence subgroup of SL;(2Z);
Y(N)=YT'(N)) and Y1(N) = Y(I'1(N));
H*=Hu IP%;D c P! is the extended upper-half plane;

X (') =H*/T is the compactified modular curve associated to I’;
X(N) = X(I'(NV)) and X1 (N) = X(T'1(N)).
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2.4. Teichmiiller material. There are many good books about Teichmidiller the-
ory. A useful one considering what we are doing in this text is [56] by Nag.
e g and n stand for non-negative integers such that2g -2 +n > 0;
* S (orjust S for short) is a fixed compact orientable surface of genus g;
* Sg n (or S for short) denotes either the n-punctured surface S\{sj,..., s}
or the n-marked surface (S, s) where s = (si);?zl stands for a fixed n-
uplet of pairwise distinct points on S;
» Jeichg,y is a shorthand for Jeich(Sg, s), the Teichmiiller space of the
n-marked surface of genus g Sg ;,;
» PMCGyg, , denotes the pure mapping class group;
* Torg , is the Torelli group: it is the kernel of the epimorphism of groups
PMCGsy,, — Aut(H, (Sq,n, Z),U) (where U stands for the cup product);
o Jorg, = Jeichg I Torg y is the associated Torelli space;
e Mg ,, = Jeichg ;,/PMCGyg , is the associated (Riemann) moduli space.

2.5. Complex hyperbolic spaces. We will make practically no use of complex
hyperbolic geometry in this text. However, viewed its conceptual importance
to understand Veech’s constructions, we settle basic definitions and facts be-
low. For a reference, the reader can consult [22].

e (-,-) = ()1, is the hermitian form of signature (1, ) on C"™*1: one has

n
(z, W) = (2, W10 = 20Wo — Y_ 2 W;
i=1

for z = (zg,...,z,) and w = (wy, ..., wy) in C**1;

V' ={zeC""'(z,2)1,, >0} c C"*! is the set of (-, -)-positive vectors;

the complex hyperbolic space CH" is the projectivization of fon:

CH" =PV}, cP";

in the affine coordinates (zp = 1, z1, ..., 2,,), CH" is the complex unit ball:

n
Y lzilP<1 ¢
i=1

(18) CH" = {(zi)?zl eC”

the complex hyperbolic metric is the Bergman metric of the unit com-
plex ball (I8). For [z] € CH" with z € V, it is given explicitly by

(z,z) (dz,2)
{(z,dz) {(dz,dz)

hyp _ _
Bl =Tz 22

)
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PU(1, n) = PAut(C™*1, (., 1,n) < PGLy41(C) acts transitively on CH” and
coincides with its group of biholomorphisms Aut(CH");

being a Bergman metric, g"?” is invariant by Aut(CH") = PU(1, n);
(CH", g"P) is a non-compact complete hermitian symmetric space of
rank 1 with constant holomorphic sectional curvature;

for n =1 and (1,z) € V., one has g[}gp =4(1- Izlz)_zldzlz, therefore

CH' coincides with Poincaré’s hyperbolic disk D? hence with the real
hyperbolic plane RH?2. In other terms, there are some identifications

CH' =D"P ~H=RH®> and Aut(CH')=PU(1,1)=PSL,(R).

3. Twisted (co-)homology and integrals of hypergeometric type

It is now well-known that a rigorous and relevant framework to deal with
(generalized) hypergeometric functions is the one of twisted (co-)homology.

For the sake of completeness, we give below a short review of this theory in
the simplest 1-dimensional case. All this material and its link with the theory
of hypergeometric functions is exposed in many modern references, such as
[11}138, 85} 2], to which we refer for proofs and details.

After recalling some generalities, we focus on the case we will be interested
in, namely the one of punctured elliptic curves. This case has been studied ex-
tensively by Mano and Watanabe. Almost all the material presented below has
been taken from [49]. The unique exception is Proposition [3.4] in subsection
§8.4] where we compute explicitly the twisted intersection product. If this re-
sult relies on simple computations, it is of importance for us since it will allow
us to give an explicit expression of the Veech form (cf. Proposition[4.20).

3.1. The case of Riemann surfaces: generalities. Interesting general referen-
ces in arbitrary dimension are [2,[75]. The case corresponding to the classical
theory of hypergeometric functions is the one where the ambient variety is a
punctured projective line. It is treated in a very nice but informal way in the
fourth chapter of Yoshida’s love book [85]. A more detailed treatment is given
in the second section of Deligne-Mostow’s paper [11]. For arbitrary Riemann
surfaces, the reader can consult [32].

3.1.1. Let u be a multiplicative complex character on the fundamental group
of a (possibly non-closed) Riemann surface X, i.e. a group homomorphism
w1 :m(X) — C*. Since the target group is abelian, it factorizes through a ho-
momorphism of abelian groups 11(X)2 = Hy(X,2) — C*, denoted abusively
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by the same notation u. We will denote by L, or just L ‘the’ local system asso-
ciated to p. We use the notation LY, LV for short, to designate the dual local

system which is the local system L -1 associated to the dual character ot

Assume that T is a multivalued holomorphic function on X whose mon-
odromy is multiplicative and equal to p~!: the analytic continuation along any
loop y: S! — X of a determination of T at y(1) is u(y) ! times this initial deter-
mination. Then T can be seen as a global section of LY. Conversely, assuming
that T does not vanish on X, one can define L as the line bundle, the stalk of
which at any point x of X is the 1-dimensional complex vector space spanned
by a (or equivalently by all the) determination(s) of 7~! at x.

Assuming that T satisfies all the preceding assumptions, the logarithmic de-
rivative w = (dlog T) = T~'dT of T is a global (univalued) holomorphic 1-form
on X. Then one can define L more formally as the local system formed by the
solutions of the global differential equation dh + wh =0 on X.

3.1.2. For k=0,1,2, a (LY-)twisted k-simplex is the data of a k-simplex a in X
together with a determination T, of T along a. We will denote this object by
a ® T, or, more succinctly, by a. A twisted k-chain is a finite linear combina-
tion with complex coefficients of twisted k-simplices. By taking the restriction
of T, to the corresponding facet of 0a, one defines a boundary operator 0 on
twisted k-simplices which extends to twisted k-chains by linearity. It satisfies
82 = 0, which allows to define the twisted homology group Hj(X,L").

More generally, one defines a locally finite twisted k-chain as a possibly in-
finite linear combination Y ;c;c; - @; with complex coefficients of LY-twisted
k-simplices a;, but such that there are only finitely many indices i € I such
that a; intersects non-trivially any previously given compact subset of X. The
boundary operator previously defined extends to such chains and allows to
define the groups of locally finite twisted homology H}Cf (X,LY)for k=0,1,2.

3.1.3. A (L-)twisted k-cochain is a map which associates a section of L over
a to any k-simplex a (or equivalently, it is a map which associates a complex
number to any LY -twisted k-simplex a ® T,). The fact that such a section ex-
tends in a unique way to any (k + 1)-simplex admitting a as a face allows to de-
fine a coboundary operator. The latter will satisfy all the expected properties
in order to construct the twisted cohomology groups H k(x,L) for k=0,1,2.
Similarly, by considering twisted k-cochains with compact support, one con-
structs the groups of twisted cohomology with compact support Hf (X, L).

The (co)homology spaces considered above are dual to each other: for any
k =0,1,2, there are natural dualities

(19) He(X,LY) =H*(X,L) and  H}(X,L")" = H*(X,L).
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3.1.4. Atwisted k-chain beinglocally finite, there are natural maps Hy(X, L") —
H}Cf(X ,LV). We focus on the case when k = 1 which is the only one to be of inter-
est for our purpose. In many situations, when p is sufficiently generic, it turns
out that the natural map H;(X,L") — H}f(X ,LY) actually is an isomorphism.
In this case, one denotes the inverse map by

(20) Reg: Hi'(X, L) — Hi(X,LY)
and call it the regularization morphism. Note that it is canonical.

Assume that «y,...,ay are locally finite twisted 1-chains (or even better,
twisted 1-simplices) in X whose homology classes generate H}f(X ,LY).
A regularization map is a map reg: a; — reg(e;) such that:
(1) foreveryi=1,...,n, reg(e;) is a LY -twisted 1-chain which is no longer
locally finite but finite on X;
(2) reg factors through the quotient and the induced map Hif(X ,LY) —
H, (X, LY) coincides with the regularization morphism (20).

3.1.5. Poincaré duality holds true for twisted (co)homology: fori =0, 1,2, there
are natural isomorphisms H (X, L) =~ H;f_ (X, LY) (cf. [75, Theorem 1.1 p.218]
or [2, §2.2.11] for instance). Combining the latter isomorphism with (I9), one
obtains a non-degenerate bilinear pairing H; (X, L") ® H}f(X ,L) — C. When the
regularization morphism exists, it matches the induced pairing

21 Hy(X,LY)® Hy(X,L) —C

which, in particular, is non-degenerate.

3.1.6. Assume now that y is unitary, i.e. Im(u) < U. Then p~! coincides with
the conjugate morphism g, thus the twisted homology groups H (X, L) and
H; (X, Lp) are equal. On the other hand, the map a® Ty — a® T, defined on
LY -twisted 1-simplices induces a complex conjugation & — @ from H; (X, L")

onto H; (X, Lﬁ).
Using §3.1.5] one gets the following non-degenerate hermitian pairing

(22) H(X,L') —C
(a,B)— a-B
which in this situation is called the twisted intersection product.

3.1.7. Let n be a holomorphic 1-form on X. By setting

(23) fT~n=fTa~n

for any twisted 1-simplex @ = a ® T,, and by extending this map by linearity,
one defines a complex linear map [ T-7n on the spaces of twisted 1-cycles. The
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value (23) does not depend on & but only on its (twisted) homology class. Con-
sequently, the preceding map factorizes and gives rise to a linear map

fT-n : Hy(X,LY)—¢C

[a]—»fT-n.
[14

On the other hand, there is an exact sequence of sheaves 0 — L — Qg((L) 4
Qk(L)—»O on X whose hypercohomology groups are proved to be isomorphic
to the simplicial ones H*(X, L). Then for any 7 as above, it can be verified that
23) depends only on the associated class [T -n] in H! (X, L) and its value on «
is given by means of the pairing (2I): for 7 and « as above, one has

fle-n:dT-n],[aD-

From this, one deduces a precise cohomological definition for what we call
a generalized elliptic integral, that is an integral of the form

(24) f T-n
Y

where nis a 1-form on X and y a twisted 1-cycle (or a twisted homology class).

3.1.8. Assume that T is a non-vanishing function as in §3.1.11 Then using
w = dlog(T), one defines a twisted covariant differential operator V,, on Q5
by setting V(1) = dn+w An for any holomorphic form 7 on X. In this way one
gets a complex (Q%,V,) called the twisted De Rham complex of X.

There is an exact sequence of sheaves on X

0—L—0% %0l —o,

from which it comes that (Q5,V,) is a resolution of L. Consequently (see
e.g 2, §2.4.3 and §2.4.6]), the twisted simplicial cohomology groups of X are
naturally isomorphic to the twisted hypercohomology groups H k(QB(, Vo) for
k =0,1,2. The main conceptual interest of using this twisted de Rham for-
malism is that it allows to construct what is called the associated Gauf3-Manin
connection which in turn can be used to construct (and actually is essentially
equivalent to) the linear differential system satisfied by the hypergeometric in-
tegrals (24). We will return to this in Appendix B, where we will treat the case
of 2-punctured elliptic curves very explicitly.

When X is affine (a punctured compact Riemann surface for instance), the
hypercohomology groups H* (Q%, V) can be shown to be isomorphic to some
particular cohomology groups built from global holomorphic objects on X.
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For instance, in the affine case, there are natural isomorphisms

. H°(X,Q%)
(25) HY(X,L) = H'(Q%, V,) = X éx)).
w ’

3.1.9. Assume that X is a punctured compact Riemann surface, i.e. X = X \ 2

where X is a non-empty finite subset of a compact Riemann surface X. If w

extends to a rational 1-form on X (with poles on X), then one can consider

the algebraic twisted de Rham complex (Q} («X),V,). It is the subcomplex

of Q% Vo) formed by the restrictions to X of the rational forms on X with

poles supported exclusively on . The (twisted) algebraic de Rham compar-

ison theorem (cf. [2, §2.4.7]) asserts that these two resolutions of L are quasi-

isomorphic, i.e. their associated hypercohomology groups H* Q% (x%),Vy) and
H*(Q}%, V) are isomorphic.

Taking one step further, one gets that the singular L-twisted cohomology
of X can be described by means of global holomorphic objects on X which
actually are restrictions to X of some rational forms on the compact Riemann
surface X. More precisely, there is a isomorphism

HY(X,Q} (%))
Vo(H(X,0x(x)))

(26) H'(X,L) =

The interest of this isomorphism lies in the fact that it allows to describe the
twisted cohomology group H'(X, L) by means of rational 1-forms on X. For
instance, this is quite useful to simplify the computations involved in making
the GauB8-Manin connection mentioned in[3.1.8 explicit. Usually (for instance
for classical hypergeometric functions, see [2, §2.5]), one even uses a (stricly
proper) subcomplex of (Q5 (xX),V,) by considering rational forms on X with
logarithmic poles on X. However, such a simplification is not always possible.
An example is precisely the case of punctured elliptic curves we are interested
in, for which it is necessary to consider rational 1-forms with poles of order 2 at
(at least one of) the punctures in order to get an isomorphism similar to (26),
see below.

3.2. On punctured elliptic curves. We now specialize and make the theory de-
scribed above explicit in the case of punctured elliptic curves. This case has
been treated very carefully in [49] to which we refer for proofs and details. For
some particular cases with few punctures, the interested reader can consult
78,131,147, 48].
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In this subsection, n = 2 is an integer and ay, a;, @2, ..., a, are fixed real pa-
rameters such that

27) ai€l-l,00 fori=1,...n and ) a;=0.

Note that unlike the others a;’s, a is arbitrary.

3.2.1.Fort e Hand z = (21, 2, ..., 2,) € C", one denotes by E; ; the punctured
elliptic curve E; \ {[z;]|i = 1,...,n}, where [z;] stands for the class of z; in E;.
We will always assume that the [z;]’s are pairwise distinct and that z has been
normalized, meaning that z; = 0.

For 7 and z as above, one considers the holomorphic multivalued function
n
(28) TYC,1,2) : u— T%w;7,2) =exp (2inaou) [] 0(u—z¢)**,
k=1

of a complex variable u, where 0 stands for the theta function 6(-, 1), cf. (16).
Since 7, z and the «;’s will stay fixed in this section, we will write T'(-) instead
of T%(-, 7, z) to make the notations simpler.

A straightforward computation gives

n
w:=dlogT = (0log T/du)du = 2inagdu+ ) arp(u—zi)du
k=1
where p() stands for the logarithmic derivative of 6(-), see again (I6). Using
27, this can be rewritten as

n
(29) w=2inapdu+ ) ar(pu—=zp) - pw)du.
k=2

Starting from 2 instead of 1 in the summation above forces to subtract p(u) at
each step. The advantage is that the functions (p(u — zx) —p(u)), k=2,...,n
which appear in are all rational on E; ;. This shows that w is a logarithmic
rational 1-form on E; with poles exactly at the [z;]’s.

Clearly, T is nothing else but the pull back by the universal covering map
C — E; of a solution of the differential operator

(30) Vow:0g,, — Qf
h—dh-w-h,
hence can be considered as a multivalued holomorphic function on E; ;.

Since w = dlogT is a rational 1-form, the monodromy of log T is additive,
hence that of T is multiplicative. For this reason, it is not necessary to refer to
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a base point to specify the monodromy of T. Thus the latter can be encoded
by means of a morphism

(3]-) p . HI(ET,Z! Z) - G:*

that we are going to give explicitely below.

Let us define LY as the kernel of the differential operator (30). It is the local
system of E; ; the local sections of which are local determinations of T

3.2.2. Let € > 0 be very small and set x = —¢(1 + i) € C. Denote by Sy (resp. by
Poo) the image in E; ; of the rectilinear segmentin C\ u?zl (zi +Z;) linking x to
*+1 (resp. x+71). Fori=1,...,n, let §; stand for the image in E; ; of a circle
centered at z; of radius €/2 and positively oriented (see Figure[2).

FIGURE 2. In blue, the 1-cycles ., * =0,1,...,n,00 (the two cy-
cles in grey are the images in E; of the segments [0, 1] and [0, 7]).

For e € {0,00,1,..., n}, the analytic continuation of any determination T, of
T at x along B. is equal to T, times a complex number p. = p(f.) which does
not depend on € or on the initially chosen determination T,. Moreover, since
H, (E; ;,Z) is spanned by the homology classes of the 1-cycles . (which do not
depend on ¢ if the latter is sufficiently small), the n + 2 values p. completely
characterize the monodromy morphism (31).
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For any k = 1,...,n, up to multiplication by a non-vanishing constant, one
has T'(u) ~ (u— zx)** for u in the vicinity of zi. It follows immediately that

Pk = exp (2imay).

It is necessary to use different kinds of arguments in order to determine the
values py and p, which account for the monodromy coming from the global
topology of E;. We will deal only with the monodromy along S, since the
determination of the monodromy along f relies on similar (and actually sim-
pler) computations. For u close to x, using the functional equation (I7) satis-
fied by 0 and because }.1" | a; =0, the following equalities hold true:

n
T(u+1) :eZinao(u+T) l—[ (_ q% e—2in(u—zk)9(u — 2z T))ak
k=1

(- qi)zk Ok 2im@oT=Lk k(U=26) (3

— eZin(aOT+Zk azi) T(w).

Setting

n
(32) Qoo = AT+ ) A2k,
k=1

the preceding computation shows that
Poo = €XP (2in o) -
By similar computations, one proves that py = exp (2imay).
All the above computations can be summed up in the following

Lemma 3.1. The monodromy of T is multiplicative and the values p. charac-
terizing the monodromy morphism (31) are given by

p. = exp (2ina.)
fore e {0,1,...,n,00}, where a, is given by (32).

3.2.3. Let t € H and z € C" be as above. For i =2,...,n, let Z; be the element
of z; + Z; lying in the fundamental parallelogram [0, 1[;< C and denote by /;
the image of 10, Z;[ in E; ;. Then let us modify the ?;’s, each in its respective
relative homotopy class, in order to get locally finite 1-cycles ¢; in E; ; which do
not intersect nor have non-trivial self-intersection (cf. Figure[3]below where, to
simplify the notation, we have assumed that z; = Z; fori = 2,..., n)ﬁ

8 If the ¢;’s are not formally defined as a locally finite linear combinations of twisted 1-
simplices, a natural way to see them like this is by subdividing each segment ]0, Z;[ into a
countable union of 1-simplices overlapping only at their extremities. There is no canonical
way to do this, but two locally finite twisted 1-chains obtained by this construction are clearly
homotopically equivalent.
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FIGURE 3. The locally finite 1-cycles ¢, ¢2,...,¢, and £.

Let ¢ :[0,1] — R be a non-negative smooth function, such that ¢(0) = ¢(1) =
0 and such that ¢ > 0 on ]0, 1[. Define ?, as the image of ]0,1[ in E;. Let ¢y be
the image in the latter tori of f : t — t — ie@(t) with € positive and sufficiently
small so that the bounded area delimited by the segment [0, 1] from above and
by the image of f from below does not contain any element Z,-congruent to
one of the z;’s. By a similar construction but starting from the segment ]0, 7|,
one constructs alocally finite 1-chain ¢ -, in E; ; (see Figure[3labove). We prefer
to consider small deformations of the segments ]0,1[ and ]0, 7[ to define ¢, and
¢ in order to avoid any ambiguity if some of the Z;’s happen to be located on
one (or on both) of these segments.

Let B be the branch cut in E; defined as the image of an embedding [0,1] —
[0,1[; sending 0 to 0 and 1 to Z, which does not meet the ¢;’s except at their
extremities Z;’s which all belong to B (cf. the curve in red in Figure[3).

Denote by U the complement in E; of the topological closure of the union
of ¢y,¢~ and B. Then U is a simply connected open set which is naturally
identified to the bounded open subset of C, denoted by V, the boundary of
which is the union of B with the 1-chains ¢, ¢, and their respective horizontal
and ‘vertical’ translations 1 + £, and 7 + ¢.

Thus it makes sense to speak of a (global) determination of the function T
defined in (28) on U. Let Ty stand for such a global determination on U. It
extends continuously to the topological boundary 0U of U in C minus the n —
1+ 4 points of u?zl(z,- + Z;) lying on U. Then for any « € {0,2,...,n,00}, the
restriction T, of this continuous extension to 4, is well defined and one defines
a locally finite LY -twisted 1-chain (cf. the footnote of the preceding page) by
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setting
L=09T..

The continuous extension of Ty to U \ U?:l (z; + Z;) does not vanish. Hence
for any e« as above, one defines a locally L-twisted 1-chain by setting:

I.=( (T

We let the reader verify that the £.’s as well as the 1,’s actually are (twisted)
1-cycles. Therefore they induce twisted locally finite homology classes, respec-
tively in Hi'(E; ;, LV) and HI(E; ., L). A bit abusively, we will denote these ho-
mology classes by the same notation ¢, and [,. This will not cause any problem
whatsoever.

3.2.4. Such as they are defined above, the locally finite twisted 1-cycles £y, €, ...,
¢, and ¢, depend on some choices. Indeed, except for £ and £, the way the

supports ¢;’s are chosen is anything but constructive. Less important issues

are the choices of a branch cut B and of a determination of T on U, which are

not specified.

There is a way to remedy to this lack of determination by considering spe-
cific z;’s. Let us say that these are in (very) nice position if
foreveryi=1,...,n—1, the principal argument of Z; is (stricly)
bigger than that of Z;, .

Remark that when n = 2, the z;’s are always in very nice position.

When the z;’s are in very nice position, there is no need to modify the ¢;’s
considered above since they already satisfy all the required properties. For the
branch cut B, we take the union of a small deformation of [0, Z;] with the seg-
ments [Z;,Z;+1] fori =2,...,n—1 (see Figuredljust below).

As to the choice of a determination of T on U, let us remark that 6 (-, 7) takes
positive real values on ]0, 1[ for any purely imaginary modular parameter 7. If
Log stands for the principal determination of the logarithm, one can define
0(u—z;,7)% as exp(a;Logf(u— z;, 7)) on the intersection of the suitable trans-
late of V with a disk centered at z; and of very small radius, forany i =1,...,n
(remember the normalization z; = 0). By analytic continuation, one gets a
global determination of this function on V. Now, since 7 varies in the upper
half-plane which is simply connected, there is no problem to perform analytic
continuation with respect to this parameter in order to obtain a determination
of the 8(u — z;, 7)%’s, hence of T on U for any 7 in H.

The ¢.’s as well as the chosen determination Ty on U being perfectly well
determined, the same holds true for the twisted 1-cycles £.’s and, by extension,
for the I.’s (hence for the corresponding twisted homology classes as well).
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FIGURE 4. The 1-cycles 4, for ¢ = 0,2,...,n,00 and the branch
cut B, for points z;’s in very nice position.

Finally, by continuous deformation of the ¢;’s (cf. [11, Remark (3.6)]), one
constructs canonical twisted 1-cycles (and associated homology classes) .
and [. for points z;’s only supposed to be in nice position (see the two pictures
below).

3.3. Description of the first twisted (co)homology groups. In this subsection,
we follow [49] very closely and give explicit descriptions of the (co)homology
groups Hj (Er z, L,) and H'(E;, Ly).

In what follows, we assume that the points z;’s are in nice position.

Recall that p. = exp(2ina.) forany e € {0,2,..., n,00}, with a, given by E
Given m elements o4, ..., 9, of the set of indices {0, 2, ..., n,00}, one sets:

p.l---.m :p.l....p'm and d'l---.m :p.l---.m_l'
3.3.1. The first twisted homology group H; (E;,z, Lp).

1t could be useful for the reader to indicate here the relation between our a.’s and the
corresponding notations c. used in [46}/49]: one has aj = ¢ for j =0,1,...,n but de, = —Ceo.
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3.3.1.1. Denote by V the bounded simply connected open subset of C whose
boundary is the topological closure of the union of the ¢.’s for « in {0, 2, ..., 1,00}
with the two translated cycles 1+ ¢y and 7 + ¢,. By analytic extension of the
restriction of the determination Ty of T on U in the vicinity of 1 + 7, one gets
a determination Ty of T on V. Considering now V as an open subset of E; ,,
one defines a locally-finite L,-twisted 2-chain] by setting

V = V ®Ty.
This is not a cycle: one verifies easily that the following relation holds true:

67:£0+p0€oo—p00€0—€00
+(En =Dl +pn(pn-1—Dlp1+-+p3.n(p2—-1)5.

It follows that, in H}f(ET, 2Lp), one has

nd
~doo-lo+dy - loo+ Y, —5
k:2pl'--k

b =0.

3.3.1.2. In order to construct a regularization map, we fix € > 0. The construc-
tions given below are all independent of € (at the level of homology classes)
if the latter is supposed sufficiently small. Of course, we assume that it is the
case in what follows.

Forany k=2,...,n, let 0 : S' — C be a positively oriented parametrization
of the circle centered at Z; and of radius € such that the point py = o(1) is
on the branch locus B. The image of 10, 1[ by sy = o (exp(2in-)) : [0,1] — Cis
included in U, hence s,’;(TU) is well defined and extends continuously to the
closure [0,1]. Denoting this extension by T, one defines a twisted 1-simplex
in E; ; by setting

sir=1[0,11® Tk.

3.3.1.3.Let ¢ €]0, 7| be the principal argument of 7, set I° = [0,¢], I' = [¢, 7],
I? = [m,m + ¢] and I° = [p + 7,27] and denote by o} the restriction of [0, 27] —
S, t—eexp(it) to I' for v=0,1,2,3. We denote by m" the image of o viewed
as asubset of E; ;. These are circular arcs the union of which is a circle of radius
€ centered at 0 in E; ;.

In order to specify a determination of T on each of the m", we are going to
use the fact that each of them is also the image in E; of a suitable translation
of oy, the (interior of) the image of which is included in U. More precisely, one
sets Gy () =oy()+x'forv=1,...,3, withx' =1, x**=1+7and x* = 7.

10S‘[rictly speaking, we do not define V as a locally-finite 2-chain but there is a natural way
to see it as such (by using similar arguments to the ones in footnote[8labove).
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For v = 1,2,3, the image of the interior of IV by &y is included in U. The
restriction of Ty to this image extends continuously to IV. Denoting these ex-
tensions by T}, one defines twisted 1-simplices in E; ; by setting

m =1'e (o' T)), m*=re(p,LT;) and m*=re(p T;).

Since the image of o) meets the branch cut B, one cannot proceed as above
in this particular case. We use the fact that py = 08(0) = € belongs to U. Since
m® € E; , the germ of (00)* Ty at 0 € I° extends to the whole simplex I°. De-
noting this extension by T, one defines a twisted 1-simplex in E; , by setting

0_ ;0 0
m =1"oTy.

3.3.1.4.For k = 2,...,n, let £} be the rectilinear segment linking po to py in C:
07 = [po, pk. Setting po, = 08 () = et and deforming the two segments [pg, 1 —
pol = [e,1 —€] and [poo, T — Pool = [€T, (1 —€)T] by means of a function ¢ as in
B.2.3] one constructs two 1-simplices in U, denoted by ¢/§ and /¢, respectively.

For € small enough, the 4.’s, e = 0,2,...,n,00, are pairwise disjoint and in-
cluded in U, hence one defines twisted 1-simplices in E; ; by setting

ef:£f®(TU|&e).

The 1-simplices ¢ for « = 0,2,...,n,00, s; for k = 2,...,n and m" for v =
0,1,2,3 are pictured in blue in Figure[Glbelow (in the case when n = 3).

FIGURE 5.
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3.3.1.5. Using the twisted 1-simplices constructed above, one defines L,-twisted
1-chains in E; ; by setting

Yoo:i m°+m1+m2+m3] + 05, —p;'o[m3+mo+p1(ml+m2)],
dl dl
(33)
Yozdil m°+p1(m1+m2+m3)] + £ —Z—?[m2+m3+m°+p1ml]
and Yk:dil m°+p1(m1+m2+m3)] +0; —diksk for k=2,...,n.

By straightforward computations (similar to the one in [2, Example 2.1] for
instance), one verifies that the y,’s actually are 1-cycles hence define twisted
homology classes in H;(E; ;, L,). We will again use y, to designate the corre-
sponding twisted homology classes. It is quite clear that these do not depend
on €. In particular, this justifies that € does not appear in the notation y,.

When the z;’s are in nice position, the following proposition holds true:

Proposition 3.2 (Mano-Watanabe [49]).

(1) Themapreg: €. — reg(€.) =, is a regularization map: at the homolog-
ical level, it induces the isomorphism H{f(ET,Z, Ly) = Hy(Ez z, Lp).

(2) The homology classesy .., Yy Y2:---» Y, Satisfy the following relation:

n g
(34) —deo Yo+ oY s+ Y. —
k=2 P1..k

Yi=0.
() The twisted homology group Hy(E; ;, Ly) is of dimension n and admits

Y =Yoo Yo Y3ro-¥ )
as a basis.

Since T does not vanish on E; , all the preceding constructions can be done
with replacing T by its inverse T~!. The regularizations y\ = reg(l.) of the LX -
twisted 1-cycles I, defined at the end of §3.2.3]are defined by the same formu-
lae than (33) but with replacing p. by p,‘1 fore=0,2,...,n,00. Then

Y = o Y37
is a basis of H (E; z, Lg).

HNote that here is a typo in the formula for y in [49]. With the notation of the latter, the
numerator of the coefficient of the term (mg + " V-la m;) appearing in the definition of yq
page 3877 should be 1 — ¢27V~1% and not 1 — e~27V~1¢,



FLAT TORI AND ELLIPTIC HYPERGEOMETRIC FUNCTIONS 39

3.3.2. The first cohomology group H' (Er,zyLp). In [49], the authors give a
very detailed treatment of the material described above in in the case
of a punctured elliptic curve. In particular, they show that in this case, it is not
possible to use only logarithmic differential forms to describe H' (E ;, L,).

We continue to use the previous notation. In [49, Proposition 2.4], the au-
thors prove that H' (E; ;, L) is isomorphic to the quotient of H%(E; , Qzlz )by
the image by V,, of the space of holomorphic functions on E; ; (cf. (25)). Then
they give a direct proof of the twisted algebraic de Rham comparison theorem
(cf. [49, Proposition 2.5], see also §3.1.9/above) which asserts that one can con-
sider only rational objects on E; (but with poles at the [z;]’s).

Viewing Z = Z;f‘zl [z;] as a divisor on E;, one has
H(E;, Q} (x2))
Vo (H(E;,OF, (x 2)))

(35) H'Y(E; ;,Ly) =

(recall that, with our notations, H®(E;, O, ( Z)) (resp. H°(E;, Q}gr (xZ))) stands
for the space of rational functions (resp. 1-forms) on E; with poles only at the
V4 ’s.

We now consider the non-reduced divisor Z’' = Z + [0] = 2[0] + ZZ:Z[Zk]'
There is a natural map from the space H’(E;,Q};, (Z)) of rational 1-forms on
E; with poles at most Z’ to the right hand quotient space of (33):

H°(E;, Qp (+2))
 Vo(H(Er, O, (+2)))

(36) H°(E;,Q} (Z)

One of the main results of [49] is Theorem 2.7 which says that the preceding
map is surjective with a kernel of dimension 1.

Itis not difficult to see that, as a vector space, H’(E;, Qp, (Z')) is spanned by

(PO = d u,
p1=p'(wdu
and ¢j=(p(u—z)—pw)du for j=2,...,n.
Remark that all these forms are logarithmic on E; (i.e. have at most poles of
the first order), at the exception of ¢; which has a pole of order 2 at the origin.

On the other hand, 1 is holomorphic on E; and, according to (29), one has:

n
(37) V(D) =w=2imag-go+ Y. aj-¢; [
j=2
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One then deduces the following description of the cohomology group we are
interested in:

Theorem 3.3. (1) Uptotheisomorphisms and (38), the space H' (E; ,, Ly)
is identified with the space spanned by the rational 1-forms ¢, for m =
0,1,2,...,n, modulo the relation 0 = 2inag Qo + ) k=2 Ak Pk, i.€..

HIE ’L ~ )
(T,Z P) <2inao(,00+2k=2ak(pk>

(2) In particular when n = 2, up to the preceding isomorphism, the respec-
tive classes (o] and [¢1] of du and p' (w)du form a basis of H' (E; ., Ly).

3.4. The twisted intersection product. It follows from Lemmaf3.1Ilthat the mon-
odromy character p is unitary if and only if the quantity a., defined in (32) is
real. Starting from now on, we assume that it is indeed the case.

Since p is unitary, the constructions of apply. We want to make them
completely explicit. More precisely, we want to express the intersection prod-
uct in the basis y, i.e. we want to compute the coefficients of the following
intersection matrix:

Hp = (Yo '?0)0,0200,0,3,...,71 :

Since p is unitary, p~! = p, hence for any s, ¥, is the regularization of the
locally finite L-twisted 1-cycle I. and consequently y, -y, =y, -l. foreveryo, e in
{00,0,2,3,...,n}. Using the method explained in [38], it is just a computational
task to determine these twisted intersection numbers.

Assuming that the z;’s are in nice position, one has the

12Even if we are interested only in the case when 1 = 0, we mention here that the general
formula given in [49, Remark 2.8] is not correct. Setting, as in [49], s(u) = s(u; 1) = 0’6 (u —
A)/1(0(w)0(A)) for u, A € C\ Z;, the correct formula when A # 0 is

n n
Vo) = [2inag— a1 p() + Y aj(s(z)) —p(zj))] o+ Mar—1-p1 -1 ajs(z) ;.
i= j=2
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Proposition 3.4. Fori=2,...,n,j=2,...,j—landk=1i+1,...,n, one has:

Aoo 100 doo
Yoo‘loo:m Yi'loo:—b
1 - po+ Poco — Plco
Yoo bo= el pf(:(c)h Al Yi‘lOZ—Z:)—Z(l)
Yoo li= 2 vil=-2
Yo.loozpl—Plo;;de+P01oo Yi'li:_dale.
Yo'li:Z_(l)-

Proof. Let @ and a stand for the classes, in H; (E; z, LY) and H{f(ET,z, L) respec-
tively, of two twisted 1-simplices denoted somewhat abusively by the same no-
tation. Denote respectively by @ and a the supports of these twisted cycles and
let Ty and T, be the two determinations of T along a and a respectively, such
that

a=ad®T, and a=asT,'

Since the intersection number « - @ depends only on the associated twisted
homotopy classes and because « is a compact subset of E; ;, one can assume
that the topological 1-cycles @ and a are smooth and intersect transversally in
a finite number of points. As explained in [38], « - a is equal to the sum of the
local intersection numbers at the intersection points of the supports @ and a
of the two considered twisted 1-simplices. In other terms, one has

aa= ) (a-ay
xXeana
where for any intersection point x of @ and a, the twisted local intersection
number (a, a) . is defined as the product of the usual topological local inter-
section number (a, a), € Z with the complex ratio T, (x)/ T4(x), i.e.

(@,a)y=(a®Ty,a®T,') =(a,a), To(x)T,(x)"" €C.

With the preceding result at hand, determining all the intersection numbers
of the proposition is just a computational task. We will detail only one case
below. The others can be computed in a similar way.

1356me of these computations can be considered as classical since they already appear in
the existing literature, such as the one of y; - I; for i = 2,..., n, which follows immediately from
the computations given p. 294 of [38] (see also [2} §2.3.3]).
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As an example, let us detail the computation of y - l,. The picture below
is helpful for this. On it, the 1-cycle y,, has been drawn in blue whereas the
locally finite 1-cycle I, is pictured in green.

The picture shows that I, does not meet y¢_ and intersects y_ and y/_ at the
points x1, X2 and y, y» respectively.
It follows that

2 . 2
= Z <Y(l>oloo>xk + Z <Y£0100>yk
k=1 k=1

1 & k Ploo 2 k
38 = : loo - : loo ’
(38) a I;:l(m >xk & k§=1, (m >yk

the last equality coming from the formula for y/_ and YZ; and from the fact

that xt, yr € m* for k =1,2.
The topological intersection numbers are the following:
1 ] _ 2 — (2 _
(M loo), =(m o), ==1 and (m*lx), =(m"lx),=1.
It is then easy to compute the four intersection numbers appearing in (3.4):

« let {; stand for x; or y;. The determination of T associated to I, at {;
is the same as the one associated to m! at this point. It follows that

(m Loy, = (m' L), = —1;
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e let {, stand for x; or y». The determination of T associated to I, at {2
is poo times the one associated to m? at this point. It follows that

(M - loo)g, = (M* - Loo)y, - Py = P -
From all the preceding considerations, it comes that

1 — Plco — doodloo
doo=—|-1+pd |- 2| -1+ p} | = ===,

O

3.5. The particular case n = 2. In this case, the complete intersection matrix
is

oo d1og . doo
d1poo Yoo 3
_ _ ) do(1_P1)y do
Ip = (Yo ’ l')o,.:o,oo,z = (Yo loo d; ( po) dy
_ P1doo _ pido 0

Poodl pody

with
-1 -1
Yoo'loz__'i'pi"_p;.o_m
d d d d
-1 -1
_ b1 + PopP1 + P1Po  P0Pso '
i dy di di
The linear relation between the twisted 1-cycles y,, vy, and y, is
(1=p0)¥o= (1= P0)Y oo = (1= p2)7>.
Thus, since p, # 1, one can express Y, in function of y, and y  as follows:
(39) . PP
Y2=—P1 a, Yo Pld1 Yoo
The intersection matrix relative to the basis (y,y..) and (Io, l») is

y —1+py" +Poo—P1PcoPy !

oo . l l - leoo d
y ] [leo Lo] ~P1+00P1+P1P ~P0Poo do p1
0 o\ =5
dq dy Po

and 7y, loo=

doodloo

1, =

By a direct computation, one verifies that the determinant of this anti-hermitian
matrix is always equal to 1, hence this matrix is invertible. Then one can con-

sider

1 @( _&) P0=1-PoPootP1Po0
_ . -1 _ dl Po pOdl
40)  IH,=(2il,) " = 57 | oo upromiprp Lo
poodl dlpoo

This matrix is hermitian and its determinant is —1/4 < 0. It follows that the
signature of the hermitian form associated to IH, is (1,1), as expected.



44 S. GHAZOUANI AND L. PIRIO

3.5.1. Some connection formulae. We now let the parameters 7 and z vary.
More precisely, let f: [0,1] — H x C", s — (1(s), z(s)) be a smooth path in the
corresponding parameter space: for every s € [0,1], z;(s) = 0 and z; ($), ..., 2, (s)
are pairwise distinct modulo Z; . For s € [0,1], let p; be the corresponding
monodromy morphism (namely, the one corresponding to the monodromy of
T(,,1(s),z(s))) and denote by L = L, the associated local system on E;s) z(s)-

Since the E;(5) ;(5)’'s form a topologically trivial family of n-punctured elliptic
curves over [0, 1], the corresponding twisted homology groups Hj (Ez7(s),z(s), Ls)
organize themselves into a local system over [0, 1], which is necessarily trivial.
If in addition the z;(0)’s are in very nice position, then the twisted 1-cycles y?
(for ¢ =0,0,3,...,n) are well-defined and can be smoothly deformed along f.
One obtains a deformation parametrized by s € [0, 1]

Y = (YOS)ozoo,O,S,...,n

of the initial y*’s, such that the map y? — y! induces an isomorphism denoted
by f« between the corresponding twisted homology spaces H;(E7(0),z(0), Lo)
and H; (E;(1),za),L1)- It only depends on the homotopy class of f. Similarly,
one constructs an analytic deformation I* = (IZ,...,1}), s€ [0, 1].

Let us suppose furthermore that the z;(1)’s also are in very nice position.
Thenlety' = (¥))e=c0,0,3,..,n be the nice basis of H; (E;(1)zq1),L1) constructed in
The matrix of f, : H1(E7(0),z(0), Lo) = H1(Erq),zq), L1) expressed in the
nice bases y° and y’ is nothing else but the n x n matrix M r such that

(41) tY,:Mf'[Y1~

Such a relation is called a connection formula. In the particular case when
f is aloop, one has (7, z') = (7, z) and such a formula appears as nothing else
but a monodromy formula.

One verifies easily that the twisted intersection product is constant up to
small deformations. In particular, for any e, in {00,0,2,..., n}, the twisted in-
tersection number y?- IS does not depend on s € [0,1], thus ‘y' - 1' = IT po- Com-
bining this with (41), it comes that the following matricial relation holds true:

— Iy
Ip, =My -IIp, -~ My

In what follows, we give several natural connection formulae in the case
when n = 2. All these are particular cases of the formulae given in [46, §6] for
n = 2 arbitrary. Note that the reader will not find rigorous proofs of these for-
mulae in [46] but rather some pictures explaining what is going on. However,
with the help of these pictures and using similar arguments than those of [11,
Proposition (9.2)], it is not too difficult to give rigorous proofs of the formulae
below. Since it is rather long, it is left to the motivated reader.
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In what follows, the modular parameter 7 € H is fixed as well as z = (z1, zp)
which is a pair of points of C which are not congruent modulo Z;. As remarked
before, z;, z, are in very nice position, hence the twisted 1-cycles y,, = 00,0, 2
are well-defined. To remain close to [46], we will not write that z; is 0 in the
lines below, even if one can suppose that z; as been normalized in this way.

3.5.1.1. Half-Twist formula “z; — z,”. We first deal with the connection for-
mula associated to the (homotopy class of a) half-twist exchanging z; and z,
with z, passing above z; as pictured in red in Figure[@ below. This case is the

one treated at the bottom of p. 15 of [46]
Setting z’' = (zp, z1), there is a linear isomorphism HTwist, from H; (E; ;, Ly)
onto H (E;,z, L) with p’ = Ryrwisc(p) where

Rutwist : (Pco L0, P1) — (poo,po,pfl).

Setting 'y = (Y o, Y0, Y>») and I = (I, 1o, I2) with analogous notations for y’
and ' one has 'y’ = HTwist, - “y and I’ = I - "HTwist,, with

deo
1 0 ?
ist. = do
(42) HTwist, = [0 1 by
0 0 - o
___________________________ ,
2 =2, f

I _
Z2—Zl

FIGURE 6. Half-twist in the direct sense exchanging z; and z;.

14Note that there is a typo in the formula for the half-twist in page 15 of [46]. With the
formula given there, relation (43) does not hold true.
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Verification: one should have I, = y'-1' = HTwist,-y-I-"HTwist, = HTwist,,-
I, - "HTwist, and, indeed, one verifies that the following relation holds true:
43) 1, = HTwist,, - I, - "HTwist,,.

3.5.1.2. First horizontal translation formula “z; — z; + 1”. We now consider
the connection formula associated to the path

Srrrans 1 [0,1] — H x CZ, §— (T, 21+, Zz).
We define p = Rytrans1 () with

Rirtranst © (Poos 00, P1) — (PooP1 " 00, P1) -

We set Z = (21 +1, 22) = furrans1 (1). The path firrrans1 gives us a linear isomor-
phism from H; (E; ., L) onto H; (E; z, Ly) which will be denoted by HTrans1,,.
The corresponding connection matrix is

1 _ e
P1 Plopl 0
HTransl, = [ 0 — 0
Po
1 1
Po P1

One verifies that the following relation is satisfied:
(44) Iz =HTransl, - I, - "HTransl,.

3.5.1.3. Second horizontal translation formula “z, — z, + 1”. We now con-
sider the connection formula associated to the path

fHTransZ :[0,1] — H x Cz, S— (T,Zl,zz + s),
We define Y "= Rytwist © RHTrans © RHTwist (P)y thatis
0" = (0 95,01) = [poor,P0.1).

We set 2" = (21,22 + 1) = fitrans2(1). The map firrans2 gives us a linear iso-
morphism from H;(E; , Lp) onto Hy (E; .7, Lyr), which will be denoted by HTrans2,,.
The corresponding connection matrix is

HTrans2, = HTwistﬁr -HTrans1 o HTwistp

with 6’ = Ryrrans © Rutwist (). Explicitly, one has
Ploodl  _ d1(Po1cotPoo—P0)

p1

1 /Zlo dod 600 1)
- I+dop1 _Gdipotl)
HTranleo =]0 0P
0 _p1 pod1+1
Po Po

We verify that the following relation is satisfied:

I,» =HTrans2, - I, - "HTrans2,,.
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The matrix HT2 of the isomorphism HTrans2, expressed in the basis (v, v)
and (y5,,Y,) is more involved. But since this formula will be used later (in

(e 0]
Lemmal6.3), we give it explicitly below:
(45)
(Pmoo—P0P01oo+Poo—P000+P02)P1 (Plooopoo—P01oo+Ploo—2Poo+P0+Poo2—P000)Pl
Hsz — P20 po
_(po—D*(po+1) ~P0100+2 001 =P1+P0P0100=L0L01 ~Poo+Poso+2—P0
0o Po

This matrix satisfies the following relation: II,» = HT2, - II,, - 'HT2,,.

3.5.1.4. Firstvertical translation formula “z; — z; + T”. We now consider the
connection formula associated to the path

fVTransl :[0,1] — H x 0:2; S (TyZI + ST,ZZ).
We define p = Rytrans1 (0) where Rytrans1 stands for the following map:
RyTranst : (Poor P0, P1) = (Poor P0L1,P1) -

We set Z = (21 + 7, 22) = fytrans1 (1). The map fyrrans: gives us a linear isomor-
phism from H; (E; ;, L) onto H; (E; z, Lg) which will be denoted by VIransl,.
The corresponding connection matrix is

1

%"o 0 O
VTransl, = —;T’:l p1 0

pjlo 0 p1

One verifies that the following relation is satisfied:

(46) I; =VTransl, - I,-'VTransl,,.

3.5.1.5. Second vertical translation formula “z, — z + T”. We finally consider
the connection formula associated to the path

fotrans2 : 10,11 — Hx €, s— (7,21, 25 + 57).
We define P* = Rywist © RvTrans © Rutwist © (0), that is
p* = (00, P1) = (poo,popfl,pl)-

We set z* = (21,22 + T) = fyrans2(1). The map fyrrans2 gives us a linear iso-
morphism VTrans2, from H,(E; ;, Lp) onto Hy(E7 2+, Lp*).
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The corresponding connection matrix is

1 0 0
__4 1 _4

VTrans2, = | oo o1 0200
-1 0 1

Poo P1Poo

One verifies that the following relation is satisfied:
47) Iy« =VTrans2, - I, - "VIrans2,.

The matrix VT2, of the isomorphism VIrans2, expressed in the basis (v, v,)
and (Y2, Y,) is quite simple compared to (45). It is

1 0
(48) Vsz = | Po—p1 1
P1Pco0  P1Poo

This matrix satisfies the following relation: II,+ = VT2, - II, - 'VT2,,.

3.5.2. Normalization in the case when p = 1. If we assume that py = 1, then
simplifies and one has:

| 0 Poo
IHp = (21) 1 doodloo
_PToo dipoo
Then setting
_dio
Z,=v2|Pe T |
P [ 0 1

one verifies that
0 —i =

The interest of considering H instead of IH, is clear: the automorphism
group of the former is SL, (R), hence, in particular, does not depend on p.

This normalization will be used later in §6.3.61

4. An explicit expression for Veech’s map and some consequences

4.1. Some general considerations about Veech’s foliation. In this subsection,
we make general remarks about Veech'’s foliation in the general non-resonant
case. Hence g and n are arbitrary positive integers such that2g -2+ n > 0 and
a= (ak)’,z:1 €] —1,00[" is supposed to be non-resonant, i.e. none of the a’s is
an integer.

In [76], Veech defines the isoholonomic foliation &% on the Teichmiiller
space by means of a real analytic map Hg, n - Jeichg , — U?8. The point is that
this map descends to the Torelli space Jorg, ; and even on this quotient, it is
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probably not a primitive integral of the foliations formed by its level-sets (this
is proved below only when g = 1). It is what we explain below.

4.1.1. Let (S, (sx)}_,) be areference model for n-marked surfaces of genus g.
We fix a base point so € S* = S\ {sg};_;. One can find a natural ‘symplectic
basis’ (A;,B;,Cy),i=1,...,8, k=1,...,nof 1, (S*, sp) such that the latter group
is isomorphic to

Tll(g,ﬂ) = <A1,...,Ag,Bl,...,Bg,Cl,...,Cn

g
H[Ai,B,-J:Cn---cl>,
i=1

see the picture just below (case g =n =2):

S

FIGURE 7. The base-point s is the black dot, s, s, are the red ones.

4.1.2.We recall Veech’s definition of the space &g ,: it is the space of isotopy
classes of flat structures on S with conical singularity of type |u**dul|? (or equiv-
alently, with cone angle 27(1 + a)) at s for k =1,..., n. Since a flat structure
of this type induces a natural conformal structure on S, there is a natural map

which turns out to be a real analyti diffeomorphism. We need to describe
the inverse map of (49). To this end we are going to use a somehow old-fashioned
definition of the Teichmiiller space that will be useful for our purpose.

Let (X, x) = (X, (x1,...,X,)) be a n-marked Riemann surface of genus g. Con-
sidering a point over it in Jeichg, , amounts to specify a marking of its funda-
mental group, that is a class, up to inner automorphisms, of isomorphisms v :

15The space é’g ,, carries a natural intrinsic real analytic structure, cf. [76].
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m1(g, n) = m1(X*, %) for any xo € X* = X\ {x}/'_, (see e.g. [70, §2] or [1, BII').

Finally, we denote by m%  the unique flat metric of area 1 in the conformal

class corresponding to the complex structure of X, with a conical singularity

of exponent a at xi for every k (cf. Troyanov’s theorem mentioned in §1.1.5).
With these notations, the inverse of is written

(X, x9) — (X, %9, mg ).

4.1.3. Since my  induces a smooth flat structure on X*, its linear holonomy
along any loop y in X™ is a complex number of modulus 1, noted by hol ().
Of course, this number actually only depends on the homotopy class of y in
X*. With this formalism at hand, it is easy to describe the map constructed in
[76] to define the foliation &% on the Teichmiiller space: it is the map which
associates to (X, x, ) the holonomy character induced by m‘)"( e

Note that, since the conical angles are fixed, for every k = 1,..., n, one has

hol§  (w(Cy)) = exp (2imay) € U.
Consequently, there is a well-defined map
(50) Xgn : Teichg, — Hom" (m1(g, n),U)
(X, x,9) — hol} oy,
the exponent a in the formula of the target space meaning that one considers

only unitary characters on 71 (g, n) which map Ci to exp(2inay) for every k.

4.1.4. Let H;(g, n) be the abelianization of 7,(g, n): it is the Z-module gener-
ated by the A;’s, the Bj’s and the Cy’s up to the relation }_ ;. Cy = 0. We denote by
a;, b; and cj the corresponding homology classes. We take H; (g, n) as a model
for the first homology group of n-punctured genus g Riemann surfaces.

The Torelli space Jorg,, can be defined as the set of triples (X, x, ¢) where
(X, x) is amarked Riemann surface as above and ¢ an isomorphism from H(g, n)
onto H;(X™,Z). Moreover, the projection from the Teichmidiller space onto the
Torelli space is given by

(X, x,v) — (X, x, [w])
where [y/] stands for the isomorphism in homology induced by v.
16The definition of a point of the Teichmiiller space (of a closed surface and without marked

points) by means of a marking of the fundamental group follows from a result attributed to
Dehn by Weil in [81], whereas in [70], Teichmiiller refers for this to the paper [45] by Mangler.
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FIGURE 8. A model for the homology of the punctured surface S*.

a

4.1.5. Now, the key (but obvious) point is that the holonomy hol ,, (y) for
Y € m1(X™) does not depend on the base point but only on the (base-point) free
homology class [y] € H;(X™, Z). Since U is commutative, any unitary represen-
tation of (g, n) factors trough (g, n)a = H, (g, n), thus there is a natural
map Hom* (7, (g, n),U) — Hom® (H; (g, n),U). Since p € Hom®(mr1(g, n),U) is
completely determined by its values on the A;’s and the B;’s (it verifies u(Cy) =
expRinay) for k = 1,...,n), the space Hom“ (i1 (g, n),U) is naturally isomor-
phic to U%8. This applies verbatim to Hom®(H (g, n),U) as well. It follows that
these two spaces of unitary characters are both naturally isomorphic to U?8.

From the preceding discussion, it comes that one can define amap Jorg ,, —
Hom®(H, (g, n), U) which makes the following square diagram commutative:

a

X5 n
(51) JFeichg — 2 Hom® (71(g,m),U) ~ U8

L

Jorg, —— Hom® (Hy(g,n),U) » U8,

Both maps with values into U?8 given by the two lines of the preceding dia-
gram will be called the linear holonomy maps. We will use the (a bit abusive)
notation Hy ,, : Jeichg, — U?8 for the first and the second will be denoted by

. 2
(52) hg,n-gorg,n_’u g.

Since pyg,j, is the universal covering map of the Torelli space which is a com-
plex manifold, the maps Hg, , and hg ,, enjoy the same local analytic properties.
Then from [76} Theorem 0.3], one deduces immediately the
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Corollary 4.1. Ifa is non-resonant, the linear holonomy map hg ,, is a real an-
alytic submersion. Its level sets are complex submanifolds of the Torelli space
Jorg n, of complex dimension2g -3 +n

This implies that the foliation constructed by Veech on Jeichy ;, in [76] actu-
ally is the pull-back of a foliation defined on Jorg ,,. We will also call the latter
Veech’s foliation and will denote it the same way, that is by & .

4.1.6. We now explain that Veech’s linear holonomy map yg ,, : Jeichg,, — 28

actually admits a canonical lift to R?8. To this end, we use elementary argu-
ments (which can be found in [51], p. 488-489).

Let (X, x) be as above and consider y, a smooth simple curve in X*. If ¢
stands for its length for the flat metric mg‘( .» there exists a ¢-periodic smooth
map g : R — X* which induces a isomorphism of flat circles R/¢Z = y (i.e. the
pull-back of m% . by g coincides with the Euclidean metric on R). For any ¢,
g'(#) isaunit tangent vector at g(t) € y, thus there exists a unique other tangent
vector at this point, noted by g(#)*, such that (g’(), g()*) form a direct or-
thonormal basis of Tg(;) X*. Then there exists a smooth function w: [0,¢] — R
such that g" () = w(t)-g(¢)* for any ¢ € [0, /] and one defines the total angular
curvature of the loop vy in the flat surface (X, mg‘( ) as the real number

0
k() =x% () :fo w(ndt.

There is a nice geometric interpretation of this number as a sum of the ori-
ented interior angles of the triangles of a given Delaunay triangulation of X
which meet y (see [51} §6]). In particular, one obtains that x(y) only depends
on the free isotopy class of y and that exp(2inx (y)) is nothing else but the lin-
ear holonomy of (X, mg‘( ) alongy, that is:

(53) exp (2imk (y)) =hol§ (7).

Let ¥ be another simple curve in the free homotopy class (y) of y. According
to a classical result of the theory of surfaces (see [16]), ¥ and y actually are iso-
topic, hence x (y) = x(¥). Consequently, the following definition makes sense:

a _.a
(54) Ky () =%, (-
17Actually, the statement is valid for any a but on the complement of the preimage by the

linear holonomy map of the trivial character on H; (g, n). Note that the latter does not belong
to Im(hg, ) (so its preimage is empty) as soon as at least one of the a’s is not an integer.
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4.1.7. Now assume that a base point xy € X* has been fixed. By the preced-
ing construction, one can attached a real number xx ({y)) to each element
[yl € m1(X™, x9) which is representable by a simple loop y. If  stands for an
inner automorphism of 1 (X™, xp), a classical result of the topology of surfaces
ensures that y and n(y) are freely homotopic, i.e. (y) = (n(y)).

We now have explicited everything needed to construct a lift of Veech’s linear
holonomy map. Let (X, x,y) = (X,x,m§ ,¥) be a point of Jeichg,, = &g ,.
Then for any element D of {Ay, B |k =1,...,8} < m1(g, n), its ‘image’ DY by y
can be seen as the conjugacy class of the homotopy class of a simple curve in
X*. By the preceding discussion, it comes that the map

(55) H, : Jeichg, — R*8

(X, 2,9) — ((AY)...,x(AY), x(BY),....<(BY))

is well-defined. This map is named the lifted holonomy map.
It is easy (left to the reader) to verify that it enjoys the following properties:
(1) itisalift of H ,, to R28: if e : R?6 — U?8 is the universal covering, then

H g L =eo ng s
(2) itisreal analytic.

The first point follows at once from (53) and the second is an immediate con-
sequence of the first combined with the obvious fact that Hy , is continuous.

4.1.8. From the lines above, it comes that ﬁg ,, is a real analytic first integral
for Veech’s foliation on Jorg , which could enjoy better properties than Hyg ,.
Note that, among the lifts of the latter which are continuous, it is unique up to
translation by an element of 271728,

For a € R?€, one defines ¢ as the inverse image of a by the lifted holonomy
map in the Teichmiiller space. In particular, for p = e(a) € U?$, one has

(56) gg = (Hg,n)_l(p) = U eg.g+27rm

meZ28
hence it is natural to expect that any level-set 7 has a countable set of con-
nected components. We will prove below that it is indeed the case when g =1,
by completely expliciting the lifted holonomy map (see Remark [4.6.(2)). We
conjecture that it is also true when g = 2 but it is not proved yet.

To conclude this subsection, we would like to warn the reader that the ter-
minology ‘lifted holonomy that we use to designate Hg , can be misleading.
Indeed, the latter map is not a holonomy in a natural sense. This will make be

clear below when considering the genus 1 case, see Example[4.3|below.
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4.2. An explicit description of Veech’s foliation when g = 1. We now focus on
the case when g = 1, with n = 2 arbitrary.

The first particular and interesting feature of this special case is that it is
possible to define a ‘lifted holonomy map’ on the Torelli space Jor,,.

Then, when dealing with elliptic curves, all the rather abstract considera-
tions of the preceding subsection can be made completely explicit. The reason
for this is twofold: first, there is a nice explicit description of the Torelli space
Jor,, due to Nag; second, on tori, one can give an explicit formula for a metric
inducing a flat structure with conical singularities in terms of theta functions.

4.2.1. Our goal here is to construct abstractly a lift to R? of the map h{, :
Jory, — U2. Our construction is based on the following crucial result:

Lemma 4.2. On a punctured torus, two simple closed curves which are homol-
ogous are actually isotopic.

Proof. Let X stand for a finite subset of T = R?>/Z?. We consider two simple
closed curves aand bin T* = T\ X, assumed to be homologous.

We need first to treat the case when X is empty. Since 7; (T) = Z? is abelian,
it coincides with its abelianization, namely H (T, Z). From this, it follows that
a and b are homotopic. Then a classical result from the theory of surfaces [16]
allows to conclude that these two curves are isotopic.

We now consider the case when X is not empty which is the one of interest
for us. The hypothesis implies that a and b are a fortiori homologous in T.
From above, it follows that they are isotopic through an isotopy I : [0,1] x S} —
T. We can assume that this isotopy is minimal in the sense that the number m
of couples (¢,0) € [0,1] x S! such that I(t,0) € £ is minimal.

We denote by (£1,601),..., (t,0,,) the elements of I"}(X). Foranyi=1,...,m,
we set s; = I(t;,0;) € X and define e(i) € {1} as follows: e(i) = 1if (01/06,01/01)
form an direct basis of the tangent space of T at s;; otherwise, we set €(i) = —1.

Therefore we have
m

[b] = [al + ) €(i)[5;]
i=1

in H,(T*,Z), where § ; stands for a small circle turning around s counterclock-
wise for any s € . If i and i’ are two indices such that s; = s; then e(i) and e(i")
must be equal. Indeed otherwise these two crossings could be cancelled what
would contradict the minimality of m. Since [b] = [a] by assumption, we have

",€(@)[65;]1 = 0. This relation is necessarily an integer multiple of }_ 5 [6].
Remark that the latter can be be cancelled by modifying I: a simple closed
curve on T* cuts T into a cylinder and we can find an isotopy consisting of
going along this cylinder crossing every puncture once in the same direction.
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Post-composing I by such an isotopy the appropriate number of time allows
to cancel all the remaining crossings. The lemma follows. U

With this lemma at hand, one can proceed as in §4.1.7land construct a real
analytic map h{, : Jor, , — R? making the following diagram commutative:

Lajvor]_’n - ﬁz
e()
M [Uz

Note that the lift of h{' | to R? is unique, up translation by an element of 27 7%,
as soon as one demands that it is continuous. We have proved above that such
a ‘lifted holonomy’ exists on the Torelli space of punctured elliptic curves. We
will give an explicit and particularly simple expression for it in §4.2.3|below.

To conclude these generalities, we would like to warn the reader that the ter-
minology ‘lifted holonomy we use to designate Eﬁ ,, is misleading. Let E; be a
n-punctured elliptic curve. With the notations of §4.1.4] the homology classes
ay, by and cy, ..., c,—1 are representable by closed simple curves and span freely
H,(E}, 7). Using (54), one can construct a lift Jory,, — Hom(H, (1, n),R) of the
map Jory,, — Hom*(H;(1,n),U) in (GI). If the latter is a genuine (linear) ho-
lonomy map, this is not the case for the former. Indeed, this additive charac-
ter on H;(1,n) is not geometric in a meaningful sense: as the example below
shows, its value on ¢, + - - - + ¢,—; a priori differs from —«x(cj,).

Example 4.3. Let 7 € H be arbitrary. Consider a disk D in ]0, 1[;< E; and a kite
K c D, whose exterior angles are 9,,0,,03 €]0, 27| (see the picture below).
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Consider E; with its non-singular canonical flat structure. Removing the
interior of K and gluing pairwise the edges of its boundary which are of the
same length, one ends up with a flat tori E; x with three conical singularities,
of cone angles 8, = 29, €]0,4x[ and 0,,03 €]0,2x[ (in the language of [19, §6],
we have performed a ‘Kite surgery’ on the flat torus E; in order to construct
ET,K )

Let a; and b; be the loops in E; x which correspond to the images in E;
of the two segments [0,1] and [0, 7] respectively. With the same meaning for
c1,¢2 and c3 as above, one can see (E; k, a1, by, ¢1, ¢2, ¢3) as a pointin Jor, 3. If
¢ stands for the loop given by the boundary of D oriented in the direct order,
then ¢ = ¢ + ¢z + ¢3, hence ¢ = 0 in H, (E] y, Z). But clearly, computing the total
angular curvature of ¢ depends only on the flat geometry along 0D, hence can
be performed in the flat tori E;. One gets x(c) = 27 # 0 although c is trivial
in homology. This shows that x does not induce a real character on H;(1,3) =
m1(1,3)?? in a natural way.

To summarize the discussion above: what we have constructed is a natural
lift to R? of the map he, For, — U? but not a lift to Hom(H; (1, n), R) of the
genuine holonomy map Jor, , — Hom®(H, (1, n),U) in diagram (51).

4.2.2. The Torelli space of punctured elliptic curves. For (g, n) arbitrary, the
Torelli group Toryg 5, is defined as the subgroup of the pure mapping class group
PMCGg,, which acts trivially on the first homology group of fixed n-punctured
model surface S g,n It is known that it acts holomorphically, properly, dis-
continuously and without any fixed point on the Teichmiiller space (cf. §2.8.3
in [56]). Consequently, the Torelli space Jor,,, = Jeich;,,/Tor, , is a smooth
complex variety (in particular, it has no orbifold point).

In [55], the author shows that, setting z; = 0, one has an identification
Jory, = {(r,zz,...,zn) eHxC™*! zi—zjgZ; fori,j=1,...,n, i;éj}.
Moreover there is a universal curve
E1n— Jorn

whose fiber over (7, z) = (7, (22, ..., 2,)) is the elliptic curve E; = C/Z,. It comes
with 7 global sections o; defined by 0;(7,2) = [z;]] € E; fori=1,...,n.

The action of the pure mapping class group PMCG; ,, on the Torelli space is
not effective and its kernel is precisely the Torelli group. We denote by Sp, ,,(2)

18Beware that several kinds of Torelli groups have been considered in the literature, espe-
cially in geometric topology (see e.g. [63] where this is carefully explained). The Torelli group
we are considering in this text is known as the ‘small Torelli group'’.
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the quotient PMCG; ,/Tor; . It is isomorphic to the group of automorphisms
of the first homology group of a n-punctured genus g surface which leaves the
cup-product invariant/"

From [55], one deduces that there is an isomorphism

Spy.»(@) =SLy(2) x (22)"
where the semi-direct product is given by
(M7, (1, 1)) - (M, (1, 1)) = (MM, p 0D - (K, 1) + (K, )

for M, M’ € SLy(2) and (k, 1) = ((ki, 1)), (K, 1) = ((k}, D)1, € (z2)", with

(67 p (M) = d

C

and M- (k,1) = (ak; + bls,ck; + d1;))

i=2

if M = [g Z] € SL,(Z).
Moreover, one has

(M, Ue, )" = (M7 ((aki - bli, —cki + L) L, )

The action of (M, (k, 1)) € SLy(Z) x (Z2)"~" on the Torelli space is given by

(58) ct+d’ ct+d 7 cr+d

atr+b z+ky+ Dbt Znt+k,+1,T
( ( ))-(T,Z)z
for (7,2) = (1,22,...,2,) € TO1] 1.

The epimorphism of groups SL,(Z) x (Zz)”_1 — SL,(2) is compatible with
the natural projection

H=H1n: g-0r1yn—>g-0r1,1:|]'|].

In other terms: there is a surjective morphism in the category of analytic
G-spaces:

(59) Jor H
S )

SLy(2) x (22)" —————— SL,(@).

19We are not aware of any other proof of this result than the one given in the unpublished
thesis [74].
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4.2.3. Flat metrics with conical singularities on elliptic curves. Asin the genus
0 case, there is a general explicit formula for the flat metrics on elliptic curves
we are interested in. We fix n>1and a = (a;)}"_, €] - 1,00[ such that }_; a; = 0.

For any elliptic curve E; = C/Z,, we will denote by u the usual complex co-
ordinates on C = E;. Let 7 be fixed in H and assume that z = (z1,...z,) is a
n-uplet of pairwise distinct points on C. If one defines a as the real number

(60) o= - Im(ZL @izi)

Sm(r)
then Sm(agt + Y ; a;z;) = 0, hence the constant

n
(61) Qo = d0T+Zaizi
i=1

is a real number as well.

Considering (7, z) € Jor;,, as a fixed parameter, we recall the definition of
the function T¢ introduced in above: it is the function of the variable u
defined by

. n
T, (w) = T%(u,7,2) = " [ 0(u—z;, 7)™
i=1
We see this function as a holomorphic multivalued function on the n-punctured
elliptic curves E; .. From Lemma[3.1, we know that the monodromy of T, is
multiplicative and is given by the character p whose characteristic values are

po = e*mdo, pr=e*"% fork=1,...,n and Poo = 21700

Since ay, d, and the ay’s are real, p is unitary. Thus for any (7, z) € Jor ,,
a _ |ra 2
me, =|T¢ (wdu|

defines a flat metric on E; ,. Moreover, the theta function 6(:), viewed as a
section of a line bundle on E7, has a single zero at the origin, which is simple.
This implies that up to multiplication by a positive constant, one has

me, ~|(u—-z) % du’

on a neighborhood of zg, for k = 1,...,n. This shows that the flat structure
induced by m7 , on E; ; has conical singularities with exponent a at [z;] for
every k = 1,...,n. We recall the reader that assuming that (7, z) € Jor implies
that z = (zy,...,2,) € C" has been normalized such that z; = 0.

It follows from Troyanov’s theorem that considering Jorn ,, as the quotient of
the space &", of isotopy classes of flat tori by the Torelli group Tor; ; amounts
to associate the triplet (7, z, m7 ) to any (7, z) € Jory 5.
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Any element of (7, z) € Jor;,, comes with a well-defined system of genera-
tors of Hy(Erz,Z). Let e > 0 be very small. For k = 1,...,n, let v} be a posi-
tively oriented small circle centered at [z;] in E;, of radius €. Let yj (resp. yS,)
be the loop in E;, defined as the image of [0,1] 3 ¢ — €(1 + i) + ¢ (resp. of
[0,1] 3 £ — €(1 + i) + ¢ - T) by the canonical projection. For € sufficiently small,
the homology classes of the y¢’s for ¢ = 0,1,..., 1,00 do not depend on €. We
just denote by y. the associated homology classes. These generate H; (E; 2, Z)
and Y7’ _, v, = 0is the unique linear relation they satisfy (see Figure[@below).

At this point, it is quite obvious that the linear holonomies of the flat surface
(Er ., m7 ;) along yp and Y are respectively

po = po(T,2) = exp (2inap) and  Poo = Pool(T,2) = €xXp (2iMdoy) -

P .
Y2 @ !
Y4 ,”
e ® |
@’}’3 ’1'
Y1 l’
*]
Yo >e
FIGURE 9.

It follows that one has the following explicit expression for the linear ho-
lonomy map (62) (to make the notations simpler, we do not specify the sub-

scripts 1, n starting from now):
h%: Jory , — U
(1,2) — (po(7,2), Poo (7, 2)).
This map is the composition with the exponential map e(-) = exp(2in-) of
(62) &% Jory , — R?
(1,2) — (ao(7,2), aoo(T, 2)) .

where ay (7, z) and a., (T, z) are defined in and respectively.
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Remark 4.4. The map &% defined above is then a real-analytic lift of 2% to R2.
We do not know if it coincides with the lifted holonomy map h® constructed
in §4.1.71 But since the former differs from the latter up to translation by an
element of 27172, this will be irrelevant for our purpose.

With the material introduced so far, one can make some of the general re-
sults obtained by Veech in [76] in the case when g = 1 completely explicit.

Since we are mainly interested in the case when the leaves of Veech'’s folia-
tion carry a complex hyperbolic structure, we will assume from now on that (8)
holds true. Moreover, there is no loss of generality by assuming that thea;’s are
presented in decreasing order. Hence, from now on, one assumes that

(63) —-l<ap<a,1<--<a<0<a;<l.

Proposition 4.5 (Explicit description of %% on the Torelli space ).
(i) The map&® is a primitive first integral of Veech’s foliation on Jory ;.

(ii) For any a = (ag, dwo) € IM(E%), the leaf F& = (%)~ (a) is the complex
subvariety of Jory,,, cut out by the affine equation

n
(64) apT + Z A2k = Qoo -
k=2
(iii) Theimage of&® isR? ifn =3 and R*\ a1 22 ifn=2:

R:\a 7% ifn=2;
m(&*) = {RZ ifn=3.

(iv) Veech's foliation F® is invariant by Sp, ,,(Z) = SLy(Z) x (z2)"".
More precisely, one has

g (Fa) =7

=Fgwa
for any a = (ay, aso) € Im(&®) and any g = (M, (k, 1)) € SLy(2) x (2*)" 1,
for a certain action ¢ of this group on R? given explicitly by

n n
(65) (M, (K, l)) o (a9, aoo) = (aoa— (oo C + izzéaili, —aph+ asd — izzéaiki

ifM=[9"5]€SLy(2) and (k,1) = ((k;, 19) ", € (22)" .
Proof. The fact that {% is a first integral for #“ has been established in the

discussion preceding the proposition. The fact that it is primitive follows from
(ii) since any equation of the form cuts out a connected subset of Jory ;.

Considering the formulae and (61), the proof of (ii) is straightforward.
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To prove (iii), remark that Jor , is nothing else but H x C*~! minus the
union of the complex hypersurfaces X” ’].q cut out by

(66) zZi—zj+p+qr=0

for (p,q) € Z? and i, j such that 1 < i < j < n (remember that z; = 0 according
to our normalization). For (ag, d) € R?, (64) has no solution in It ory,, if and
only if it cuts out one of the hypersurfaces >/ ]q As a consequence, the linear
parts (in (7, z)) of the affine equations (64) and (66) should be proportional.
Since all the a;’s are negative for i = 2 according to our assumption (63), this is
clearly impossible if 7 > 3. Consequently, one has Im(¢%) = R? when 1 = 3.

When 7 = 2, the equations reduce to the following one: gt + 2z, + p=0
with (p, g) € Z2. Such an equation is proportional to an equation of the form
apT + @22y — Ao = 0 if and only if (ay, a,) € a,Z7%. Since a; = —a, when n =2,
one obtains that Im(¢%) = R?\ a; Z? in this case.

Finally, the fact that & is invariant by the suitable quotient of the pure
mapping class group has been proved in greater generality by Veech. In the
particular case we are considering, this can be verified by direct and explicit
computations by using the material of §4.2.21 In particular, formula for
the action of SL,(Z) x (Z%)""! on R? follows easily from (58). O

Remark 4.6. (1). The description of the image of the map ¢{% given in (iii)
allows to answer (in the particular case when g = 1) a question raised implicitly
by Veech (see the sentence just after Proposition 7.10 in [76]).

(2). From Remark[4.4]and from the proposition above, it follows that the phe-
nomenon evoked at the end of occurs indeed when g = 1: in this case,
any level subset # ' of the linear holonomy map (52), which is called a ‘leaf” by
Veech in [76], actually has a countable set of connected components, cf. (56).

From the explicit and elementary description of Veech’s foliation on Jory ,
given above, one deduces easily the following results.

Corollary 4.7. Veech’s foliation % depends onlyon [a;: ay: a,] € P(R™).
In particular, when n = 2, Veech’s foliation does not depend ona.

The preceding statement concerns only &% viewed as a real-analytic folia-
tion of Jory ;. If its leaves do depend only on a up to a scaling factor, it does
not apply to the complex hyperbolic structures they carry: they do not depend
only on [a] but on « as well (see Theorem[I.I0lwhen n = 2 for instance).

Proposition 4.8. For any leaf & of Veech'’s foliation on the Torelli space:

(1) the inclusion 5 < Jory,, induces an injective morphism of the corre-
sponding fundamental groups;
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(2) any connected component of the preimage of &S in Jeich,, , is simply
connected.

Proof. In the case when n = 2, any leaf &% is isomorphic to H (see §4.3]below
for some details) thus is simply connected hence there is nothing to prove.

We sketch a proof of the proposition in the case when n = 3. The proof in
the general case is similar and left to the reader. Let r € R? be fixed. One ver-
ifies that the linear projection Jor;,, — H induces a trivial topological bundle
F Y — H by restriction. Let 7 € H be fixed and denote by &% (1) the fiber over
this point. Since H is simply connected, the inclusion of #%(7) into &#? in-
duces an identification of the corresponding fundamental groups.

Let n = (1,25, z;) be an arbitrary element of " (7) and consider the map
from C into {1} x C? that associates the 3-uplet (t,25 +asé,z; — axf) to any
¢ € C. One promptly verifies that there exists a discrete countable subset C,, =
Cry, < C such that, by restriction, the preceding injective affine map induces
an isomorphism: i : C\ C, = /(). Moreover, for n sufficiently generic in
F (1), the segment ]0, c[ does not meet Cy, this for any c € C;;. Then for any
such ¢, let y. be the homotopy class of a path in (C\ C;,0) consisting of the
concatenation of ]0, (1 —e.)c[ with 0 < €, << 1, then of a circular loop in the
direct send, of center ¢, with radius €, starting and finishing at (1 —e€.)c then
going back to 0 along the segment (1 —€.)c,0[. The classes y for c € C, freely
generate 711 (C\ C;,0) = 71 (&, 1), hence to prove the proposition, it suffices to
prove that the class of i. (y.) is not trivial in 711 (Jory,,, 1) for every c € C;,.

For ¢ € G, arbitrary, there is a divisor D.(p, g) cut out by an equation of the
formzp—(p+q7) =0, 23— (p+q1) =001 2 — 23— (P + q7) = 0 for some integers
p, g € Z such that c is the intersection point of % with D.(p, q).

Fact: for any ¢ € C;;, the homology class of y. in Jor, , is not trivial. In par-
ticular, this implies that y., viewed as an element of 7,(J0r ), is not trivial.
Then the natural map 7, (¥%) — n1(Jor ;) is injective which proves (1).

Finally, the second point of the proposition follows at once from the first
since the projection Jeich, , — Jory , is nothing else but the universal cover-
ing map of the Torelli space. UJ

4.2.4. Algebraic leaves of Veech’s foliation. Using Proposition[4.5] it is easy to
determine and to describe the algebraic leaves of Veech’s foliation on M, .

Since the case n = 2 is particular and because we are going to focus on it in
the sequel, we left it aside until §4.3land assume 7 = 3 in the lines below.

4.2.4.1. For a = (ay, as,) € R?, let JF7 be the corresponding leaf of Veech’s fo-
liation F* on M, ,,: it is the image of #J < Jor; , by the action of SLy(Z) x
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(z>)"1. The question we are interested in it twofold: first, we want to deter-
mine the lifted holonomies a’s such that J5 is an algebraic subvariety of the
moduli space; secondly, we would like to give a description of such leaves.

A preliminary remark is in order: on the moduli space M, ,, Veech’s folia-
tion is not truly a foliation but an orbi-foliation. Consequently, from a rigor-
ous point of view, the algebraic leaves of F¢, if any, are a priori algebraic sub-
orbifolds of M, ,. However, this subtlety, if important for what concerns the
complex hyperbolic structure on the algebraic leaves, is not really relevant for
what interests us here, namely their topological/geometric description. For
this reason, we will not consider this point further and will abusively speak
only of subvarieties and not of sub-orbifolds in the lines below.

4.2.4.2. For a = (ay, ds) € R?, we denote its orbit under SLy(Z) x (Z?)""! by:
(] = [0, aco] = (SLo@) % (22)"!) e a < R2.

According to a classical result of the theory of foliations (see [6, p.51] for
instance) a necessary and sufficient condition for the leaf JJ to be an (analytic)
subvariety of M , is that [a] be a discrete subset of R2.

From (65), one gets easily Id x (Z2)""! e a = a+ Z(a)? where Z(a) stands for
the Z-submodule of R spanned by the a;’s, i.e. Z(a) =Y.} | @;Z. Thus a nec-
essary condition for [a] to be discrete is that the a;’s all are commensurable,
i.e. there exists a non-zero real constant A such that Aa; e Q fori =1,...,n.

Assuming that a is commensurable, let A be the positive real number such
that Z(a) = AZ. Thus one has

(67) ([(1)(” K(Zz)n_l)oa:a+/lzz

We denote by Z}~! the subgroup of (2"~!)* formed by pairs (k,I) € (2"~')?
with k = 0. Setting a = (ay, o), it follows immediately from that

[20]217)ra=(aranz+ 2@nam).

It comes that if [a] is discrete then a,.Z + Z(a) = a.Z + AZ is discrete in
R which implies that a., € AQ. Using a similar argument, one obtains that
ap € AQ is also a necessary condition for the orbit [a] to be discrete in R?.

At this point, we have proved that in order for the leaf 5 to be a closed
analytic subvariety of M, ,, it is necessary that (a, a) = (a1, ..., @n, 4y, o) be
commensurable. We are going to see that this condition is also sufficient and
actually implies the algebraicity of the considered leaf.
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4.2.4.3. We assume that (a, a) is commensurable. Our goal now is to prove that
the leaf J7 is an algebraic subvariety of M, ,. We will give a detailed proof of
this fact only in the case when n = 3. We claim that the general case when
n = 3 can be treated in the exact same way but let the verification of that to the
reader.

As above, let A > 0 be such that AZ = Z(«@) (note that A is uniquely charac-
terized by this equality). Since the two foliations &% and %%/ coincide (more
precisely, from (64), it comes that Eh“ = Eh“/f forevery b e R?), there is no loss
in generality by assuming that A = 1 or equivalently, that

eonehasa; =—p;fori=1,...,n, for some positive integers
(68) P1,---,pnsuchthat p; +---+ p, =0and gcd(py,...,pn) = 1;
e aisrational, i.e. a € Q?.
In what follows, we assume that these assumptions hold true.
4.2.4.4. To show that [a] is discrete when a is rational, we first determine a
normal form for a representative of such an orbit.

Proposition 4.9.
(1) For a€ Q?, let N be the smallest positive integer such that Na € Z°.
(@) Onehas[al =[0,-1/N].
(b) If N =1 (that is, ifa € Z?), then [a] = [0,0].
(2) The orbit[a) is discrete in R? if and only if (a, a) is commensurable.

Proof. For a € @2, one can write dyp = po/ q and an, = Poo/ q for some integers
Po, Poo and g > 0 such that gcd(po, poo, q) = 1. Let p be the greatest common
divisor of py and peo: p = gcd(po, Poo)-
From the proof of Lemma 3 in [52], it comes that I'(2) e g, hence [a] contains
one of the three following elements: (p/q,0), (p/q, p/q) or (0, p/ q).
0 -1

Since
Pol_|1 O, (PP\_[oP
10 °(5’0)_[—1 1] (c/’q)_(o’q)’

it comes that (0, p/q) € SLy(Z) e a c [al.

Because gcd(po, po, ) = ged(p, q) = 1, there exist two integers d and k such
that dp — kq = 1. From the relation

[ hol-p2)-(2 207522,

one deduces that (p/q,1/q) € [al. Since (p, g,1) = 1, it follows from the argu-
ments above that (0,1/qg) € SLy(Z) » (p/q,1/q). This implies that (0,1/q) be-
longs to [a], hence the same holds true for (0,-1/q) = (-1d)  (0,1/q).
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Since ga = (Po, Poo) € Z2 one has N < g where N stands for the integer de-
fined in the statement of the lemma. On the other hand, since gcd(po, poo, G) =
1, there exists 1, Uso, V € Z such that uypg + UsoPoo + VG = 1. Since Na € 72,
one has ugNay + u.oNa~, = N(1 —vq)/q € Z, which implies that g divides N.
This shows that g = N, thus that the first point of (1) holds true.

When a € Z?, the fact that (0,0) € [a] follows immediately from (recall
that we have assumed that A = 1), which proves (b).

Finally, using (65), it is easy to verify that all the orbits [0,0] and [0,—1/N]
with N = 2 are discrete subsets of R?. Assertion (2) follows immediately. U

From the preceding proposition, it follows that the leaves of Veech’s foliation
F* which are closed analytic subvarieties of M 3 are exactly the one associated
to the following ‘lifted holonomies’

(69) (0,0) and (0,-1/N) with N=2.
We will use the following notations for the corresponding leaves:
(70) F0=900 and  Ty=TG_1/n-

Let p1, p2 and ps be the positive integers such that a; = —p; for i =1,2,3
(remember our simplifying assumption (68)). The leaves in the Torelli space
which correspond to the ‘lifted holonomies’ are the following:

goa = g(“o,o) = {(T,Zz,Zg) € g-OI‘Lg | P222 + pP3z3 = 0}

N

Note that the preceding leaves are (possibly orbifold) coverings of the leaves
([70): for any N # 1, the image of &, by the quotient map Jory 3 — M, 3 is Y.

1
(71) and 37]%: f(({),l/M = {(LZz;Zs) €eJor3 | P22p+ p3z3 = — }

4.2.4.5. We are going to consider carefully the case of the leaf . We will deal
with the case of F}, with N = 2 more succinctly in the next subsection.

In what follows, we set p = (p1, p2, p3). Remember that p, and p3 determine
p1 since the latter is the sum of the two former: p; = p» + p3. Note that accord-
ing to (68), one has gcd(p1, p2, p3) = gcd(p2, p3) = 1.

Consider the affine map from H x C to H x C? defined for any (1,¢) € H x C by
UO (T;é-) = (T! p36! _ng) .

Let %, be the inverse image of Jory 3 cH x C? by Uj. One verifies easily that

(72) %p:{(T,f)EHXC‘fﬁ'(piZTUpiZTUpiZT)}
1 2 3
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and, by restriction, Uy induces a global holomorphic isomorphism
(73) UO:%p :gg‘cg'on,g.

Let Fix(0) be the subgroup of Sp, 5(Z) which leaves Z globally invariant. It
is nothing else but the subgroup of g € SL,(Z) x (Z?)? such that g« (0,0) = (0,0).
From (65), it is clear that g = (M, (ky, [»), (k3, I3)) is of this kind if and only if
p2lo + p3ls = po ko + p3ks = 0. It follows that

SL,(Z) x Z? = Fix(0) ,

where the injection 72 — (72) is given by (k, ) — (ps(k, 1), - p2 (k, ).

By pull-back by Uy, one obtains immediately that the corresponding action
of SLy(Z) x Z* on %, is given by

(74) ([?Z ,(k,l)).(r,f):(

For any subgroup I' in SL,(Z), one sets

atr+b E+k+1It
ct+d’ cr+d

My 3(T) := Jory 3 /T x (ZZ)Z.

It is an orbifold covering of M; 3 which is finite hence algebraic if I' has finite
index in SL,(Z). In this case, the image F§(I') of & in M, 3(I') is algebraic
if and only if F§ is an algebraic subvariety of M, 3. We are going to use this
equivalence for a group I}, which satisfies the following properties:

(P1). itis a subgroup of finite index of I'(lcm(py, p2, p3)); and
(P2). it acts without fixed point on H.

For instance, setting

_J4 if p2 = p3;
P lem(py, p2, p3) otherwise,

one can take for I, the congruence subgroup of level M:
I =T (M))

(the case when p, = p3 is particular: this equality implies that p, = p3 = 1 since
gcd(po, p3) = 1. Consequently I'(lcm(py, p2, p3)) = I'(2) and this group contains
—Id hence does not act effectively on H).

Since M = M, = 3 in every case, I, satisfies the properties (P1) and (P2)
stated above. Consequently, the quotient of H x C by the action (74) is the total
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space of the (non-compact) modular elliptic surface of level M
(75) Epi=8E(My) — Y (M,).

According to [67, §5], &, comes with M? sections of M-torsion forming an
abelian group S(&p) isomorphic to (Z/ MZ)?. For any divisor m of M, one de-
notes by &,[m] the union of the images of the elements of order m of S(&),):

&Eplml= | o(Y(Mp)<cé,.

0eS(Ep)
m-o=0

We are almost ready to state our result about the leaf . To simplify the no-
tations, we denote respectively by M 3(p) and F (p) the intermediary moduli
space M; 3(I};) and the image of the leaf &' in it.

The map Uy induces an isomorphism
Uy (T, x Z2) = F§(p).
Using and (74), it is then easy to deduce the
Proposition 4.10. The map (73) induces an embedding

Ep\ (6p1P11 U8, P21 U S [p3)) — Mia(p)
which is algebraic and whose image is the leaf F (p).

In short, this result says that the inverse image of F in a certain finite cov-
ering of M 3 is an elliptic modular surface from which the images of some
torsion sections have been removed. There is no difficulty to deduce from it a
description of F itself. But since SL,(Z) has elliptic points and contains -Id,
the latter is not as nice as the description of F§ (p) given above.

Corollary 4.11. (1) The projection Jor, 3 — H induces a dominant rational
map F§ — Y (1) = C whose fibers are punctured projective lines.

(2) The fiber over any j(t) distinct from 0 and 1728 (the two elliptic points
of Y (1) = C) is the quotient of the punctured elliptic curve E; \ (Er[p1] U
E;[p2] U E;[p3]) by the elliptic involution.

(3) Both the description of the fibers over 0 and 1728 are similar but more
involved.

To end this subsection, we would like to make the particular case when p, =
p3 = 1 more explicit (note that this condition is equivalent to a, = a3). Itis
more convenient to describe the inverse image F§ (I'(2)) of Ff in M 3(I'(2)): it

205ee [67] for a reference. Note that we do not use the most basic construction of the theory
of modular elliptic surfaces, namely that can be compactified over X(Mp) by adding as
fibers over the cusps some generalized elliptic curves (cf. also [40} §8]).
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is the bundle over Y (2) = P\ {0, 1,00}, the fiber of which over A € C\ {0, 1} is the
4-punctured projective line P!\ {0,1, 1,00}. As an algebraic variety, FyT(2)) is
then isomorphic to the moduli space My 5. Actually, there is more: in §6.2.1}
we will see that, endowed with Veech’s complex hyperbolic structure, 3"8‘ (T@))
can be identified with a Picard/Deligne-Mostow/Thurston moduli space.

4.2.4.6. We now consider succinctly the case of the leaf I3, when N is a fixed
integer bigger than or equal to 2. One proceeds as for .

Since FY; is cut out by p2z> + p3z3 = 1/N in the Torelli space (see (71)), one
gets that, by restriction, the affine map

1
§— | p3s+ ——,— P28
ps Np2 p2
induces a global holomorphic parametrization of F3, by an open subset %, y
of H x C which is not difficult to describe explicitly.
The stabilizer Fix(N) of (0,—1/N) for the action e is easily seen to be the im-
age of the injective morphism of groups
T'1(N) x 2% — SLy(2) x (2%)°

([Z Z]’(k’l))_’([z Z]’(kz’lz)’(ks’%))
with
d-1 c

N ’N)_pz(k’l)

d-1 c
(k2,2) = g2 (T’N

+ pg(k, l) and (kg, lg) =3 (

where (g2, q3) stands for a (fixed) pair of integers such that g, p» + g3 p3 = 1.
Embedding I'; (Np,) X Z? into Fix(N) by setting

(kg,lg):(d_l c

,—— |+ p3lk, 1 d (ks l3)=—-p2lk,!
) (k) and (ks ) = -pa(i)
one verifies that the induced action of I'y (N p2) X Z?on (1,8 € %p,N is the usual
one (i.e. is given by (74)). Consequently, when Np, = 3, the inclusion Up,N <
H x C induces an algebraic embedding

FN(T1ND2) = Up N[, (npywzz © E1INP2) = Y1(NPp2)

where &) (Np-) stands for the total space of the elliptic modular surface as-
sociated to I'; (Np2). Moreover, it can be easily seen that the complement of
F(T1(Np2)) in &1 (Np») is the union of certain torsion sections.

21The case when p2 = p3 =1and N =2 is particular and must be treated separately.
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Proposition 4.12. (1) For a certain congruence group I, y (which can be
explicited), the inverse image of F7, in the intermediary moduli space
M, 3(Ip,n) is algebraic and isomorphic to the total space of the modular
elliptic surface &Iy n) from which the union of some torsion sections
have been removed.

(2) For N = 3, the leaf FY, is an algebraic subvariety of M, 3 isomorphic to
the total space of the modular elliptic surface &, (N) — Y1 (N) from which
the union of certain torsion multi-sections have been removed.

(3) The leaf F3 is a bundle in punctured projective lines over Y1 (2).

Here again, the dichotomy between the cases when N =2 and N = 3 comes
from the fact that —Id belongs to I'1 (2) whereas it is not the case for N = 3.

4.2.4.7. We think that considering an explicit example will be quite enlighten-
ing.

We assume that p, = p3 = 1 (which is equivalent to @, = a3) and we fix N = 2.
The preimage Ty (2N) of Iy in M, 2 (I'(2N)) admits a nice description.

Let £(2N) — Y (2N) be the modular elliptic curve associated to I'(2NN). We
fix a ‘base point’ 7¢ € H. Then for any integers k, [, (k+ I1¢) /2N defines a point
of 2N-torsion of E;, which belongs to exactly one of the (2N)? 2 N-torsion sec-
tions of £(2N) — Y (2N). We denote the latter section by [(k + [7)/2N].

Then Fn(2N) is isomorphic to the complement in & (2 N) of the union of [0]
and [1/N] with the translation by [1/2N] of the four sections of 2-torsion:

FNEN) =ERN)\ ([0] u [%] U (le:JOl [%\ﬁ k;lr])) .

(See also Figure[10below).

4.2.4.8. To finish our uncomplete study of the algebraic leaves of Veech’s folia-
tion on M, , when n = 3, we state the following result which follows easily from
all what has been said before (we do not assume that holds true anymore):
Corollary 4.13. Let a € R?. The three following assertions are equivalent:

(1) (a,a) is commensurable, i.e. [ay:--: @y : dy: oo] € P(Q"F2);

(2) theleaf F¢ is a closed analytic subvariety of My p;

(3) theleaf F§ is a closed algebraic subvariety of M .
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[1+IZE\1,’+T)]

[55"]

Y(2N)

FIGURE 10. The covering Fn(2N) of the leaf Fy is the total
space of the modular surface §(2N) — Y (2N) with the six sec-
tions [0], [1/N] and [(1 + N(k + I1))/2N] for k,1 = 0,1 removed.

4.2.5. Some algebraic leaves in M, 3 related with some Picard/Deligne-Mos-
tow’s orbifolds. Inthe n = 3 case, assume that a = (a1, a», a3) is such that a, =
a3 = —a1/2. Then the leaf F§ formed of flat tori with 3 conical singularities is
related to a moduli space of flat spheres with five cone points.

Indeed, the equation of & in the Torelli space is z; + z3 = 0. It follows that
an element E; ; of this leaf is a flat structure on E; with a conical point of angle
01 = 2n(a; + 1) at the origin and two equal conical angles 0, = 03 = 7(2 — ;)
at [zp] and [z3] = [—z2]. This flat structure is invariant by the elliptic involution
i :[z] — [-z] = —[z] on E; hence can be pushed-forward by g : E; — E; /(i) =
P!. The flat structure one obtains on P! has three cone points of angle 7 at the
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image of the three 2-torsion points of E; by ¢, one cone point of angle 6;/2 =

(a1 + 1) at p(0) = oo and one cone point of angle 7(2 — @) at p(z2) = ©(z3).
At a more global level, this shows that when a; = a3, the leaf F§ < M3

admits a special automorphism of order 2 which induces a biholomorphism

Fo — Mog@

onto the moduli space of flat spheres with five conical points My g, with as-
sociated angle datum

O(@) = (m,7,7m,7(1+a1), 72 -ay)).

Moreover, it is easy to verify that the preceding map is compatible with the
CH?2-structures carried by each of these two moduli spaces of flat surfaces.

The 5-uplet u(a) = (41 (@),..., us(@)) €]0,1[° corresponding to the angle da-
tum 6(a) in Deligne-Mostow’s notation of [11] is given by
”(a)_( 2’2" 2 ’2)'
Then looking at the table page 86 in [11], it comes easily that the metric com-
pletion of My g(4) is @ complex hyperbolic orbifold exactly for two values of a;,
namely a; = 1/3 and a; = 2/3. It follows that the image of the holonomy of
Veech’s CH?-structure of the leaf J§ is a lattice in PU(1,2) exactly when a; is
equal to one of these two values. Note that the two corresponding lattices are
isomorphic, arithmetic and not cocompact.

4.2.6. Towards a description of the metric completion of an algebraic leaf of
Veech’s foliation. We consider here how to describe the metric completion of
an algebraic leaf of Veech'’s foliation when it is endowed with the metric asso-
ciated to the complex hyperbolic structure it carries. This is a natural question
in view of Thurston’s results [71] in the genus 0 case.

4.2.6.1. In [19], we have generalized the approach initiated by Thurston which
relies on surgeries on flat surfaces to the genus 1 case. From our main result
in this paper, it comes that, when «a is assumed to be rational, then the metric
completion ?_N of an algebraic leaf Iy of Veech’s foliation on M, ,:

(1) carries a complex hyperbolic conifold structure of finite volume which
extends Veech’s hyperbolic structure of Fy;

(2) Fy is obtained by adding to 'y some (covering of some) strata of flat
tori and of flat spheres obtained as particular degenerations of flat tori
whose moduli space is Fy.

The strata mentioned in (2) which parametrize flat tori with n’ < n cone points
are obtained by making several cone points collide hence are called C-strata
(C stands here for ‘colliding). The others parametrizing flat spheres with n” =
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n + 1 cone points are obtained by pinching an essential simple curve on some
element of Fy hence are called P-strata (P stands here for ‘pinching’)

Actually, the main result of [19] concerns the algebraic ‘leaves’ in M , in the
sense of Veech [76]. In our notation, such a leaf F7 is the image in M, , of a
level-subset 77 = (7 n)‘1 (p) « Jeichy,, by Veechss linear holonomy map y7 ,
of some element p of Hom® (1 (1, n),U) =~ U? (see §4.1.8). The point is that it is
not completely clear yet which are the connected components of such a ‘leaf’
J§ in terms of the irreducible leaves Fy; considered in the present paper (for
instance, the answer depends on « already in the n = 2 case, see §4.3.1below).

It follows that the methods developed in [19] to list the strata which must
be added to F in order to get its metric completion do not apply in an effec-
tive way to any of the irreducible leaves J’s considered here. An interesting
feature of the analytic approach to Veech’s foliation developed above is that it
suggests an explicit and effective way to describe Fy for any N given.

4.2.6.2. In the n = 2 case, one can give a complete and explicit description of
the metric completion of any leaf 'y < M, », see further. In particular,
using the results of [19], it comes that the metric completion of a leaf Fy is
obtained by adjoining to it a finite number of P-strata which, in this case, are
moduli spaces of flat spheres with three cone points M g for some angle data
0 = (01,0,03) €]0,27[3 which can be explicitly given.

4.2.6.3. We now say a few words about the n = 3 case. We take N =4 in order
to avoid any pathological case. Let & (N) — Y1(N) be the modular elliptic sur-
face associated to I'; (N). Then, as proven above in §4.2.4.6| there exists a finite
number of torsion multi-sections 2(1),...,2(s) < &1 (N) such that & is isomor-
phic to & (N) \ X with £ = 2(1) U... U Z(s). By restriction, one gets a surjective
map

VN :FN=E1(N)\Z — Y1(N)

which is relevant to describe the first strata (namely the ones of complex codi-
mension 1) which must be attached to Fy along the inductive process de-
scribed in [19, §7.1] giving Fy at the end.

Indeed, by elementary analytic considerations, it is not difficult to see that
the C-strata of codimension 1 which must be added to J are precisely the
multi-sections (i) for i = 1,...,s, which then appear as being horizontal for
vy. It is then rather easy to see that each X(i) is a non-ramified cover of a
certain leaf algebraic leaf F (i) = 3"10\‘,((’2) of Veech’s foliation on M ,, for a certain
integer N(i) = 0 and a certain 2-uplet a(i) = (a1(i), —a; (1)) with a;(i) €]0,1[.

220 [19} §10.1] where this terminology is introduced.
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Moreover, all these objects (namely N(i), a(i) as well as the cover (i) — J(i))
can be determined explicitly.

At the moment, we do not have as nice and precise descriptions of the P-
strata of codimension 1 which must be added to Fy as the one we have for
the C-strata. What seems likely is that these P-strata, which are (coverings of)
moduli spaces of flat spheres with 4 cone points, are vertical with respect to
vn. More precisely, we believe that they are vertical fibers at some cusps of a
certain extension of vy over a partial completion of Y7 () contained in X; (N).

Thanks to some classical works by Kodaira and Shioda [40, [67], it is known
that vy : & (N) — Y1(IN) admits a compactification vy : & (N) — X;(N) ob-
tained by gluing some generalized elliptic curves as vertical fibers over the
cusps of Y;(N). Note that such compactified modular surfaces (but for the
level N congruence group I'(V)) have been used by Livné in his thesis [41] (see
also [12, §16]) to construct some non-arithmetic lattices in PU(1,2). This fact
prompts us to believe that it might be possible to construct the metric com-
pletion of Fy from &) (IN) by means of geometric operations similar to the ones
used by Livné. This could provide a nice way to investigate further the topology
and the complex analytic geometry of the CH?-conifold Fy.

We hope to return on this in some future works.

4.3. Veech’s foliation for flat tori with two conical singularities. We now spe-
cialize in the special case when g =1 and n=2.
In this case, the 2-uplet a = (a1, a2) € R? is necessarily such that

(76) a; =—az €]0,1].

Since Veech’s foliation does depend only on [a; : @] and in view of our hy-
pothesis (76), one obtains that #% does not depend on a (Corollary[4.7).

4.3.0.4. In the case under study, it is relevant to consider the rescaled first inte-
gral

== (al)_lé"‘ . 3—07‘1,2 —_— RZ
which is independent of a. Indeed, for (7, z,) € Jor 2, one has

Sm(z) Sm(z)

2(T,20) = T—22].

Sm(r) * Sm(1)

Moreover, it follows immediately from the third point of Proposition[4.5lthat
the image of = is exactly R? \ Z2. We denote by II; the restriction to Jory » of
the linear projection H x C — H onto the first factor.
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Proposition 4.14. (1) The following map is a real analytic diffeomorphism
(77) I x Z: Jorp — Hx (R*\ Z°).

(2) The push-forward of Veech’s foliation % by this map is the horizontal
foliation on the productH x (R? \ Z?).

(3) By restriction, the projection I1y induces a biholomorphism between any
leaf of #“ and Poincaré upper half-plane H. In particular, the leaves of
Veech’s foliation on Jor, , are topologically trivial.

Since Veech'’s foliation does not depend on «, we will drop the subscript a
in the notations of the rest of this section. We will also identify Jor» with
H x (R?\ Z?). The corresponding action of SL,(Z) x Z? is given by

(M, (k, l)) o (T, (ro, roo)) - (M-r, (ro+1, 7o — k) -p(M))
for any (M, (k, 1)) € SLy(Z) x Z% and any (1, (1o, I'oo)) € H x (R2\ Z2) P

The preceding proposition shows that, on the Torelli space, Veech’s foliation
is trivial from a topological point of view. It is really more interesting to look at
J, which is by definition the push-forward of & by the natural quotient map

(78) w:goryy — M.
For a ‘rescaled lifted holonomy’ r = (1, 7's,) € R? \ Z2, one sets
[r] = (SLa(Z) x Z*) e r c R?,
F=2"Y(r) = {(T,Zg) €Jorip | reT— 2z = roo} cJor -
and F =p(Fr) cM,.

(Note that the correspondence with the notations of are obtained via
r—awitha=air,ie ay=a1rpand a. = X1 7).

4.3.0.5. It turns out that when g = 1 and n = 2, one can give a complete and ex-
plicit description of all the leaves of Veech’s foliation on M, » and in particular
of the algebraic ones.

For r € R?, one denotes by Stab(r) its stabilizer for the action e:
Stab(r) = {g € SLo(2) x 72 [ger =r}

and one sets:
5(r) =dimg(ro, r«, 1) €{1,2,3}.

The following facts are easy to establish:

23We remind the reader that p(M) is the matrix obtained from M by exchanging the antidi-
agonal coefficients, see (57).
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e §(r) does depend only on [r], i.e. §(r) = 8(r') if r' € [r]; in fact
6(r) =dimg([r]);
e one has §(r) = 1 if and onlyif r € Q?%;
e one has 6(r) = 2 if and only if there exists a triplet (ug, Uoo, U1) € 73,
unique up to multiplication by —1, such that
(79) UgTo + UooToo = Ul and ged(up, Uoo, Uy) = 1.

Proposition 4.15. Let r be an element of R?.
(1) If 6(r) = 3 then Stab(r) is trivial.
(2) If 6(r) =2 then Stab(r) is isomorphicto Z.

(3) If 6(r) =1 then r € Q? and Stab(r) is isomorphic to the congruence sub-
groupT'1 (N) where N is the smallest integer such that Nr € Z>.

(4) For any positive integer N, the stabilizer of (0,1/N) in SLy(Z) x Z? is the
image of the following injective morphism of groups

['1(N) — SL,(Z) x 72
a b _}(a b (d—l i))
"N 'NJ)

c d c d
Proof. For r = (ro, 7oo) € R* and g = ([ ¢ & ], (k, 1)) € SLo(Z) x Z?, one has

ro| _ -1
'so| | k|

We first consider the case when r ¢ Q2. If §(r) = 3 it is easy to deduce from
the preceding equivalence that Stab(r) is trivial. Assume that 6(r) = 2 and let

u(r) = (U, Uoo, U1) € Z2 be such that holds true. We denote by u the great-
est common divisor of 1y and 1, u = gcd(up, Uxo) € Nsp.

a-1 -c
-b d-1

(80) ger=r <<

The equality g e r = r is equivalent to the fact that (a—1,—c,—1) and (-b,d —
1, k) are integer multiples of u(r). From this remark, one deduces easily that in
this case, any g € Stab(r) is written g =1+ %X(u) for some A € Z, where X(u)
stands for the following element of SL,(Z) x Z?:

2
[ |Uotoo Uy
(81) X(u)—( B ,(uoul,umul)).

Then a short (but a bitlaborious hence left to the reader) computation shows
that, if 1 stands for the unity (Id, (0,0)) of SL,(Z) x Z2, then the map

Z — Stab(r)

A
A— 1+ —=X(u).
u
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is an isomorphism of group.

Finally, we consider the case when r € Q2. Let N be the integer as in the
statement of the proposition. Then [r] = [0,1/N] according to Proposition[4.9]
hence (3) follows from (4). For r = (0,1/N), is equivalent to the fact that
the integers ¢, d, k and [ verify c = IN and d — 1 = kN. The fourth point of the
proposition follows then easily. U

4.3.0.6. With the preceding proposition at hand, it is then not difficult to de-
termine the conformal types of the leaves of Veech’s foliation F on M, (as
abstract complex orbifolds of dimension 1, not as embedded subsets of M »).

Corollary 4.16. Letr be an element of Im(Z) = R?\ 72,
(1) If 6(r) =3 then u induces an isomorphism %, =H = J,.
(2) If 6(r) =2 then the leaf 3, is isomorphic to the infinite cylinder C/ Z.
(3) If 6(r) =1 then the leaf F, is isomorphic (as a complex orbicurve) to the

modular curve Y1(N) =H/T'1 (N) where N is the smallest positive integer
such that Nr € 72.

Proof. Since any leaf %, is simply connected, one has J, = u(%;) = %, /stab(r)-
(the latter being a isomorphism of orbifolds if Stab(r) has fixed points on %, ).

Let S(r) be the image of Stab(r) by the epimorphism SL,(Z) x Z? — SL,(Z).
The restriction of to &%, gives an isomorphism of G-analytic spaces

(82) F——H

L O

Stab(r) ——— S(r).
This implies that (as complex orbifolds if S(r) has fixed points on H) one has
Fr =H/S(r).

If 6(r) = 3 then S(r) is trivial by Proposition[4.15] hence (1) follows.

If 6(r) = 2, it comes from the second point of Proposition[4.15that S(r) coin-
cides with the infinite cyclic group spanned by Id + M (u) € SL, (Z) where M (u)
stands for the matrix component of the element X (u) defined in (8I). Since
Tr(Id+ M(w)) = 2+ Tr(M(u)) = 2, this generator is parabolic, hence the action of
S(r) on the upper half-plane is conjugated with the one spanned by the trans-
lation 7 — 7 + 1. It follows that J; is isomorphic to the infinite cylinder.

The fact that 5(r) = 1 means that r € Q2 \ Z2. In this case, let N be the integer
defined in the third point of the proposition. Then (0,1/N) € [r] according
to Proposition 4.9} hence J, = Fg1/n). From the fourth point of Proposition
it follows that S(0,1/N) = I'; (V). Consequently, one has J, = H/I'1(N) =
Y1(N). 0J
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For any integer N greater than or equal to 2, one sets
(83) In=F01nm M.

From the preceding results, we deduce the following very precise descrip-
tion of the algebraic leaves of Veech’s foliation on M, »:

Corollary 4.17.
(1) The leaves of I which are closed analytic sub-orbifolds of M, » are ex-
actly the F’s for N € Nx;
(2) Foranyinteger N = 2, the leaf I is algebraic, isomorphic to the modu-
lar curve Y, (N) and is the image of the following embedding:

Yi(N) — M2
[(Ez, [1/N1)] — [(Ez, [0], [L/NT)].

Note that the modular curve Y; (V) (hence the leaf J ) has orbifold points
only for N = 2,3 (cf. [13} Figure 3.3]).

The (orbi-)leaves Jy of Veech’s foliation on M, , are clearly the most inter-
esting ones. Thus is true at the topological level already. In the next sections
we will go further by taking into account the parameter a. Our goal will be to
study Veech’s hyperbolic structures of the algebraic leaf ' for any N = 2 as far
as possible.

4.3.1. A remark about the ‘leaves’ Fy(M) considered in [19]. From the de-
scription of the leaves of Veech’s foliation given above, it is possible to give an
explicit example of the non-connectedness phenomenon mentioned in [19].

4.3.1.1. We firstrecall some notations of [19] for (g = 1 and) n = 1 arbitrary. We
consider a fixed a = (ay, ..., a,) satisfying and we denote by 8 = (04,...,0,)
the associated angles datum. For p € Hom(7 (1, n),U), let &, é”l“n =~ Jeichy
be the preimage of p by Veech’s linear holonomy map x7, (see above).

If [p] stands for the orbit of p under the action of PMCG, ,, then J |, is the
notation used in [19] for the image of %, into M, ;.

We now assume that the image Im(p) of p in U is finite. From our results
above, it comes that J, is an algebraic subvariety of M, ,. Moreover, «a is
necessarily rational, hence Gg = (eiel e ew") is a finite subgroup of the group
U of roots of unity. If w, stands for a generator of Im(p) < Uy, one denotes
by M = Mpy(p) the smallest positive integer such that Gy = (a)ﬁ” Y. Now in [19),
§10], it is proved that the leaf F,) is uniquely determined by this integer M
(remember that 6 is fixed) and the corresponding notation for it is 5 (M).

In [19], using certain surgery for flat surfaces, one proves several results
about the geometric structure of an arbitrary algebraic leaf Fy(M). However,
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the geometrical methods used to establish these results, if quite relevant to an-
swer some questions, do not allow to answer some basic other questions such
as the connectedness of a given leaf Fy(M). Using our results presented in the
preceding subsections, it is easy to give explicit examples showing that a ‘leaf’
Fp(M) can have several distinct connected components.

Sticking to the case when n = 2 we are now going to consider two examples.

4.3.1.2. We first deal with the case when a; = 4/5. In this case, one has 6 =

27m(9/5,1/5), hence Gy = (™). We consider the leaves 7, and F (cf. (B3)).

These are the images in M, » of the two subsets of the Torelli space Jor; > cut

out by the equations z; = 1/2 and zp = 1/4 respectively. Then, the two associ-

ated linear holonomies p, and p, are characterized by the following relations:
2imay 2imay

p2(a1) = pala)) =1, pa(b1)=e "2 and pa(by)=e "1

(we use here the notations of §4.1). It comes that
2im

m(p) = 1m(pa) = (e ") = Gy,
which shows that 3, and F, are two distinct connected components of Fy(1).

4.3.1.3. We now consider the case when a; = 1/2. In this case, one has 6 =
(3w, m), hence Gg = (e'™y = {+1}. For any M = 2, the leaf ), is the image in
M, » of the subset cut out by z, = 1/M in the Torelli space. The associated
linear holonomy p); € Hom®(m;(1,2),U) is characterized by py/(a;) = 1 and
pum(b1) = e” M It is then easy to verify that Im(p) = (e!™'M). It follows that
Fo(M) = Fpy = Y1 (M) for any M = 2, in sharp contrast with the preceding case.

We find the question of how to determine the Fn’s which are the connected
components of a given ‘leaf” Iy (M) quite interesting. Note that the two cases
considered above show that the answer depends on 6.

4.3.2. An aside: a connection with Painlevé theory. The leaves of Veech’s fo-
liation on the Torelli space are cut out by the affine equations (64). The fact
that the latter have real coefficients reflects the fact that Veech’s foliation is
transversely real analytic (but not holomorphic) on Jor ,. A natural way to
get a holomorphic object is by allowing the coefficients ay and a, to take any
complex value (the a;’s staying fixed). Performing this complexification, one
obtains a 2-dimensional complex family of hypersurfaces in Jor; , that are
nothing else but the solutions of the second-order linear differential system
89 T 0 and @dl-a, 20 forij=2 [ #
(84) 6zl?_ an “laz,- al@zi_ ori,j=2,...,n,i#j.

Using the explicit formula given above, it is not difficult to verify that is
invariant by the action of the mapping class group. This implies that it can be



FLAT TORI AND ELLIPTIC HYPERGEOMETRIC FUNCTIONS 79

pushed-down onto M, , and give rise to a (no more linear) second-order holo-
morphic differential system on this moduli space, denoted by D“. The integral
varieties of D¢ form a complex 2-dimensional family of 1-codimensional lo-
cally analytic subsets of M, ,, which can be seen as a kind of complexification
of Veech’s foliation.

If the preceding construction seems natural, one could have some doubt
concerning its interest. What shows that it is actually relevant is the consid-
eration of the simplest case when n = 2. In this situation, (84) reduces to the
second order differential equation dzrldzg = 0. In order to avoid considering
orbifold points, it is more convenient to look at the push-forward modulo the
action of I'(2) x Z* < Sp, ,(2). It is known that

For1p/r@xze = (P\{0,1,00}) x C
and that the quotient map is given by
v:Jory; — (P'\{0,1,00}) x C
p(22) — e )

(1,22) — (MT),
€2—¢€1

Here ¢ : E; — P! is the Weirerstrass g-function associated to the lattice Z;, one

hase; =p(w;) fori =1,2,3wherew; =1/2, w, =1/2 and w3 = w1 +wy = (1+71)/2

and where A : 7 — (e3 — e1)/(e2 — e;) stands for the classical elliptic modular

lambda function (the usual Hauptmodu for I'(2)).

As already known by Picard [59, Chap.V, §17] (see [44] for a recent proof),
the push-forward of d®t/dz5 = 0 by v is the following non-linear second order
differential equation

PPVD de—1(1+ 1,1 )(dX)z
a2 2\x  x-1 Xx-21J{da
(1 1 1 )dX 1 X(X-1)
=ttt —+= .
A A-1 X-21) dA 2AA-D(X-A)

This equation, now known as Painlevé-Picard equation, was first consid-
ered by Picard in [59]. The name of Painlevé is associated to it since it is a
particular case (actually the simplest case) of the sixth-Painlevé equation

For r = (g, ') € R?\ Z2, the image of the leaf %, in (P! \{0,1,00}) x C is
parametrized by 7 — (A(7), (9(roT — 7o) — €1)/(e2 — €1)), hence the leaves of

24We recall here the definition of what is a Hauptmodul for a genus 0 congruence group
I' € SLp(2): it is a I'-modular function on H which induces a generator of the field of rational
functions on Xr = H/T = P! with a pole of order 1 with residue 1 at the cusp [ico] € Xr.

25Actually, the sixth Painlevé equation has not been discovered by Painlevé himself (due to
some mistakes in some of its computations) but by his student R. Fuchs in 1905.
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Veech’s foliation can be considered as particular solutions of (PPVI). The leaves
F, with r € Q? are precisely the algebraic solutions of (PPVI), a fact already
known to Picard (see [59, p. 300]).

The existence of this link between the theory of Veech’s foliations and the
theory of Painlevé equations is not so surprising. Indeed, both domains are
related to the notion of isomonodromic (or isoholonomic) deformation. But
this leads to interesting questions such as the following ones:

(1) isthere a geometric characterization of theleaves I, N € N>, of Veech’s
foliation among the solutions of (PPVI)?

(2) given a = (a1, a») as in (76), is it possible to obtain the hyperbolic struc-
tures constructed by Veech on the leaves of 3 within the framework of
(PPVI)? Moreover, does the general solution of (PPVI) carry a hyperbolic
structure which specializes to Veech’ one on a leaf F,?

(3) for n = 2 arbitrary, is there a nice formula for the push-forward D¢ of
the differential system onto a suitable quotient of Jor; ,? If yes,
does such a push-forward enjoy a generalization for differential sys-
tems in several variables of the Painlevé property?

4.4. An analytic expression for the Veech map when g = 1. In this section, we
begin with dealing with the general case when (g =1 and) n = 2. Our goal here
is to get an explicit local analytic expression for the Veech map.

After having recalled the definition of this map, we define another map by
adapting/generalizing to our context the approach developed in the genus 0
case by Deligne and Mostow. We show that, after some identifications, these
two maps are identical. Although all this is not really necessary to our purpose
(which is to study Veech’s hyperbolic structure on a leaf & < M, ,,), we believe
thatitis worth considering, since it shows how the constructions of the famous
papers [76] and [11] are related in the genus 1 case.

Our aim here is to study Veech’s hyperbolic structure on a leaf ¢ of Veech’s
foliation in the Torelli space Jor; , as extensively as possible. We denote by
%"‘ its preimage in the Teichmiiller space Jeich, ,. Then Veech constructs a
holomorphic map

(85) VI FY — CcH"!

and the hyperbolic structure he considers on %“ is just the one obtained by
pull-back by this map (which is étale according to [76, Section 10]). To study
this hyperbolic structure, we are going to give an explicit analytic expression
for V%, or more precisely, for its push-forward by the (restriction to &' of the)

projection Jeich;,, — Jory,, which is a multivalued holomorphic function on
Z2 that will be denoted by V.
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We recall and fix some notations that will be used in the sequel.

In what follows, a = (ay, as,) stands for a fixed element of R*\ ;7% if n = 2
or of R? if n = 3. We denote by p, the linear holonomy map shared by the
elements of ) < Jor, ,: we recall that it is the element of H 1 (Er,z,U) defined
for any n-punctured torus E; ; by the following relations:

2imay 207 oo

(86) Pap =€ , Par=e2 "% for k=1,...,n and pgeo=e

(see §3.2.2where all the corresponding notations are fixed).

Note that p, can also be seen as an element of Hom* (1 (E; ;),U). Consid-
ering the latter as a C-valued morphism, one gets a 1-dimensional 7, (E; ;)-
module that will be denoted by C4. Finally, for any (7,2) € &7, the function
T7,()=T%(,T,z) defined in is a multivalued function on E; ; whose mon-
odromy is multiplicative and given by (86). One denotes by LY , the local sys-
tem on E; ; defined as the kernel of the connexion on Ok, .. Note that the
representation of 71 (E; ;) associated to L7 , is precisely Cg.

4.4.1. The original Veech’s map. We first recall Veech’s abstract definition of
([B5). We refer to the ninth and tenth sections of [76] for proofs and details.

4.4.1.1. Let (Er,z, m7 ,,¥) be a point ofé?l‘fn =~ Jeich, , (see §41). Wefix x € E; ,
as well as a determination D at x of the developing map on E; ; associated
with the flat structure induced by m7 ,. For any loop c centered at x in E; ;,
one denotes by M°(D) the germ at x obtained after the analytic continuation
of D along c. Then one has M“(D) = p(c) D+ up(c) with p(c) € Uand up(c) € C.

One verifies that the affine map m°: z— p(c)z + up(c) only depends on the
pointed homotopy class of ¢ and one gets this way the (complete) holonomy
representation of the flat surface (E; ;, m? ):

m1(Er,z, x) — Isom™ (C) = Ux C
[c]— m°:z— p(c)z+up(c).

Now assume that (E;, ., m7 ., %) belongs to Z%. Then the map [c] — p(c)
is nothing else than the linear holonomy map x{ , (Er,z, m7 ;,¢) (¢f. G0)) and
will be denoted by p, in what follows. Let u, be the complex-valued map on
71 (E7 2, x) which associates 1 —p,(c) to any homology class [c]. The translation
part of the holonomy [c] — up(c) can be seen as a complex map on the fun-

damental group of the punctured torus E; ; at x which satisfies the following
properties:

(1) for any two homotopy classes [c1], [c2] € 71 (E7 £, X), one has:
up(cicr) =p(cr)puplcz) + uplcr)

and pplcrcacy ) =pacr)uplc) + mplcr) talcs);
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(2) if D = kD + ¢ is another germ of the developing map at x, with u € C*
and v € C, then one has the following relation between up and pp:

Bp=Kup+lHq .

Now remember that considering (E; z, m? W) as a point of Jeich,; , means
that the third component v stands for an isomorphism 7, (1, n) = 7, (E; z, X)
well defined up to inner automorphisms. Consider then the composition y; , =
upow :m(l,n) — C. Itis an element of the following space of 1-cocycles for
the m;(1, n)-module, denoted by C%, associated to the unitary character p:

Z'(m@,n),Cp,) = {u ;1 (1,n) = C | pulyy") = pa) p(y") + p(y) vm’} :

One denotes again by u, the map y— 1 — p,(y) on 7, (1, n). From the prop-
erties (1) and (2) satisfied by up and from the fact that y is canonically defined
up to inner isomorphisms, it follows that the class of ji;, , in the projectivization
of the first group of group cohomology

H'(1:(1,n),C5) = Z'(m1(1,n),C§) /Cpa,

is well defined. Then one defines the Veech map V,* as the map
(87) F& ——— PH(m,(1,n),C%)

(ET,Z! mgzru/) ? [IJT,Z] .
In [76, §10], Veech proves the following result:
Theorem 4.18. The map V* is a local biholomorphism.

Actually, Veech proves more. Under the assumption that at least one of the
a;’s is not an integer, there is a projective bundle PH! over Hom® (11, (1, n),U),
the fiber of which at p is PH L, Q, n),C,). Then Veech proves that the Va‘" s
considered above are just the restrictions of a global real-analytic immersion

VY : Jeichy , — PH'.

An algebraic-geometry inclined reader may see the preceding result as a
kind of local Torelli theorem for flat surfaces: once the conical angles have been
fixed, a flat surfaces is locally determined by its complete holonomy representa-
tion.

An differential geometer may rather this preceding result as a particular oc-
currence of the Ehresmann-Thurston’s theorem which asserts essentially the
same thing but in the more general context of geometric structures on mani-
folds (see [23] for a nice general account of this point of view).
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4.4.2. Deligne-Mostow’s version. We now adapt and apply the constructions
and results of the third section of [11] to the genus 1 case we are considering
here.

Let
n:E,, — Jory,,

be the universal elliptic curve: for (7,2) = (7, 22,...,2,) € J0r1,,, the fiber of
over (7, z) is nothing else but the n-punctured elliptic curve E; ;.

Forany (7, z) € &, recall the local system L7 , on E; ; which admits the mul-
tivalued holomorphic function 77, (u) = T%(u, 7, z) defined in (28) as a section.
All these local systems can be glued together over the leaf &': there exists a lo-
cal system L% over 82 = 1~ (FF) < &1, whose restriction along E; ; is L% , for
any (1,2z) € & (see §B.2 in Appendix B for a detailed proof).

Since the restriction of 7 to &7 is a topologically locally trivial fibration, the
spaces of twisted cohomology H!(E; ., L% ,)'s organize themselves into a local
system R'm,(L%) on Z&. We will be interested in its projectivization:

B =PR'n,(L%).

It is a flat projective bundle whose fiber BY , at any point (7, z) of &' is just
PH'(E; ., L% ). Its flat structure is of course the one induced by the local sys-
tem R'z, (LY). For (1,2) € FZ, let 0, be the (projectivization of the) twisted
cohomology class defined by T, («)du in cohomology:

Wl = T2, du] € BS,.

As in the genus 0 case (see [11, Lemma (3.5)], it can be proved that the class
w7 , is never trivial hence induces a global holomorphic section wg of By over
the leaf #2. Since the inclusion of the latter into Jor; ;, induces an injection
of the corresponding fundamental groups (see Proposition[4.8), any connected
component of gj (quite abusively denoted by the same notation in what fol-
lows) is simply connected hence can be seen as the universal cover of the leaf
Z2. 1t follows that the pull-back B of BY by & — % can be trivialized: the
choice of any base-point in L}i"‘ over (7o, zg) € & gives rise to an isomorphism

(88) BY =~ F* x BY

T0,20 °
It follows that the section w$ of BS on Z gives rise to a holomorphic map
(89) V;YDM : ngr;‘l - B‘LC'xQ,Z() = PHl (ETOrZO’ L?@,Zo) *

We remark now that the results of [11, p. 23] generalize verbatim to the genus
1 case which we are considering here. In particular, for any (local) horizontal
basis (C;)_, of the twisted homology with coefficients in LG on F7, (/¢ )1,
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forms a local horizontal system of projective coordinates on Bj. Generalizing
the first paragraph of the proof of [11, Lemma (3.5)] to our case, it comes that

(Yo V3V ¥oo)

is such a basis, where the y,’s are the twisted cycles defined in (33).

As a direct consequence, it follows that the push-forward V3P of 7%PM

onto the leaf ¢ in the Torelli space Jor;,, (which is a multivalued holomor-
phic function) admits the following local analytic expression whose compo-
nents are expressed in terms of elliptic hypergeometric integrals:

Vra,DM . gaa |]:D”_1

(90) (1,2) —

f T(u,7,z)du
Y.

¢=0,3,...,1n,00

4.4.3. Comparison of 17;‘ and Va“’D M We intend here to prove that Veech’s and
Deligne-Mostow’s maps coincide, up to some natural identifications.
4.4.3.1. Atfirstsight, the two abstractly defined maps and do not seem
to have the same target space. It turns out that they actually do, but up to some
natural isomorphisms.

Indeed, for any (7, z) € #J, since L?y . 1s ‘the’ local system on E; ; associated
to the 7, (E;,;)-module C%, there is a natural morphism

(91) H'(m1(Ey,2),CE) — H'(E; 2, LY ).

Since E; ; is uniformized by the unit disk D which is contractible, it follows that
the preceding map is an isomorphism (see [22, §2.1] for instance).

On the other hand, for any (E; ., m7 ., ¢) € L}i"‘, the (class of) map(s) v :
m1(1, n) = my (E;,z) induces a well defined isomorphism [y*] : H'(m, (Erz),CY) =
H'(71(1,n),C%). Then, up to the isomorphism (@I), one can see the lift of
(t,2) — [zl o [y*] as a global section of B¢ over %“. Then using (88), one
eventually obtains that Veech’s map 17;‘ can be seen as a map with the same
source and target spaces than Deligne-Mostow’s map Vf’D M.

4.4.3.2. Comparing the two maps and is not difficult and relies on
some arguments elaborated by Veech. In [76], to prove that is indeed a
holomorphicimmersion, he explains how to get a local analytic expression for
this map. It is then easy to relate this expression to and eventually get the

Proposition 4.19. The two maps V& and V;"D M coincide. In particular, is
also a local analytic expression for the push-forward VZ of Veech’'s map on 2.

Proof. We first review some material from the tenth and eleventh sections of
[76] to which the reader may refer for some details and proofs.
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Remember that for (7, z) in &S, one sees E; ; as a flat torus with n conical
singularities, the flat structure being the one induced by the singular metric
ma(tr,2) = |T*(u,1,z)dul?>. Given such an element (7', z'), there exists a geo-
desic polygonation 9 = 97 » of Ep ;» whose set of vertices is exactly the set
of conical singularities of this flat surface (for instance, one can consider its
Delaunay decompositim@). Moreover, the set of points (7, z) € Z such that
the associated flat surface admits a geodesic triangulation 97 , combinatori-
ally equivalent to 9 is open (according to [76, §5]), hence contains an open
ball Us ¢ Z¢ to which the considered base-point (7', z’) belongs.

As explained in [76), §10], by removing the interior of some edges (the same
edges for every point (7,z) in Ug), one obtains a piecewise geodesic graph
I';,; € E;, formed by n+ 1 edges of 97 ; such that Q; ; = E; \ I ; is homeo-
morphic to the open disk D  C. Then one considers the length metric on Q; ,
associated to the restriction of the flat structure of E; .. The metric completion
EL , for this intrinsic metric is isomorphic to the closed disk D. Moreover, the
latter carries a flat structure with (geodesic) boundary, whose singularities are
2n+ 2 conical points vy,..., V2,42 located on the boundary circle 0D. One can
and will assume that the v;’s are cyclically enumerated in the trigonometric
order, v; being chosen arbitrarily. Fori = 1,...,2n + 2, let I; be the circular arc
on 0D whose endpoints are v; and v;4; (with v2,13 = v; by convention).

The developing map D, , of the flat structure on Q;,, =~ D extends continu-
ously to Q, , = D. For every i, this extension maps I; onto the segment [{;,{;+1]
in the Euclidean plane E? ~ C, where we have setfori =1,...,2n+1:

(i=Ci(1,2) =D (V).

There exists an involution 6 without fixed point on the set {1,...,2n +2} such
that the flat torus E; ; is obtained from the flat closed disk D = Q, , by gluing
isometrically the ‘flat arcs’ I; = [(;,{;+1] and Ip; = [{9i,{oi+1)]- Let J be a subset
of {1,...,2n+2} such that Jn@J = @. Then J has cardinality n+ 1 and if one sets

(i=¢iT,2)=Cj1-C(;

for every j € J, then these complex numbers satisfy a linear relation which
depends only on 97,6 and on the linear holonomy p,, (cf. [76, §11]).
Consequently the ¢ s are the components of a map

(92) Ur =P (1,2 = [¢(1,2)] 4,

which it is nothing else but a local holomorphic expression of V% on Uz (see
[76, S101).

26The ‘Delaunay decomposition’ of a compact flat surface is a canonical polygonation of it
by Euclidean polygons inscribed in circles (see [51} §4] or [5] for some details).
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Itit then easy to relate to (@0). Indeed T, admits a global determination
on the complement of I'; ; since the latter is simply connected. The crucial but
easy point is that the developing map D; ; considered above is a primitive of
the global holomorphic 1-form T7,(u)du on Q; ;. Once one is aware of this,
it comes at once that for every j € J, ¢ (7, z) can be written as fej T%(u,1,2)du
where e; stands for the edge of 97 . in E; which corresponds to the ‘flat circular
arc’ I;. In other terms: (7, z) is equal to the integral along e; of a determina-
tion of the multivalued 1-form T%(u, 1, 2)d u.

Then for every j € J, setting e; = reg(e;) € H1(E; , L7 ;) where reg is the reg-
ularization map considered in §3.1.7] one obtains:

{j(T,2) = f T(u,7,2)d u.
ej
Itis not difficult to see that (e;) je; is a basis of H (E; ¢, L7 ;) for every (7, z) €
Ug. Even better, it follows from [I1, Remark (3.6)] that (/. e; *) jej constitutes a

horizontal system of projective coordinates on B over Ug. Since two such
systems of projective coordinates are related by a constant projective transfor-
mation when both are horizontal, it follows that coincides with up to
a constant projective transformation. The proposition is proved. 0

By definition, Veech’s hyperbolic structure on %} is obtained by pull-back
by V¢ of the natural one on the target space CH"~! < P"~!, What makes the
elliptic-hypergeometric definition of V7 ala Deligne-Mostow interesting is that
it allows to make everything explicit. Indeed, in addition to the local explicit ex-
pression obtained above, the use of twisted-(co)homology also allows to
give an explicit expression for Veech’s hyperbolic hermitian form on the target
space.

4.4.4. An explicit expression for the Veech form. Since we are going to focus
only on the n = 2 case in the sequel, we only consider this case in the next
result. However, the proof given hereafter generalizes in a straightforward way
to the general case when n = 2.

Proposition 4.20. The hermitian form of signature (1,1) on the target space of
which corresponds to Veech’s form is the one given by

Z—Z-H,,-'Z
for Z = (200, 20) € C?, where IH,,, stands for the matrix defined in (0).

Note that the arguments of [85, Chap. IV, §7] apply to our situation. Conse-
quently, the hermitian form associated to IH,, is invariant by the hyperbolic
holonomy of the corresponding leaf 54 of Veech’s foliation. In the classical hy-
pergeometric case (i.e. when g = 0), this is sufficient to characterize the Veech
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form and get the corresponding result. However, in the genus 1 case, since
some leaves of Veech’s foliation F* on the moduli space M;, (such as the
generic ones, see Corollary[4.16) are simply connected, there is no holonomy
whatsoever to consider hence such a proof is not possible.

The proof of Proposition[4.20lwhich we give below is a direct generalization
of the one of Proposition 1.11 in [42] to our case. Remark that although ele-
mentary, this proof is long and computational. It would be interesting to give
a more conceptual proof of this result.

Proof. We continue to use the notations introduced in the proof of Proposi-
tion@.I9 Let v be the hermitian form on the target space P! of which
corresponds to the one considered by Veech in [76].

For (7,2) € #J, the wedge-product
Mez= 08, A%, = | T8, ()| dun du

does not depend on the determination of 7", () and extends to an integrable
positive 2-form on E; ;. Moreover, according to [76, §12], one has (up to mul-
tiplication by —1):
a i
v(Vi(,2)=-=| n..<0.
2JE,

The complementary set Q;,; = E; ; \ yr,; of the union of the supports of the
three 1-cycles yo,y2 and Yoo in E; is homeomorphic to a disk. Its boundary in
the metric completion Q; , (defined as in the proof of Proposition.19) is

0Qr2=Yo+ Yoo~ Y0~ Yoot T2~ 72
where the six elements in this sum are the boundary segments defined in the
figure below.

FIGURE 11. The closed disk GT,Z and its boundary
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Let ® = @, , be a primitive of w = w7 , on Gr,z' For any symbol e € {0,2,00} we
will denote by w. and ’, the restriction of w on ¥, and ¥, respectively. We will
use similar notations for w and for @ as well, being aware that @, has nothing
to do with a derivative but refers to the restriction of ® ony,.

Since d(®-w) =17z, it follows from Stokes theorem that

(93) —21'1/(‘/;1(‘[,,2)):]v q)a:f q)o.wo_f @656
a?‘i,z Yo )/6

+f q>;o~w{,0—f Do - Woo
Yoo -

+‘[, (13,25,2—] D, -wo.
Y Y2

2

For any e € {0,2,00}, both segments ¥, and ¥, identify to y. < E; ., hence
there is a natural identification between them. For { € ¥,, we will denote by {’

the corresponding point on ¥,. Up to these correspondences, one has
W = Pooo, Wy = P2 and W = PoWeo-
It follows that for for every {’ in ¥, in ¥, and in ., one has respectively
(/
D) (") =F° + poF> = poo F +f
Uy

e
wy = (1= peo) F* + pg F® +poof wo,
U1

4 4

Wy = (l—pg)F2+p2f w>

U1

(94) (") =F* - po F* + f

Us

¢ ¢
and @&((’):F%] wgo:F°+pof Woo
2] Us
with
U2

F°=<I>(v2)—<1>(v1)=f

1

w:f T(u,7,z)du;
Yo
Ue
(95) Fzzq)(vg)—q)(vl):f a):f T(u,7,2)du
U1 Y2

Us
and F°°:<I>(v4)—<l>(v5):f a):f T(u,7,z)du.
Uy 00

Since po = p, 1 it follows from that for every { €y, one has
(®o - @o) Q) — (g - wp) (") =) - wo — [(1 — Poo) Fo + PoFoo + Poo® () | - poa @o

dso _
= [—Fo—&Foo] Bo(0).

pOO o0
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Similarly, since p2 = p;, 1 it follows from that for every { € y,, one has

(2 @2) () = () @) () =®Q) - @2 - [(1 —p2) B2+ p2@(Q) | - p; ' 2

d
—ZFZ] D2(0).
P2

Finally, since pog = po3, it follows from that for every { € y_, one has

4
(D(()woo_ FO"FPO‘/v woo]palwoo
v

5
¢

¢
Fo+Pof woo]-palwoo
14

5

e

= (1—Pz)F2+f
L 14

5

1 _
=|(0-p2)F - —Fo] “Woo ().
Po

From the three relations above, one deduces that
doopaa FoFo — popas FooFo  for e =0;
(96) ]; (Dw—f D-w =+ dzpz_leﬁg for ¢ =2;

7. 7. _ _
—dyFyFoo— py' FoF oo for e = 0.

Injecting these computation in and using the relations

l—  de —  dy —
dngZdooFo—doFoo and —F2: F()— 0 Foo
P2 Pz ~  pod:
one gets
oo — _ — 1 - d -
2iV(Vra(T,Z)) =—FyFy— &FOOF() +dyFoF oo+ —FyFoo — —2F2F2
00 00 Po P2
o, =  Po . = N P
= =2 FyFo — £ Fag Fo + (dooFo — doFoo | Foo + — FoFos
Poo oo Po
doo — dy —
- (oo~ o) (P )

=2i'F-H-F,

where F and H stand respectively for the matrices

_ _do_ A feody

F= Foo and H= l d0(1+P0d2) d°°+Po+ poda
Fy 2i _&+_d0doo d;oo( _ feo
Poo  Pootla Poo dy
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Because p, = p;', one verifies that

) @( _&) 1-pg " ~Poo+P1Poopy
d d
H = —_— 1 BO - ! = H *
2i | P1=PoP1—P1Pe +P0P oo 100 p
dy Pooth

Finally, it follows from that F, and Fj are nothing else but the compo-
nents of the map and the proposition follows. 0

4.4.5. Anormalized version of Veech’s map (when n =2 and p¢ = 1).

_dio
According to §3.5.2l when n=2and pg =1, setting X = | @ , one has
o0
— ; o 4
X~IHp~X:[_L- (2)]
2
Consequently, setting F = (Fo,, Fp) and
- 1 dloo
G = (Goo, Go) = (Foor Fo) - X! = | Fop, — Foo + F),
(Goor Go) = (Fooy Fo) (For—Foot 2 Fo)

one obtains that

_ i
3m(GeGo) = G- [ 0 2

B 'G=F-IH,-'F=v <0,

1

2

which implies that the imaginary part of the ratio Gy/ G, is negative.
It follows that the map

1 Frw dico
"G _(P;?o+ chladl)

is a normalized version of Veech’s map, with values into the upper half-plane.

5. Flat tori with two conical points

From now on, we focus on the first nontrivial case, namely g =1 and n = 2.
We fix a = (a1, @) with a1 = —a» €]0, 1[. Since it is fixed, we will often omit the
subscript a or a; in the notations. We want to study the hyperbolic structure
on the leaves of Veech’s foliation at the level of the moduli space M; , = M, ».
We will only consider the most interesting leaves, namely the algebraic ones.

5.1. Some notations. In what follows, N stands for an integer bigger than 1.
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5.1.1. For any (ay, dso) € R? \ a1Z2, we set
1
r=(ro, 7o) = a—(ao, loo) € R*\ 77
1

and we denote by %! (or just by %, for short) the leaf (¢*) ™! (ay, dwo) = 271 (r)
of Veech'’s foliation in the Torelli space. This is the subset of Jor , cut out by
any one of the following two (equivalent) equations:

apT + A222 = Qoo or Z2 = 19T — I'oo-

We remind the reader that J f;l] (or just JF;, for short) stands for the corre-
sponding leaf in the moduli space of elliptic curves with two marked points:

Fr=TFir = pra(Fr) e My

5.1.2. From a geometric point of view, the most interesting leaves clearly are
the leaves &%, with r € Q% \ Z2. Indeed, these are exactly the ones which are
algebraic subvarieties (we should say ‘suborbifolds’) of M, » and there is such
a leaf for each integer NV = 2 (see Corollary[4.17), which is

?N:?]C\le :3"(0,_1/]\1).

An equation of the corresponding leaf # = Z(o,—1/n) in Jor) 2 is

97 Zp=—.

97) 2=

It induces a natural identification H = %y which is compatible with the action
of I'y (N) = Stab(ZF (¢ —1/n)) (see (82)) hence induces an identification

(98) Y1 (N) = ?N-

For computational reasons, it will be useful later to consider other identifi-
cations between Jy and the modular curve Y; (N) (see just below). How-
ever will be the privileged one. For this reason, we will use the (somewhat
abusive) notations

YilN) =9y (and V()™ =T/)

(the second one to emphasize the fact that Y; (N) is endowed with the CH!-
structure corresponding to Veech’s one on S"I‘f,l) to distinguish from the
other identifications between Y7 (N) and J that we will consider below.
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5.1.3. For any c € P}(Q) = Qu{ioo} < 0H, one denotes by [c] the associated cusp
of Y1 (N) = Fn. Then the set of cusps
Ci(\N) ={[cl|ceP (@}
is finite and
X1(N) =1 (N)uCi (V)
is a compact smooth algebraic curve (see [13, Chapter I] for instance).

Our goal in this section is to study the hyperbolic structure, denoted by
a)

hyp, y, of the leaf Y1 (M) = Fy of Veech’s foliation F*! on M » in the vicinity
of any one of its cusps. More precisely, we want to prove that hyple extends

as a conifold CH'-structure at such a cusp ¢ and give a closed formula for the
associated conical angle which will be denoted by

O (c) € [0, +oo|F1.
5.1.4. With this aim in mind, it will be more convenient to deal with the ram-

ified cover Y () over Y; (V) associated to the principal congruence subgroup
['(N). In order to do so, we consider the subgroup

G(N) =T(N) x Z* <1SLy(2) x Z*
and we denote the associated quotient map by
(99) pYy 1 For, — Jor 2/ GIN) = My 2(N).

Then from ([@7), one deduces an identification between the ‘level N modular
curve Y (N) =H/T'(N)’ and the corresponding leaf in M »(N):

(100) Y(N) = piy (Fn) =: Fy.

As above, we will consider this identification as the privileged one and for
this reason, it will be indicated by means of the equality symbol. In other
terms, we have fixed identifications

Vi)™ =35 (or 1(N) =F for short);
and Y(N)*' =Fy' (or Y(N) = Fy for short).
One denotes by C(N) the set of cusps of Y (V). Then
X(N)=Y(N)uC(N)

is a compact smooth algebraic curve. The complex hyperbolic structure on
Y (N) corresponding to Veech’s one (up to the identification (I00)) will be de-
noted by hypg,‘. Under the assumption that it extends as a conifold structure
at c € C(N), we will denote by Jx(c) the associated conical angle.

26By convention, a complex hyperbolic conifold point of conical angle 0 is nothing else
but an usual cusp for a hyperbolic surface (see A.1.1. in Appendix A for more details).
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5.1.5. The natural quotient map Y (INV) — Y7 (IN) (coming from the fact that I'(IV)
is a subgroup of I'; (IV)) induces an algebraic cover

(101) X(N) — X1 (V)

which is ramified at the cusps of X;(N). More precisely, at a cusp ¢ € C(N), a
local analytic model for this cover is z — z"'%c where w, stands for the width
of ¢, the latter being now seen as a cusp of X; o\ A

It follows that, for any ¢ € C(N), hyp‘lxlN extends as a CH!-conifold structure
at ¢ now considered as a cusp of Y7 (N)*! if and only if the same holds true, at c,
for the corresponding complex hyperbolic structure hypj'{,l on X(N)*. In this
case, one has the following relation between the corresponding cone angles:

(102) On(0) = %ﬁN(c).

In order to get explicit results, it is necessary to have a closed explicit formula
for the width of a cusp.

Lemma 5.1. Assume thatc=[—-a'/c'] € Ci(N) with d',c’ € Z are coprime. Then
B N

~ ged(c,N)’

Proof. The set of cusps of X(IN) can be identified with the set of classes +[¢] of

the points [¢] € (Z/NZ)? of order N. To ¢ = [-a'/ ('] is associated +[¢] where a

and c stand for the residu modulo N of a’ and ¢’ respectively (cf. [13} §3.8]). It
follows that gcd(c’, N) = ged(c, N).

On the other hand, according to [57, §1], the ramification degree of the cov-
ering X (N) — X; () at £[4] viewed as a cusp of X;(N) is gcd(c, N). Since the
width of any cusp of X(N) is N, it follows that w. = N/gcd(c’, N). O

We

5.2. Auxiliaryleaves. For any (m, n) € 2>\ NZ? with gcd(m, n, N) = 1, one sets
Fmn = F(mIN,-niN) -
This is leaf of Veech'’s foliation on Jor » cut out by
Z=Tm/N+n/N.
The latter equation induces a natural identification
(103) H— FpuncJor,
m_ n )

T'—>(T,NT+N

28We recall that, w, divides N for any ¢ € C(N) hence the map z+— z™'%« is holomorphic.
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which is compatible with the action of I'(IV) <’y (IN) = Stab(%,,,,) (cf- (82)),
hence induces a well-defined identification

(104) Y(N) = p1oy(Fmn) =: Fn © M2 (N).

For any s € P1(Q) = QU {ioo} c dH, one denotes by [s] the associated cusp of
Y (N) and by [s],,,, the corresponding cusp for F,, , relatively to the identifica-
tion (I04). Then if one denotes by

Conn = {[slmnlseP @}
the set of cusps of F,, ,, = Y (IV), one gets a compactification
X(N) = Xm,n = Fm,n U Cm,n

where the identification with X (V) is the natural extension of (104). One will
denote by hypy;,, the complex hyperbolic structure on X () corresponding to
Veech'’s one of F,, , up to the preceding identification.

Since (0,—1/N) is a representative for the orbit of (m/N,—n/N) under the
action of SLy(Z) % Z? (cf. Proposition[4.9), all the leaves F,;, ,, are isomorphic to

Fop=Fn=Y(N)
(where the first equality comes from the very definition of Fy; whereas the
second one refers to the privileged identification (100Q)).

What makes considering the whole bunch of leaves F,, , interesting for us
is that the natural identifications do depend on (m, n) (even if F), , coin-
cides with Fj; as a subset of MII\,’Z, as it can happen). Thus, we will see that, for
any cusp [s] = [slp,1 of Y(N) = Fy, there is a leaf F}, ,, such that

[slo,1 = [ic0] , -
Since the hyperbolic structures of Fy ; and of F,, ,, coincide, this implies that
the study of the hyperbolic structure hypy' = hypg} of Y(N) =
Fo,1 in the vicinity of its cusps amounts to the study of the hyper-

bolic structures hypy, ,, of the leaves Fy, ,, only in the vicinity of
the cusp [ioo]lm,n-

We want to make the above considerations as explicit as possible. Let ¢ be a
cusp of Fy distinct from [ioco]. There exist a’, ¢’ € Z with ¢’ # 0 and ged(d’, ¢’) =
1 such that

c=[-d/c]=[-dI],;.

Since a’ and ¢’ are coprime, there exist d’ and b’ in Z such that a’d’' - b'c’' = 1.
Then one considers the following element of SL, (Z) x Z2:

d b

/

(105) Ma/,c’ = ( c d

(- La’/NJ,—Lc’/NJ)).
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It induces an automorphism of the intermediary moduli space M »(N) (de-
fined above in (99)), denoted somewhat abusively by the same notation M .
This automorphism leaves the corresponding intermediary Veech’s foliation
invariant and is compatible with the hyperbolic structure on the leaves.

Settinga=a' — |a’'/N| and c = ¢’ — | ¢/ N|, one verifies that
M (0 _i) -(£.-4)
a,c ’ N - N! N ’

where ¢ stands for the action (65). Thus M, ~ induces an isomorphism Y (V) =
Fo1 — F. 4 which extends to an isomorphism between the compactifications
X(N) = X1 — X¢.q, such that

My o([-d'1¢]) = [ico], ,.

Moreover, M » induces an isomorphism between the CH!-structures hypg |
and hypc. In particular, one deduces the following result:

Proposition 5.2. Let a' and ¢’ be two coprime integers and denote respectively
by a and c their residues modulo N in {0,..., N —1}.

(1) Thereis an isomorphism of pointed curves carrying a CH! -structure
(yaw,[-a'1¢']) = (Fear [ioo] . o)
(2) The two following assertions are equivalent:
. hypj'{,1 extends as a conifold CH' -structure to X(N);
e foreverya,ce{0,...,N—1} with gcd(a,c,N) =1, hypg"}a extends as
a conifold CH! -structure in the vicinity of the cusp [iool¢,q of Fe4.

(3) When the two equivalent assertions of (2) are satisfied, the conifold angle
9(-ad'lc") of hyp}, at the cusp [—a'/c'] of Y(N) is equal to the conifold
angle9,4(io0) of hypey, at the cusp [ioo] of Fe 4.

5.3. Mano’s differential system for algebraic leaves. We will now focus on the
auxiliary algebraic leaves of Veech’s foliation considered in Section The
arguments and results used below are taken from [49, [46] (see also Appendix
B).

5.3.1. We fix m, n € {0, ..., N — 1} such that (m, n) # 0. For any 7 € H, one sets:

m n
t = tT = —T + .
N N
Hence, correspondingly, one has
m n

aozﬁal, aoo:_ﬁal
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and

T(u) — T(x(u’ T) — eZin%alu(

O(u) \“
O(u-t) ) '

In order to to make the connection with the results in [46], we recall the
following notations introduced there:

2
_ _ —inm—ZT—Zin%(lﬁﬁ) ﬂ ﬁ
Omnu) =0, n(u,1)=€ "N H(u+ NT+N,T).

Then setting

0(u) )“1
O m,n (1) ’

one verifies that, when the determinations of T'(«) and of T}, ,(u) are fixed,
then up to the change of variable u — —u, these two functions coincide up to
multiplication by a non-vanishing complex function of 7. This can be written
a little abusively

(106) T(w) = A(@) Ty, n(— 1)

Tm,n(u) = (

where A stands for the aforementioned holomorphic function which depends
only on 7 (and on the integers m, n and N) but not on u.

5.3.2. Since it has values in a projective space, the Veech map stays unchanged
if all its components are multiplied by the same non-vanishing function of 7.
From (106) and in view of the local expression for the Veech map in terms
of elliptic hypergeometric integrals, it follows that the holomorphic map
V=Vun: Fplp=H—P!
T— [Vo(7) & Vio(7)]

whose two components are given by (for 7 € H)

Vo(r):f Timn(Wdu and VOO(T):/ Timn(Wdu,
Yo

(e o]

is nothing else but another expression for the Veech map on %,, , = H.

We introduce two other holomorphic functions of 7 € H defined by

Wo(r)=f Tin,n(Wp' (wdu and Woo(T):f Trn,n(Wp' (Wdu
Yo

(we recall that p denotes the logarithmic derivative of 8 w.r.t. u, cf. §2.2).
The two maps 7 — vy, for « = 0,00 form a basis of the space of local sections

of the local system over %, , whose fibers are the twisted homology groups
H,(E;, Lr,)’s (see B.3 in Appendix B). Then it follows from [49, l46] (see also
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B.3.5 below) that the functions Vj, Vi, Wy and W, satisfy the following differ-
ential system

d [V Voo] [VO Voo]
el = Mpm.n
drt WO Woo WO WOO
onH =%, ,, with
107)
a Gmn_i a;—1
M Amn Bm,n ! 0’"" o 2in
mmn — D 6 0 2 2 é o
G Dl i (B (Bua '~ B (B) - e - )

The trace of this matrix vanishes and the upper-left coefficient B, , is con-
stant. Consequently, it follows from a classical result of the theory of linear
differential equations (c¢f. Lemma 6.1.1 of |34} §3.6.1] for instance or Lemma
A.2.2 in Appendix A) that V and V,, form a basis of the space of solutions of
the associated second order linear differential equation

Vit (det(Mun) = A5,) V=0

where the superscript * indicates the derivative with respect to the variable 7.

Since
LX) L] 2 ) 2
Ao —a Hm,n _ Hm,n 6 ! + 6_’
S L ) A
and
L] ., 2 LX) L] 2 ’ ., 2
Omn 0 Omn | Om, 9’ [0
det(Mp,,) = — (a1)* ﬁ‘ﬁ —aj(a;—1) 9::— 9:: sk b

this differential equation can be written more explicitly

L] L] 2 [ X ) L] 2 L[] 2
Bm,n 6’ Hm,n (em,n) 6’ (6’)

— -] + - +=| |-V

108)  V** —(ay)?
(108) @ N 6| T O o o

=0.

Bm,n

5.3.3. By a direct computation (left to the reader), one verifies that the matrix
(I07) and consequently the coefficients of the preceding second order differ-
ential equation are invariant by the translation 7 — 7 + N. It follows that the
restriction of to the vertical band of width N

HN:{TE[H]|OsRe(T)<N}
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can be pushed-forward onto a differential equation of the same type on a punc-
tured open neighborhood U™ of the cusp [ioco] in Y (V).

Let x be the local holomorphic coordinate on Y (N) centered at [ioo] and
related to the variable 7 through the formula

x=exp(2int/N).
Then v(x) = V(1(x)) satisfies a second order differential equation
(109) v (x) + Ppyn(x)- V' (x)+ Qumn(x) - v(x) =0
whose coefficients P, , and Q,, , are holomorphic on (C*,0).

In [46], Mano establishes the following limits when 7 € Hy tends to ioo:

o' in o (o) .,

o’ 4 o’ o’

ém,n . (m 1)2 .ém,n (ém,n)z
—in|l—=-= - — 0.

em,n N 2 em,n Hm,n

It follows that the coefficient of V in tends to
m?2  m\]*
ap-in|—-—
! (NZ N)
as 7 goes to ico in Hy. This implies that the functions P,, , and Q,,, in (109)
actually extend meromorphically through the origin.

Since for x € C\ [0, +oo[ sufficiently close to the origin, one has

/ . N
do=rio) (2

N 2
and v"(x)=V"(T(x))’(ﬁ) _V.(T(x))(zma@)’

one gets that the asymptotic expansion of (I09) at the origin is written

m(m— N)
—a
2N
In particular, this shows that the origin is a regular singular point for (I09)
and the associated characteristic (or indicial) equation is
2

" 1 ’ 2 1 1
V() + — v/ () + . -§+o(;) v(x) = 0.

2

m(m— m(m —
2N 2N
Thus the two associated characteristic exponents are
m(N-m) m(m— N)
S =———a; and So=———a;=-54,

2N 2N
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hence the corresponding index is

N

m(N —m)
VEVy =84 —S- =25, =———a

N
We now have everything in hand to get the result we were looking for.

1-

Proposition 5.3. Veech’s CH!-structure on F, , extends to a conifold complex
hyperbolic structure at the cusp [icol ,, . The associated conifold angle is

O (licolm,n) = 2mm(1 - %)al.

In particular, [ioolm,, is a cusp for Veech hyperbolic structure on F, , (that
is, the associated conifold angle is equal to 0) if and only if m = 0.

Proof. In view of the results and computations above, this is an immediate
consequence of Proposition A.2.3. of Appendix A. U

Combining the preceding result with Proposition[5.2} one gets the

Corollary 5.4. Veech’s hyperbolic structure hypj'i,l onY(N)* = Fy = Fy, extends
to a CH' -conifold structure on the modular compactification X (N)*!.
For any coprime a’, ¢’ € Z, the conifold angle at ¢ = [-a'/ ¢'] € C(N) is equal to

¢
In(c) =On(c) = 2nc(1 - N)al
where ¢ stands for the residue of ¢’ modulo N: ¢ = ¢’ — LC—V’J €{0,..., N—1}.

5.3.4. We remind the reader of the following classical description of the cusps
of Fy1 = Y(N) (cf. [13} §3.8] for instance): the set of cusps C(N) of Y (N) is in
bijection with the set of N-order points of the additive group (Z/N Z)z, up to
multiplication by —1, the bijection being given by
(Z/NZ)* [Nl — C(N)
+(a,c)—[-d'Ic]
where @' and ¢’ are pairwise prime and congruent to a and ¢ modulo N re-
spectively. From the preceding corollary, it comes that the conifold angle asso-
ciated to the cusp corresponding to +(a, c) with c€{0,..., N -1} is
c(N-c
In(x(a,0)) =On(c) = Zn%al.

Note that since —(a,¢c) = (N—a, N —¢) in (Z/NZ)2 and because 9y(c) =
In (N — ¢), this formula makes sense.

Using the preceding corollary, it is then easy to describe the metric comple-
tion Y (N) of Y(N) = Fy,1, the latter being endowed with Veech’s CH!-structure.
From the preceding results, it comes that this metric completion is the union
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of the intermediary leaf Y (N) = F; with the subset of its cusps of the form
[—a'/c'] with ¢ not a multiple of N. Such cusps correspond to classes +(a, c) c
(Z/NZ)Z[N] with c € {1,..., N —1}. The cusps [-a’'/c'] with ¢/ € NZ are cusps
in the classical sense for the CH'-conifold Y (V). The number of these genuine
cusps is then equal to (/)(N).

At this point, it is easy to give an explicit description of the metric comple-
tion of the leaf Y7 (N)*! = 3"10\‘,1 of Veech’s foliation on M :

Corollary 5.5. Veech’s CH! -structure on Y, (N)* extends to a conifold complex
hyperbolic structure on the modular compactification X;(N)“!.

Forany coprimea’, c' € Z, the conifold angleatc = [—a'/ c'] € C1(N) is equal to

c(N—-oc)

(110) HN(C):QN(C):Zﬂmal

wherec € {0,..., N —1} stands for the residue of ¢’ modulo N.

Proof. This follows at once from (I02), Lemmal[5.TJland Corollary[5.4] O

To conclude this section, we would like to add two remarks.

First, it is to be understood that the preceding corollary completely charac-
terizes Veech's complex hyperbolic structure of the leaf Y1 (N)*' = F}/ since the
latter is completely determined by the conformal structure of 3"]0\‘]1 (which is the
one of Y7 (N)) together with the cone angles at the conifold points, as it follows
from a classical result (cf. Picard-Heins’ theorem in Appendix A).

Since the conifold angles depend linearly on a7, the family of Y; (IV)%!’s
for ay € [0,1] is a real-analytic deformation of the usual modular curve Y; (),
if one sees it as Y; (IV)? (as it is natural to do so).

Finally, note that the preceding results refine and generalize (the specializa-
tion to the case when g = 1 and n = 2 of) the main result of [19]. In this article,
we prove that when «a is rational, Veech’s hyperbolic structure of an algebraic
leaf of Veech’s foliation extends as a conifold structure of the same type to the
metric completion of this leaf. Not only our results above give a more precise
and explicit version of this result in the case under scrutiny but they also show
that the same statements hold true even without assuming that « is rational.
This assumption appears to be crucial to make effective the geometric meth-
ods a la Thurston used in [19].

29Here ¢ stands for Euler’s totient function.



FLAT TORI AND ELLIPTIC HYPERGEOMETRIC FUNCTIONS 101

5.4. Some explicit examples. To illustrate the results obtained above, we first
treat explicitly the cases of Y; (V) for N = 2,3,4. These are related to ‘classical
hypergeometry’ and this will be investigated further in Section Then we
consider the case of Y;(5) then eventually the one of Y;(p) for p an arbitrary
prime number bigger than or equal to 5.

In what follows, the parameter a; €]0,1[ is fixed once and for all. A useful
reference for the elementary results on modular curves used below is [13], es-
pecially sections §3.7 and §3.8 therein.

5.4.1. The case of Y;(2). The congruence subgroup I';(2) has two cusps (namely
[ico] and [0]) and one elliptic point of order 2. Consequently, Y;(2)*! is a gen-
uine orbi-leaf of Veech (orbi-)foliation on M, ». It is the Riemann sphere punc-
tured at two points, say 0 and oo, with one orbifold point of weight 2, say at 1.
The corresponding conifold angles of the associated Veech’s CH!-structure are
given in TableDbelow in which the cusps are seen as points of X;(2) = P!

Cuspsof Y1(2)* | 0 |1 |oo0
Conifold angles | 7a; |7 | 0

TABLE 1. The cusps and the associated conifold angles of Y7 (2)%!.

5.4.2. The case of Y;(3). This case is very similar to the preceding one: I';(3)
has two cusps and one elliptic point, but of order 3. Hence Y;(3)*! is an orbi-
leaf of Veech’s (orbi-)foliation. Tt is P! punctured at three points, say 0, 1 and
oo, with one orbifold point of weight 3, say at 1. The corresponding conifold
angles are given in the table below.

Cusps of Y7(3)% 0 1 |oo
Conifold angles | (4n/3)a; | 2n/3 | 0O

TABLE 2. The cusps and the associated conifold angles of Y7 (3)%!.

5.4.3. The case of Y;(4). The group I'1 (4) has three cusps and no elliptic point.
Hence Y;(4)%! is the trice-punctured sphere P!\ {0,1,00}. The corresponding
conifold angles are given in the table below.

Cusps of Y (4)% 0 1 |oo
Conifold angles | 37n/2)a; | ma; | O

TABLE 3. The cusps and the associated conifold angles of Y; (4)%!.
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The three cases considered above are very particular since they are the only
algebraic leaves of Veech’s foliation on M, » which are isomorphic to the thrice-
punctured sphere, hence whose hyperbolic structure can be uniformized by
means of Gaull hypergeometric functions. We will return to this later on.

5.4.4. The case of Y;(5). The modular curve Y (5) is of genus 0 and has twelve
cusps. Some representatives of these cusps are given in the first row of Table [
below, the associated conifold angles of Y (5)%! = Fgf i (we use here the notation
of §5.2) are given in the second row.

; LT_IT37T-37-37-2

Cuspc|ico |01 [-1]2]-2]|35 515 5 5 £

950 0 |24/ 4|4]4]6] 6 |6] 6|6
2na 5/5]/ 5|55 (5] 5 |5] 5|5

TABLE 4. The cusps and the associated conifold angles of Y (5)%!.

Since I'; (5) is generated by adjoining 7 — 7 + 1 to I'(5), it comes that among
those of Table[] 0, 1/2, 2/5 and ioco form a complete set of representatives of
the cusps of I'1 (5). Moreover, it can be verified that the quotient map

X(5)— X1 (9),

which is a ramified covering of degree 5, ramifies at order 5 at the two cusps
[2/5] x5y and [ioco] x(5) and is étale at the ten others cusps of X(5). It follows
that the conifold angles of Veech’s complex hyperbolic structure on Y; (5)*! are
0,0, Ena; and $na at [icol x, (5), [2/5]x,(5), [1/2]x,5) and [0] x, 5) respectively.

n

The map H* — P!, 7 — g7 ' [[,;>; (1 — q”)_5(5) (with g = €*'"* and where ()
stands for Legendre’s symbol) is known to be a Hauptmodul for I'; (5) which
sends ioco, 2/5,0 and 1/2 onto 0, oo, (11-5v/5)/2 and (11 +5+/5)/2 respectively.

Cusp in H* ioco 0 I Z
Cuspin X;(5)=P! | 0 11—25\/5 11+25\/§ oo
Conifold angle 0 %ﬂal 1—5271 a; | 0

TABLE 5. The cusps and the associated conifold angles of Y7 (5)%!.

5.4.5. The case of Y; (p) with p prime. Now let p be a prime bigger than 3.

It is known that I'; (p) has genus ﬁ (p—5)(p—7), no elliptic point and p -1
cusps, among which (p —1)/2 have width 1, the (p —1)/2 other ones having
width p. Combining the formalism of Section with Proposition 5.3} one
easily verifies that the two following assertions hold true:
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« the cusps of width 1 of Y, (p)*' = Jy; correspond to the cusps [icolg i
of the leaves J i (associated to the equation z, = k/p in Jor; ) for
k=1,...,(p—1)/2, thus the associated conifold angles are all 0;

» the cusps of width p correspond to the cusps [ico] o of the leaves T o
(associated to the equation z, = k7/p in the Torelli space) for k =1,...,
(p—1)/2. For any such £k, the associated cusp is [-p/ k] and the associ-
ated conifold angle is 27 k(1 - k/p)a;.

6. Miscellanea

6.1. Examples of explicit degenerations towards flat spheres with three con-
ical singularities. The main question investigated above is that of the metric
completion of the closed (actually algebraic) leaves of Veech’s foliation on M ».

In [19], under the supplementary hypothesis that a is rational (but then in
arbitrary dimension), the same question has been investigated by geometrical
methods. In the particular case when Veech'’s foliation 3! is of (complex) di-
mension 1, our results in [19] show that, in terms of (equivalence classes of) flat
surfaces, the metric completion of an algebraic leaf ¥ in M, » is obtained by
attaching to it a finite number of points which correspond to flat spheres with
three conical singularities, whose associated cone angles can be determined
by geometric arguments.

Using some formulae of [47], one can recover the result just mentioned but
in an explicit analytic form. We treat succinctly below the case of the cusp [ico]
of the leaf J1,n,0) = Y1 (V) associated to the equation z; = /N in Jory , for
any integer N bigger than or equal to 2. Details are left to the reader in this
particular case as well as in the general case (i.e. at any other cusp of Y; (V).

Let a; be fixed in ]0,1[. We consider the flat metric m; = m%' = |w,|*> on
E; /N = E; \{[0], [T/ N1} with conical singularities at [0] and at [t/ N] where for
any 7 € H, w; stands for the following (multivalued) 1-form on E; ;/n:

0(u)
O(u—-1/N)

The map which associates the class of the flat tori (E; ;,n, m;) in M‘f{z to any

7 in Poincaré’s upper half-plane uniformizes the leaf J1,xn,) of Veech’s folia-

tion. Studying the latter in the vicinity of the cusp [ioco] is equivalent to study-
ing the (E; ;/n, m7)’s when 7 goes to ioco in a vertical band of width 1 of H.

2imay a1

wr(w=e N

du.

First, we perform the change of variables u —7/N = —v. Then up to a non-
zero constant which does not depend on v, we have

O(-v+1/N)
0(v)

. a1
2imay v

w(v)=e N
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We want to look at the degeneration of m; when 7 — ioco € dH. To this end,
one sets g = exp(2i7t). Then using the natural isomorphism E; = C*/g?% in-
duced by v — x = exp(2inv), one sees that E; converges towards the degener-
ated elliptic curve C*/ 0f=C*ast goes to ico. Moreover, for any fixed 7 € H,
since dv = (2inx) " 'dx, the 1-form w, writes as follows in the variable x:

w:(x) = @im ' N TO(r/N - v) VO (W) M dx.

Then, from the classical formula

+00
0(v,7) =2sin(mv)-g"* [ (1-¢")(1-xg")(1-x""q")

n=1
it follows that
0T/N-v) _ sin(mt/N—-nv) On(x,q)
0(v) sin(v) A
with

o ( ) -i_o[o (l_x—lqn+1/N)(1_an—l/N)
xX,q) =
A S N T (= D)

An important fact concerning the latter function is that as a function of the
variable x, ©x(-, q) tends uniformly towards 1 on any compact set as g — 0,
that is as 7 goes to ioo, for 7 varying in any fixed vertical band.

On the other hand, we have

sin(@t/N—nv) e TE/N-V) _ p=in(t/N=-v)

sin(v) einv _ g—inv
1 1 1
G x~V2 g o 112 gt -x
= = q 2
12 _ 172 T—1

hence, up to multiplication by a nonzero constant that does not depend on x
and ‘up to multi-valuedness’, one has
a1

On(x, )" dx.

x—q''N

x-1

414
wr(X)=x"N

For 7 — ioo, one obtains as limit the following multivalued 1-form
(111) Wioo(X) :xal%_l(x—l)_aldx

on P!\ {0,1,00}. The associated flat metric 7o, = |w;xo|* defines a singular flat
structure of bounded area on P!, with 3 conical singular points at 0,1 and oo,
the conical angles of which are respectively

1 27
112) 0y =271 (l_ﬁ) a, 0,=2n(1-ay) and Hoozﬁal.
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We verify that there exists a positive function A(7) such that
. 2_ 2
lim AT |w:| —f |Wisol|“> 0.
T—icoJE, Pl

This shows that the CH!-structure of F, 1/n,0) is not complete at the cusp [ioo]
and that the (equivalence class of the) flat sphere with three conical singular-
ities of angles as in belongs to the metric completion of the considered
leaf in the vicinity of this cusp. When a; is assumed to be in @, the metric com-
pletion at this cusp is obtained by adding this flat sphere and nothing else, as
it is proved in [19]. The previous analytical considerations show in an explicit
manner that this still holds true even without assuming a; to be rational.

6.2. The cases when N is small: relations with classical special functions.
Exactly three of the leaves of Veech’s foliation on M, , give rise to a hyper-
bolic conifold of genus 0 with 3 conifold points: the leaves Fy = Y1 (N)*! for
N = 2,3,4, see above. Since any such hyperbolic conifold can be uni-
formized by a classical hypergeometric differential equation (as it is known
from the fundamental work of Schwarz recalled in the Introduction), there
must be some formulae expressing the Veech map of any one of these three
leaves in terms of classical hypergeometric functions. We consider only the
case when N =2 in §6.2.1]

Since both Y;(5) and Y;(6) are P! with four cusps, the leaves J5 and Fg cor-
respond to CH!-conifold structures with four cone points on the sphere. Since
any such structure can be uniformized by means of a Heun’s differential equa-
tion, one deduces that the Veech map of these two leaves can be expressed in
terms of Heun functions. We just say a few words about this in §6.2.3

6.2.1. The leaf Y;(2)*' and classical hypergeometric functions. It turns out
that the case when N =2 can be handled very explicitly by specializing a clas-
sical result of Wirtinger. The modular lambda function A : 7 — 0 (1)*/65(1)* is
a Hauptmodul for T'(2): it corresponds to the quotient H — Y (2) = P11 {0, 1, 00}.
Furthermore, it induces a correspondence between the cusps [ioo], [0], [1] and
the points 0,1 and oo of X(2) = P! respectively (cf. [8, Chap.VIL.§8] if needed).
6.2.1.1. Specializing a formula obtained by Wirtinger in [82] (see also (1.3) in
[77] with a = (@1 +1)/2, = 1/2 and y = 1), one obtains the following formula:
(113)

(31
11 2cos (E)05(1)?(1- A1) * L
@rl 1) = 20601 - A0) | LiCL
2 2 (1 _ 62”“11)(1 _ e—2ma1) o

where for any 7 € H, the integration in the left hand-side is performed along
the Pochammer cycle 22(0,1/2) constructed from the segment [0,1/2] in E;
(see Figure[I2 below).

04 61 (u, 7)™
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FIGURE 12. The Pochammer contour 22(0,1/2) in E; (in blue)

For every 7, the flat metric on E; with conical points at [0] and [1/2] asso-
ciated to the corresponding points of the leaf of equation z, = 1/2 in Jor;» is
given by | T (u,1)d ul? up to normalization, with

T (u,7)=(-0w)/0(u—-1/2))" = (0(w)/6:(w)™ .

Equation (I13) can be written out

+11
(114) F il ,—,1;)[(7)):A?(T)f T (u,7)du
2 2 Y,

where AY(7) is a function of 7 and a; (easy to make explicit with the help of
(I113)) and where y, stands for the element of the twisted homology group
H; (Ez;1/2,L:1/2) obtained after regularizing the twisted 1-simplex ¢, defined
in§3.2.3

More generally, for any 7 and any twisted cycle y, there is a formula

a;+1

1
(115) Fy( ,E,I;A(T)):Aal(r)f T (u,1)du
Y
where Fy((a;+1)/2,1/2,1;-) is a solution of the hypergeometric differential
equation (2) for the corresponding parameters. An important point is that the
function A{ (7) in such a formula is independent of the considered twisted cy-
cle. It follows that the map
a;+1 1 da a;+1 1
F( ! ,—,I;A(T)):—xeF( ! +£,—+£,1+£;/1(T)) ]
2 2 de 2 2 £=0

(whose components form a basis of the associated hypergeometric differen-
tial equation, see [85, Chap.III§3]) is nothing else than an expression of the

T+—
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Veech map Vocfll o H= F,) - P! in terms of classical hypergeometric func-
tions. As an immediate consequence, one gets that the corresponding coni-
fold structure on P! is given by the ‘classical hypergeometric Schwarz’s map’
S((ay+1)/2,1/2,1;-). It follows that the conical angles at the cusps 0,1 and co

of X(2) = P! are respectively 0, 7a; and wa;.

Note that this is consistent with our results in the lambda modular
function satisfies A(t + 1) = A(7)/(A(r) — 1) for every 7 € H (cf. [8]). Thus u =
w(A) = 4(A—1)/A2? is invariant by I'(2) and by 7 — 7 + 1, hence is a Hauptmodul
for I'1 (2). Veech’s hyperbolic conifold structure on X (2) is the push-forward by
p ofthe one just considered on X(2). Moreover, p is étale at 0, 1 and oo, ramifies
at the order 2 at A = 2 and one has p(0) = oo, p(1) = p(oo) =0 and p(2) =1. It
follows that the conifold angles at the cusps 0, 1 and oo of 3";” = X;(2)% ~pl
are a1, m and 0 in perfect accordance with the results given in Table[Il

6.2.1.2. Actually, there is a slightly less explicit but much more geometric ap-
proach of the N = 2 case. Indeed, for every 7 € H, the flat metric m?' on E; with
conical points at [0] and [1/2] of respective angles 27 (a; + 1) and 27 (a; — 1) is
invariant by the elliptic involution (the metric |T%! (u,1)d ul? is easily seen to
be invariant by u — —u). Consequently, m;' can be pushed-forward by the
quotient map v : E; — E; /1~ P! and gives rise to a flat metric on the Riemann
sphere. In the variable u, for the map v, it is convenient to take the map in-
duced by

p(1/2)—p(T/2)
o) —p/2)

Since v ramifies at the second order exactly at the 2-torsion points of E, it
follows that the push-forward metric v, (my') is ‘the’ flat metric on P! with four
conical points at 0,1,00 and A(t) ! = v((1+7)/2) whose associated cone angles
are respectively 7(1 + a,), n(1 — a;), w and 7.

Consequently, in the usual affine coordinate x on P!, one has

ap-1 ay+1 1 2

(116) vo(m) =M@ x5 =07 (1-Aw)x) Zdy

for some positive function €*! which does not depend on x but only on 7. From
(116), one deduces immediately that a formula such as holds true for any

twisted cycle y on E;. Then one can conclude in the same way as at the end of
the preceding paragraph.

6.2.2. About the N = 3 case. The hyperbolic conifold Y;(3)?! is P! with three
cone points whose conifold angles are 27 (2a,/3),27/3 and 0. This CH!-structure
isinduced by the hypergeometric equation (2) witha=(1+a,)/3,b=(1—-a;)/3
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and ¢ = 1. On the other hand, the Veech map of %, =~ H admits as its compo-
nents the hypergeometric integrals fy. O(w)*0(u—1/3)"*du with e =0,00.

Since 6(1) = (n(7)/n(31))'? is a Hauptmodul for I'; (3) (see case 3B in Table 3
of [9]), it comes that there exists a function A*!(7) depending only on a; and
on 7, as well as a twisted cycle f on E; such that a formula of the form

ay
(117) p(ite ! 3“1 1: 6(1)) A% (7 )fe(”—”du

3 u—g,r)al

holds true for every 7 € H and every a; €]0, 1[ (compare with (I13)).

It would be nice to give explicit formulae for A*! and . Note that a similar
question can be asked in the case when N = 4.

6.2.3. A few words about the case when N =5. Since Y;(5)* is a four punc-
tured sphere, its CH!-structure can be recovered by means of the famous Heun
equation Heun (c,61,0,,03,04, p). As is well-known, it is a Fuchsian second-
order linear differential equation with four simple poles on P!. It depends on
6 parameters: the first, c, is the cross-ratio of the four singularities; the next
4 parameters 0,,...,0, are the angles corresponding to the exponents of the
considered equation at the singular points; finally, p is the so-called ‘accessory
parameter’ which is the most mysterious one.

In the case of Y1(5)%!, cis equal to w = (11 - 5+/5)/(11 + 5v/5), hence only de-
pends on the conformal type of Y; (5). The angles 0;’s are precisely the conifold
angles 9;’” of Veech’s hyperbolic structure on Y7 (5) (cf. Table[5).

It would be interesting to find an expression for the accessory parameter
p*! of the Heun equation associated to Y;(5)*! in terms of a;. Indeed, in this
case it might be possible to express the Schwarz map associated to any Heun
equation of the form

a a a a a
Heun (w,0{",0,',05",0,", p™")
as the ratio of two elliptic hypergeometric integrals. Since the monodromy of

such integrals can be explicitly determined (cf. §6.3lbelow), this could be a way
to determine explicitly the monodromy of a new class of Heun equations.

To conclude, note that this approach should also work when N = 6 since
Y1(6) is also of genus 0 with four cusps.
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6.3. Holonomy of the algebraic leaves. We fix an integer N = 2.

6.3.1. By definition, for a; €]0,1[, the holonomy of the leaf Y;(N)*' is the
holonomy of the complex hyperbolic structure it carries. It is a morphism of
groups (well defined up to conjugation) which will be denoted by

(118) HY : T (V) =1 (Y1 (N)™) — PSL(R) = PU(1,1)
Its image will be denoted by

I (N* =Im(HY') < PSL,(R).

431
N
and will be called the holonomy group of Y; (N)*!.

It follows from some results in [48] that the CH!-structure of Y;(N)* is in-
duced by a Fuchsian second-order differential equatio. This directly links
our work to very classical ones about the monodromy of Fuchsian differential
equations. In our situation, the general problem considered by Poincaré at the
very beginning of [62] is twofold and can be stated as follows:

(P1) for a; and N given, determine the holonomy group I'; (IV)%?;
(P2) find all the parameters a; and N such that I'; (N)*! is Fuchsian.

To these two problems, we would like to add a third one, namely

(P3) among the parameters a; and N such that I'; (IV)*! is Fuchsian, deter-
mine the ones for which this group is arithmetic.

6.3.2. We say a few words about the reason why we believe that the three
problems (P1), (P2) and (P3) are important. For this purpose, we recall briefly
below the general strategy followed by Deligne and Mostow in [11} 54] and by
Thurston in [71] to find new non-arithmetic lattices in PU(1, n — 1), which is
nowadays one of the main problems in complex hyperbolic geometry.

For any manifold M carrying a CH”-structure, one denotes by I'(M) its ho-
lonomy group, namely the image of the associated holonomy representation
T (M) — PU(L,n—-1).

30 Since Y1 (V) has orbifold points when N = 2,3, it is necessary to consider instead the
orbifold fundamental group 71 (Y (N)%)°™ in these two cases. We will keep this in mind in
what follows and will commit the abuse to speak always of the usual fundamental group.

3170 be precise, the differential equation considered in Theorem 3.1 of [48] is defined on
the cover Y (N) of Y7 (V) but it is easily seen that it can be pushed forward onto Y; (N).
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6.3.2.1. Forn=>=4,let6 = (0;);_, be a n-uplet of angles 6; €]0,27[. The moduli
space My g of flat spheres with n conical points of angles 01, ..., 08, identifies to
My, and moreover carries a natural complex hyperbolic structure (cf. ST.1.3).

For some 0’s, which have been completely determined, the associated holo-
nomy group I'p = T'(Myy) is a lattice PU(1,n — 3) and some of them are not
arithmetic. This has been obtained via the following approach: the metric
completion of My g is obtained by adding to it several strata that are them-
selves moduli spaces M ¢ for some angle-data 8’ deduced explicitly from 6.
Furthermore, the discreteness of the holonomy is also hereditary: if I'y is dis-
crete, then all the Ty’s corresponding to the 6'’s associated to the strata ap-
pearing in the metric completion of My must be discrete as well. One ends
up with the case when n = 4: in this situation, the corresponding holonomy
groups Lgr’s are triangle subgroups of PSL,(R) and the 6”’s corresponding to
discrete subgroups are known. This allows to find an explicit finite list of orig-
inal @’s for which I'9 may be discrete. At this point, there is still some work to
do to verify that these angle-data give indeed complex hyperbolic lattices and
to determine the arithmetic ones but this was achieved in [54].

6.3.2.2. Our results proven in [19] show that a very similar picture occurs for
the metric completion of an algebraic leaf of Veech’s foliation in M, ; for any
n = 2. Hence a strategy similar to the one outlined above is possible when
looking at algebraic leaves with discrete holonomy group in PU(1,n—1).

Let Jy, be an algebraic leaf of Veech’s foliation on M, ,,. As already men-
tioned in itis proven in [19] that the metric completion of F3 can be in-
ductively constructed by adjoining strata 8’ which are covers of moduli spaces
of flat surfaces 8. These moduli spaces can be of two different kinds: either 8 is
an algebraic leaf of Veech'’s foliation J* @ of M,y with n’ < n, for some particu-
lar n’-uplet @’ constructed from N and a; or 8 is a moduli space of flat spheres
M, 5 for a 7z-uplet 6 (with 72 < n+ 1) which also depends only on N and a.

In this situation, the property of having a discrete holonomy group happens
to be hereditary as well. Consequently, a necessary condition for I'(Fy) to be
discrete is that I'(8') = I'(8) be discrete as well, this for any stratum 8’ appearing
in the metric completion of F5. Since all the genus 0 holonomy groups T'g
which are discrete are known, we only have to consider the groups I'(8) for the
genus 1 strata 8. Arguing inductively, one ends up, as in the genus 0 case, to
considering the holonomy groups of the 1-dimensional strata of I, which are
of genus 1.

The preceding discussion shows that in order that a strategy similar to the
one used in the genus 0 case succeeds in the genus 1 case that we are consider-
ing in this paper, it is crucial to have a perfect understanding of the holonomy
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groups of the algebraic leaves of Veech’s foliation on M, ». From this perspec-
tive, the three questions (P1),(P2) and (P3) appear to be particularly relevant.

6.3.3. Itis easy to deduce from the results obtained above a vast class of pa-
rameters «; for which I'; (N)®! is a discrete subgroup of PSL; (R).

6.3.3.1. It follows from Poincaré’s uniformization theorem that the holonomy
group I'; (N)?! is Fuchsian as soon as Y;(IN)*! is an orbifold, that is as soon
as for any cusp ¢ of Y (V)*', the associated conifold angle Hff]l (¢) is an integral
part of 27.

Now it has been shown above (see (110)) that for such a cusp ¢, one has

c(c—N)
05} (¢) =2n—————a
N (© Ngcd(c, N) !
for a certain integer ¢ € {0,..., N — 1} depending on ¢. Then, setting N’ as the
least common multiple of the integers gcc(cjl\(];]c\),) forc=1,...,N -1, we get the

Corollary 6.1. Ifa; = % with ¢ € Nsg, thenT{(N)*! is Fuchsian.

6.3.3.2. Itis more than likely that the preceding result only gives a partial an-
swer to (P2). Indeed, it is well-known that there exist triangle subgroups of
PSL,(R) which are not of orbifold type (i.e. not all the angles of ‘the’ corre-
sponding hyperbolic triangle are integral parts of 7) but such that the CH!-
holonomy of the associated P! with three conifold points is Fuchsian, see [29,
p. 572], [39, Theorem 2.3] or [54, Theorem 3.7]%4.

The situation is certainly similar for the holonomy groups I'y (N)*!: for N
fixed, there are certainly more parameters a; whose associated holonomy group
is discrete than the ones given by Corollary[6.1lwhich correspond to the cases
when Veech’s CH!-structure on X; (N)®! actually is of orbifold type.

A complete answer to (P2) would be very interesting but, for the moment,
we do not see how this problem can be attacked in full generality. A diffi-
culty inherent to this problem is that there is no known explicit finite type
representation of I'; (IV) as a group for N arbitrary, except when N = p for a
prime number p and, even in this case, the known set of generators of I'y (p) is
quite complicated, see [18IP3. Note that this is in sharp contrast with the cor-
responding situation in the genus 0 case, where the ambient space is always
Mo 4 =P\ {0,1,00} whose topology, if not trivial, is particularly simple.

32Beware that two cases have been forgotten in reference [54].
33Actually the results contained in [18] concern the I'(p)’s for p prime but they straightfor-
wardly apply to the I'; (p)’s since I'y (V) = (T'(N), T — 7 + 1) for any N).
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6.3.4. According to a well-known result of Takeuchi [69, Theorem 3], there
only exist a finite number of triangle subgroups of PU(1,1) which are arith-
metic. It is natural to expect that a similar situation does occur among the
groups I'y (V)% which are discrete. However, we are not aware of any con-
ceptual approaches to tackles a question such as (P3) for the moment. For
instance, determining the holonomy groups of Corollary[6.1l which are arith-
metic when N =5 seems out of reach for now Here again, the main reason
being the inherent complexity of the congruences subgroups I'; (N) in their
whole.

The situation is not as bad for (P1), at least if one considers the problem
for a fixed N and from a computational perspective. Indeed, we have now
at disposal integral representions for the components of the developing map
of Y1(N)** and this can be used, as in the classical hypergeometric case (see
for instance [85, Chap.IV. §5]), to determine explicitly the corresponding holo-
nomy group I'; (N)%!. More precisely, it follows from our results in §4.4] that,
setting Ty (u, 1) =0(u, 7)*'/0(u—1/N, 1), the map

F(1) Sy In(u,m)du
F (1) Jy, Tn(w, 1) du

is the developing map of the lift of Veech’s hyperbolic structure on Y; (V)%
to its universal covering %y = H. Consequently, to any projective transform
7= (ar +b)/(ct + d) corresponding to an element g = [ ¢ b | € T'; (V) will cor-
respond a matrix M(g) such that Fn(T) = M(g) - Fn(7) for every T € H. Since
I (N) = m1(Y1(N)%), it comes that the map g — M(g) induces the holonomy
representation (I18) (up to a suitable conjugation which can be determined
explicitly from §3.5.2] see also §4.4.5).

Using Mano’s connexions formulae presented in §3.5.1} it is essentially a
computational task to determine explicitly M(g) from g if the latter is given.
This is what we explain in just below. Then, once a finite set of ex-
plicit generators gj,...,8¢ of I'y (V) is known, one can compute the matrices
M(gy),..., M(gy) which generate I'; (N)*! (modulo conjugation) and then study
this group, for instance by means of algebraic methods.

Fy:T1—

6.3.5. Some explicit connection formulae. Let a; €]0,1[ be fixed. Below, we
use the formulae of §3.5.1]to obtain some lemmata which can be used to com-
pute explicitly the image of a given element of I'; (V) in I'y (V). We end by
illustrating our method with two explicit computations in

34Note that since I'1(N)% are triangle subgroups of PSLy(R) for N = 2,3,4 (see §6.2), the
three problems (P1),(P2) and (P3) can be completely solved in these cases.
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6.3.5.1. For a = (ap, do) € R*\ a1 Z%, one sets r = a;' (dg, doo) € R*\ Z* and
(119) wa(u,7) = exp (2imaou) 0(u, 1) 0(u— (roT — 1o0), 7) ' du.

As seen before, the map

F,:H—C?

fYoo wa(u; T)

fYO wa(u; T)

F(1)
Fo()

T— Fu(1) =

can be seen as an affine lift of the Veech map V! : &, — CH! of the leaf
Loja = {(T,Zg) € ?j‘“orlyg | apgT — 122 = aoo} =H

of Veech’s foliation on the Torelli space Jor; .

In order to determine the hyperbolic holonomy of an algebraic leaf Y; (IV)*!
it is necessary to establish some connection formulae for the function F,. By
this, we mean two very slightly distinct things:

« first, given a modular transformation 7 = (mt + n)/(pt + q), we want to
express F,(7) in terms of F;(t) for a certain @ (which is easy to deter-
mine explicitly);

« second, we want to relate F,(t) and F,»(t) for any 7, when a and a” are
congruent modulo a; Z2.

Connection formulae of the first type will be said of modular type whereas
those of the second type will be said of translation type.

6.3.5.2. Connection formulae of modular type. Consider the following two el-
ements of SL, (Z) whose classes generate the modular group:

1 1 0 1
T= 0 1 and S—[_l ol -
For a = (ay, ax,) € R?\ a;Z?, one sets
a' = (ag, e — ao) and a = (Goo,—ap) -

Then the restriction of T (resp. of S) to %, (resp. to &) induces an isomor-
phism from this leaf onto %#,. Moreover, it follows from [76, Theorem 0.7] that
both isomorphisms are compatible with the CH!-structures of these leaves.
The point is that in order to determine the holonomy of any leaf Y; (N)*!, we
need to make this completely explicit.

Each of the two matrices T and S induces an automorphism of the Torelli
space Jory,, that will be designated slightly abusively by the same letter. In
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the natural affine coordinates (7, z;) on the Torelli space (see above),
these two automorphisms are written

T(1,22) = (1+1,2) and S(t,22) = (- 1/1,-22/7).
We recall that p = p(a) stands for
(P0, Poo) = (00(@), poo(@)) = (exp(2imay), exp(2im o)
with corresponding notations for p’ and g, that is
' =p(@) = (pf, p5) = (00 Pooby ")
and  §=p(@ = (o, Poo) = (Poor 0 ")-

To save space, we will denote by IH, the matrix I[H, ) (cf. (40)) below. We
recall that it is the matrix of Veech’s form on the target space of the map F,.

To state our result concerning connection formulae of modular type, we will
assume that

(120) (a0, — o) € a1 [0, 1[7.

This condition can be interpreted geometrically as follows: is equiva-
lent to the fact that, for any 7 € H, the point (ap7 — doo)/ @1, which is a singular
point of the multivalued holomorphic 1-form m,(u, 1), see (119), belongs to
the standard fundamental domain [0,1[;= [0, 1[+[0,1[t < C of E;.

Remark that this condition is not really restrictive. Indeed, considering the
action (65), it comes easily that for any a € R?\ a; Z?, there exists a* in the same
(SL,(2) x Z?)-orbit (hence such that &, = % ,+) which satisfies (I20).

Lemma 6.2. Assume that condition holds true.
(1) Foreveryt € H, one has
F,e+1)=T, -Fy(1)
with
— 1 poo/pO
(121) T, = [ o 1
(2) There exists a function T — 0 ,4(t) such that for every t € H, one has
Fa(=1/7) = 04(1) (Sa- Fa(1))
with

(122) Sa=

1-poo pal]
-po 0 [
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The following notations will be convenient in the proof below: for ¢ = 0,00
and 7 € H, we denote by y, (1) the twisted 1-cycle constructed in §3 with 7 seen
as a point of Z,: the ambient torus is E; which is punctured at [0] and [z;]
with z, = al_l(aor — ds). And for any superscript *, we will write y} () for
the corresponding cycles but when a has been replaced by a*. For instance,
Y, (7) is the twisted cycle on the torus E;, punctured at [0] and [z)] with 2} =
(ayT — al)/ay = roT + (rp — I'o), Obtained by the regularization of 10, 1[.

Proof. We first treat the case of the transformation 7 — 7 + 1 that will be used
to deal with the second one after.

On the one hand, one has
(123) wq(u,7+1)=wy(u,T).

On the other hand, the map associated to E; — E;4 lifts to the identity in
the variable u. Consequently, one has (see Figure[I3lbelow)

(124) Yoo T+ 1) =YL (D) + oY (T) and YoT+1) =7y,(1).

e

0 Oyt +1)=

FIGURE 13. Relations between the locally-finite twisted 1-
simplices £o(7 + 1), oo (T + 1), € (7) and £, () which give
after regularization (c¢f. §3.3.1.2). The point z, has been as-
sumed to be of the form €7 + 1/N with N = 2 and € > 0 small
(i.e. the pictured case corresponds to a = (¢, —1/2)).

The two looked forward relations F°(7 + 1) = F’(7) + (Po/ p0) -Fg, () and
Fy(t+1) = F,(7) then follow immediately from (I23) and ([24).
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Note that the following relation holds true
Hy ="T, Ha T,

which is coherent with the fact that T induces an isomorphism between the
CH!-structure of the leaves %, and %, of Veech’s foliation on the Torelli space.

We now turn to the case of S. Considering the principal determination of
the square root, one has

o(-7-7)=1" L S UR?

l

for every 7 € H and every u € C (see [8)} (8.5)]).
By a direct computation (see also [46} Prop. 6.1]), one gets

(125) wa(—ult,-1/7) =0,4(1) - wa(u,1)

with 04(7) = =1 exp (- in(ag + ac)*/ (a1 7).

Now one needs to determine the action of S, on the twisted 1-cycles ¥, and
Y,- To this end, one remarks that the following decomposition holds true

[01111011]

-1 0 0 1j(-1 1[|]0 1

This relation will allow us to express the action of S, as a composition of three
maps of the type of the one previously determined. More explicitly, from the
preceding matricial decomposition we get that the isomorphism between %;
and &, induced by the restriction of S factorizes as follows

(126) Fz I — Fy Fa

where a* = (Goo, oo — Go).

From what has been done before, we get that, in the suitable corresponding
basis, the matrices of the linear transformations on the twisted 1-cycles associ-
ated to the first and the last isomorphisms in are T, and T,+ respectively.

By an analysis completely similar and symmetric to the one we did to treat
the first case, one gets that the isomorphism between %« and %, in the mid-
dle of induces the following transformation for the corresponding twisted
1-cycles:

[rgo(%)] _ [ 1 0] [y:;o(r)

—po 1] [ro@
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From (I126) and what follows, it comes that for every 7 € H = %3, the action
of S on twisted 1-cycles is given by

[yoo(—l/r) o %H 1 0] 1 ‘;;;0 [)700(1)
Yo/ | [0 1][-po 1|0 1 |[70®
that is by
Yoo(_ll‘[) [l_pOO pal] ’)700('[)
12 = ~ .
1zn Yo-1m | T =po 0 |7
The second part of the lemma thus follows by combining (I125) with (127).

U

6.3.5.3. Connection formulae of translation type. Since our main interest is
in the algebraic leaves of # %!, we will establish connection formulae of trans-
lation type only for the maps F,’s associated to such leaves. The general case
does not present more difficulty but is not of interest to us.

Let N be a fixed integer strictly bigger than 1. One sets

2in

u= e N %1
For m, n € Z? with (m, n, N) = 1, remember the notation %, , of Section[5.2}
Fmn=FmIN,-nIN) = {(T; Zz) € Jory | Zo=(m/N)T + n/N}.

The lifted holonomy associated to this leaf of Veech’s foliation is

m n
a™" = (—al,——al)

N N

whose associated linear holonomy is given by
m,n mn _mmn _m,n m N , —n 2inmey diga; —2tg
p™" = (g 01" pss™) = (W )=(e NG et e N 1)-
From now on, we use the notations w,, , and Fy, , for wzm» and F;mn re-

spectively: for T € H, one has

(128)
Jy ©Omn(u,7) ezm#@(ur)“l
Fop ()= /Yoo M1 with @, ,(u,7) = ’ du
mn Sy, @mn(,7) mn 0 (u—(252), 7)™

Then, using the notations of Section[3.4] one sets (see (40)):

1 Wm-na-pN-m 1My pN-m=n
= = pN-1 uN-1
IHm,n - IHpm,n - 21 NN_#N+m_#N+n+Nm+n (un_l)(l_Nan)
,UN—]. /JN_I

It is the matrix of Veech’s hermitian form in the basis (F};,, Fgw).
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In the lemma below, we use the notations of
Lemma6.3. (1) Foranyt €H, one has
Fm,n—N(T) = Bm,n . Fm,n(T)
. _N
With By = = 2 -HT2pmn;
(2) There exists a function T — 1, ,(t) such that for every T € H, one has:
Fin-nNn (T) = Nmn(T) Ay Fpayn (T)

With Amyn = u_%_n 'VTmevn.

Proof. The relation w;; ,—n = V2w, ,, follows easily from the quasi-periodicity
property (I7) of 6. On the other hand, one can write Fp, n-n = {@m,n-N, Y p,n-nN?
with'y,, N = (05 o Y onnen)- From S8.5.11 it comes that y,, ,_y = HT2,mn-
Y m,n where HT2,mn stands for the 2 x 2 matrix HT2,, defined in with p =
p"™". The first connection formula follows immediately.

From (I7) again, one deduces that the following relation holds true: w,,—n,, =
,u_g‘” exp(inta;(1—2m/N))wm,,. Onthe otherhand,onehasy,,_ , =VT2,mn-
Y - SELUNG 1y (1) = 7701 1=2M/N)) the second formula follows. O

Note that what is actually interesting in the preceding lemma is that the ma-
trices B,,,, and A, , can be explicited.

Indeed, one has By, , = (,u_%ﬁih]:n),z-,j:l with

1,1 _
mn —H

1,2 _,2N-m-n

m,n =y +u
2,1 _ N+2m m
mn="H o

and ﬁ?ﬁz,n — _uN+m _'uN—m +'uN+m—n _'uN—n +2'uN+2’u—m _l_u—n _'u—m—n -1.

2N—-n 2N+m—n N+m N-m—n N—-n
—p +p " ol

2N-2n 2N-n N-m—-n
- —2p

N+m

N-m—-2n _ , N-n

+ N + pNn,

(Verification: the following relation holds true: 'By, ;- IHy n-N*Bm,n = IHp,n)-
The matrix A, , is considerably simpler. One has:

__N_, 1 0
Am,n—,u 2 ,Un(,um_N_l) l'l’n_N .

(Verification: the following relation holds true: ‘A, ,, - IHp-nN,n - Amyn = Hp,n)-

6.3.6. Effective computation of the holonomy of Y;(N)%*'. We now explain
how the connection formulae that we have just established can be used to
compute the holonomy group I'; (N)*! of Y; (N)*! in an effective way.
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6.3.6.1. As a concrete model for this ‘hyperbolic conicurve’, we choose the
quotient of the leaf %, ; (cut out by z; = 1/N in the Torelli space) by its sta-
bilizer. Actually, we will use the natural isomorphism H = % ; to see Y; (N)*!
as the standard modular curve H/I'y (V). From this point of view, the develop-
ing map of the associated CH'-conifold structure is nothing else but the map
Fy,1 considered above (cf. with m = 0 and n = 1). It follows that the CH'-
holonomy of Y; (IV)#! can be determined through the connection formulae sat-
isfied by Fj,;. Note that the corresponding hermitian matrix IH,; simplifies
and has a relatively simple expression (cf. also §3.5.2):

0 pt
(u-1a-pNhH
pN-1

IHy, =

1
21
6.3.6.2. Letg-T=(pr+4q)/(rr+s)betheimageof 7 € Hbyanelement g = [? 7]

of I'; (V). From the two lemmata proved above, it comes that there exists a
matrix A’(g) € Aut(IHy,;) as well as a non-vanishing function A¢(7) such that

(129) Fo1(g-1) = Ag(1) A'(8)- Fo1 (7).

Moreover, one can ask A’(g) to have coefficients in R(u). The map A’ : g —
N'(g) is a representation of I'; (V) in Aut(IHp ;) N PSLy (R(w)).

Then, conjugating this representation by the matrix
1 N-1 -1

z=Vv2|H T
0 1

(cf. §3.5.2), one gets a normalized representation of I'y (IV) in PSL; (R)
(130) A= AKII T (V) — PSLy (R)
g—Ag=2"NEg- Z

for the considered CH!-holonomy. It is a deformation of the standard inclu-
sion of the projectivization I'; (N) of I'; (V) as a subgroup of PSL,(Z) < PSL; (R)
which is analytic with respect to the parameter a; €]0, 1[.

6.3.6.3. We now explain how to compute A(g) explicitly for g = [? 9] e 1 ().

Writing gasawordin T = [} }]and S=[9 1], one can use Lemmal.2lto get
that

(131) —d

where M(g) is a product (which can be made explicit) of the matrices T, and
Sq (see formulae (I21) and (I22) respectively) for some a’ and a” easy to de-
termine.

ar+b
0,1( ):M(g)'Fm,n(T)
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Next, the fact that g belongs to I'1 (V) implies in particular that m = m'N
and n = 1+ n'N for some integers m’, n’. One can then use Lemma [6.3] and
construct a function A¢ (7) and a matrix N(g) which is a product of m’ (resp. n')
matrices of the type V12, 5 (resp. HT2;, ), for some (71, i1)’s and (77, 1)’s, which
are easy to make explicit, such that

(132) Fin(1) = Ag(T)N(g) - Fo1(1).

Then setting A’(g) = M(g) - N(g), one gets from (I31) and (I32).
Below, we illustrate the method just described by computing explicitly the
image by A of two simple elements of I'; (N).

Remark 6.4. We have described above an algorithmic method to compute
A(g) when g is given. It would be interesting to have a closed formula for
A(g) in terms of the coefficients of g. Such formulae have been obtained by
Graf [25, 26] and more recently (and independently) by Watanabe [77, 80] in
the very similar case of the ‘complete elliptic hypergeometric integrals’ which
are the hypergeometric integrals associated to I'(2) of the following form

fB(u,T)ﬁ°91(u,r)ﬁ192(u,T)ﬁzeg(u,r)ﬁ3du,
Y

where y stands for a twisted cycles supported in E; \ E;[2] (the ;’s being fixed
real parameters summing up to 0).

6.3.6.4. Two explicit computations (/N arbitrary). We consider the two follow-
ing elements of I'y (V):

T =

1 1
0 1] and UN—[

We want to compute their respective image by A in SL (R).

1 0
-N 1|°

The case of T is very easy to deal with. From the first point of Lemmal6.2]

one has ol o1 X
ey — |1 PPy | |1 M
A = 0 1 o 1 |-

After conjugation by Z, one gets

A(T):Z_I-A'(T)-Z:[(l) } € PSL,(R).

To deal with Uy, one begins by writing
Uy=S8-TVN-S7".

In what follows, we write =; to designate an equality which holds true up to
multiplication by a function depending on 7.
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Then, for any 7 € H = % 1, setting 7’ = —1/1, one has

F01( ! )=F01 L =:S01-F-100" +N)
“\1- Nt "\t'+N ’ ’

=:So1 - T-10-F-1,-1(T'+ N—-1)
=:S01-T-1,0° T-1,-n+1 - F-1,-n(T)
=:S01-T-1,0°+ T-1,n-1B-1,0- F-1,0(7")
=:S0,1- 110" T-1,N-1"B-1,0" (51,0)_1 Fo1(7).
It follows that
AN(UN) =So1-T-1,0"- T1,-n+1-B-1,0 - (So, 1)_1

s 2 2]l o

p-p™) -1
=80,1" (11“) B_1,0-(So,1)
Since
_[1-ut 1
So1= [ -1 0]
2N-1_ ,2N-2 , ,N-2 , N _ ,N-1 2N _ N
and B_ 1,0 = ,Ul NIz K : (—:;Zl(t N71+t)u g . ,
_% Nl N g1
an explicit computation gives
(1-w?
: N 1 o
MUN =RE ] j2a )

= l_u_u_N+2ul_N
(Remark: for @; — 0, one has u — 1 hence A'(Uy) — [ 9], as expected).
One deduces the following explicit expression for A(Uy) = Z7'A/(Uy) Z:

Lo op 2 R
N (u-1)(wN-1) (1)
AUp) =2 e _(# J(WN-1)"p o
pe -1 3N e pp® NP N N 23 N 4N 22
Hol WD ®E"-1)
with
AUp) = _1—5MN+1 —2ut _'u2+2N _u2N+2“N_2u3+N +“2+N

(Remark : one has A* (Uy) = ™2 A(Uy) € SLy(R)).
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A necessary condition so that the CH!-holonomy of Y;(N)?! is discrete is
that A*(Uy) together with the fixed parabolic element A(T) = [} ! ] generates
a discrete subgroup of PSL; (R). There are many papers dealing with this prob-
lem. For instance, in [20], Gilman and Maskit give an explicit algorithm to an-
swer this question. However, if this algorithm can be used quite effectively to
solve any given explicit case, the complexity of A*(Uy) seems to make its use
too involved to describe precisely the set of parameters a; €]0,1[ and N € Nx»
so that (A*(Un), [3 1 ]) be alattice in SLy(R).

6.4. Volumes. We recall that Y; (N)*! stands for the modular curve Y; (N) en-
dowed with the pull-back by Veech’s map of the standard hyperbolic structure
of CH!. In particular, the hyperbolic metric which is considered on Y; (N)*!
has constant curvature equals to -1. We denote by Vol‘l)‘1 (N) the volume (writ-
ing the ‘area’ would be more accurate) of Y; (N)*!.

6.4.1. According to the version for compact hyperbolic surfaces with conical
singularities of Gaul3-Bonnet’s Theorem (cf. Theorem A.1 in Appendix A) and
in view of our results in §5.3.4}, one has

(133) Vol{' (N) =27 |2g1(N) -2~ ) (1_M)

ceCy(N) 27

where

» g1(N) stands for the genus of the compactified modular curve X; (NV);
e for any c € C;(N), Ox(c) denotes the conifold angle of X; (N)*! atc.

Since Oy (c) depends linearly on a; for every ¢ (c¢f. (110)), it follows that
Vol{' (N) = A(N) + B(N) a;
for two arithmetic constants A(N), B(N) depending only on N.

We recall that the following closed formula holds true

2
gV = g(Xa(\)) =1+ 12V—4 [1(-p7)- i Y. $d)pNId)
pIN 0<d|N
for any N =5, with g;(M) =0for M =1,...,4 (see [37]).

On the other hand, we are not aware of any general closed formula, in terms
of N, for a set of representatives [—a;/c;] with i = 1,...,|C;(N)]| of the set of
cusps C1(N) of Y1 (). Consequently, obtaining closed formulae for A(/N) and
B(N) in terms of N does not seem easy in general. However, there are algorith-
mic methods which determine explicitly such a set of representatives. Then
determining Vol;"" (V) reduces to a computational task once N has been given.

35Actually, this formula is only valid when N = 4. Indeed, Y; (V) has an orbifold point when
N =2,3 and it has to be taken into account when computing Vol‘f‘1 (N) in these two cases.



FLAT TORI AND ELLIPTIC HYPERGEOMETRIC FUNCTIONS 123

6.4.2. Since the two values A(N) and B(N) depend heavily on the arithmetic
properties of N, one can expect to be able to say more about them when N is
simple from this point of view, for instance when N is prime.

Let p be a prime number bigger than or equal to 5. Then

1
&1(p) = ﬂ(p—S)(p—ﬂ

and there is an explicit description of the conifold points and of the associated
conifold angles of X;(p)*' (see §5.4.5). In the case under scrutiny, formula
(I33) specializes into

(p-D/2 k
VoI (p) =27 (2g1(p) ~2+ (p- 1)) -2mar Y. k(1--]
k=1 p

and after a simple computation, one obtains the nice formula
/1
Vol{ (p) = E(p2 -1)(1-ay).

6.4.3. Besides being nice and even if it only concerns the leaves associated to
prime numbers, the preceding formula could be helpful regarding the deter-
mination of the Q%! -volume Vol*' (M, ,) of the moduli space M, , (see SLL6).
We say a few words about this in the lines below.

First of all, using (65), one proves easily that the (SL,(Z) x 7?%)-orbit of the
holonomy data a;(0,—1/p) associated to ¥;(p)*! is O = %(ZZ \ pZ?). One
denotes by IIZ1 the characteristic function of this subset of Im(£%!) = R?\ a; Z2.

Then remark that p‘zllg1 da converges towards the standard Lebesgue mea-
sure da = dag A das, on R?\ a;7? as p tends to +oo among primes. Denoting
by d,ug1 the (1,1)-form on Y;(p)** associated to its hyperbolic conifold struc-
ture, the preceding remark implies that p_zllgld and ,uzl converges (in some
sense) to Veech’s volume form Q% on M, » when p goes to infinity.

In [76], Veech conjectured that Vol*' (M, ») = fMl,Z Q% is finite. Assuming
that this holds true, one can apply dominated convergence theorem and even-
tually get that the following equalities hold true:

Q% = lim_p~'Volf' (p) = % (1-ap).

VOla1 (Ml,z) :f
1,2

We plan to come back on this in the future and give rigorous proofs of all the
preceding assertions.
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Appendix A : 1-dimensional complex hyperbolic conifolds

We define and state a few basic results concerning CH'-conifolds below. The
general notion of conifolds is rather abstract (see [71}43] or [19, Appendix B])
but greatly simplifies in the case under scrutiny.

We denote by D the unit disk in the complex plane. As the upper half-plane
H, it is a model of the complex hyperbolic space CH'.

A.1. Basics. Themap f:H—D*, w— el is (g model of) the universal cover of
the punctured disk D* = D\{0}. We denote by D* the upper-half plane endowed
with the pull-back by f of the standard hyperbolic structure on D.

A.1.1. CH!-cones. For any 0 €]0,+oo[, the translation fy : w — w + 0 leaves
invariant the complex hyperbolic structure of D* (since it is a lift of the rota-
tion z — ez which is an automorhism of D fixing the origin). It follows that
the complex hyperbolic structure of D* factors through the action of fy. The
quotient &€ = D*/{ty) carries an hyperbolic structure which is not metrically
complete. Its metric completion, denoted by &y, is obtained by adjoining only
one point to &, called the apex and denoted by 0. By definition, &y (resp. &)
is the (punctured) CH'-cone of angle 6.

It will be convenient to also consider the case when 6 = 0. By convention,
we define Qla‘ as H/(r — 7+ 1) when H is endowed with its standard hyperbolic
structure. It is nothing else but D* but now endowed with the hyperbolic struc-
ture given by the uniformization (and by restriction from the standard one of
D). Note that €; is nothing else than a neighborhood of what is classically
called a cusp in the theory of Riemann surfaces.

As is well-known, a CH'-structure on an orientable smooth surface X can be
seen geometrically as a (class for a certain equivalence relation of a) pair (D, p)
where p: 71 (Z) — Aut(CH?) is a representation (the holonomy representation)
and D : X — CH' a u-equivariant étale map (the developing map). With this
formalism, it is easy to give concrete models of the CH'-cones defined above.

For any 6 > 0, one defines Dy(z) = z%, and Lg stands for the character as-
sociating e’? to the class of a small positively oriented circle around the origin
in D. We see Dy as a multivalued map from D to itself. Its monodromy py
leaves the standard hyperbolic structure of D invariant. Consequently, the pair
(Dg, pg) defines a CH!-structure on D* and one verifies promptly that it iden-
tifies with the one of the punctured CH!-cone ¢,. To define € this way, one
can take Dy(z) =log(z)/(2im) as a developing map and as holonomy represen-
tation, we take the parabolic element pg : x — x+1 of the automorphism group
of Im(Dg) =H (o is nothing else but the monodromy of D).
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By computing the pull-backs of the standard hyperbolic metric on their tar-
get space by the elementary developing maps considered just above, one gets
the following characterization of the CH!-cones in terms of the corresponding
hyperbolic metrics: €; and &, for any 6 > 0 can respectively be defined as the
hyperbolic structure on D* associated to the metrics

|dz| 121971 |dz|

S and dsg =20————.
0 0 1|22

|z[log| zl

Note that for any positive integer k, €2,/ is the orbifold quotient of D by z —
e*™'kz In particular, €5, and €5, are nothing else than D and D* respectively,
hence most of the time it will be assumed that 6 # 27.

One verifies that among all the CH!-cones, the one of angle 0 is character-
ized geometrically by the fact that the associated holonomy is parabolic, or
metrically, by the fact that €; is complete. Finally, we mention that the area of
the & is locally finite at the apex 0 for any 6 > 0.

A.1.2. CH!- conifold structures. Let S be a smooth oriented surface and let
(s;)}"_, be a n-uplet of pairwise distinct points on it. One sets S* = S\ {s;}. A
CH!-structure on S* naturally induces a conformal structure or, equivalently,
a structure of Riemann surface on S*. When endowed with this structure, we
will denote S* by X* and s; by x; foreveryi =1,...,n.

We will say that the hyperbolic structure on X* extends as (or just is for
short) a CH'- conifold (structure) on X if, for every puncture x;, there exists
0; = 0 and a germ of pointed biholomorphism (X*, x;) = (€}, 0) which is com-
patible with the CH!-structures on the source and on the target. In this case,
each puncture x; will be called a conifold point and 6; will be the associated
conifold (or cone) angle. Remark that our definition differs from the classical
one since we allow some cone angles 0; to vanish. The punctures with conifold
angle 0 are just cusps of X.

Note that when the considered hyperbolic structure on X* is conifold then
its metric completion (for the distance induced by the CH!-structure) is ob-
tained by adding to X* the set of conifold points of positive cone angles.

An important question is the existence (and possibly the unicity) of such
conifold structures when X is assumed to be compact. In this case, as soon as
the genus g of X and the number n of punctures verify 2g —2 + n > 0, it fol-
lows from Poincaré-Koebe uniformization theorem that there exists a Fuch-
sian group I' such that H/T' = X* as Riemann surfaces with cusps (and T' is es-
sentially unique). Actually, this theorem generalizes to any CH!-orbifold struc-
tures on X (see e.g. Theorem 1V.9.12 in [17] for a precise statement). It implies
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in particular that such a structure, when it exists, is uniquely characterized by
the conformal type of X* and by the cone angles at the orbifold points.

It turns out that the preceding corollary of Poincaré’s uniformization theo-
rem generalizes to the class of CH!-conifolds. Indeed, long before Troyanov
proved his theorem (recalled in §1.1.5) concerning the existence and the unic-
ity of a flat structure with conical singularities on a surface (we could call such
a structure a E2-conifold structure’), Picard had established the corresponding
result for compact complex hyperbolic conifolds of dimension 1:

Theorem A.1.2. Assume that2g -2+ n > 0 and let (X, (x;)]_,) be a compact
n-marked Riemann surface of genus g. Let (0;)}_, € [0,00[" be an angle datum.

(1) The following two assertions are equivalent:

e there exists a hyperbolic conifold structure on X with a conical sin-
gularity of angle0; at x;, fori =1,...,n
e the0;’s are such that the following inequality is satisfied:

(134) n(2g-2+n)- Ze,>0

(2) When the two preceding conditions are satisfied, then the corresponding
conifold hyperbolic metric on X is unique (if normalized in such a way
that its curvature be -1) and the area of X is equal to the LHS of (134).

Actually, the preceding theorem has been obtained by Picard at the end of
the 19th century under the assumption that 8; > 0 for every i (see [60] and the
references therein). For the extension to the case when some hyperbolic cusps
are allowed (i.e. when some of the angles 0; vanish), we refer to [30, Chap.II] al-
though it is quite likely that this generalization was already known to Poincaré.

A.2. Second order differential equations and CH!-conifold structures. Given
a CH!-structure on a punctured Riemann surface X*, the question is to verify
whether it actually extends as a conifold structure at the punctures. This can
be achieved by looking at the associated Schwarzian differential equation.

We detail below some aspects of the theory of second order differential equa-
tions which are needed for this. Most of the material presented below is very
classical and well-known (the reader can consult [84}64] among the huge am-
ount of references which address the issue).

A.2.1. Since we are concerned by a local phenomenon, we will work locally
and assume that X* = D*. In this case, the considered CH'-structure on X*,
which we will denote by X* for convenience, is characterized by the data of
its developing map D : X* — CH! alone. Let x be the usual coordinates on
D. Although D is a multivalued function of x, its monodromy lies in Aut(CH')
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hence is projective. It follows that the Schwarzian derivative of D with respect
to x, defined as

1D} = (D”(x) )’ 1 (D”(x) )2 _D"(x) 3 (D”(x) )2

AW/ 2\pw) D 2\Dw)
is non-longer multivalued. In other words, there exists a holomorphic function
Q on X* such that the following Schwarzian differential equation holds true:
(8X*) {D,x} = Q(x).

It turns out that the property for X* to extend as a CH'-conifold at the origin
can be deduced from this differential equation as we will explain below.

Note that, since any function of the form (aD + b)/(cD + d) with [ !] €

SL,(C) satisfies (8X™), this differential equation (or, in other terms, the func-
tion Q) alone does not characterizes X*. This CH!-structure is characterized
by the data of an explicit model U of CH! as a domain in P! (for instance U = D
or U = H) and by a Aut(U)-orbit of U-(multi)valued solutions of (§X*).

A.2.2. We now recall some very classical material about Fuchsian differential
equations (see [84} 34} [64] among many references).

As is well-known, given R € 0 (X™), the Schwarzian differential equation

(Sr) {S,x} = R(x)
is associated to the class of second-order differential equations of the form
(Epq) F'+pF'+qF=0

for any function p, g € 6(X*) such that R = 2(q — p'/2 — p/4). Given two such
functions p and g, the solutions of (Sg) are the functions of the form F,/F, for
any basis (F, F») of the space of solutions of (€, 4).

In what follows, we fix such an equation (€ , ;) and will work with it. The rea-
son for doing so is twofold: first, it is easier to deal with such a linear equation
than with (Sz) which involves a non-linear Schwarzian derivative. Secondly; it
is through some second-order linear differential equations that we are study-
ing Vecch’s CH!-structures on the algebraic leaves of Veech’s foliation on M; »
in this text (see §5.3/for more details).

We recall that (€, ;) (resp. (Sg)) is Fuchsian (at the origin) if p, g are (resp. R
is) meromorphic at this point with p(x) = O(x™!) and g(x) = O(x™2) (resp. R(x) =
O(x2) for x close to 0 in D*. In this case, defining py and ¢, as the complex
numbers such that p(x) = pox~! + 0y(1) and g(x) = gox~2 + Oy(x™!), one can
construct the quadratic equation

s(s=1)+spo+qp=0
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which is called the characteristic equation of (¢, ;). Its two roots v, and v_
(we assume that Re(v;) = Re(v_)) are the two characteristic exponents of
this equation and their difference v = v, — v_ is the associated projective in-
dexd. The latter can also be defined as the complex number such that R(x) =
l_z—vzx‘2 +O(x7Y) in the vicinity of the origin, which shows that it is actually
associated to the Schwarzian equation (Sg) rather than to (€,4).

It is known that one can give a normal form of a solution of (Sg) in terms
of v : generically (and this will be referred to as the standard case), there is
a local invertible change of coordinate x — y = y(x) at the origin so that y"
provides a solution of (Sg) on a punctured neighborhood of 0. Another case
is possible only when v = n € N. In this case, known as the logarithmic case,
a solution of (Sg) could be of the form y~" +1log(y). These results (which are
simple consequences of Frobenius theorem for Fuchsian second-order differ-
ential equations, see for instance [84, §2.5])P1 are summarized in Table[8]

Indexv véN|v=neN* |v=0
Case
Standard Al y" —
Logarithmic — |y "+logy | logy

TABLE 6.

We will use this result to determine when the CH!-structure X* extends as
a conifold structure at the origin by means of some analytical considerations
about the associated Schwarzian differential equation (8X*).

Before turning to this, we would like to state another very classical (and ele-
mentary) result about Fuchsian differential systems and equations that we use
several times in this text (for instance in above or in B.3.5 below).

Let
(&) Z'=M-Z
2

be a meromorphic linear 2 x 2 differential system on (C,0): M = (M; ;); jo1 18
a matrix of (germs of) meromorphic functions at the origin and the unknown
Z =(F,G) is a 2 x 1 matrix whose coefficients F and G are (germs of) holomor-

phic functions at a point xj € (C,0) distinct from 0.

36Note that v is actually only defined up to sign in full generality.
373ee also 64} Théoreme IX.1.1] for the sketch of a more direct proof.
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Lemma A.2.2. Assume that M, » does not vanish identically. Then:

(1) the space of first components F of solutions Z = '(F,G) of () coincides
with the space of solutions of the second-order differential equation

E) F'+pF +qF=0
with

! !
p:—Tr(M)—@ and q:det(M)—M{l+Muﬂ;
M2 M2
(2) the differential equation (6«) is Fuchsian if and only if M has a pole of
order at most 1 at the origin. In this case, the characteristic exponents of

(&) coincide with the eigenvalues of the residue matrix of M at 0.

Proof. This is a classical result which can be proved by straightforward com-
putations (see e.g. [34, Lemma 6.1.1, §3.6.1] for the first part). U

A.2.3. We now return to the problematic mentioned in A.2.1. above.

We first consider the models of CH!-cones considered in A.1. By some easy
computations, one gets that
1=
{Ds(x), x} = W
for any s = 0 (we recall that Dy(x) =log(x) and Ds(x) = x* for s > 0).

It follows that a necessary condition for the origin to be a conifold point for
the CH!-structure X* is that the Schwarzian differential equation (§X*) must
be Fuchsian at this point, i.e. that Q(x) = O(x™2) in the vicinity of 0.

A natural guess at this point would be that the preceding condition is also
sufficient. It turns out that it is the case indeed:

Proposition A.2.3. The two following assertions are equivalent:
(1) the CH!-structureX* extends as a conifold structure at the origin;
(2) the Schwarzian differential equation (8X*) is Fuchsian.

Proving this result is not difficult. We provide a proof below for the sake of
completeness. We will denote the monodromy operator acting on (germs at
the origin of) multivalued holomorphic functions on (D*, 0) by M.

We will need the following
Lemma A.2.3. For any positive integer n and any Moebius transformation g €
PGL,(C), the multivalued map D(x) = g(x~ " +log(x)) is not the developing map
of a CH! -structure on a punctured open neighborhood of the origin in C.

Proof. The monodromy around the origin of such a (multivalued) function D

is projective. Let Ty stand for the matrix associated to it. On the one hand, Tj is
parabolic with g(0) € P! as its unique fixed point. On the other hand, the image
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of any punctured small open neighborhood of the origin by D is a punctured
open neighbourhood of g(0). These two facts imply that there does not exist
amodel U of CH! in P! (as an open domain) such that D has values in U and
Tp € Aut(U). This shows in particular that D can not be the developing map of
a CH!-structure on any punctured open neighborhood of 0 € C. U

Proof of Proposition A.2.3. According to the discussion which precedes the
Proposition, (1) implies (2), hence the only thing remaining to be proven is the
converse implication. We assume that (§X*) is Fuchsian and let v be its index.
We will consider the different cases of Table[6separately.

We assume first that v is not an integer. Then there exists a local change of
coordinates x — y = y(x) fixing the origin such that y" is a solution of (§X*).
Consequently, the developingmap D : X* — D of X* can be written D = (ay” +
b)/(cy" + d) for some complex numbers a, b, ¢, d such that ad — bc = 1.

Clearly, b/d € D, hence up to post-composition by an element of Aut(D) =
PU(1,1) sending b/d onto 0, one can assume that b = 0. By assumption, the
monodromy of D belongs to PU(1,1). Since it has necessarily the origin as a
fixed point, it follows that this monodromy is given by

My(D) = e*™D

for a certain real number u. On the other hand, one has

2inv

aMo(y") ae”""y¥

My(D) = = - .
o(D) cMy(y)+d ce?™yV+d

From the two preceding expressions for My (D) and since a # 0, one deduces
that the relations

P 2imv . . .
QP gl = LeT N = P (ce? Y +d) = ¥V (cY +d)
hold true as rational/polynomial identities in Y. Because e?™" # 1 by assump-
tion, it follows that ¢ = 0 and v € R* \N. Consequently, one has D(x) = y(x)”
for a certain multiple y of y. It is a local biholomorphism which induces an

isomorphism of CH!-structures X* = ¢5.,- This proves (1) in this case.

Assume now that v = 0. Then log(y)/(2ir) is a solution of (§X*) for a certain
local coordinate y fixing the origin. In this case, it is more convenient to take
H as the target space of the developing map D of X*. Since the monodromy
of D is parabolic, one can assume that its fixed point is ioco, which implies that
D can be written D = alog(y)/(2in) + b with a,b € C and a # 0. Setting § =
exp(2inb/a) # 0 and replacing y by fy, one can assume that b = 0.
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Moreover, since D has monodromy in PSL; (R), a must be real and positive.
Computing the pull-back by D of the hyperbolic metric of H, one gets

a ldyl
( |dz| ): Dl ayr _ldyl
|Sm(z)|)  [Sm(D)| s=|Re(log(y)| Iylloglyl

which shows that y induces an isomorphism of CH!-structures X* = €.

We now consider the case when v = n € N* and y” is a solution of (§X*) for
a certain local coordinate y = y(x) fixing the origin. As above, one can assume
that the developing map D of X* is written D = ay”/(cy” + d). In this case, the
monodromy argument used previously does not apply but one can conclude
directly by remarking that since 7 is an integer, there exists another local co-
ordinate ¥ at the origin such that the relation ay”/(cy”™ + d) = y" holds true
identically. This shows that X* is isomorphic to &

2nn’
Finally, the last case of Table 6, namely the logarithmic case with v € N*,
does not occur according to Lemma A.2.3., hence we are done. O

Appendix B : the Gaul3-Manin connection associated to Veech’s map

Many properties of the hypergeometric function F(a, b, c; -) hence of the as-
sociated CH!-valued multivalued Schwarz map S(a, b, c;-) can be deduced from
the hypergeometric differential equation (2).

Let #7 be a leaf of Veech’s foliation in the Torelli space Jori,,. As shown
in §4.4.3] Veech’s map V¢ : % — CH""! has an expression V¥ = [v.] whose
components v, = fy. T*(uw)du, with » = 00,0,3,..., n are elliptic hypergeomet-
ric integrals. A very natural approach to the study of V¢ is by first constructing
the differential system satisfied by these.

Something very similar has been done in the papers [46] and [49] but in
the more general context of isomonodromic deformations of linear differen-
tial systems on punctured elliptic curves. The results of these two papers can
be specialized to the case we are interested in, but this requires a little work in
order to be made completely explicit. This is what we do in this appendix.

We firstintroduce the Gau-Manin connection in a general context and then
specialize and make everything explicit in the case of punctured elliptic curves.

B.1. Basics on Gauf3-Manin. In this subsection, we present general facts rel-
ative to the construction of the GauR-Manin connection V¢M, We first define
it analytically in B.1.2. Then we explain how it can be computed by means of
relative differential forms, see B.1.3. We conclude in B.1.4 by stating the com-
parison theorem which asserts that, under reasonable hypotheses, one can
constructV%™ by considering only algebraic relative differential forms.



132 S. GHAZOUANI AND L. PIRIO

The material presented below is well-known hence no proofis given. Classi-
cal references are the paper [36] by Katz and Oda and the book [10] by Deligne.

Another more recent and useful reference is the book [3] by André and Bal-
dassarri, in particular the third chapter. Note that the general strategy followed
in this book goes by ‘dévissage’ and reduces the proofs of most of the main re-
sults to a particular ideal case, called an ‘elementary coordinatized fibration’
by the authors (cf. [3, Chap. 3, Definition 1.3]). We think it is worth mention-
ing that the specific case of punctured elliptic curves we are interested in is
precisely of this kind, see Remark B.2.4 below.

B.1.1. Let 7 : & — S be a family of Riemann surfaces over a complex mani-
fold S. This means that 7 is a holomorphic morphism whose fibers X = a(s),
s € S, all are (possibly non-compact) Riemann surfaces. We assume that r is
smooth and as nice as needed to make everything we say below work well.

Let Q be a holomorphic 1-form on & and for any s € S, denote by w; its
restriction to the fiber X5: ws = Q|x,. Then one defines differential covariant
operators by setting

V(i) =dn+QAn (resp. Vs(n):dn+ws/\17)

for any (germ of) differential form 7 on & (resp. on X, for any s € S).
The associated kernels

L=Ker(V:0y —Qp) and  Lg=Ker(V,:0x, — Qy)

are local systems on & and X respectively, such that L|x,= L; for any s € S.

B.1.2. Let B be the first derived direct image of L by 7:
B=R'7.(D).

It is the sheaf on S the stalk of which at s € S is the first group of twisted
cohomology H'(X;, Ls). We assume that 7 : & — S and Q are such that B is a
local system on S, of finite rank denoted by r. Then, tensoring by the structural
sheaf of S, one obtains

PB=BRc0Os.
It is a locally free sheaf of rank r on S. Moreover, there exists a unique connec-
tion on 8 whose kernel is B. The latter is known as the Gauf$-Manin connec-
tion and will be denoted by

VM. — B QL.
We have thus given an analytic definition of the Gau3-Manin connection in

the relative twisted context. Note that this definition, although rather direct, is
not constructive at all. We will remedy to this below.
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B.1.3. We recall that the sheaves Q. ¢ of relative differential forms on & are
the ones characterized by requiring that the following short sequences of O -
sheaves are exact:

* L] L] L]
0 — 7 Q5 Qg Q% ,s—0.
More concretely, let si,..., s, stand for local holomorphic coordinates on a
small open subset U c S and let z be a vertical local coordinate on an open

subset U c 77! (U) étale over U. Then there are natural isomorphisms
(135) Q) slg=0y and  Qu¢|7=0F dz.

For any local section 7 of Qj,, we denote by ngs the section of Q3. it
induces. With the above notation, assuming that ) is a holomorphic 1-form on
U, then the local isomorphism (135) identifies /s withn —n(0,)dz.

Since the exterior derivative d commutes with the pull-back by 7, one ob-
tains the relative de Rham complex (Q;,r /S d). One verifies easily that the con-
nexion Vg on Qj, induces a connexion Vg s on the relative de Rham complex,
so that any square of O -sheaves as below is commutative:

Q;If Q;?f/S 0

\Y Vais

~

o+1 o+1
Q% HQ%/SHO.

In the local coordinates (s, ..., s;, z) considered above, writing Q = w + pdz
for a holomorphic function ¢ and a 1-form w such that w(0;) =0 (i.e. w = Qg /s
with the notation introduced above), it comes that V4, satisfies

n

(136) Vais(f) =) (0f10s))dsi+w f

i=1
for any holomorphic function f on U and is characterized by this property.
By definition, (Q}, ¢, Va/s) is the relative twisted de Rham complex associ-

ated to 7 and Q. Under some natural assomptions, the direct images 7.3,

are coherent sheaves of 0s-modules and Vg s gives rise to a connection on S
T« (V%/S) . ﬂ*(@g{) - n*(Q(l%,/S) .

Note that 7. (G2) is nothing else but G4 seen as a Gs-module by means of
7. For this reason, we will abusively write down the preceding connection as

(137) Varis: Og — 14 (Qy ).
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B.1.4. On the other hand, the map
U— H (71 (U), Q5 Vorrs) |y

defines a presheaf (of hypercohomology groups) on S. The associated sheaf is

denoted by R'rx, Qs V). Its stalkatany s € S coincides with H' (X, (Q 2 05))

hence is naturally isomorphic to H L(X;, L) (see §3.1.8).
It follows that one has a natural isomorphism

B =R'm.(Qyy V).

We make the supplementary assumption that 7 is affine (this implies in par-
ticular that the fibers X can no more be assumed to be compact). Then it
follows (see [3, Chapt.III,§2.7]) that R'7. (Q3,, V) hence 28 identifies with the
cokernel of the connection 7. (V X 5), denoted by Vg s for short, see (137).

In other terms, one has a natural isomorphism of &s-sheaves

1
Qs

(138) O
Vais(Ox)

For alocal section g5 of Q}X ;s we denote by [14/s] its class in 98, or equiv-
alently, its class modulo Vg /50 ).

By means of the latter isomorphism, one can give an effective description of
the action of the Gau3-Manin connection. Let v be a vector field over the open
subset U c S of T (i.e. an element of I'(U, Ts)). Then

is a derivation of the Oy-module I'(U, %8). An element of this space of sections
is represented by the class [ng-s] (thatis g,s modulo Vg, sﬁ(ﬁ)) of arelative
1-form 145 € T(U,Qy, ). Let 7] be a section of Oy, over U such that fg/s =
narss. Then, for any lift ¥ of v over U, one has

VS,;M([ngLf/s]) = [Va@as] .-

Finally, we mention that when not only 7 but also S is supposed to be affine
(as will hold true in the case we will interested in, cf. B.3 below), then there is a
more elementary description of the RHS of the isomorphism (138). Indeed, in
this case, according to [3} p.117], 98 identifies with the Os-module attached to
the first cohomology group of the complex of global sections

OX) — Qb (X)) = Qo (X)) — -+
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If additionally S is assumed to be of dimension 1, then 92% ;s is trivial, hence
one obtains the following generalization of in the relative case:
H(%,Q4 )
Vo 1s(H(Z,0%))

(139) B =0sQc

B.1.5. Assume that the fibers X’s are punctured Riemann surfaces and that &
can be compactified in the vertical direction into a family 7: & — S of compact
Riemann surfaces. The original map 7 is the restriction of 7 to & which is
nothing else but the complement of a divisor Z in & .

Instead of considering holomorphic (relative) differential forms on & as
above, one can make the same constructions using rational (relative) differen-
tial forms on 2 with poles on Z. More concretely, one makes all the construc-
tions sketched above starting from the sheaves of G (+Z)-modules Q'y(*.z )
on%¥.

A fundamental result of the field, due to Deligne in its full generality, is that
the twisted comparison theorem mentioned in §3.1.9/can be generalized to the
relative case, at least when Z is a relative divisor with normal crossing over S
(see [10, Théoreme 6.13] or [3, Chap.4, Theorem 3.1] for precise statements).

In the particular case of relative dimension 1, this gives the following version
of the isomorphism (138):

B H*Q%/S(*Z)
Varis(Oa(+Z))
When S is also assumed affine, one gets the following generalization of (26):
HO(Z, Q4 5(x2))
Va1s(H(X,09(xZ)))

(140) B =0s®¢c

B.1.6. We now explain how the material introduced above can be used to con-
struct differential systems satisfied by generalized hypergeometric integrals.

Let B be the dual of B. It is the local system on S whose fiber By at s is the
twisted homology group Hi(X;, LY). Let V6™ be the dual GauR-Manin con-
nection on the associated sheaf % = Gs ® B. We recall that, by definition, it is
the connection the solutions of which form the local system B. It can also be
characterized by the following property: for any local sections with the same
definition domain b and f of 28 and 28 respectively, one has

(141) a(b, By = (VM) B)+ (b, VM ().
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B.1.7. We use again the notations of B.1.1. Let T be a global (but multivalued)
function on & satisfying V(T) = dT — QT = 0. For any s € S, one denotes its
restriction to X by Ts. Let I be the local holomorphic function defined on a
small open subset U c S as the following generalized hypergeometric integral
depending holomorphically on s:

(142) I(s) :f Ts-n°.

Here the y,’s stand for L} -twisted 1-cycles which depend analytically on s €
U and s— n° is a holomorphic ‘section of Q;L, over U’, i.e. n® € Q! (X;) for every
s € U and the dependency with respect to s is holomorphic. From what has
been said above, the value I(s) actually depends only on the twisted homology
classes [y ] and on the class [15,,¢] of n° in H?(Xj, Q}(S)/Vs (@ (Xy)).

In other terms, for every s € U, one has

(143) 19 =([%]. [n%s])-

To simplify the discussion, assume now that S is affine and of dimension 1
(as it will be the case in B.3 below). Now s has to be understood as a global
holomorphic coordinate on U = S. Setting o = d/0s, one denotes the associ-
ated derivation by VM () = (VM (), g). We define VEM similarly.

In most of the cases (if not all), the twisted 1-cycles y,’s appearing in such an
integral are locally obtained by topological deformations. In this case, it is well
known (cf. [LT, Remark (3.6)]) that s — [y,] is a section of B hence belongs to
the kernel of VO™, i.e. VEM(y,) = 0.

Let & be a fixed lift of o over U. Then from (I41) and (I43), it follows that
d d
Trey S = s
I'(s)= s frs Ts-n —ds<[Ys]» [77%/5]>

= (0.9 [nis]) = | 7% ()

for every s € U. More generally, for any integer n, one has
(144) 1) = ([r,), (V)" [ 1] ) = f Ty~ Vg (n°)
Ys

where V' stands for the n-th iterate of V# acting on the sheaf of 1-forms on &'.

To make the writing simpler, if y is a section of Q! ., we will denote the sec-

tion [pas] of HY(Z, QL o)/ Var s(H (X ,04)) that it induces just by [u] below.

By hypothesis, the twisted cohomology groups H' (Xj, L) are all of the same
finite dimension N > 0. It follows that there is a non-trivial @ (U)-linear relation



FLAT TORI AND ELLIPTIC HYPERGEOMETRIC FUNCTIONS 137

between the classes of the VX(n®)sfor k=0,..., N, i.e. there exists (Ao, ..., Ax) €
@ (U)N*! non-trivial and such that the following relation

Ag(8)- [n°] + AL(S) [V (n°)] + -+ + AN ([ V) (1°)] =0

holds true for every s € U. Since the value of the k-th derivative I® at s actually
depends only on the class of V¥ (%) (see (I44)), one obtains that the function I
satisfies the following linear differential equation on U:

Ag- T+ AT+ + Ay- TN =0.

Note that the function I defined in (I142) is not the only solution of this dif-
ferential equation. Indeed, it is quite clear that this equation is also satisfied by
any function of the form s — fﬁ Ts-n® assoon as s — f is a section of B.

N

B.2. The Gaul3-Manin connection on a leaf of Veech’s foliation. We are now
going to specialize the material presented in the preceding subsections to the
case of punctured elliptic curves we are interested in.

In what follows, as before, a;, ..., a, stand for fixed real numbers bigger than
—1 thatsum up to 0: one has a; €] - 1,00[fori =1,...,n and Z?:l a; =0.

B.2.1. Forgetting thelast variable z,,,; induces a projection from Jor; ,+1 onto
Jor . For our purpose, it will be convenient to see this space rather as a kind
of covering space of the ‘universal curve’ over the target Torelli space. For this
reason, we will write u instead of z,,.; and take this variable as the first one.

In other terms, we consider

EJor,, = {(u,r,z) €CxJory,, | ueC\UL (2 + ZT)} =~ J0r n+1

and the corresponding projection €9ory ,, — Jor1,,: (4,7,2) — (1, 2).
We define two automorphisms of €Jor, , by setting
Ti(u,1,2) = (u+1,1,2) and T (u,7,2) = (u+1,7,2)
for any element (u, 7, z) of this space.
The group spanned by T} and T; is isomorphic to Z? and acts discontinu-
ously without fixed points on €Jor, ,. The associated quotient, denoted by
&1,n, 1s nothing but the universal n-punctured elliptic curve over Jor, . This

terminology is justified by the fact that the projection onto Jor;,, factorizes
and gives rise to a fibration

n:81,n — Jor,,

the fiber of which at (7, z) € Jory,, is the n-punctured elliptic curve E; ;.
There is a partial vertical compactification
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whose fiber at (7, z) is the unpunctured elliptic curve E;. The latter extends 7,
is smooth and proper and comes with 7 canonical sections (for k =1, ..., n):
[k]l,n : g-orl,n - gl,n
(1,2) — [zk] € E;.

In particular, because of the normalization z; =0, [1];,, is nothing else but the
zero section [0];,, which associates [0] € E; to (7, 2): one has [1];,, = [0]1 5.

B.2.2. Recall the expression for the function T considered in Section[3t
n
T(u,7,z) =exp (2imaou) [[6(u- 2k, 7)F.
k=1

Contrary to §3lwhere 7 and z were assumed to be fixed and only u was al-
lowed to vary, we want now all the variables u, T and z to be free. In other terms,
we now see T as a multivalued holomorphic function on €Jor, .

Let Q) stand for the total logarithmic derivative of T on €Jory ,:

n
Q=dlogT = (0log T/du)du + (0log T/07)dr + )_ (0log T/0z;)dz; .
j=2
A straightforward computation shows that
n
(145) Q=w+ ak[n(u—zk)dr—p(u—zk)dzk]
k=1
where
e w = (2imay+ 6)du stands for the logarithmic total derivative of T with
respect to the single variable u (thus 6 = Z’,;‘zl arp(u— zi) see in
Section[3) but now considered as a holomorphic 1-form on €Jor ,,;

» we have set for any (4,7, z) € €J0r,

1 0"(u,1)

= y = 01 9 ’ /0 = -0 .

n(w) =n(u, 1) ogl(u,t)/ot 2t 0t

After easy computations, one deduces from the functional equations (17)

that for every 7 € H and every u € C\ Z;, one has

(146) p(u+1)=p(u) n(u+1) =n(uw)
(147) plu+t)=p(u)-2in nu+1)=n(u)—pw) +in.

In Section 3] we have shown that when 7 is assumed to be fixed, w is Z;-
invariant. It follows that, on €J0r, ,, one has:

(148) TYw=w and T} =w+(2itay+6)dr.
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We set

n
D=Q-w= Zaknu z)dT — Zakpu zx)dzy.
k=1 k=1

It follows immediately from (I46) that T} (@) = @. With (148), this gives us
(149) T (Q) =Q.
On the other hand, using (I47) and the fact that ZZ=1 ar =0, one has

n
T} (@) =@ - 6dT +2in )_ axdzy.
k=1

Combining the latter equation with (I48), one eventually obtains

n
(150) T*(Q) :Q+2in(aodr+ ) akdzk).
k=2

B.2.3. The fact that Q isnot T;-invariant prevents this 1-form from descending
onto &) ,. However, viewed the obstruction T} (Q2) — Q explicited just above,
this will not be the case over a leaf of Veech’s foliation on the Torelli space.

More precisely, let a = (ay, ds,) € R? be such that the leaf %, = Fap,a,) OF
Veech'’s foliation on Jor; , is not empty. Remember that this leaf is cut out by
the equation

n
(151) AT+ ) Ajzj = Gso.
j=2
Let &, and €¥Jor, stand for the restrictions of &) , and €Jor,,, over F,
respectively. Clearly, €Jor, is invariant by T; and T;. Moreover, from (I51), it
comes that apdt + Z;’zz @ jdzj =0 when restricting to %,.

Thus, denoting by Q, the restriction of Q) to €Jor, it follows from (149) and
(150) that

T (Qa) =Q,4 and T (Qa) =Q,.
This means that Q, descends to &, as a holomorphic 1-form. We denote

again its push-forward onto &, by Q.
Looking at (I45), it is quite clear that for any (7, z) € %#,, one has

(152) Qalg, .= wal,T,2)

where the right-hand side is the rational 1-form onkE; = 71, 2).

With the help of Q, we are going to make the same constructions as in Sec-
tion[3but relatively over the leaf %,,.
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B.2.4. We now specialize the constructions and results of B.1 by taking
X =&,, S=%, and Q=Q,.

The covariant operator Vg _ : n— dn+Q, An induces an integrable connex-
ion on O . Its kernel L, is a local system of rank 1 on &,. Moreover, it follows
immediately from that given (7, z) in &, its restriction to E; ; = 7Y, 2)
coincides with the local system L. 7z associated to the 1-form w(:,7,2) on
E; , constructed in §3.2] denoted here by L , for simplicity.

Ontheleaf %, < Jor,,, one considers the local system B, = R'7.(L,) whose
stalk at (7, z) is nothing else but H 1(ET, 2»Lz,z). The associated sheaf B, = O, ®¢
B, is locally free and of rank 7 according to Theorem[3.3

We are interested in the Gaul3-Manin connection

VM By — Ba® QY
which we would like to make explicit.
Let &, and [k, (for k = 1,..., n) stand for the restrictions of Elyn and of [k]1,,,

over %,. Forany k = 1,..., n, the image of &, by [k], is a divisor in &4, denoted
by Z[k],. Consider their union

Za=U ZIKl,.
k=1

Itis a relative divisor in &, with simple normal crossing (the Z[k],’s are smooth
and pairwise disjoint!), hence Deligne’s comparison theorem of B.1.5 applies:
there is an isomorphism of G _-sheaves

H'(84,Qp 15 (+Z0a))
Ve, 7,(H (84,08, (xZs)))

Remark B.2.4. Actually, the geometrical picture we have can be summarized
by the following commutative diagram

(153) B, =0z, 8¢

&, ° &, > Z,
Ta

a

where the two horizontal arrows are complementary inclusions. Since the re-
striction of 7, to Z, is obviously an étale covering, this means that 7, : §, —
Z, is precisely what is called an ‘elementary fibration’in [3]. Even better, quoti-
enting by the elliptic involution over &, (which exists since the latter is affine),
one sees that 7, factorizes through the relative projective line IF}Q — %4 In
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the terminology of [3], this means that the elementary fibration 7, can be ‘co-
ordinatized’.

B.2.5. At this point, we use Theorem[3.3]to obtain a relative version of it.
We consider the horizontal non-reduced divisor supported on Z:

n
Zy=Z4+Z01a=2Z[0la+ )_ Zlkl4.
k=2
For dimensional reasons, it follows immediately from Theorem[3.3]that
(60,0}, 5,(Z0)

Ve, 7,(H(E0,Cs,(ZD))

%a Z@ga ®c

Recall the 1-forms
po=du, ¢1=p'(u,1,29du and ¢r=(p(u-2z1)-pW,1))du

(with k =2,..., n) considered in We now consider them with (7, z) vary-
ing in &,. Then these appear as elements of Ho(é?a,Q}ga 17, (Z})). Moreover,
they span this space and if [¢q],..., [¢,] stand for their associated classes up
to the image of H*(&,,0¢,(Z})) by Vg, #,, it follows from Theorem B3] that
[pol, ..., [¢pn-1] form a basis of 9B, over O,. In other terms, one has
Ba = 0z,® (2] Clyil).
From the preceding trivialization, one deduces that
(o] [@o]

: =M :

[pn-1] [@Pn-1]

VGM

for a certain matrix M € GL,,(Q}%) which completely characterizes the GauR3-
Manin connection. We explain below how M can be explicitly computed.

B.2.6. Knowing V®M is equivalent to knowing the action of any 0, - derivation

for any vector field o on %,. Since 7 and z,...,z,—1 are global affine coordi-
nates on %,, T.%, is alocally free 0 z,-module with (0/97,0/0z;,...,0/0z,-2)
as a basis. It follows that the Gauls-Manin connection we are interested in is
completely determined by the n ‘Gaul3-Manin derivations’

(154) veMi=vgr and  VEMi=VER o fori=2,..,n-1.

Let U be a non-empty open sub-domain of %, and set U=n"1().
Fornel'(U, Qéaa), we recall the following notations:
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s 7lg,1%, stands for the class of n in T'(U, Q(lg,a 17,)-
* [Ng,12,] stands for the class of g,/ %z, modulo the image of Vg, /,.
Let p be a section of 7,.Qy 5 over U. To compute V?M (1) with ¢ = 7 or

¢ =z; with i € {2,...,n -1}, we first consider a relative 1-form n¢, %, over u
such that [n¢g,,#,] = p (here we use the isomorphism (I53)).
In the coordinates u, 7,z = (zy,...,2,-1) on &4, one can write explicitly

Ne.z,=NW,1,2)du

for aholomorphic function N such that for any (7, z) € U, the map u— N(u, 7, 2)

is a rational function on E;, with poles at [0] and [z;],..., [z,] exactly, where
1 n—-1
Z, = —(aoo —apT— ) akzk).
an k=2

Consider the following 1-form
p(u,7)
2im
which is easily seen to be invariant by 77 and T5.
Then one defines

E=du+ drt

p(u,1)
in

Using the fact that N(u, 1, z) is Z;-invariant with respect to u when (7, z) € U is

fixed, one verifies easily that the 1-form 7 defined just above is invariant by T}

and T; hence descends to a section of n*Q}ga over U, again denoted by ﬁ@
The vector fields

(155) ﬁ:N-E:N(u,T,z)(dLH dr).

0
156 = d =— fori=2,....,n-1
(156) ¢ 0t 2inmdu an Ci 0z; ort "

all are invariant by 77 and by T; hence descend to rational vector fields on
&, with poles along Z,, all denoted by the same notation. Clearly, one has
n.((;)=0/0trand n.((;) =0/0z; fori=2,...,n—1.

We now have at our disposal everything we need to compute the actions of
the derivations onpue F(U,n*Q}gaa/ga): for x€{t1,2,...,2,_1}, one has

VoM = [(Vﬁ,(*>ga/ga] = [<dﬁ+Qa/\ﬁ’(*>£Q/%]

and the right hand side can be explicitly computed with the help of the explicit
formulae (145), and (156).

38More conceptually, the map N(u,7,z2)du — N(u,7,2)(du+ (Zin)‘lp(u,r)dr) can be seen

as a splitting of the epimorphism of sheaves Q} — Qj /. .



FLAT TORI AND ELLIPTIC HYPERGEOMETRIC FUNCTIONS 143

We will not make the computations of the V¢ [, ] explicit in the general
case but only in the case when n = 2 just below.

B.3. The Gaul3-Manin connection for elliptic curves with two conical points.
One specializes now in the case when n = 2. Then the leaf &, is isomorphic
to H, hence the 0%,-module of derivations on %, is 0%, - (0/07). Thus in this
case, the GauBR-Manin connection is completely determined by V&M,

We will use below the following convention about the partial derivatives of
a function N holomorphic in the variables u and 7: we will denote by N, or N !
(resp. N; or N) the partial derivative of N with respect to u (resp. to 7). The
notation N’ will be used to mean that we consider N as a function of u with

fixed (and vice versa for N).

B.3.1. As in B.2.6, let 1 be a section of n*Q}gaa/ga over a small open subset U c
F, ~H. It is written
n=Nu,1)du

for a holomorphic function N which, for any 7 € U, is rational on E;, with poles
at [0] and [#] exactly, with

Then one has (withn=N-Z= N(u,7)(du+ (2i7t)_1p(u, 17)dT)):
Vi1 =V4(N-E) =dNAZ+N-V,E
and since (=, {;) = 0, it follows that
(157) (Vaii,(:) =(dN,{;) - E+ N-{dZ, )+ N-(QuAE, (7).
Easy computations give
(AN,{7) =Ny - 2im) "' p- Ny,
(d=,(;)=-Qim) " py,-E
and (QuAE,{;)=(Q; - Qim) " p-Q,)-E.
Injecting these into and since Z¢,/ 2, = du, one finally gets
(158) (Vall,{1) g, 15, = Nedu+Q:Ndu—2im) "' Vg,7,(0 N)
where Vg, 2, = dy(-) + Q,du A - stands for the vertical covariant derivation

Véu1 % O8u17,— QU 15,
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It follows essentially from that the differential operator
Vi Qalgaa/ga - Qalgaa/ga
(159) Ndu—»Nfdu+QTNdu—$Vga/ga(pN)

is a 7710 #,-derivation which is nothing else but a lift of the GauR-Manin deri-
vation V&M we are interested in. The fact that V; is explicit will allow us to
determine explicitly the action of V¢ below.

Remark B.3.1. It is interesting to compare our formula for V, to the cor-
responding one in [49], namely the specialization when A = 0 of the one for the
differential operator V; given just before Proposition 4.1 page 3878 in [49]. The
latter is not completely explicit since in order to compute V; N du with N as
above itis necessary to introduce a deformation N(u, 7, 1) of N = N(u, ) which
is meromorphic with respect to A. However such deformations ¢;(u,7,1)du
are explicitly given for the N; = ¢;(u,1,0)du’s (cf. [49, p.3875]), hence Mano
and Watanabe’s formula can be used to effectively determine the Gauf3-Manin
connection. Note that our arguments above show that V; is a lift of the GauR-
Manin derivation V¢ indeed. The corresponding statement is not justified in
[49] and is implicitly left to the reader.

Finally, it is fair to mention a notable feature of Mano-Watanabe’s operator
V. that our V, does not share: for i € {0,1,2}, V, N; is a rational 1-form on E;,
with polar divisor = 2[0] + [#;], hence can be written as a linear combination
in Ny, N; and N». This is not the case for the V; N;’s. For instance, V;N; has a
pole of order four at [0] (see also B.3.3 below).

B.3.2. Some explicit formulae. In the case under study, we have
T(u,7) = 2" 0U9() ¥ - G(u—1)" %
(with t = (ag/a1)T — (as/ 1)) hence
Q=dlogT=Q,du+Q.drt
with
(160) Q, =0logT/0u =2inay+ a;(pw) — p(u- 1)
ar; (0" (w) _ 0"(u—-1
4in\ O(w) Ou-1

Fori=0,1,2, one writes ¢; = N;(u)du with

and Q;=0logT/0t = +app(u—t).

Now)=1, Niw=p'(w) and No(w)=pu-1-pw.
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The following functions will appear in our computations below:

Pl = Py r) =2 WD o~ pu— 1))
W= U= T 0w WP p
3 __1 Hlll(u)_ell(u)el(u)
and - p(a) = plu, 1) = 2(9(u) 0(11)2 )

Lemma B.3.2.1. For any fixed t € H, P(u) is Z,-invariant and one has

mn

0
o (1) +p(H)* - —

(161) P= 5

“No+2-N1+2p(t)- N>

as an elliptic function of u.

Proof. Using (I7) and (I46), one verifies easily that for 7 fixed, P(-, 1) is Z;-
invariant and, viewed as a rational function on E, its polar divisor is 2[0] + [£].
By straightforward computations, one verifies that P(-) has the same polar part
as the right-hand-side of (I6I). By evaluating at one point (for instance at u =
0), the lemma follows. O

By straightforward computations, one verifies that the following holds true:

Lemma B.3.2.2. For 1 € H fixed, the meromorphic function
u— p(w) +pwp' (w)

is an elliptic function, i.e. is Z, -invariant in the variable u.

B.3.3. Computation of VEM[¢ 1. Since N is constant, the partial derivatives
0Ny/0u and ONy/01 both vanish. Then from (I58), it comes

- 1

Vigpo = [Qr_ﬂ(pu"‘ﬂu'p)]du

a (6”(u) B 0" (u-1
0(u) O(u—1)

+ —t
i J et

- L(p’(u) + (2in2—? +ay(p(w) —pu- t))) -p(u)) du

2im

ag 1 a1
=—du—— du+—P(u)du.
a “ 2inp(u) “ 4im (uydu

It follows from Lemma B.3.2.1. that

061 n

Vego = ('(t)+ (t)z—e—)- + y
T<P0—4l.ﬂ p p 0 ¥o

g1+ a0+ =p(0) -2

a1—1
2im
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thus in (twisted) cohomology, because 2imag[@o]l = a;lp2] (cf. 37)), one de-
duces that the following relation holds true:
(162)

veM

(o] = | 2i % , (t)+ﬂ( "+ mz_e_'") ol + 2L 1)
@Yol = lﬂal app iin p p o' Po 20 @1l.

B.3.4. Computation of V¢™[¢,]. From (I58), it comes
Vo2 =V (p'du) :[ P+ Q. p - L(p-,o"+ (p')2+Qu~pp')]du.
2im

By construction, for any 7 € H fixed, the right-hand-side is a rational 1-form
on E;. It follows from [49] that there exist three ‘constants depending on 7’,
A;j(r) with i =0,1,2 and a rational function ®(-) = ®(-, 7) depending on 7, all to
be determined, such that

Voo = Ag(T) o+ A1(T) - @1 + As(T) - 2 — ﬁvga,%@.
Using and the following formulae
p(w) =60"(u)/0(u)
o' (W) =0" (w10 (w) - (6" (w)10(w))?
0" () =0"" ()16 (1) — 30" ()0’ (1) 10 (w)* + 2(6' (W) /0 ()’

6(4)(u) ~ (ell(u))z _Zelll(u)el(u) . Hll(u)el(u)Z
0(u) 0(u) 0(u)? 0(u)3

. 1
do'(u)=—
and P (u) Tin

one verifies by lengthy but straightforward computations that one has
() = = appu(t) — = (' (1) + 2p(Op(D) -3/ O));
4im

A@=—-a (r)—ﬂ( "0+ mz_e_"').
1) == aop(t) = o | P+ e = i

Ax(1) = app' (1) — L (o)
218) = top Zinu
and ®(u) =pu(u) +pwp'(u).

Since ®(u) is rational according to Lemma B.3.2.2., one has [Vg,;#,®] = 0in
(twisted) cohomology and because 2imag[¢@o] = a;[¢@2], one obtains that

VOM[g)] = Ao(r)+2in§A2(r) Lol + A1 (D) - (1]
1
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uniformly with respect to 7 € H, that is, more explicitly

2
GM _ . @ / _ _ﬁ / _ / .
v [<p1]—(2malp(t) 2aop(1) = 1/ (1)+ 2p (O (1) su(O))) [po]
051 , 2 9/”
(163) —(aopm+f(p (0 +p(®) ——,) g1l
4im 0

B.3.5. The GauR-Manin connection VM and the differential equation satis-
fied by the components of Veech’s map. From (162) and (I63), one deduces
the

Thorem B.3.5. The action of the Gaufs-Manin derivation V¢™ in the basis formed
by [pol and [¢,] is given by

oum [lpol) _ (Moo Mm)_([(l)o])
ey Vi ([<P1])_(M10 M) \lg1]

with

Moy =207 %0 + (1) + 4 ( "+ p()? "').

00— mal %P 4im p p o)’
al—l.
2im
. a(% / ay ! !
My =2in—p (t) —2aou(t) - —.(u (O+2p(Ou()-3u (0))
ay 4in

Mo =

al , 2 9///
and My =—app(t)——|p () +p()"——|.
4in o’

Consequently, according to B.1.5, for any horizontal family of twisted 1-
cycles T — y (1), if one sets

Fo(T):f T(u,7)du and Fl(r):f T(u,7)p'(u,7)du
r(@) Y (@)

then F = !(Fy, F) satisfies the differential system

(165) F=dFldt=MF
where M = M(1) is the 2 x 2 matrix appearing in (164).
At this point, we recall the definition of Veech’s map: it is the map

vo(T)

. ~ N 1 — =
(166) V:%F,=H P, T V(1) Voo (T)
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with for every 7 € H:

vo(r):f T(u,1)du and voo(r):f T(u,1)du.
Yo o

Then applying Lemma 6.1.1 of [34} §3.6.1] (see also Lemma A.2.2. above) to
the differential system (I65), one obtains the

Corollary B.3.5. The components vy and v, of Veech's map of the leaf %, form
a basis of the space of solutions of the following linear differential equation

(167) .J—(Zina(z)/al) l.)+(detM(T)+ ]\4.11)11:0.

The coefficient of v in (I67) being constant, the functions
U, (1) =exp(—im(ag/ay)-T) v«(r)  with * =0,00

satisfy a linear second order differential equation in reduced form and can be
taken as the components of Veech’s map (166).

From our point of view, the second-order Fuchsian differential equation
(167) is for elliptic curves with two punctures what Gaull hypergeometric dif-
ferential equation () is for P! with four punctures.

Finally, in the case when a = (ay, dx) = a;(m/N,—n/N) with N = 2 and
(m,n) €{0,..., N—1}*\{(0,0)}, we have t = (m/N)t + (n/ N), thus

Tw=e N 0w 0(u—-(m/N)T-n/N)"

Specializing Theorem B.3.5. and Corollary B.3.5. to this case, we let the read-

ers verify that one recovers (the special case of) Mano’s differential system con-
sidered in §5.3
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