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Abstract

Let F4 be the unique (up to isomorphism) connected semisimple algebraic group
over Q of type Fy4, with compact real points and split over Q, for all primes p. A
conjectural computation | , Proposition 6.3.6] predicts the existence of a family of
level one automorphic representations of F4, which are expected to be functorial lifts of
cuspidal representations of PGLsg associated with Hecke eigenforms. In this paper, we
study the exceptional theta correspondence for F4 x PGLo, and establish the existence
of such a family of automorphic representations for F4. Motivated by | |, our main
tool is a notion of “exceptional theta series” on PGLsy, arising from certain automorphic
representations of F4. These theta series are holomorphic modular forms on SLy(Z),
with explicit Fourier expansions, and span the entire space of level one cusp forms.
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Since the last century, automorphic representations of general linear groups and classical
groups have been widely studied. For those of exceptional groups, i.e. algebraic groups with
Lie type Go, Fy, Eg, E7 or Eg, most of the known results are about the smallest exceptional



group Go, either split or anisotropic. In this paper, we will study a family of automorphic
representations for Fy, the unique (up to isomorphism) connected semisimple algebraic group
over Q of type Fy4, with compact real points and split over QQ, for every prime p.

1.1 Motivation from | ]

In | |, we compute the number of level one automorphic representations for Fy,
i.e. unramified at every finite place, with any given arbitrary archimedean component. Fur-
thermore, the discrete global Arthur parameters of these automorphic representations are
classified conjecturally, admitting the existence of the (level one) Langlands group and
Arthur’s multiplicity formula | |. In particular, we conjecture the existence of a specific
family of automorphic representations for F4, which are related to classical modular forms
for SLy(Z). Before recalling this statement, we introduce some notations:

e Let wy be the highest weight of the 26-dimensional irreducible representation of F4(R).

e There is a morphism Spg(C) x SLy(C) — ﬁ(@) = F,(C) whose kernel is a cyclic group
of order 2, the image of this morphism is a maximal proper regular closed subgroup of
F4(C) (see | , §4.3.2]). Denote by ¢ the morphism:

(principal embedding, id

SL,(C) x SLy(C) - s Sp;(C) x SLy(C) = Fy(C).

e Denote by e, the conjugacy class of (pl/z p_1/2> in SLy(C).

Conjecture A. [ , Proposition 6.5.6] Let 7 be the level one algebraic automorphic
representation of PGLsy associated to a cuspidal Hecke eigenform of weight 2n + 12 for
SLy(Z), and c, the Satake parameter of m,, viewed as a semisimple conjugacy class in

P)/(;'TQ(C) = SLy(C). There exists a level one automorphic representation 11 of Fy such
that:

o Il ~ V,,, the irreducible representation of F4(R) with highest weight nwoy;
e for every prime p, the Satake parameter of 11, is the conjugacy class of t(ep, cp).

Motivated by the Langlands functoriality principle, the automorphic representation II in
Conjecture A is expected to be a functorial lift of 7 with respect to the embedding

e id _—
i : PGL — SLy <2 Sp; x SLy < Fy. (1.1)

One useful tool for constructing functorial lifts is the theta correspondence, which studies the
restriction of a minimal representation to reductive dual pairs. There exists a reductive dual
pair PGL; x F, inside certain algebraic group E; of Lie type E; (see §2 for more details).
For the theta correspondence associated with this dual pair over a characteristic 0 local field,
one already has the following results (see also §3):

e Over R, Gross and Savin describe the restriction of the minimal representation of
E;(R) to PGLy(R) x F4(R) | , Proposition 3.2|, which shows that the theta lift
O(7s) of mo is isomorphic to V,,,;



e Over a p-adic field, this theta correspondence is studied by Karasiewicz and Savin
in | ; |. In particular, they demonstrate that the theta lift ©(m,) of the
unramified tempered principal series representation 7, is irreducible and has the desired
Satake parameter t(e, ¢,).

Based on these local results, it is natural to expect that the functorial lift II is exactly the
global theta lift ©(7) of m to F4. The main result in this paper confirms this expectation:

Theorem B. (Theorem 6.4.2) The global theta lift ©() is a non-zero irreducible automor-
phic representation of Fy, and satisfies the local-global compatibility of theta correspondence
O(m) ~ ®!O(m,). In particular, Conjecture A holds.

1.2 Exceptional theta series

Our main tool is to develop a notion of “exceptional theta series”, motivated by Pollack’s
construction of Siegel modular forms for Spg(Z). This is a variant of the classical weighted
theta series developed by Jacobi and Hecke, and gives an explicit theta lift from certain
automorphic forms of Fy to PGL..

1.2.1 Classical theta series

We first recall the classical construction of theta series. Let L be an even unimodular
lattice in the Euclidean space R”, i.e. a self-dual lattice for any element v of which the scalar
product v.v is even. A well-known result states that the series

V.U

Vr(z) = q?, where ¢ = ¢*™* 2 € H = {z +iy|y > 0},
veEL

is a modular form of level SLy(Z) and weight n/2. One can weight this theta series by a
homogeneous harmonic polynomial P of degree d over R™ | |:

Iop(z)=> P)g?, (1.2)

and the resulting weighted theta series is a modular form for SLy(Z) of weight § +d. It is a
cusp form when d > 0, and Waldspurger shows in | | that for a fixed pair of integers
(n,d), the space Sn14(SLa(Z)) of weight 3 + d cusp forms is spanned by:

{Urp|L CR"is an even unimodular lattice, and P € 7 (R")},

where #;(R™) is the space of homogeneous harmonic polynomials of degree d over R™.

1.2.2 Corresponding structures in the exceptional case

We want to produce a family of modular forms analogous to (1.2), starting from automor-
phic representations for F, with archimedean component V,,. The table below highlights
the corresponding structures in the classical and exceptional settings:



classical case exceptional case
underlying space Euclidean space R" Euclidean Albert R-algebra Jg
group of automorphisms 0,(R) F4(R)
integral structure even unimodular lattice Albert lattice
homogeneous polynomials | harmonic polynomials a polynomial model of V,,,

Table 1: Comparison between classical and exceptional cases

We briefly explain the objects appearing in Table 1, and the details will be provided in
§2.2 and §2.3:

e The 27-dimensional Fuclidean Albert R-algbera (or Euclidean exceptional Jordan R-
algebra) Jg = Her3(Og) is the space of “Hermitian” 3-by-3 matrices over the real
octonion division algebra Qg, equipped with the distinguished element I = diag(1, 1, 1),
the adjoint map # : Jg — Jgr, and the determinant det : Jg — R. Precisely, together
with these structures, Jr is a cubic Jordan R-algebra and furthermore it is an Albert
R-algebra. We call it Euclidean because its underlying vector space admits a symmetric
inner product (A, B) = 1 Tr(AB + BA) that is positive definite.

e The group of Albert R-algebra automorphisms of Jg is the real points F4(R) of Fy,
i.e. F4(R) = {g € GL(Jr) | g1 =1, det(gA) = det(A), for any A € Jg}.

e By an Albert lattice, we mean a lattice J C Jg satisfying that I € J, J is stable under
#, det(J) C Z, and (J, 1, #, det) is an Albebrt Z-algebra.

e In §4.1.2, we describe a polynomial model V,,(J¢) of V,,,: the space spanned by degree
n homogeneous polynomials over Jg of the form:

X (X, A)", where 0 # A € Jp @z C, A* =0, Tr(A) = 0.

1.2.3 Weighting the theta series constructed by Elkies-Gross

The starting point of the exceptional theta series associated with Jg is the work of Elkies
and Gross | .

Let J be the set of Albert lattices, and equip it with the natural F4(R)-action. This
set is the disjoint union of two F4(R)-orbits | , Proposition 5.3]. We take a set of
representatives {.Jj, Jo} for these two orbits, where J; = Jz (see Example 2.2.9) is taken as
the base point of J. For J = J; or Js, Elkies and Gross construct the following theta series:

V;(z) = 14240 Z o3(c)(T)q™ D), g = ™ 2 € K,
J>T>0,
rank(7)=1
where ¢;(T') is the largest integer ¢ such that T'/c € J, and o3(n) = >, d®. This theta
series is a modular form of weight 12 for SLy(Z). Moreover,

65520 432000
9y =FEo9— —A, 9, =F
b 12 691 o U 12+ 691 )

where F15 is the normalized Eisenstein series of weight 12, and A is the discriminant modular
form.



Remark 1.2.1. The coefficient 24003(c(T")) appearing in the Fourier expansion of ¥, comes
from Kim’s modular form Fg;,, an Eisenstein series on the exceptional tube domain Hj
(see §4.2.1), which is constructed in | | and serves as our source for producing theta
series.

We extend the construction of Elkies-Gross to weighted exceptional theta series as follows:

Theorem C. (Theorem 5.1.2,Corollary 5.1.5) For any Albert lattice J € J and a polynomial
P e V,(Jc), the theta series

O5p(z) = Y o3(cs(T)P(T)g"™™ (1.3)
J3T>0,
rank(7)=1

is a modular form of weight 2n+12 for SLy(Z). When n = deg(P) > 0, ¥,p is a cusp form.

Our proof of Theorem C follows Pollack’s method for the proof of | , Theorem 1.1.1].
For the automorphic form (or precisely, algebraic modular form) of F4 associated with J and
P, we construct its global theta lift to PGLy, taking certain (iterated) differential of Kim’s
modular form Fg;, as the kernel function. Then we show that this global theta lift arises
from a holomorphic modular form, whose Fourier expansion is exactly (1.3).

Remark 1.2.2. Here we explain briefly how we describe the global theta lift from Fj4 to
PGL; in terms of exceptional theta series, and more details can be found in §4.1.1. The
space Ay, (Fa) of level one “vector-valued” automorphic form of ¥y with weight V5, can
be identified with the space of functions f : J — V,(J¢) satistying f(gJ) = g.f(J) for any
g € F4(R) and J € J. The global theta lift of f to PGL, is the modular form

1 1

ﬂﬁh,f@h) + Wﬁh,f(h) € My 112(SLa(Z)),

where I'; is the automorphism group of the Albert Z-algebra J;, i = 1, 2.

1.3 Strategy towards Theorem B

Now we illustrate our strategy for the proof of Theorem B.

Let ¢ ~ ®yp, € m ~ ®!m, be the automorphic form of PGL, associated to a Hecke
eigenform f € Sou412(SLa(Z)). We want to show that its global theta lift ©4(y), with
respect to some vector ¢ in the minimal representation of Ez(A), is non-zero. For this goal,
we compute the Sping-period integral of ©,(¢), where Sping is a maximal proper regular
closed subgroup of F4. The Sping-period of an automorphic form f on [Fy] = F4(Q)\F4(A)
is defined as follows, where dg is taken to be the Tamagawa measure:

Popin, (/) = / F(9)dg.
Sping (Q)\Sping(A)

Remark 1.3.1. One motivation for considering this Sping-period is the global conjecture of
Sakellaridis-Venkatesh | |. The homogeneous Fy-space X = Sping\F, is a spherical

variety whose dual group is Gy = SLs, equipped with the embedding i : Gy — Fy as

5



described in (1.1). Roughly speaking, the conjecture of Sakellaridis-Venkatesh predicts that
the cuspidal automorphic representations of F, with non-zero Sping-periods arise from func-
torial lifts with respect to the embedding i : P/GE — ]/F‘z. Therefore, we expect the global
theta lift ©,4(¢) to have a non-zero Sping-period (for some suitable choice of ¢).

Using a see-saw duality argument, an exceptional Siegel-Weil formula that we prove in
§6.1 and a standard calculation of Rankin-Selberg integral (§6.2), we rewrite the Sping-
period of ©,(yp) as an Eulerian integral over PGLy(A). Moreover, we prove the following
result, which verifies the prediction of Sakellaridis-Venkatesh | , 817, , Table 1] for
the global period associated with spherical variety Sping\F}:

Theorem D. (Corollary 6.5.2) For any smooth, holomorphic and spherical vector ¢ ~ ®,¢,
in the minimal representation Iy ~ @) i, of E7(A), the Sping-period integral of ©4(y)
18 equal to:
L(m, 3)L(m, )
P in © Y)) = 2 2 'L)oQ%OﬂQ)O;
Sp 9( ¢( )) C(4)C(8) ( )

where L(m,s) = L(f, 223 + s) is the standard automorphic L-function of = (as an Euler
product over all the finite places), and I (Poo, Poo) is an integral over PGLy(R).

The L-factor in Theorem D is non-zero by the theory of Rankin-Selberg, thus the non-
vanishing of Pgpin, (O4()) is equivalent to that of I (Peo, Poc)-

For any Hecke eigenform f in Sy, 12(SL2(Z)), the associated automorphic form ¢ ~ ®,p,
in ™ ~ ® m, satisfies that ¢, is the unique (up to some scalar) lowest weight holomorphic
vector of the discrete series D(2n + 12) ~ 7. Therefore, fixing a vector ¢ € I, as in
Theorem D, Pgpin, (O4(¢)) # 0 for any such ¢, if and only if it holds for one such ¢. Hence to
prove Theorem B it suffices to find a vector ¢ € I, satisfying the conditions in Theorem D
and that Pspin, (O4(¢)) # 0, where ¢ is the automorphic form associated to certain Hecke
eigenform f € Son412(SLa(Z)).

Our proof of the existence of ¢ € Il,;, relies on an automorphic form of F, that is
invariant under Sping(R) and has a non-zero global theta lift to PGL;. As mentioned in
§1.2, in this paper the global theta lifting from F, to PGLs; is realized via exceptional theta
series. If we take J = J; = Jz and P, the unique non-zero Sping(R)-invariant polynomial in
V.(Jc), n > 2, then Theorem C gives us a weight 2n + 12 cusp form, which can be verified
to be non-zero by analyzing the Fourier coefficient of ¢ (Theorem 5.2.1). This implies that
the automorphic form for F,4 associated to Jz and P, is the desired one!

As a corollary of Theorem B, we have the following analogue of Waldspurger’s result for
classical theta series:

Theorem E. (Corollary 6.4.3) For any n > 0, the space Sa,112(SLa(Z)) is spanned by the
set of weighted exceptional theta series {0 p|J = Jy or Jo, P € V,(Jc)}-

We end the introduction with a short summary of the contents of this paper. We re-
call the necessary preliminaries on exceptional groups in §2, and the results on local theta
correspondences in §3. We establish the global theta correspondence in §4, then study the
Fourier expansions of exceptional theta series and prove Theorem C in §5. The last section
§6 is for the proof of Theorem B, Theorem D and Theorem E.
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2 Preliminaries on exceptional groups

In this section we recall the definitions of two reductive algebraic groups F4 and E; over
Q and construct the following two reductive dual pairs ! inside E;:

F, x PGL; and Sping x SOg .

2.1 Octonions
We first recall the notion of octonions, which are crucial for defining exceptional groups.

Definition 2.1.1. An octonion algebra over a commutative ring k is a locally free k-module
C of rank 8, equipped with a non-degenerate quadratic form N : C'— k and a (possibly non-
associative) k-algebra structure admitting a 2-sided identity element e, such that N(xy) =
N(z)N(y), x,y € C. The quadratic form N is referred as the norm on C.

Now we recall some basic properties of octonion algebras, for which we refer to | |.
There is a unique anti-involution of algebra z +— T called the conjugation on C, with the
property that N(z) = 2T = Tz. The trace is defined as the linear map Tr : C' — k, x — z+T.
The symmetric bilinear form associated with N is (x,y) := N(z+y)—N(x)—N(y) = Tr(zy).

Although the multiplication law of C' is not associative, it is still trace-associative in the
sense that Tr((zy)z) = Tr(z(yz)) for all z,y,z € C, and we can define a trilinear form:
Tr(xyz) = Tr((zy)z) = Tr(z(yz)).

When considering octonion algebras over R, we have the following classification result:

Proposition 2.1.2. / , Theorem 15.1] Up to R-algebra isomorphism, there is a unique
octonion algebra Qg over R whose norm N is positive definite, which is named as the real
octonion division algebra.

We choose a basis {eg, eq,...,e7} asin | , 84|, where e is the 2-sided identity element.
Identify the real numbers R with the subalgebra Rey of Og, and denote the identity element
eg by 1. On Qg, the conjugation is defined by 1 = 1 and &; = —e; for each i. For any element

7
z =3 xe; € O, one has N(z) = 3.7_ 22 and Tr(z) = 2.
i=0
Definition 2.1.3. Cayley’s definite octonion algebra Qg is the sub-Q-algebra of O, gener-
ated by {ei,...,er}, which is an octonion Q-algebra with the norm Njg,.

! Actually we do not prove in this paper that Sping x SOs 5 is indeed a reductive dual pair, instead we
only give a homomorphism Sping x SO3 > — E7, whose kernel is a central cyclic group of order 2.
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The following definition gives an integral structure of Cayley’s definite octonion algebra:

Definition 2.1.4. Cozxeter’s integral order Oz in Qg is the lattice spanned by Z @ Ze; @
-+ P Ze; and

h1 = (1+61+€2+64)/2, h2: <1+61+83+e7)/2,
h3: (1—|—61+€5—|—66>/2, h4: <61+62+63—|—e5)/2,

which is an octonion Z-algebra with the norm Nlg,.

2.2 Albert algebras

In this section, we will not generally define either an Albert algebra or a (cubic) Jordan
algebra, where precise definitions and details can be found in | |. Instead, we recall
some examples and properties of Albert algebras that are important for us.

2.2.1 Hermitian 3-by-3 matrices over octonion algebras

Given an octonion algebra C' over a commutative ring k, we consider the space Hers(C')
consisting of “Hermitian matrices” in M3(C'), i.e. matrices of the form

la,b,c;x,y, 2] == , a,bcek, x,y,z€ C,

e v
8 o w
o 8 <l

equipped with the following structures, where the maps are all polynomial laws in the sense
of | |:

e the identity matrix I = diag(1,1, 1),

e the adjoint map # : Hers(C') — Hers(C'), which is a quadratic map over k:

a z Y bc— N(x) Ty-—cz zx — by
Zbaz|l—=| 2zy—cz ca—N(y 7yz—azx |, (2.1)
y T ¢ zT — by yz—ax ab— N(z)

e and the determinant, which is a cubic form over k:
det([a, b, c;x,y, 2]) := abc + Tr(zyz) — aN(z) — bN(y) — ¢N(2). (2.2)

One can construct more polynomial laws from these structures:

e There exists a symmetric bilinear form on Her3(C):
(A, B) := (Vadet) (I) - (Vpdet) (I) = (VaVpdet) (I).
If A=a,b,c;x,y,z] and B = [d/, V', ;2', 9/, 2'], then
(A,B) = ad' + bV’ + ¢ + (z,2") + (y,y) + (=, 2).

e The trace Tr : Hers(M) — k is defined as Tr(A) = (A,1).

8



e The linearization of # gives a symmetric cross product A x B := (A+ B)# — A% — B#.

With these structures, we can define the rank of a matrix in Hers(C):

Definition 2.2.1. The rank of A € Hers(C') is defined as follows:

If A =0, then rank(A) = 0;

If A#0and A# =0, then rank(A) = 1;

If A+#0,A% # 0 and det(A) = 0, then rank(A4) = 2;
Otherwise, rank(A) = 3.

2.2.2 Euclidean exceptional Jordan R-algebra and its Q-structure

One of the most important Albert algebras appearing in this article is the following:

Definition 2.2.2. The FEuclidean exceptional Jordan R-algebra (or Fuclidean Albert R-
algebra) is defined to be Jg := Her3(Og), where Qg is the real octonion division algebra.

The space Jr is a commutative but not associative R-algebra with respect to the R-
bilinear multiplication law Ao B := %(AB + BA), where AB and BA denote the matrix
multiplication, and I is its 2-sided identity element. One can easily check that the symmetric
bilinear form (, ) satisfies (A, B) = Tr(A o B) for any A, B € Jg, and it is positive definite.

Definition 2.2.3. A matrix A = [a,b,c;2,y,2] € Jr is positive semi-definite if its seven
minor determinants

a,b,c,bc — N(x),ca — N(y),ab — N(z),det(A)

are all non-negative, and we write A > 0. When these minor determinants are all positive,
we call A positive definite and write A > 0.

Similarly to Definition 2.1.3, this algebra Jg admits a rational structure:

Definition 2.2.4. The Euclidean exceptional Jordan Q-algebra Jq is the sub-Q-algebra of
Jr consisting of [a,b,c;x,y, 2],a,b,c € Q,x,y, 2 € Qg equipped with the multiplication o.

Notation 2.2.5. Here we fix some elements in Jg that will be used frequently in this paper:

Eq :=[1,0,0:0,0,0], E; :=[0,1,0;0,0,0], E5 := [0,0,1:0,0,0].

2.2.3 Albert algebras over Z

Let k be a commutative ring. Albert k-algebras are defined in | , Definition 7.1]
Roughly speaking, an Albert k-algebra is a projective k-module J together with a distin-
guished point 1;, a quadratic map # : J — J and a cubic form d : J — k (as polynomial
laws in the sense of | |) satisfying certain equations, such that for some faithfully flat
k-algebra K, J ® K is isomorphic to Hers(Ck) as Jordan K-algebras, where C is an oc-
tonion K-algebra. For any ring homomorphism k& — k', the scalar extension J ®; k' of an
Albert k-algebra J is an Albert k’-algebra.



Definition 2.2.6. | , Lemma 10.3] An isomorphism of Albert k-algebras ¢ : J — J'
is a k-module isomorphism such that ¢(1;) =1, and dy o ¢ = d; ? as polynomial laws.

Ezample 2.2.7. The space of 3-by-3 Hermitian matrices Her3(C') defined in §2.2.1 is an Albert
k-algebra. In particular, Jg and Jg defined in and §2.2.2 are Albert algebras over R and Q
respectively.

Here are several classification results in | , §5.8; , §11, §14| about Albert
algebras that will be useful for us:

(1) There is a unqiue isomorphism class of Albert R-algebras that are Fuclidean, i.e.the
associated symmetric bilinear form is positive definite, and this class is represented by
(Jr, I, #, det) defined in §2.2.2.

(2) Euclidean Albert Q-algebras are also unique up to isomorphism.

(3) Albert Z,-algebras are unique up to isomorphism.

(4) There are exactly two isomorphism classes of Euclidean Albert Z-algebras.

In this article, we concentrate on the following family of Euclidean Albert Z-algebras:

Definition 2.2.8. An Albert lattice of Jg is a lattice J C Jg satisfying:

The identity matrix I = diag(1,1,1) € Jg is contained in J;

It is stable under the adjoint map # defined in (2.1);

The cubic form det defined in (2.2) takes integral values on J;
Together with I, # and det, J is an Albert Z-algebra.

Denote the set of Albert lattices inside Jg by J.

Example 2.2.9. Let Jz := Her3(Qz), i.e. the rank 27 lattice
{[a,b,c;x,y,z] € JQ’CL,b,C € Z?*Q:ayaz € ©Z}

inside Jg. It satisfies the conditions in Definition 2.2.8, thus it is an Albert lattice.

Ezample 2.2.10. An Albert Z-algebra not isomorphic to (Jz,I,#,det) defined in Exam-
ple 2.2.9 is constructed as follows, following | , §4; , Definition 14.1|. Take

1
E=12,223,5,0], 625(—1+e1+e2+---+e7) € O0z.

This element E € Jz is positive definite and has determinant 1. Under the adjoint map # on
Jr defined as (2.1), we have E# = [2,2,2; 3, 3, B3] € Jz. Using this element, we define another

quadratic map #F on Jg, by X#° := (E#, X#)E# — E x X#. Set JI¥ := (J5, E# #, det),
where det is still the restriction of det : Jg — R to Jz. This “isotopy” J(ZE) is an Albert

Z-algebra | , Corollary 13.11], and it is not isomorphic to (Jz,I,#,det) as Albert
Z-algebras | , Proposition 5.5].
The associated symmetric bilinear form (, ) on J (ZE) is positive definite | , Proposition

2.10], thus J (ZE) is Euclidean. By the classification result about Euclidean Albert R-algebras
listed above, we have an isomorphism ¢ : J(ZE) ®z R — Jgr of Albert R-algebras. Its image
go(J(ZE)) is an Albert lattice of Jg in the sense of Definition 2.2.8.

2Here o means the composition, not the multiplication defined in §2.2.2.
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Question. Can we find a simpler description of Albert lattices of Jg? For example, is it
true that a unimodular lattice J C Jr such that J contains 1 as a characteristic vector and
J is stable under # (or equivalently, under A — A?) is an Albert lattice in Jg ?

23 Fy

We start to define exceptional algebraic groups.

Definition 2.3.1. Define F4 to be the closed subgroup of the algebraic Q-group GLyj,, that
(as a functor) sends a commutative Q-algebra R to the group

F4(R) :={g € GL(Jg®g R)|g(Ao B) = g(A) o g(B), for any A, B € Jg ®q R}.

By | , Theorem 7.2.1], F is a semisimple and simply-connected Q-group of Lie type
F,. The real points Fy := F4(R) of Fy is contained in the isometry group O(Jg,q) of the
positive definite quadratic form q, thus it is compact. For every prime p, F is split over Q,.
By | , Proposition 5.9.4|, the Q-group F, coincides with the algebraic group consisting
of the Albert algebra automorphisms of Jg, i.e. sending any commutative Q-algebra R to

{9 € GL(Jg ®g R) | g(I) = g,det(gA) = det(A), for any A € Jp ®qg R}.

With this coincidence, we construct reductive Z-models of Fy in the sense of | | as group
of Albert algebra automorphisms of elements J € J.

Definition 2.3.2. Given an Albert lattice J € J, define Aut;/; to be the Z-group scheme
sending a commutative Z-algebra R to the group

Aut;z(R) :={g € GL(J ®z R) | g(I) = I,det(gA) = det(A), for any A € J ®z R}.
If we take J to be Jz defined in Example 2.2.9, we denote the group scheme Auty, ; by Fy1.
The following result shows that Aut;/ is a reductive Z-model of F:

Proposition 2.3.3. [ , Lemma 9.1] For any choice of Albert lattice J € §, the group
scheme Aut jz is smooth and its fiber Aut;;; ®z Z/pZ is semisimple for every prime p.
Moreover, the generic fiber of Aut;z is Fy.

In | , Proposition 5.3|, Gross proves that there are exactly two Fy(Q)-orbits on the
equivalence classes of reductive Z-models of F, in the genus of F4;1. From now on we fix
a reductive Z-model J,; of F4, and we have the following formulation of the double cosets

space F4(Q)\F4(A)/F11(Z).

Proposition 2.3.4. There is a bijection § = F4(Q)\F4(A)/9’471(2) sending the base point
Jz to the double coset of the identity of F4(A).

Proof. For any J € J, the Albert Q-algebras J ®z Q and J; ®z Q are isomorphic, so there
exists an element g,, € F4(R) inducing J ®7 Q — Jz ®; Q. Set J' = g (J), which is an
Albert Z-algebra inside J; ®7 Q = Jg. Since J' ®7Z, and Jz ®y, Z, are isomorphic as Albert
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Z,-algebras, we can choose an element g, € F4(Q,) that induces Jz ®z Z, N Z,. For
almost all prime numbers p, we have J' ®z Z, = J; ®y Z,, so the element g, lies in F41(Z,)
for almost all p.

In this way, we associate with J € J an element (¢s, g2, 93,...) € F4(A), and it can be
easily verified that its image in F4(Q)\F4(A)/?4,I(Z) does not depend on the choice of g

and g,. So we have a well-defined map J — F4(Q)\F4(A)/97471(Z), and its inverse is:

(90) — go—ol (m (9p (Jz ®z Zp) N J@) e J. O

p

Notation 2.3.5. We choose a set of representatives {1,vg} of F4(Q)\F4(Af)/974,1(2), and
denote by Jg C Jg the Albert lattice corresponding to vg. Equipped with the natural
F4(R)-action, g is the disjoint union of the F4(R)-orbits of J; and Jg.

2.3.1 An algebraic group of type Eg

If we remove the condition of fixing the identity element I in the definition of Fy 1, we get
the following group of type Eg:

Definition 2.3.6. Define Mj to be the Z-group scheme sending any commutative ring R to
{(X\9),9) € R* x GL(Jz ®z R) | det(gA) = A(g) det(A), for any A € J; ®z R},
and M} to be ker \.

By | , Proposition 6.5], M} is a simply-connected semisimple group scheme of type
Eg, and its generic fiber has Q-rank 2.

Remark 2.3.7. Notice that the bilinear form (, ) on Jz ®z R is not M;(R)-invariant. For any
m € Mj(R), we denote by m* the unique element in Mj(R) such that (m(X),m*(Y)) =
(m*(X),m(Y)) = (X,Y) for any X,Y € J; ® R.

Observe that we have already seen two Albert Z-algebras J(ZE) and Jg that are both not
isomorphic to Jz and their extensions to Q are isomorphic to Jg, by the classification result

listed in §2.2.3 they are isomorphic, although they have different distinguished points. This
fact gives us an element that will be used in the proof of Theorem 5.1.2:

Lemma 2.3.8. There exists an element 6 € M}(Q) that induces an isomorphism of Albert
Z-algebras J(ZE) = Ji. Moreover, if we denote the image of § under the diagonal embedding
M}(Q) — 1\4}(&) = Mj(R) x MJ(A;) by (000,0;), then 0oo(Jz) = Jg, 0so(E) = T and
§; e € M}(Z).

Proof. Since the Albert Z-algebras J(ZE), Jg contained in Jg are isomorphic, there is a Q-
linear isomorphism o of Jg such that 5(J(ZE)) = Jg, 6(E) = I and det(0A) = 6(A) for any
A € Jg. In other words, ¢ is our desired element in M}(Q). The properties of 0, follows
immediately. Forgetting the Albert algebra structures, 5;17]5 : Jz Rz Z — J(ZE) ®z 7 is a

linear automorphism of Jz ®z Z preserving the determinant, thus 5;17E € M}(Z) O
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2.4 E,

Now we recall the definition of E;, a larger algebraic group over Q containing F4, and
our main references are | , §2.2; , §3] 3.

Consider the 56-dimensional vector space Wy = Jo @ Q @ Jo & Q *, equipped with the
following structures:

e A symplectic form: for w; = (X;, &, X[, &) € Wy, i = 1,2,
(Wi, we)y == &8 — &by + (X1, X5) — (Xo, X7);
e A quartic form: for w = (X, £, X', £') € Wy,
Q(w) = (€€ — (X, X"))? + 4€ det(X) + 4" det(X') — 4(X*, X'#).

Definition 2.4.1. Define Hj to be the algebraic subgroup of GLw, consisting of elements
that preserve the forms (, ); and Q up to some similitude v : Hy — Gy, i.e.

H; = {(V<g>’g) € Gy X GLWJ ’ <gvvgw>J = V(g)<vvw>J7 Q(QU) - l/(g)2Q(v),‘v’v,w € WJ}

Define Hj to be the kernel of v, which is simply-connected and has Q-rank 3 and Lie type
E7 | |, and E; to be the adjoint group of Hj.

Remark 2.4.2. The center of Hj consists of scalars, and it contains a specific element > =
—Idw,, where « € Hj is defined as

L(X7£7X/7§/) = (_X/7_€/7X7 5) (23>

In | |, we know that E; has a unique (up to equivalence) reductive Z-models, and we
will also denote this Z-group scheme by E; when there is no confusion. Note that E;(Z) is
the stabilizer in E;(R) of the lattice Jz & Z @ Jz & Z C Wj.

2.4.1 Siegel parabolic subgroup of E;

Definition 2.4.3. The Siegel parabolic subgroup Py of Hj is defined as the stabilizer of
the line Q(0,1,0,0) € W;. A Levi subgroup of P can be defined as the subgroup that
also stabilizes (0,0, 0,1). Denote by P; the image of Pj . in E5.

This Levi subgroup is isomorphic to My, and the action of (A(m), m) € Mj on Wy is
m(X, & X', ¢) = (m" X, A(m)§, mX', \(m)~'¢').
The unipotent radical Nj of P is abelian and satisfies Nj(Q) ~ Jg, and any element of
N;(Q) has the following form:
n(A)(X, &X', €) = (X + €A 6+ (A, X) + (A%, X) + € det(A), X' + Ax X + 'A% ¢') , A€ Jg.

We have the Levi decomposition Pjs. = MjNj, and the action of M; on Nj is given by
the following lemma:

3Notice that there are some slight mistakes in | , §3] and the correction is in | , §2].
n | |, Pollack considers the space Q & Jg & J(\é @ Q. An element (X, &, X', ¢") € W; corresponds to
(a,b,¢,d) = (¢, X, (—, X"),€) under the notations of Pollack.
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Lemma 2.4.4. For any m € M;(Q) C P;4 and A € Jg, we have the following identity:
mn(A)m~" =n (A(m)m*A).

Proof. This follows from a direct calculation using the property: for any m € M;(Q) and
X,Y € Jg, we have m(X xY) = A(m)(m*X) x (m*Y). O

The Levi subgroup of Py C E; induced by Mj is the quotient of Mj by po, where o is
generated by the element X — —X in Mj. We identify this Levi subgroup with Mj via the
short exact sequence:

1—>u2—>MJM>MJ—>1. (2.4)

Hence we still have the Levi decomposition P; ~ M;Nj;, but with a different action:
mn(A)m~! =n(mA), for any m € M;(Q), A € Jo.

Remark 2.4.5. For any A € Jg, we define n¥(A4) = m(—A)~". Set N; = !Ny, then
P;.. = M;Nj is the parabolic subgroup opposite to P;4. The action of M; on Nj is:

mn”(A)m™" =n" (A(m)"'mA) , for any m € M;(Q), A € Jg.

2.4.2 The Lie algebra e;

Denote the Lie algebra of H}(C) by e, which admits a decomposition
¢y = DE(Jc) omy P DL(Jc), (25)

where

e my = Lie(M;(C));
e for any A € J¢, define np(A) to be the element in Lie(IN;(C)) such that exp(ng(A)) =
n(A), and denote Lie(N;(C)) by nr,(J¢);
e for any A € J¢, define n;,(A) to be the element in Lie(N;(C)) such that exp(ng(A)) =
n¥(A), and denote Lie(N;(C)) by ny (Jc).
Besides this decomposition, we also have the Cartan decomposition of e;. Let Ky, be the
subgroup of H}(R) that fixes the line in W;®C spanned by (:I, —i, —1I, 1), which is a maximal
compact subgroup of H}(R). Take £, to be the complexified Lie algebra of Kg,, then we
have the following Cartan decomposition of e;:

er = p; Dy, Bp7, (2.6)

where pT @ pj is the natural decomposition of the —1 eigenspace for the Cartan involution.
We have the following relation between these two decompositions (2.5) and (2.6) of e

Proposition 2.4.6. [ , Proposition 6.1.1] There exists an element C;, € H}(C), called
the Cayley transform, satisfying:

(1) C;'np(Jc)Ch = p;
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(2) C;'ny(Jc)Ch = py;
(3) C;,'m;Cy = g,

By Proposition 2.4.6, we make the following identifications:
e Identify the factor p} as J, via the map
pi o X4 :=iC; 'nL(A)Cy = (—, A) € Jg,
and equip it with the following M;(C)-action:
(m.0)(X) = ¢ (A(m)m~ (X)), for any m € My(C),¢ € J¢, X € Jc.
o Identify p; as J¢, via the map
p; > X, :=1iC; ') (A)Cp, — A € Jg,
and equip it with the following M;(C)-action:
m.X = A(m) 'm(X) for any m € M;(C), X € Jc.
The natural M;(C)-invariant pairing {—, —} : J¢ x J¢ — C can be extended to

Swes, Tliet {Xi, logy }

n!

(=10 ()" =2 C,(X1 @ @ X, 1 @@ by) = . (2.7)

which factors through Sym” J¢ x Sym™ (J{).

Example 2.4.7. Identifying Sym" (J¢) with the space P, (J¢) of degree n homogeneous poly-
nomials over Je¢, the M;(C)-action on it is (m.P)(X) = P(A(m)m™(X)) for any m €
M;(C), P € P,(Jc) and T € J¢, and the pairing {T%", P} is equal to P(T).

2.5 Dual pairs
Now we explain the two reductive dual pairs F4 x PGL, and Sping x SOg 5 in E7.

2.5.1 F, xPGL,

We study first the centralizer of F, in M. For any element g in the centralizer Cyy, (Fy),

it stabilizes the subspace Jg4(Q), which is a line spanned by I, thus g(I) is a non-zero multiple
of I. So we obtain a morphism Cy, (F4) — Gy, by restricting to the line spanned by I.

e This morphism is injective, since the center of Fy is trivial;
e For any scalar A € Q*, the map X +— AX is an element of Cyg, (F4)(Q), thus morphism
is also surjective.

Hence the centralizer of Fy in the Levi subgroup Mj of H} is a rank 1 torus.
The centralizer of Fy in Py, = M;Nj is generated by Cy,(F4) and the subgroup
{n(zI), x € G,} of Ny, and it is isomorphic to the standard Borel subgroup of SL, via:

(X = uX) — (u ul) , n(zl) — (1 T) :

Similarly, the centralizer of F4 in P4 is isomorphic to the opposite Borel subgroup of SLs.
As a consequence, we get a subgroup F4x SLy inside H}, which is a maximal proper subgroup

of HY | , Lemma 2.4, so it gives a reductive dual pair in H}, and induces a dual pair
F, x GL;y (resp. Fy x PGL,) inside Hjy (resp. E7).
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2.5.2 Sping x SO,

By | , Theorem 2.7.4], the stabilizer of E; = [1,0,0;0,0,0] in Fy is isomorphic to
Spiny, the spin group of a positive definite 9-dimensional quadratic space. In the sequel we
refer to this group as Sping. The 9-dimensional quadratic space can be found inside Jg:

Lemma 2.5.1. The group Sping preserves respectively the following subspaces of Jg:

Jl = {[07£>_£;$7070]’56(@7376@@}

and
Jo:={[0,0,0;0,y, 2] |y, z € Og} .

Proof. Since
Ji={X €Jg|E10oX =0,Tr(X) =0}

and
Jo={X €Jg|2E10 X = X},

the lemma follows from the definition that Spin, is the stabilizer of E; in Fy. O

Notation 2.5.2. In this article, SOy, is defined to be the special orthogonal group of
a split 4-dimensional quadratic space over Q, and we define Spin,,, GSpin,, similarly.
Notice that GSpin,, ~ {(g1,92) € GL2 x GLy,det(g1) = det(ga)}, Spin, 5 ~ SLy x SLo,
and SOy, ~ GSpin, , /G5 ~ Spin, , /5.

We study first the centralizer of Sping in the Levi subgroup M; C H:

Lemma 2.5.3. The centralizer Cy, (Sping) is an extension of Gy X G by po.

Proof. For any element g € Cyy,(Sping), it stabilizes the subspace Japing((@), which is

spanned by E; and I — E; = E; + E3. The rank 1 elements in this subspace are non-
zero multiples of E;, and the rank 2 elements are non-zero multiples of E; + E3. As elements
of M preserve the rank, g acts on E; (resp. E5 + E3) by a scalar. So we obtain a morphism
from Cy, (Sping) to Gy, X Gy, whose kernel is the center of Sping, a cyclic group gener-
ated by the involution [a, b, c;x,y, 2] — [a,b,c;x, —y, —2] | , §4.3.1]. This morphism of
algebraic groups is also surjective, since for any non-zero scalars A, y, we have the following
element in Cyr, (Spiny):

Myt [a, b, ¢z, y, 2] — [N Pa, Ab, A Az, py, pz]. ]

Let C' be the subgroup of Cy,(Sping) consisting of m, ,, then we have the following
commutative diagram:

1 > Lo > Cp, (Sping) ———— G x G, —— 1

mx, L'_)(A71M27)‘)
: » G X G, —— 1

H p=ma

1 > Lo > C
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which shows that Cyp, (Sping) = C’ is a split torus of rank 2. The centralizer of Spin,
in Pj4 is generated by Cw, (Sping) and {n(zE; + y(Es + E3)),z,y € Q} C Ny, and it is
isomorphic to the standard Borel subgroup of Spin, , = SLy x SLy via:

m,ﬁ((A A_l),(“ Iu_1>),n(asE1+y(E2+E3))r—>((1 f)(l ?{)) (2.8)

Similarly, the centralizer of Sping in m is isomorphic to the opposite Borel subgroup of
Spin, ,, thus we get a morphism Sping X Spin,, — H!. The kernel of this morphism is
{(id,id), (m1,—1,m1, 1)}, and we denote by Sping x ., Spin, , the quotient of Sping x Spin, ,
by this kernel. The morphism Sping X, Spin, , < Hj induces an embedding of Sping X,
GSpin, , (resp. Sping X, SO, ) into Hy (resp. E7).

The centralizer Cg,(F4) ~ PGL, is embedded into SO,5 C Cg,(Sping) via the map
induced from the diagonal embedding GL; — GSpin, ,.

3 Local theta correspondence

In this section we recall some results on the minimal representation of E; and the local
theta correspondences for the exceptional dual pairs constructed in §2.5.

3.1 Minimal representation of E;

The theory of theta correspondences studies the restrictions of minimal representations to
reductive dual pairs, so we first recall the definition of the minimal representation of E(F')
for ' = Q, or R, and also some properties that will be used.

Definition 3.1.1. (i) The minimal representation Iy, , of E7(Q,) is the unramified rep-

resentation whose Satake parameter is the E/);(C)—conjugacy class of ¢ (p v - /2>.

Here the morphism ¢ : SLy(C) — ]/51\7(@) corresponds to the subregular unipotent
orbit of E;(C) = H}(C).

(ii) Let ITT be the holomorphic representation of H}(R) with the smallest Gelfand-Kirillov
dimension among non-trivial representations, and II~ be the anti-holomorphic repre-
sentation contragradient to IIT. The minimal representation Iy o of E7(R) is the
unique representation whose restriction to H}(R) is IIT @ I~

The first property that we need is the following relation between the minimal represen-
tation and a principal series:

Proposition 3.1.2. | , Proposition 6.1]] | For v = p or oo, the minimal repre-
sentation I, of E7(Q,) is the unique irreducible submodule of the normalized degenerate
principal series

E7(Qy) ¢—1/2
IndPEEQvg‘SPJ/ A,

where dp, is the modulus character of P;(Q,), and X : M;(Q,) — Q) is the similitude
character of M;(Q,).

17



The sections of IndlED7 (%“ S 2\)\]2 are smooth functions f : P;(Q,) — C such that

f(pg) = 1IA®)[2f(g), for all p € Py(Q,), g € Er(Q,). (3.1)

From now on, we identify Il as the unique irreducible submodule of Indgzggz)@;}/ 2|)\|2,
and normalize the spherical vector @, in Il,;,, by the condition that ®,(1) = 1.

The second property is the Kg,-types of the holomorphic part II™ of II,,,;,. The maximal
compact subgroup Kg, of H}(R) is isomorphic to Eg x U(1), where Eg is the simply-connected

compact Lie group of type Eg.

Definition 3.1.3. (1) Define E(n) to be the irreducible representation of the compact Lie
group Eg with highest weight n\, where X is the highest weight of pT as a Eg-representation.
(2) For n,k € N, define E(n, k) to be the irreducible representation of Kg, such that its
restriction to Eg is isomorphic to E(n) and its restriction to U(1) is the character z — 2.

The restriction of IT" to Kg. is given in | |:
Mk, ~ EDE(n, 2n +12). (3.2)
n=0

3.2 p-adic correspondence for F; x PGL,

Over Q,, the exceptional theta correspondence for F4 x PGL, has been studied in | ;
|. Now we recall some results that we need.

Definition 3.2.1. Let 7 be a smooth irreducible representation of PGL2(Q),), then the
maximal 7-isotypic quotient of IT,, admits an action of F4(Q,) and factors as 7 X O(7).

We call O(7) the big theta lift of m, and its maximal semisimple quotient §(7) the small theta
lift of .

Let By = ToNg be the Borel subgroup of PGL; consisting of upper triangular matrices,
and By be the opposite Borel subgroup. Let x be a character of To(Q,) = {(*,),t € Q;}

satisfying X = | —|° xo0, where s > 0 and xo is a unitary character of T((Q,). When
PGL2(Qp)
Bo(Qp)

lift of this principal series to F4(Q,) is also a principal series. Before stating the result of

Karasiewicz-Savin, we introduce a maximal parabolic subgroup of Fy.

s 7é 1 or x2 # 1, the principal series Indg- (x) is irreducible. It turns out the theta

Definition 3.2.2. Using Bourbaki’s labeling for simple roots of F4, we define Q to be the
maximal parabolic subgroup of F4 obtained by removing a4 from the Dynkin diagram.

The Levi subgroup of Q is isomorphic to GSpin,, whose similitude map GSpin, — GL;
is given by the fundamental weight w,. Notice that Q ~ GSpgz >~ Spg X G-

Proposition 3.2.3. / , Proposition 6.4] Let x = | — |* - xo be a character of To(Q,)
such that xo is unitary and O < s < 1/2, then the big theta lift of Ilrldgc(g2 Qp)( ) to F4(Q,)

18 1rreducible, and

PGL2 D PGLQ D Fy y
@(Indﬁo(ngQ (X)) = e(IndE(ng@ '(x)) ~ Indgi™ (x 0 @a).
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Remark 3.2.4. If x is unramified, then Proposition 3.2.3 tells that the Satake parameter of

Q(Indggig(@p)(x)) is the ﬁ((C)—conjugacy class of the image of (e,, ¢,) under the embedding

SL; x SLy — Spg x SLy — F,, where c, = diag(x(p), x(p)~!) and e, = diag(p*/2, p~1/2).

3.3 Archimedean theta correspondence

For the dual pair F4(R) x PGL3(R) inside E7(R), we have the following result:

Proposition 3.3.1. [ , Proposition 3.2] The restriction of pin 0o to F4(R) x PGLy(R)
18 1somorphic to

P Viw, ®D(2n + 12),

n>0
where V., is the irreducible representation of F4(R) with highest weight nwy, and D(m)
is the unitary completion of dpo(m) @ danti-noto(), dnei(m) being the holomorphic discrete
series representation of SLa(R) with minimal SO9(R) type m and dantinoo(m) being its
contragradient.

Before stating the result for Sping x SOs 2, we define some notations for Sping(R).

Notation 3.3.2. Let \; be the highest weight of the standard 9-dimensional representation
of Sping(R), and A, that of the 16-dimensional spinor representation. Denote by U, , the
irreducible representation of Sping(R) with highest weight mA; 4+ n,.

Proposition 3.3.3. The restriction of Iyin e to Sping(R) x SO95(R) is isomorphic to
P Unn®D(n+4)KBD(2m +n+8),

m,n>0
where we view D(n +4) K D(2m + n + 8) as a representation of SO22(R).

Proof. The proof is parallel to the argument in | , §3] for Gy x PGSpg, using the
branching laws in | |. O

4 Global theta correspondence

In this section, we recall an automorphic realization of the minimal representation of
E-;(A), and then use it to define global theta lifts.

4.1 Automorphic forms

Let G be a connected reductive group over Q which admits a (reductive) Z-model ¢, in
the sense of | |. Let Z = [1,Zp, Ay = Z®Q, and A = R x A;. We fix a maximal
compact subgroup K., of G(R) and let g = C ®g Lie(G(R)).

For the simplicity we assume that the center of G is anisotropic, and denote the quo-
tient space G(Q)\G(A) by [G]. This topological space |G| admits a right invariant finite
Haar measure p, with respect to which we can define the space L?(|G]) of square-integrable
functions on [G]. The topological group G(A) acts on L?([G]) by right translation, and the
Petersson inner product makes it a unitary G(A)-representation.
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Definition 4.1.1. (1) An irreducible unitary representation 7 of G(A) is (square-integrable)
discrete automorphic in the sense of | , §4.6], if 7 is isomorphic to a G(A)-invariant
closed subspace of L([G]). We denote by Tl;.(G) the set of equivalence classes of discrete
automorphic representations of G, and by L2, .([G]) the discrete part of L*([G]).

(2) An irreducible unitary representation 7 of G(A) has level one if w can be decomposed as
T = Too @ s, Where 7, is an irreducible unitary representation of G(R) and 7 is a smooth

irreducible representation of G(Ay) such that Wf(z) # 0. We denote the subset of [14s.(G)
consisting of those with level one by IIJ (G).

(3) The space of (square-integrable) automorphic forms A(G) is defined to be the space of
Ko x 9(Z)-finite and Z(U(g))-finite functions in the discrete spectrum L ([G]).

disc

Definition 4.1.2. (1) A square-integrable Borel function f : [G] — C is cuspidal if for the
unipotent radical U of every proper parabolic subgroup of G, we have

/ flug)du =0
(U]

for almost all g € G(A). We denote the subspace of L?(|G]) consisting of the classes of cus-
pidal functions by L2, ([G]), and the subspace of A(G) consisting of cuspidal automorphic
forms by Acusp(G).

(2) A discrete automorphic representation of G is cuspidal if it is a subrepresentation of
L2, ([G]). Denote by ey (G) (resp. I (G)) the subset of Igise(G) (resp. I (G))

cusp cusp disc
consisting of cuspidal representations.

4.1.1 Automorphic forms of F,

Now we concentrate on the level one automorphic forms of F4, and describe them in a
manner similar to the case for orthogonal groups | , §4.4]. The adelic quotient [Fy] us
compact, so L*([F4]) = L3 ([F4]) = L, ([F4]), and every automorphic representation of
F, is discrete and cuspidal.

A level one automorphic representation of F, is generated by some automorphic form
¢ € A(Fy)711® C L2([F,])+1®). The latter space can be viewed as the space of square-
integrable functions on F,(Q)\F4(A)/ 3’“471(2), endowed with the Radon measure that is the

image of u by the canonical map [Fy] — F4(Q)\F4(A)/F41(Z). By the Peter-Weyl theorem,
L2([F4])7+1® can be decomposed into a direct sum of irreducible representations:

Lemma 4.1.3. Denote by Irr(Fy4(R)) the set of equivalence classes of irreducible represen-
tations of F4(R), then we have:

LR O~ @D Vo)

Velrr(F4(R))

where Ay (Fy) is defined as

{: FAQ\FA(8)/Tis(Z) = V| f(gh) = h".f(g), for any g € Fa(A),h € Fa(R) . (4.1)
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Under this isomorphism, an automorphic form ¢ € A(F4;)¥1® is identified with an

element of @  V®Ay(F4). The number of 7 € IT{ (Fy) such that 7o, ~ V, counted
Velrr(F4(R))
with multiplicities, is exactly dim Ay (Fy), which is computed explicitly in | |.

~

Using Proposition 2.3.4, we identify F4(Q)\F4(A)/F4,1(Z) with the set J of Albert lattices,
and equip J with the corresponding right F4(R)-invariant Radon measure. We can thus

identify L2([F4])1®@ with L(g), equipped with the induced F4(R) action:

(9-f)(J) = f(g~'J), for any g € F4(R),J €7,

and identify Ay (F4) with the space

{9 V| f(g]) = g.f(J), for any g € Fy(R),J € 3}

We will use either of these two formulations of Ay (Fy), depending on convenience.
A function f € Ay (Fy) is determined by its values on the set of representatives {1,vg}
for F4(Q)\F4(Ay)/F41(Z) chosen in Notation 2.3.5. Furthermore, we have:

Lemma 4.1.4. The evaluation map f — (f(1), f(yr)) (or equivalently f — (f(Jz), f(Jr)))
induces an isomorphism of vector spaces:

My (Fy) ~ VIitg Ve,

where I't = F41(Z) is the automorphism group of the Albert algebra Jz, and 'y is that of Jg.

4.1.2 A polynomial model of V,,,

In this paper, we focus on automorphic representations of F, with archimedean compo-
nent V = V,,. Now we give a polynomial model of this family of irreducible representations.

When n = 1, a natural model for the 26-dimensional representation V, is the trace 0
part of Je¢ =~ p;. We choose the realization dual to this one, i.e. the subspace of Py(J¢) ~ pT
consisting of linear functions ¢ on J¢ such that ¢(I) = 0.

For n > 1, V,, is a subrepresentation of Sym" V,, C Sym"p] = P,(Jc), where the
action of F4(R) on P, (J¢) is given as:

(9.P)(X) = P(g 'z), for any g € F4(R), P € P,,(Jc) and X € Jc.
Definition 4.1.5. Define X to be the following F,(C)-orbit in Je:
X:={Ae€Jc|Tr(A) =0,rank(A) =1} ={A € Jc|A #0,Tr(A) = 0,rank(A) =1} .

For any n > 1, we define V,,(J¢) to be the subspace of P, (Jc) spanned by polynomials of
the form X — (Tr (X 0 A))", A e X.

Lemma 4.1.6. For any n > 1, V,(J¢) is an irreducible representation of F4(R), and its
highest weight is nwy.

Proof. This lemma follows from the fact that X is the set of highest vectors in the irreducible
F4(R)-representation {A € J¢, Tr(A) = 0} ~ V,, and F4(R) acts on it transitively. O
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4.2 Automorphic realization of minimal representation

Let Iy = ®)Inim, be the (adelic) minimal representation of E;(A). To establish
the global theta correspondence for dual pairs inside E7, we need to choose an automorphic
realization of ILy,, i.e. an E7(A)-equivariant embedding 6 : 1, < L?([E7]). In this section,
we follow | , §6] to give 0 via an explicit modular form constructed by Kim in | |-

4.2.1 Exceptional modular forms

Definition 4.2.1. The exceptional tube domain Hj; of complex dimension 27 is the open
subset of J¢ = Jr + ¢Jr consisting of Z = X + ¢Y with Y positive definite.

For any element Z € J¢, setri(Z) := (Z, det(Z), Z#, 1) € W;®C. By | , Proposition
2.3.1], for any g € H}(R) and Z € H;j, there exist a unique scalar J(g, Z) € C*, which is
called the automorphy factor for HY(R), and a unique Z’ € H; such that

g1r1(Z) = J(g, Z)r1(Z").

Definition 4.2.2. The action of H}(R)-action on Hj is defined as follows: for g € H}(R)
and Z € Hjy, g.Z is the unique Z' € H; satisfying g.r;(Z) € C*r(Z').

Ezample 4.2.3. We list the actions of some elements in H}(R):

e For n(A) e Njy(R), n(A).Z =Z+ Aand J(n(A),Z) = 1;
e For m € M;(R), m.(X +1iY) = A(m)(A(X) +iA(Y)) and J(m, Z) = A\(m)~;
e For ¢ defined by (2.3), t.Z = —Z~! and J(i, Z) = det(Z).

The center +1 =~ (:?) of H}(R) acts trivially on Hj, and the group of holomorphic
transformations of H; is Hj(R)/ & 1, the connected component of E7(R).

Definition 4.2.4. A holomorphic function F' : Hy — C is a modular form of level 1 and
weight k if for any Z € H; and v € H}(Z) we have

F(1.2) = J(, 2)" - F(2).
Kim’s modular form F g, is defined by the following Fourier expansion:

Frim(Z) =1+ 240 E o3 (cy,(T)) ¥ T2)  for any Z € H;, (4.2)
J72T>0,
rank(7)=1

where ¢y, (7)) is the content of T, i.e. the largest integer ¢ such that T'/c € Jz, and o3(n) =
> din d®. The function Fg;, defined by (4.2) is a modular form of level 1 and weight 4.

4.2.2 Kim’s automorphic form

Kim’s modular form Fg;,, gives rise to a level one automorphic form of E;. Using the
strong approximation property of E-, we have the following natural homemorphisms:

E;(Q)\E7(A)/E7(Z) ~ E;(Z)\E;(R) ~ HY(Z)\H}(R),
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thus we write any element g € E7(A) as ¢ = gggx9z, Where gg € E7(Q), g5 € E7(Z) and
Joo € E7(R) is the image of an element in H}(R) under the projection Hy(R) — E7(R). In
other words, g, is an element of H}(R)/ 4 1, the group of holomorphic automorphisms of
Hy. Now for g = gogeegs € E7(A), we define

Okim(9) == J(goos 1) ™"+ Freim(goo-il),

which is a well-defined ® automorphic form of E;. Using the explicit action on Hj given in
Example 4.2.3, one gets the following:

Lemma 4.2.5. The automorphic form Ok, € A(E7) is invariant under Fy(R) x E7(z)
Now we use O, to embed Iy, into L2 ([Eq]):

Definition 4.2.6. Let ®, € Il be the normalized spherical vector, @, € IIT C Ilyip 0o
the unique (up to scalar) holomorphic vector with the minimal Kg.-type, and ®¢ := &, ®
Py = ®,P, € Iy,. The automorphic realization 6 : I, < L*([E;]) is defined to be the
unique E7(A)-equivariant map sending ®y to O gy,

4.2.3 Constructing automorphic forms with non-minimal Ky -types

The holomorphic vector @, lies in the minimal Kg_-type of It C Iy 00, and we follow
the method in | | to produce (holomorphic) automorphic forms with higher Kg_-types.

For the two summands p; in the Cartan decomposition (2.6) of e7, choose a basis {X, }a

of pJ and its dual basis {XY}, of pj with respect to pT x p7 ~ J¢ x Jc b e

Definition 4.2.7. We define a linear differential operator D : A(E7) — A(E;) ® p; by

De(g) ==Y (Xap)(g) @ XY, for every p € A(Er),

«

which is independent of the choice of {X,},. For any integer n > 0, set D" to be the n-times
composition of D.

Applying the differential operator D™ defined in Definition 4.2.7 to © k;,,, we obtain
@n = Dn@Klm € A(E7) () (p3)®n’
whose coordinates belong to the Kg,-type E(n,2n + 12) in (3.2).

Notation 4.2.8. (1) For any Albert lattice J € J, denote by J* the set of rank 1 and
positive semi-definite elements in J, and set a;(7T) := o3(c; (7)) for any T € J, where
cys(T) is the content of 7" in J.

(2) For any element T' € Jg, denote by hy the function:

g = gngogz € E7(A) — J(goo7ﬁ)*4 . 627Ti(T7goo.iI)7

~

where gg € E7(Q), g5 € E7(Z) and g lies in the image of Hj(R).

®Here we use the fact that J(v,Z) = £1 for any v € H}(Z) and Z € K;.
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With these notations, for any n > 1, we rewrite ©,, as:

©,(g) =240 Y ay,(T) - D"hr(g) = 240 Y az,(T) - D" hr(ge). (4.3)

We end this section by the following property of O,:

Lemma 4.2.9. For any g, € HY(R) and he, € Fy4(R), we have O, (goohoo) = hit.0,(9s0),
where the action of h} is applied on (p7)®".

Proof. By the definition of ©, = D"Ogy,,, we have:

@n(goohoo) = Z (Xan, e 'Xa1®Kim)(gooh00) oY X<vx1 @ X(vx,,,

Q1,0
d d
= D | | Oxim(gechce! X e ) @ XY @ @ XY
Q] yenny [67%) n tn—O 1 t1:0
d d
— Z e — @Kim(gooetnAd(hoo)Xan - etlAd(ho@)Xal hoo) X Xxl R ® Xxn
a1, 0n dtn tn=0 dt t1=0
d d
= Z E E @K“n(gooetnhoo.xan ...etlhoo‘Xal)®Xxl ®®Xxn,
o n ¢, =0 1l =0

where ho. Xy = Ad(he )X, and the last equality follows from Lemma 4.2.5. Since Fy(R) is
a subgroup of the maximal compact subgroup Kg. of E7(R), {hs X4 }a also gives a basis of
pT, and its dual basis of pj is {ho.XY},. As the differential operator D is independent of
the choice of {X,}4, we have:

On(gochon) = D (Ko XayOkim) (goo) @ hi X @ - @ h ! XY, = hi).On(goo). O

4.3 Global theta lifts

Let G x H be one of the two reductive dual pairs given in §2.5, i.e. G x H = F, x PGL,
or Spin9 X 80272.

Definition 4.3.1. For ¢ € A(H) and ¢ € Iy, the global theta lift of ¢ with respect to ¢ is
the automorphic form of G defined by the following absolutely convergent integral:

0,(2)(g) == /[H] 6(6)(gh)o()dh, for any g € G(A).

For a cuspidal automorphic representation m € Il..,(H), its global theta lift O(m) is the
G(A)-subspace of L?([G]) generated by {O4(p) | ¢ € 7, ¢ € Ippin }-

Remark 4.3.2. In this paper, we are always in the situation that either [H] is compact or
¢ € A(H) is cuspidal. For the second case, the absolute convergence comes from the rapid
decay of ¢.

We also define the global theta lift of a “vector-valued automorphic form” o € Ay, _ (F4)
defined as (4.1), which is compatible with Definition 4.3.1:
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Definition 4.3.3. For a function « : F4(Q)\F4(A)/?471(2) = Vg, in Ay, (Fy), its global
theta lift ©(«) is defined as:

O(a)(g) = {©n(gh),a(h)}dh, for any g € PGLy(A), (4.4)

[F4]

where {—, —} : J&" x (J{)®" — C is the pairing defined in (2.7), and we view a(h) € V,,,
as a homogeneous polynomial over J¢.

5 Exceptional theta series

In this section, we compute the Fourier expansion of the theta lift ©(a) of a € Ay, (F4),
and prove Theorem C in the introduction. From now on, we will identify o with its values
ar € V,(Jo)', ag € V,,(Je)'® at 1,4g as in Lemma 4.1.4.

5.1 Fourier expansions of global theta lifts

Normalize the Haar measure dh of F4(A) in (4.4) so that F4(R)3’4,I(z) has measure 1.
Write g € PGL3(A) as g = gggeogs, Where gg € PGLy(Q), g5 € PGLg(z) and go IS
the image of an element in SLy(R), then using Lemma 2.3.8, Lemma 4.2.9 and the F,(R)-
invariance of {—, —}, we obtain:

O(a)(9) = : {On(9hochz), a(hoohz) }dh + =— {On(9hocyuhz), a(hoo vz )dh}

1| F4(R)F4.1(2) ‘FE| F4(R)F4,1(Z)
1 1

{7 -0n(goo), hoo - cn}dh + —— {n5 0 (0! 90c), hd -am}
|FI| F4(R)F41(Z) |FE| F4(R)F4,1(Z)

T 10n(9), 1} + =10 ,L((sgolgoo),ozE}.

IFI IFI

(5.1)

If the global theta lift ©(a) € A(PGLs) is non-zero, then the following result shows that
it arises from a weight 2n + 12 classical holomorphic modular form on SLy(Z):

Proposition 5.1.1. Let H C C be the Poincaré half plane, and j : SLy(R) x H — C* the
automorphy factor given by j ((¢5),2) = cz +d. For any a € Ay, (Fy4), the function

for)(2) == j(g,1)*" 1?0 (a)(g), z = g.i € H, g € SLa(R),

1s well-defined and is a level one holomorphic modular form of weight 2n+ 12. Furthermore,
it is a cusp form when n > 0.

We postpone the proof of Proposition 5.1.1 to §5.3, and prove the following main theorem
on the Fourier expansion of fg(q):
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Theorem 5.1.2. (Theorem C in §1) Let o € Ay, (Fa), n > 0 and fo) the cusp form
associated to its global theta lift ©(a). Up to a non-zero constant, feo has the following
Fourier expansz’on:

Tr(T) _ 27z
f@(a |P | Z a’JZ OZI |FE| Z a‘JE 9 q =€ .

TeJS Telf

Remark 5.1.3. The case when n = 0 is studied by Elkies and Gross in | |. In this
case a € Aq(F4) can be identified as a pair of complex numbers. For a corresponding
to (|T1],0), fow = E122 4 436290100A; for a corresponding to (0,|Tg|), fo@) = Ei2 — B20A,

691
where Eip(z) =14 ) > n>1011(n)q" is the normalized weight 12 Eisenstein series, and
A(z) = q[ 1,51 (1 — ¢")** is the discriminant modular form.

¢(—11
Before proving Theorem 5.1.2, we state a result that will be used in the proof, whose
proof is also postponed to §5.3.

Theorem 5.1.4. Let P € V,,(J¢) =~ Vuw, for any n >0, T an element of Jg, and hy(g) =
J(Goo, i1) ™4 - e27(T9000) the function given in Notation 4.2.8, then we have:

{(D"hr)(g), P} = (=4m)" - j(g,1) "2 P(T) ™90 for any g € SLy(R).
Proof of Theorem 5.1.2. By (5.1), we have

foto) = 0. (rt@ulg) and + po(@,020) e} ) s =g (52

Using the Fourier expansion (4.3) of ©,, and Theorem 5.1.4, the first term in (5.2) equals

()0, 0) 01} = T (90) 1 3 (1) (DB ().}

Teyf

> ag, (T)on(T)g "M,

TeJ}

240(—4r)
I8

and the second term in (5.2) equals

i1 10, (019). an} =

240

T DY an (T{D" he (5 ), o}

Telf

g S a0 (0 )

Teyt
_240(—4m)"

IT'g| Z ay, (T)ag (07, T)e™0xTgi),
E

TeJ}

Since M}(R) preserves the rank and stabilizes the set of positive semi-definite elements
[ , Proposition 2.4], we have Ji = d.,(J7), thus

Z aj, (T)OJE((S;T)€2M(5;°T’Q’“) _ Z aj, (T)OéE(5;050_01T)627ri(§;°5‘>_°1T’g’iI).

Tel} TeJh
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The element §7 0! is the archimedean part of 5*5*1 € M}(Q). By Lemma 2.3.8, (5]717E €

M}(A), Slo) 5*(5 1 ¢ ’VEMI(Z)’YIE = ’YEMl(Z) - = Aut(Jg ®z / ,det). As a direct conse-
quence, %61 1nduces an automorphism of the lattlce Jg, thus we have:
Y A (T)ap(62,6 0 T Toil — N oy (T)ap(T)g™ ™. 0
Telf TeJf

A direct corollary of Theorem 5.1.2 is the following:

Corollary 5.1.5. For any Albert lattice J € § and any polynomial P € V,(J¢), the
(weighted) theta series

Dyp(2) =Y ay(T)P(T)g" "), z € 3, q = €, (5.3)

TeJ+
is a modular form on SLy(7Z) of weight 2n + 12, and it is cuspidal if P is not constant.

Proof. Since the theta series (5.3) is invariant under the F4(R)-action on the pair (J, P) in
the sense that ¥,;,p = 9, p, it suffices to prove the modularity for J € {Jz,Jg}. Here we
give the proof for J = Jz, and that for Jg is almost the same.

Let a : § = V,(Jc) be the element in Ay, ;.)(F4) that is supported on the F,(R)-orbit
of Jz and takes the value Zverl v.P at Jz € §. By Theorem 5.1.2 and Remark 5.1.3, fo(q)
is a modular form on SLy(Z) of weight 2n + 12. On the other hand, J is stable under the
action of I'r, thus one has:

TeJt vel]
i3 (S anemrren)
I ~ely \TeJy,
= ﬁJZ,P( ) O

If we view o € Ay, (F4) as a function o : J — V,,(Jc), the modular form fg) can be
written in the following forms:

1 1
f@(a) |F |7932 a(Jz) + mﬁJEva(JE)'

5.2 Theta series attached to Spiny(R)-invariant polynomials

As an application of Theorem 5.1.2, we are going to show that for every weight k with
Sk(SL2(Z)) # 0, there exists a polynomial P € V btz (Jc) such that the weighted theta series

¥y, p defined as (5.3) is non-zero. This result will be used later in §6.4.

The F, | B, branching law | , §2, Theorem 7| says that dim V™ — 1 for
any n > 0, where Sping is defined as the stabilizer of E; = [1,0,0;0,0,0] in Fy, thus the
Sping(R)-invariant polynomial in V,,(J¢) is unique up to a non-zero scalar.
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Theorem 5.2.1. For n > 2 and any non-zero polynomial P € V,,(Jc)SPe®)  the weighted
theta series Uy, p is non-zero.

Proof. We first construct an explicit polynomial P, € V,(J¢)SP™e®)  In the real definite
octonion algebra O, we pick three purely imaginary elements g, 4o, zo such that R ® Rzy @
Ryo @ Rz is isomorphic to Hamilton’s quaternion algebra, 7.e.

2 2 2
Ty =Yy = 2o = —1 and xoyo = —YoTo = 20-

Take z1 = 79, y1 = vV —2y and 2, = /—22, and choose B = [2, —1, —1;x1,y1,21] € Je. It
can be easily verified that B € X, thus the polynomial @Q,(X) := (Tr(X o B))" = (X, B)" lies
in V,(J¢), and take P,(X) := fSpinQ(R) k.Qn(X)dk = fSping(R) (X, kB)"dk to be the average
of @, over Sping(R). Now it suffices to show that the associated theta series 9y, p, # 0.

Consider the first Fourier coefficient a; of d;, p,. The elements in J; having contributions
to the coefficient of ¢ are E;, E; and Egs, thus:

a = ZPR(EZ») = /S - (Z(E k:B)") dk. (5.4)

=1

By Lemma 2.5.1, Sping(R) preserves the subspaces J; = {[0,£, —¢;2,0,0] | € € R,z € Og}
and Jo = {[0,0,0;0,y, 2] |y, 2 € Or} respectively. So for any k € Sping(R) we set:

k[0,0,0;0,y1,21] =1[0,0,0;0,y(k),z(k)] € Jo ® C.

We have the equality 2¢(k)? + (z(k), z(k)) = (x1,71) = 2, as k preserves the inner product
on Jg, which implies that |{(k)| < 1. The three diagonal entries of kB are 2, —1 + £(k) and

—1—¢(k), thus i(E,, EB)" = 2"+ (—1+4+&(k))"+ (—1—&(k))" € Rso. When we take k = 1,
i=1

3

S (E;, B)" = 2" + (=1)" + (—1)" is positive for any n > 2. Hence the integral in (5.4) is
i=1

strictly positive, and as a consequence the weighted theta series 9, p, is non-zero. O

5.3 Proof of Theorem 5.1.4

In this section, we will prove Proposition 5.1.1 and Theorem 5.1.4, following a similar
strategy to that of Pollack in | , §6].

We first define a basis {X,}, of pj as follows: for any A € J¢, write X4 := X} =
iC; 'nL,(A)Cy, as in §2.4.2, which is an element of pT by Proposition 2.4.6. Choose a C-basis
{e1,...,ex} of Jc, then we have a basis {X,, }1<i<or of pT, and we denote its dual basis by
{X¥ hi<i<or. In | , §6.2], Pollack calculates the action of X4, - - - X4, on hy|m, ). Before
recalling his result, we explain some notations that will appear in the statement.

Let T(Jc) = @@ JE* be the tensor algebra of Jc. Define a family of F,(R)-equivariant
k=0

maps %, : J&¥ — T(J¢) inductively:
o let #y =1 be the constant map;
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e for k > 0, define ©

Pri1(A1 R @A @ Aps1) =PR(A1 @+ @ Ag) ® Apy1 + 4Tr(Aps1) Pr(A1 @ -+ - @ Ag)
+ A1 0 (A1 ® -+ @A) + Pp(Apgpr10 (A1 ® - ® Ay)),

where Ao (A1 @ ®A,) =Y A @ ® (Ao A) @ ® A,
For any T' € Jg and m € M;(R), we define a linear form wr,, on T(J¢c) by:

Wrm(A @ - ® A,) = (—4m)" H (T,m(4;)), for any r > 0.

j=1
Proposition 5.3.1. / , Proposition 6.2.2] Let the notations be as above, then for any
m € Mj(R) and Ay, ..., A, € Jc, we have
XAn .. -XAlhT(m) = wT’)\(m)m*(an(Al ® e ® An))hT(m)

Remark 5.3.2. There is a slight mistake in | , Proposition 6.2.2|, whose correct formula
should be

Xa, - X, hp(M(8,m)) = wrm( Pu(A1 @ - - @ A,))hp(M(8,m)),

where M (8, m) is the element of M;(R) such that M (5, m)n(A)M (6, m)~ = n(m(A)).

Observe that &, (A; ® --- ® A,) is the sum of A; ® -+ ® A, with tensors of smaller
degrees. The following lemma enables us to consider only the leading term of &7,.

Lemma 5.3.3. Let P be an element in V,(Jc) ~ Vw,, then:

Z Prle, @+ ® ein){X;1 ®---eX/ ,P}= Z €, ® - ® Gin{XZil ®---@X/ P} (5.5)
Proof. Since the pairing {—, —} is Fy(R)-invariant and 22, is F4(R)-equivariant, for any
g € F4(R), we have:

Comparing this with the right-hand side of (5.5), it suffices to prove (5.5) for one non-zero
vector in V,,.,, so we take P to be (Tr(X o A))" € V,(J¢) for an arbitrary A € X, as
explained in §4.1.2.

In | , §6.2], the Jordan product Ao B is denoted by 3{A, B}, where {4, B} = AB + BA is defined
in [Pol20, §3.3.1].
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Both sides of (5.5) are independent of the choice of the basis {e;}1<i<or of J¢, thus
we choose a speciﬁc basis {e;}1<i<o7 such that ey = A. With this choice, it suffices to
prove 2, (e$") = €™, which follows from the inductive definition of &, and the fact that
Tr(e;) =0, e3 061 = 0. O

Proposition 5.3.4. For m € Mj(R) and P € V,,(J¢) ~ Vaw,, we have
{D"hr(m), P} = (—4m)"P (A(m)m™'T) hr(m).

Proof. Combining Proposition 5.3.1 and Lemma 5.3.3 together, we have:

(D" (m), P} = Z Xey, o+ Xey hr(m) {X2, @ - @ XY, P}

-----

= Z WrAmyms (Pn(€i, @ -+ @ €,))hr(m) {X;/il ® - RX,, ,P}

-----

= hT(m) Z wT,)\(m)m*(ezl ® - ®e;) {Xevil Q- XZZ-”’P}
= (—47)"hp(m) Z (H(T,/\(m)m*(eij))> {xgﬁ ® XY ,P}

= (—4m)"hy(m) Z (H ()\(m)m*lT7 eij)) {XZZ,I R ® Xf\f/in , P}

— (—47)"he(m) {(A(m)m’lT)@m , p}
= (—4m)"P ()\(m)m_lT) hr(m). O

To prove Theorem 5.1.4, we use the Iwasawa decomposition to write g € SLy(R) as:

g:tnk}, Wheret:(“u71)7n:(1%)’k: ( cos @ sin@)‘

—siné cosé
By a direct calculation, we have the following:

Lemma 5.3.5. For Ay,..., A, € Jc, we have the following identities:

(1) X4, -+ X, hp(mn(A)) = 2riTAmMm X Xy hyp(m), VA € Jo,m € Mjy(R);
(2) Xa, - Xa,hr(gk) = J(k, i)™ (kX 4,) -+ (k- Xa,) hr(g), Yk € Kg,, g € HY(R).

Proof of Theorem 5.1.4. Let the notations be as above. By Lemma 5.3.5, we have:

= J(k, i)™ Z (k-Xe,, -k Xe, Yhr(tn) @ XY, @ --- @ XY,

= J(k,il)™ 2mT”1> Z e )hr() @ X @@ XY, .

.....

— j(k’,l) —2n— 1262m(T,u xl) DnhT( )7
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where the last equality follows from k.X 4 = (cos@ +isin 0)*X 4 = j(k,1)"2X4. Now we take
the pairing of D"hr(g) with P, and use Proposition 5.3.4 to obtain the desired identity:

{D"hr(g), P} = j(k, i) > 2> D (—dm)" P (u*T) J (8, 1) >4
= (—4m)"j(k, i)~ 12j(t,4) " 2 P(T) i ()
= (=4m)"j(g,3) 1P (T) 2T, 0

Proof of Proposition 5.1.1. To show that fe(a)(2) := j(g,7)*" 20 () (g) is well-defined, it
suffices to verify that for k in the maximal compact subgroup of SLy(R), we have:

O(a)(gh) = j(k,i)>""6(a)(g), for any g € SLy(R).

This follows from Lemma 5.3.5 and the identity k.X4 = j(k,7)™? - X4. By the definition
of ©(«a) and Proposition 3.3.1, fo() is a level one holomorphic modular form with weight
2n + 12, and when n > 0 it is a cusp form. n

6 Global theta lifts from PGLs to Fy

We look at the other direction of the global theta correspondence, i.e. from PGLy to Fy.
Let m ~ ®! 7, be a level one algebraic cuspidal automorphic representation of PGLy associ-
ated to a Hecke eigenform of SLy(Z) with weight 2n + 12, n > 0. We take an automorphic
form ¢ € 7 corresponding to ®'p, under the isomorphism 7 ~ ®'r,, such that:

® . is the unique lowest weight holomorphic vector in the discrete series representation
D(2n + 12) of PGLy(R);

e for each prime p, ¢, is chosen to be the normalized spherical vector in the principal
series representation m, of PGL2(Q)).

Our goal is to prove ©(m) # 0. In other words, we need to find a vector ¢ € I1,;, such that
O4(p) # 0. The strategy is to calculate the Sping-period of the global theta lift ©4(¢):

Poping (O0()) = / O4(2) (9)ds.

[Sping)

As stated in Remark 1.3.1, one motivation for considering this period integral is the conjec-
ture of Sakellaridis-Venkatesh.

Plugging the definition of the global theta lift ©,(¢) in this period integral and changing
the order of integration, we obtain:

:PSpan ®¢ / / ( )dhdg
[Sping] PGLQ]

B /[PGLQ] #lh) ( /[Sping] 0(¢) (9h) dg) dh.
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6.1 Exceptional Siegel-Weil formula

The integral fs - 8(¢)(gh)dg appearing in (6.1), as a function of h € SO95(A), is the
global theta lift of the constant function on [Sping] to SOy5. In this section, we will prove
an exceptional Siegel-Weil formula for Sping x SOg 9, which represents this theta lift as an
Eisenstein series on SOg .

Definition 6.1.1. Let B = TN be the Borel subgroup of
SO2,2 = GSpinQ,Q/Gm = {(gl,gg) € GL2 X GL2 | det g1 = det gg} /G‘rﬁ1

consisting of the equivalence classes of (g1, g2), where gjand g are upper triangular matrices.
For s, so € C, we define a character x5, 5, on T(A) by:

Xorsa (" 0) 5 (" 0,)) = laa/ba] 7 - [az/bs] 2,
(4)

and define I(sy, s9) to be the (normalized) degenerate principal series Inds];()‘;j2 X1, -

By Proposition 3.1.2, we identify the (adelic) minimal representation IT,;, of E7(A) as a
x5 2

subrepresentation of IndP

Lemma 6.1.2. The restriction of sections gives a morphism IndE7EA§ _}/2|)\|2 — I(3,7).

Proof. A section f € Indllz7 (2)5 Y ?|A\|? satisfies the functional equation (3.1). Combining the

explicit morphisms (2.4) and (2 8), the image of ((*'4,),(*4,)) € T(A) in My C E; has
similitude (a;/b;) - (az/bs)?, thus the restriction of f to SOq(A) satisfies:

f(tng) = x18(t)f(g), for any t € T(A),n € N(A),g € SO22(A).
This shows that f|so, ) is a section of Ind]i(()Aff(A)éBl/QXM =1(3,7). O
Lemma 6.1.2 gives us a SO45(A)-equivariant map:
E7(A) c—1/2
Res : T — Indp’(3) 052 A2 = 1(3,7).
Given a smooth vector ¢ € Iy, we have the following two automorphic forms on SOg s:

e The theta integral:
0u(1)(9) = | 0é)(gh)dh. for any g € SO2a(A),
[Sping]

e The Eisenstein series associated to 5 := Res(¢) € 1(3,7):

E($)(g) := > d(7g), for any g € SO45(A).
7EB(Q)\SO2,2(Q)
Theorem 6.1.3. Let & = ®,P, be the normalized spherical vector in Iy, 5 chosen in

§4.2, then for any smooth holomorphic vector ¢ € llpin oo, up to some scalar we have:
E(Res(¢s0 © Of)) = Opaa,(1).
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Before proving this formula for any smooth vector ¢, € Iy o0, we verify it for the specific
vector @, chosen in §4.2.

Proposition 6.1.4. For the vector ®y = o @ Py € Ilyin, up to some scalar we have:
E(Res(®g)) = Og,(1).

Proof. By the choice of @, Res(®y), is the normalized spherical vector of 1(3,7), for each
prime p, and Res(®g)s is the unique holomorphic vector in I(3,7)s with minimal Kg, N
Spin, ,(R)-type. As a result, the Eisenstein series F/(Res(®o)) is a non-zero multiple of the
automorphic form associated to F,;X Eg, where E}, is the normalized holomorphic Eisenstein
series in My (SLy(Z)).

On the other side, the global theta lift is a non-zero multiple of

(91,92) € SO5(A) = 7(g1.00) *1(92.00) Ficim (diag(g1,00-, G2.00-1, G2.00-1) ) 5

where (91,00, 92,00) € Sping »(R) is the archimedean component of (g1, g2) (up to some left
translation by SO92(Q)). It suffices to show that F i, (diag(z1, 22, 22)), as a function on
H x H, is a non-zero multiple of Fy(z1)FEs(22).

Since the space of modular forms My (SLy(Z)), k = 4 or 8, is 1-dimensional and spanned
by Ey, it suffices to show that as a function for the variable z; (resp. z2), F i (diag(z1, 22, 22))
is a modular form of weight 4 (resp.8). The only hard part in the proof of the modularity
is to show that

zl_4FK,-m(diag(—1/zl, 29, ZQ)) = FKim(diag(zl, 29, 22)) = Z{SFKim(diag(zl, —]_/ZQ, —1/22))

We only give the proof for the first equality here, and the second one can be proved similarly.
From the explicit actions on H; given in Example 4.2.3, we have

diag(—1/z1, 29, 22) = (n(Eq) - ¢ - n(Ey) - ¢ - n(Ey)) .diag(z1, 22, 22),
then the desired functional equation is implied by the modularity of Fg,:

Frim(diag(—1/21, 22, 22))
=J (1, diag(z1 /(21 + 1), =1/ 29, —1/29))J (v, diag(z1 + 1, 29, 22) ) F im (diag (21, 22, 22))
4
21 4 .
(o) (- G D) Frinding(er, 2,2)
=21 F gim (diag(21, 22, 23)). O

Proof of Theorem 6.1.3. For a smooth vector ¢, € IIT C 1,5, o Whose restriction Res(¢po, ®
@) to SO25(A) vanishes, we know from Proposition 3.3.3 that it is orthogonal to the space
(I1F)SPino(®) “thus the theta lift Oy ge, (1) = 0.

Now we can assume that the smooth vector ¢o, € (ITT)SP(®) lies in the Spin,,(R)-
orbit of ®.,, then the theorem follows from Proposition 6.1.4 and the fact that the maps
E(Res(—)) and ©_(1) are both SO 5(A)-equivariant. O
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6.2 Unfolding the period integral

Take the smooth vector ¢ € Il to be ¢oe @ Py, where @ is the normalized spherical

vector and ¢ is a vector in ITT C Il o0 such that ¢ := Res(¢) € I(3,7) is non-zero. Using
the Siegel-Weil formula Theorem 6.1.3 for Sping x SO, 2, we write the period integral (6.1)
as a Rankin-Selberg type integral and unfold it:

Psping (O(9)) = / S E(Res(6)) () dh

[PGLo)
S O SIS T 62)
[PGL] B(Q)\S0,2(Q) '

S(vh™)p(h)dh,

- ¥

7€B(Q)\S02,2(Q)/PGL2 (Q)

where h® denotes the image of h € PGLy(A) under PGLy(A) — SO45(A), and the reduc-
tive subgroup "G of PGLs is defined to be PGL5 Ny~ 'Byy.

By an easy calculation of orbits, the double coset in the summation of (6.2) has two
orbits, represented by 1 = ((§9),(39)) and v = (wo,1) == (($ '), (§9)) respectively.
For the first orbit, 'G = By, = TyN, is the standard Borel subgroup of PGL,, and its
contribution to the Rankin-Selberg integral (6.2) is zero since ¢ is cuspidal. For the second
orbit, G = T is the maximal torus consisting of diagonal matrices, thus we have:

KGr(@)\PGrLz(A)

Poping (Ou(i)) = / (1092 (9)ds. (6.3)
To(Q)\PGL2(A)

Before calculating this integral, we make some normalization on the measure dg of PGLy(A):

Notation 6.2.1. Fix a Haar measure dz on Q, such that dz(Z,) = 1, and let d*¢ be the Haar
measure (1 —p~ 1)~ 1. % on Q) so that d*¢(Z,’) = 1. We choose the following left-invariant
Haar measure db on By(Q,):

db = d*tdx = %, for b = (t 1) (1 f) € Bo(Qy).

On the hyperspecial subgroup PGLy(Z,), we choose the invariant Haar measure dk such
that the volume of PGLy(Z,) is 1. Via the Iwasawa decomposition, we give PGL2(Q,) the
product measure dg, = dbdk, which makes PGLy(Z,) have measure 1. Take a non-trivial
invariant Haar measure dg., on PGLy(R) and set dg = ®/ dg,.

The first step to calculate (6.3) is to rewrite it as an Euler product, for which we need
the following:

Definition 6.2.2. Fix a non-trivial continuous unitary character ¢ = ¥ ® ¥y = ®,9, of
Q\A such that the conductor of v, is Z, for each p and 1, (z) = €*™* for all z € R. The
- Whittaker coefficient of ¢ € Acusp(PGL2) is defined to be:

Weu(g) = /[N ] o(ng)y " (n)dn.
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The global Whittaker function W, , satisfies W, (ng) = ¥(n)W,4(g) for any g €
PGL;(A) and n € Ny(A), and it factors as W, 4(9) = T, W, 0. (90) | , Corollary
4.1.3|, where W,,, 4, is a spherical Whittaker function on PGLy(Q,). We normalize the
spherical vector ¢, € m, so that W, . |pcr.(z,) = 1.

Expanding the automorphic form ¢ along Ny, the right-hand side of (6.3) becomes:

~ a 0 ~

/ 6(109°) Y Wou ((o 1) g) dg = / 3(109°)Wep,p(9)dg.

To(Q\PGL2(4) a€QX PGL;(A)
So far we have proved the following:

Proposition 6.2.3. Let ¢ = ¢poo @ ®f € Iyin be a smooth vector such that 5 = Res(¢) # 0,
then we have

Poping (O0(7)) = /

3(909° ) We i (9)dg = [ 1(60. 0, v0).
PGL(A) ;

where the local zeta integral Iv(&,, ©u, WUy) s defined by:

fu@m%,%) = / QZU(’YO,UQUA>W%,¢U (gv)dgv-
PGL2(Qy)

6.3 Unramified calculations

The goal of this section is to calculate the local zeta integral Ip(gp, ©ps V)

Proposition 6.3.1. Let ¢, be the normalized spherical vector of the unramified principal
series m, of PGL2(Q,) whose Satake parameter is (ap a;1> € SLy(C)ys, and ¢, = Res(®,)

the normalized spherical section of 1(3,7),, then we have:

1-p™(A—p~ '
(1-p 2a,)(1—p o)1 —p 7a,)(1—p 7a;?)

]p((gp’ Pps Pp) =

Proof. With the choice of measures in Notation 6.2.1, we write I, as a double integral:

Ip(ﬁgzn ©ps Vp)

- / / G (b K2 YWoy, . () dbd
Bo(Qp) Y PGL2(Zyp)

G O N G B TR (OB TG

As the normalized spherical section of 1(3,7),, ggp satisfies that:

" (70 ( 1)A<1 "DA) Ll 052 (6
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On the other hand, the values of the spherical Whittaker function W, ., comes from a
standard result | , Proposition 7.4]:

W t 1 z _ 0 PR U & Zy (6.6)
¥ 1 1)) ) p 2, (tz) - % , L € p"Z, for some n >0 '

Plugging (6.5) and (6.6) into Equation (6.4), we have:

n+1 —n—1

1,(G, 0, ) = Z / .. —fn%wm (6.7)

where

L(t) = [ ¥ (tz)de + /

ZP QP \ZP

BTN ) x—1+2 / Pt de

mZX

We set t = p"lo, to € Z,, and change the variable of integration by z = p™™{; 1y, which
induces that dxr = p™dy, then we have:

p(1—p7) ,m<n

[ = [ B =t
p Ly 0 ,m>n-+1
Hence the integral I,,(t) is independent of ¢ € p"Z,) and
n —3n—3
_ —3myq -1\ . —3(n+l)— (1 — )(1 —P )
=1+ p*1-p ") —p 1_p_3
Putting this value in (6.7), we obtain:
I e _ (1 - _4 fgn n+1 -n—1y(1 —3n—3
p(¢p7(pp7¢p)_ (1_p Oé —Oé Zp ap )( —-p )
_ <1 - o oyt pPay  pTey
(1—]?_3)(0419—04;1) 1—p*%ozp 1—p*ga;1 l—pf%ap 1—p*121a;1
_ 1-pHa-p? -

(L=p3a))(1—p 2 Y1 —p 2 )1 —p 205")
As a direct consequence of Proposition 6.3.1, we have the following result, which corre-
sponds to Theorem D in the introduction:

Corollary 6.3.2. (Theorem D in §1) Let ¢ = ¢poo @ ®¢ be a smooth holomorphic vector in
in such that ¢ = Res(¢) # 0, and ¢ ~ @ @ @f € T the automorphic form of PGLs
associated to a (normalized) Hecke eigenform for SLo(Z) of weight 2n+12, n > 0. Then we
have:
L(m, 3)L(m, )
Pping (O()) = — 272
seina (909) = =43¢ 9)

The L-function L(m,s) appearing in (6.8) is the standard automorphic L-function of m, de-
fined as the Buler product [[,(1—p~°a,)(1 —p~*a, '), where the SLy(C)-conjugacy class of
diag(ay,, aljl) is the Satake parameter of m,.

Too(Res(doo ) s Poos Poo)- (6.8)
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Remark 6.3.3. The L-factor L(m, 3)L(7, 1) appearing in (6.8) agrees with the prediction of
the global conjecture | , 817, , Table 1] of Sakellaridis-Venkatesh for the spherical
variety Sping\Fj.

The Rankin—Selberg theory shows that the standard automorphic L-function L(7, s) has
no zero at s = 3 or 5. As a consequence, the non-vanishing of Pgpin, (O4(¢)) is equivalent
to that of the archlmedean zeta integral oo (Res(¢oo)s Yoo Yoo )-

6.4 Non-vanishing of ©,(y)

By Corollary 6.3.2, for the non-vanishing of ©(r), it suffices to find some smooth vector
oo € IIT C Ilpineo such that Io(Res(¢uo), Yoo, ¥oo) # 0. Notice that for the cuspidal
automorphic form ¢ associated to any Hecke eigenform of weight 2n + 12, its archimedean
component @, is the unique (up to some scalar) holomorphic lowest weight vector in d,; (2n+
12) € D(2n + 12), thus we only need to prove the following:

Proposition 6.4.1. For any n > 1, there exist an automorphic form ¢, € Acusp(PGL2)
associated to some Hecke eigenform in So,112(SLa(Z)), and a smooth vector ¢, € Tt C

Minin,oo; such that Io(Res(dn), ¥n.oo, Yoo) # 0, or equivalently, Pspiny (O, 00, (#n)) # 0.

Proof. For each n > 1, Theorem 5.2.1 shows that there exists a non-zero Sping(R)-invariant
polynomial P, in V,(Jc) such that the weighted theta series ¥y, p, defined as (5.3) is non-
zero. Let a,, € Ay,_ (F4) to be the vector-valued automorphic form such that a,(1) =
>ver; V-Pn € Va(Jo)'t and ap(ye) = 0, then the global theta lift ©(a,) is a non-zero
holomorphic cuspidal automorphic form of PGL,. Hence there exists an automorphic form
0 € Acusp(PGL2) associated to some Hecke eigenform in So,,412(SLa(Z)), such that the
Petersson inner product

/[PGL | O(an)(9)pnlg)dg (6.9)

is non-zero. Putting the definition of ©(«,,) into (6.9), we have:
©,(9): > 7-Pu ¢ on(9)dg :/ {On(9), Pa} enlg)dg.  (6.10)
|F1| [PGLy)] ot [PGLs)]

Take the following smooth vector in It C Iyin oo

_{an)ooap}— Z {X\/ ®"'Xxn,Pn}'(Xan"'Xal'(DOO)7

.....

where @ is the specific vector chosen in §4.2 and D is the operator II"™ — IIT @ p; sending
¢ to Y, Xa¢ ® XY, with an arbitrary choice of basis {X,} of p7 and its dual basis {X}.
By Definition 4.2.6, the automorphic realization 6 : I1,;, < L?([E7]) maps ¢, ® ®; to

0(pp, @ Dp) = {D"9(P0oo ® y), P} = {D"Okim, P} = {On, P}
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Use 0(¢, ® @) as the kernel function to define a global theta lift of ¢, then we calculate
the Sping-period integral of this global theta lift:

Pspin, (O, e, (9n)) = / (0,(gh), P Yon(g)dgdh,

[PGL2] x[Sping)

Since we have the strong approximation property Sping(A) = Spiny(Q)Spin, (R)Sping(Z),
the Sping-period integral is a non-zero multiple of

S o 1O, PN = [ (2 60l), a0
-/ dhoo-/ (01(0). PYoula),
Sping (R) [PGL>)

where we use Lemma 4.2.9 and the Sping(R)-invariance of P,. Combining this with (6.10),
we obtain the non-vanishing of Pgpin, (Og,se,(¢n)), which is equivalent to the non-vanishing
of Io(Res(én), Pn.0o, ¥oo) by Corollary 6.3.2. O

Our main theorem is a direct consequence of Corollary 6.3.2 and Proposition 6.4.1:

Theorem 6.4.2. (Theorem Bin §1) Let m € III (PGLy) be the automorphic representation

cusp

associated to a Hecke eigenform in Si(SLo(Z)), then its global theta lift () to Fy is non-
zero. Furthermore, we have the local-global compatibility of theta correspondence, i.e.

O(r) ~ & 0(m,).

Proof. The case when k£ > 16 is a corollary of Proposition 6.4.1 and Corollary 6.3.2. When
k = 12, this is a result in | | (see also Remark 5.1.3). The local-global compatibility of
theta correspondence follows from Proposition 3.2.3 and Proposition 3.3.1. O

Corollary 6.4.3. (Theorem E in §1) For n > 2, the following map is surjective:
AV, (Fa) = Sony12(SLa(Z))

1 1
(@3 = Vam,) = fo = 7m7%12.002) + 757 VIma0s)
T4 el
Proof. Suppose that the map a > fg(q) is not surjective, then there exists a non-zero Hecke
eigenform f € Sy,112(SLa(Z)), such that its associated automorphic form ¢ € A(PGLy) is
orthogonal to ©(a) for all a € Ay, (F4), with respect to the Petersson inner product. In

particular, ¢ is orthogonal to O(«,,), where «,, is the algebraic modular form chosen in the
proof of Proposition 6.4.1. Take ¢,, € Il,,;, to be the one in Proposition 6.4.1, we have:

0= / {00(gh). P} o(g)dgdh = Pepin (O, 00, ().
[PGLQ] [Sping}

which leads to a contradiction. O
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